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Preface 

This book is intended to cover the NEAB, London, and AEB A-level syllabuses in 
Physics. It will also be found to cover the bulk of all the other syllabuses for A-level 
Physics, including those used overseas. Students following BTEC National 
courses involving Physics should also find the book useful, as should those 
university students who are studying Physics as a subsidiary subject. SI units are 
used throughout. 

The aim has been to produce a book which is not so long that students are unlikely 

to read it. On the other hand, the book is nota set of ‘revision notes’ and it has been 

my intention to explain every topic thoroughly. It is hoped that the explanations 

are such that all students will understand them; at the same time, the content is 

intended to be such that the book will provide a proper basis for those students who 

are going on to study Physics at degree level. 

The book has been arranged in seven main sections (A to G). Though there is no 

need to read the sections in the order in which they are presented, on the whole it is 

advisable to keep to the chapter sequence within any one section. 

Practical details are given of those experiments which students are required to 

describe at length in examinations. The book contains many worked examples. 

Chapters 9, 11 and 55 were extended for the second edition of the book; a chapter 

on thermodynamics was added at the same time. Sections on pressure, density, 

Archimedes’ principle, reflection at plane surfaces, defects of vision, magnetic 

domains, U-values and impulse were added for the third edition. The treatments 

of various other topics were also revised and the number of experimental 

investigations was increased. 

Since the advent of the GCSE examination and double science, students starting 

A-level courses tend to have less knowledge of Physics than they did previously. In 

the light of this, I have needed to make further additions to the book. 

The number of worked examples has been greatly increased. Many of these are 

easier than was previously considered necessary. Questions have been added at 

relevant points in the text so that students can obtain an immediate test of their 

understanding of a topic. ‘Consolidation’ sections have been added at the ends of 

selected Chapters. These are designed to stress key points and, in some cases, to 

present an overview ofa topic in a manner which would not be possible in the main 

text. Definitions and fundamental points are now highlighted — either by the use of 

screening or bold type. 

At the end of each of the seven sections of the book there are questions, most of 

which are taken from past A-level papers. Over two hundred of these have been 

added for the fourth edition of the book. 

A new edition gives me the opportunity to thank all those people who have 

suggested ways in which the book might be improved. I am particularly grateful to 

Jeni Davies for undertaking the laborious task of assisting with proof-reading, and 

for the invaluable suggestions she has made throughout the preparation of this 

edition. 



Finally, I express my gratitude to the following examinations boards for 

permission to use questions from their past examination papers: 

Associated Examining Board [AEB] 
University of Cambridge Local Examinations Syndicate [C], reproduced by 

permission of University of Cambridge Local Examinations Syndicate 

Cambridge Local Examinations Syndicate, Overseas Examinations [C(O)] 

Northern Ireland Examinations Board [I] 

Northern Examinations and Assessment Board (formerly tie Joint Matriculation 

Board) [J] 

Oxford and Cambridge Schools Examinations Board [O & C] 

University of Oxford Delegacy of Local Examinations [O] 

Southern Universities’ Joint Board [S] 

University of London Examinations and Assessment Council (formerly the 

University of London School Examinations Board) [L] 

Welsh Joint Education Committee [W]. 

Where only part of the original question has been used, this is indicated by an 
asterisk in the acknowledgement to the board concerned thus [L*]. 

R. MUNCASTER 

Helmshore 
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MECHANICS 



1 
VECTORS 

1.1 VECTORS AND SCALARS 

Table 1.1 
Examples of vectors and 
scalars 

Vector quantities have both magnitude and direction; scalar quantities 

have magnitude only. 

Examples of each type of quantity are given in Table 1.1. 

Distance Displacement 

Speed Velocity 

Mass Force (weight) 

Energy (work) Acceleration 

Volume Momentum 

Charge Torque 

Vectors can be represented by a line drawn in a particular direction. The length of 

the line represents the magnitude of the vector; the direction of the line represents 

the direction of the vector. In print, vector quantities are indicated by using bold 

type (e.g. F) or by using an arrow (e.g. F). The same symbol without the use of 

either bold type or an arrow (e.g. F) represents the magnitude of the vector. 

Two vector quantities are equal only if they have the same magnitude and 

direction. 

1.2 DISPLACEMENT 

The displacement of a body may be defined as being the length and 

direction of the imaginary line joining it to some reference point. 

Displacement is therefore a vector; the magnitude of the displacement is equal to 
the distance from the reference point. 

Suppose a body moves from O to Y along the path OXY (Fig. 1.1). When the body 
is at Y its displacement from O is the vector, OY. The magnitude of the 
displacement is simply the length of OY. This is quite clearly less than the path 
length OXY, illustrating that the magnitude of the displacement of a body is not 
necessarily equal to the distance the body has actually moved. 

2 



VECTORS 

Fig. 1.1 
To illustrate the 
difference between 
displacement and 
distance 

1.3 SOME DEFINITIONS 

Note 

Velocity is the rate of change of displacement, i.e. the rate of change of 

distance in a given direction. 

j Speed i is the rate of change of distance. 

, Momentum i is the product of mass and velocity. 

Acceleration is the rate of change of velocity. 

Velocity, momentum and acceleration are vectors 

A body moving along a circular path may have constant speed but, because its 

direction is changing, it cannot have a constant velocity. It follows that if a body is 

moving around a circle, even if it has constant speed, it is being accelerated 

because its velocity is changing. 

1.4 RELATIONSHIP BETWEEN SPEED AND VELOCITY 

If a body moves along a straight line (without ever reversing its direction of 

motion), the distance it moves is equal to the magnitude of its displacement from 

the starting point. It follows, therefore, that since 

Distance moved 

Time taken 
Speed== 

and 

Magnitude of displ nt Magnitude of velocity = WS 
then 

Speed = Magnitude of velocity 

It should be noted that this relationship is not necessarily true if the motion is not 

along a straight line, for then the magnitude of the displacement is less than the 

distance moved. The relationship does hold, though, if the time interval under 

consideration is infinitesimally short, for then the path length will also be 

infinitesimally short and therefore can be considered linear. Thus, for all types of 

motion 

speed = Magnitude of instantaneous velocity 



4 SECTION A: MECHANICS 

1.5 ADDITION AND SUBTRACTION OF VECTORS 

Fig. 1.2 
To show that three 
separate displacements 
can be equivalent to one 

Fig. 1.3 
Two forces acting at a 
point 

Fig. 1.4 
The resultant of two 
forces 

Addition 

The resultant of two or more vectors is the single vector which produces the 

same effect (in both magnitude and direction). i 

D 

Ç 

A B 

Consider a body undergoing three separate displacements, from A to B, B to C 

and C to D (Fig. 1.2). Clearly the same result could have been achieved by the 

single displacement from A to D, and the vector AD is therefore the resultant of 

the other three, 

i.e. AD = AB + BĊ + CD 

It should be noted that the resultant, AD, is that displacement which makes a 

closed figure out of that obtained by setting out the individual displacements. The 

result will obviously hold for any number of displacements; it is also true no matter 

what the vectors are! Consider two forces, P and Q, acting at a point, O (Fig. 1.3). 

From what has ben said, the resultant will be the vector R of Fig. 1.4. 

P 

Clearly, R is a diagonal of the parallelogram of which P and Q are two sides. This 
provides a useful rule — the parallelogram rule of vector addition: 

If two pecs OA and OB, are represented | in aende and directa by 
the sides OA and OB of a Par elomi OACB, then oc. r their 
resultant. 



VECTORS 

Fig. 1.5 B 
The parallelogram rule 

(180 — a) 

Subtraction 

This can be achieved by adding a vector of the same magnitude as that being 

subtracted but which acts in the opposite direction. For example 

OA — OB = OA + BO 

OA — OB BC+ BO 

re OA- OB = BA 

EXAMPLE 1.1 © 

A force of 3 N acts at 90° to a force of 4 N. Find the magnitude and direction of 

their resultant, R. 

Solution 

Fig. 1.6 
Diagram for Example 1.1 

Refer to Fig. 1.6. By Pythagoras 

Rep 937 th At 25 in RIAN 

Also 

(anus UAN tale OL 

The resultant is therefore a force of 5 N acting at 37° to the 4 N force and at 53° to 

the 3 N force. 
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EXAMPLE 1.2 

A force of 3N acts at 60° to.a force of 5 N. Find the magnitude and direction of 

their resultant, R. 

Solution 

Fig. 1.7 
Diagram for Example 1.2 

Refer to Fig. 1.7. Applying the cosine rule (Appendix 3.7) to A ABC gives 

R? = 5? +3? — 2-5-3 cos 120° 

= 25+9415 = 49 >~ R=7N 

Applying the sine rule (Appendix 3.7) to A ABC gives 

R 3 

Your calculator will give sin 120° sin 8 
you sin™! 0.3712 as 21.8° 

but in general s . 3 sin 120° 3 sin 120° 
sin a = sin (180° — a) i sin? = mmp esha E 0:3712 

and therefore 158.2° is 

also a possibility. te 6 = sin 0.3712 = 21.8" of 180° — 21-8 o= 1582” 

Itis obvious from the diagram that 0 must be acute and therefore the required value 

is 21.8°. The resultant is therefore a force of 7 N acting at 21.8° to the 5 N force and 

at 38.2° to the 3 N force. 

EXAMPLE 1.3 — 

A particle which is moving due east at 4 m s_! changes direction and starts to 

move due south at 3 m s _!. Find the change in velocity. 

Solution 

The change in velocity is the ‘new’ velocity minus the ‘old’ velocity, just as a change 

in temperature, for example, would be the ‘new’ temperature minus the ‘old’ 
temperature. Therefore 

Change in velocity = 3ms_' (S) — 4 m s~! (E) 

= 3ms'(S)+4ms! (W) 

The change in velocity is therefore the vector R of Fig. 1.8. 



VECTORS 

Fig. 1.8 
Diagram for Example 1.3 

QUESTIONS 1A 

1. 

R= 3 4¢ = 
eae tan = = 

4ms 

3ms"! 

@ = tan™’ (4) = 37° 

i.e. Change in velocity = 5 m s™! at 37° S of W. 

Alternatively, we can say that the velocity has increased by 5m s™! in the direction 
37° S of W. 

Note The parallelogram rule can also be used to obtain the resultant of more than two 

vectors. For example, suppose that the resultant of three vectors is required. The 

procedure is to use the rule to find the resultant of any two of them, and then to use 

it again to add this to the remaining vector. 

Find the magnitude and direction of the 

resultant of each of the following pairs of forces. 

(a) 7N at 90° to 24N, 

(b) 20N at 60° to 30N, 

(c) 40N at 110° to 50N, 
(d) 60N at 150° to 20N. 

Find the resultant of a displacement of 30 m due 

east followed by a displacement of 70m due 

south. 

3. Find: (a) the increase in speed, (b) the increase 

in velocity when a body moving south at 

20m s™' changes direction and moves north at 

30ms™. 

Find the magnitude and direction of the 

increase in velocity when a body which has 

been moving due S at 6.0ms™! changes 

direction and moves NW at 8.0 ms™!. 

1.6 COMPONENTS OF VECTORS 

Fig. 1.9 
Components of a vector 

It follows from the parallelogram rule that any vector can be treated as if it is the 

sum of a pair of vectors. There is an infinite number of these pairs and three are 
shown in Fig. 1.9. A perpendicular pair such as P and Q is the most useful. 

R= P+Q 

R = P, + Q; 

R = P, +Q, 
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Consider a vector, F, resolved into two perpendicular vectors of magnitudes AB 

and AD (Fig. 1.10). From simple trigonometry, AB = F cos 0 and AD = F sin 0, 

and therefore F can be resolved into two perpendicular vectors (called the 

perpendicular components of F) of magnitudes F sin 0 and F cos 0 (Fig. 1.11); 

Fig. 1.10 
Resolving a vector into 
two perpendicular 
components 

Fig. 1.11 Fsin 8 F 
The perpendicular 
components of a vector 

Fcos 6 

EXAMPLE 1.4 

Calculate the horizontal and vertical components ofa force of 50 N which is acting 

at 40° to the horizontal. 

Solution 

Fig. 1.12 an 50 sin 40° 
50N Diagram for Example 1.4 

P> 50 cos 40° 

Refer to Fig. 1.12. 

Horizontal component = 50 cos 40° = 38N 

Vertical component = 50 sin 40° = 32N 

a 
EXAMPLE 1.5 iil 

A body of weight 100 N rests on a plane which is inclined at 30° to the horizontal. 
Calculate the components of the weight parallel and perpendicular to the plane. 
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Solution 

Fig. 1.13 
Diagram for Example 1.5 

Refer to Fig. 1.13. 

Component parallel to plane = 100 sin 30° = 50.0 N 

Component perpendicular to plane = 100 cos 30° = 86.6 N 

EXAMPLE 1.6 © 

Find the resultant of the system of forces shown in Fig. 1.14. 

Fig. 1.14 
Diagram for Example 1.6 

Solution 

Total upward force = 40.0 + 60.0 cos 70° — 50.0 sin 30° = 35.52N - 

Total force to right = 80.0 — 60.0 sin 70° — 50.0 cos 30° = —19.68N 

_ The minus sign implies that the horizontal force is to the left. The resultant, R, is as 

shown in Fig. 1.15. 

Fig. 1.15 
Diagram for Example 1.6 

35.52 N 

19.68 N 
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R? = 35.527 +19.687 ~=. R@060N 

35.52 
pr es * @= 61.0° 

Ener Figs 

The resultant is therefore a force of 40.6 N acting at 61.0° to the horizontal. 

QUESTIONS 1B 

1. Find the horizontal and vertical components of: 3. Find the resultant of the system of forces shown 

(a) a force of 30.0N acting at 30° to the below. 

horizontal, (b) a velocity of 50.0 m s~! at 60° 
to the horizontal. 60.0N 

2. A particle at weight 200N rests on a plane 60° 30.0 N 
inclined at 50° to the horizontal. What are the 
components of the weight: (a) parallel, 20.0 N 

(b) perpendicular to the plane? 

CONSOLIDATION > 

Vectors have both magnitude and direction; scalars have magnitude only. 

Displacement and velocity are vectors; distance and speed are scalars. 

Distance from reference point = magnitude of displacement. 

Instantaneous speed = magnitude of instantaneous velocity 

Vectors can be added and subtracted by using the parallelogram rule. 

Components of Vectors 

Fsin 8 

Fcos 0 (the component 
adjacent to 0) 



MOTION 

2.1 NEWTON’S LAWS OF MOTION 

In 1687 Sir Isaac Newton published his Philosophiae Naturalis Principia 
Mathematica (The Mathematical Principles of Natural Science), in which he stated 

the three laws on which the science of mechanics is based. 

Newton’s First Law 

Every body continues in its state of rest or of uniform (unaccelerated) 

motion in a straight line unless acted on by some external force. 

This law expresses the concept of inertia. The inertia ofa body can be described as 

being its reluctance to start moving, or to stop moving once it has started. 

Events often seem to contradict the first law, for it is our natural experience that 

there are many familiar examples of motion in which moving objects come to rest 

when (apparently) left to their own devices. Closer examination of the 

circumstances, however, reveals that in every case there is some sort of retarding 

force acting. Such forces are often due to friction between solid surfaces or to air 

resistance. 

A body of large mass requires a large force to change its speed or its direction by a 

noticeable amount, i.e. the body has a large inertia. Thus, the mass ofa body isa 

measure of its inertia. 

Newton’s Second Law 

The rate of change of momentum of a body is directly proportional to the 
external force acting on the body and takes place in the direction of the force. 

In mathematical terms the second law may be written as 

d 
Fa ay (mv) 

where F = the applied force, and 

< (mv) = the rate of change of momentum. 

Introducing a constant of proportionality, k, this becomes 

d 
gay 

ji dt 
(mv) 
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The SI unit of force (the newton) is defined in such a way that k = 1 provided tes 

the rate of change of momentum is also expressed in the relevant SI unit (kg ms“), 

in which case 

ie [2.1] Es T (mv) 

If the mass is constant, equation [2.1] becomes 

ppa dv 

ne aE 

i.e. F = ma (2-2) 

where a = the acceleration that results from the application of the force. 

Equations [2.1] and [2.2] are the forms in which Newton’s second law is normally 

used, but it should be remembered that they are valid only if a consistent set of 

units is used, and that equation [2.2] applies only in the case of a constant mass. 

Equation [2.2] is used to define the newton. Thus: 

The newton (N) is that force which produces an acceleration of 1m s72 

when it acts on a mass of 1 kg. 

The experimental investigation of F = ma is dealt with in section 2.15. 

Newton’s Third Law 

If a body A exerts a force on a body B, then B exerts an equal and oppositely 
directed force on A. Se re a nee, : 

This law is often misinterpreted as meaning that the two forces cancel each other 

out because they are of equal strength and act in opposite directions. There is, in 

fact, no possibility of this, because the two forces each act on different bodies. 

Thus, ifa man pushes on a large stationary crate, the crate pushes back on the man 

with a force of exactly the same size. Whether or not the crate starts to move, has 

nothing to do with the force that it exerts on the man. In accordance with Newton’s 

second law, the crate will start to move if the force exerted by the man is greater 
than any forces which are acting on the crate in such a way as to resist its motion 

(e.g. friction between the crate and the ground). 

The third law implies that forces always occur in pairs — some examples are given 
below. 

(i) The Earth exerts a gravitational force of attraction on the Moon; the Moon 
exerts a force of the same size on the Earth. 

(ii) A rocket moves forward as a result of the push exerted on it by the exhaust 
gases which the rocket has pushed out. 

(iii) When a man jumps off the ground it is because he has pushed down on the 

Earth and the Earth, in accordance with Newton’s third law, has pushed up 

on him. It should not be overlooked that the other result of this is that the 
Earth moves down. 
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(iv) Ifacaris accelerating forward, it is because its tyres are pushing backward on 

the road and the road is pushing forward on the tyres. Note that if the car is 

moving forward and slowing down, the tyres push forward and the road 
pushes backward. 

2.22 MASS AND WEIGHT 

The weight of a body is the force acting on its mass due to the gravitational 
attraction of the Earth.* S 

In accordance with Newton’s second law, a body acquires an acceleration 

whenever there is a net force acting on it. The acceleration that results from the 

effect of gravity (i.e. that results from its weight) is known as the acceleration due to 

gravity, g. By equation [2.2], the weight of a body of mass m is given by 

| Weight = ng [2.3] 

The force ERE by gravity is such that, at any given point in a gravitational field 

(and therefore at any given point on the Earth’s surface), the acceleration due to 

gravity is the same for all bodies, no matter what their masses (see Chapter 8). 

It follows that two bodies dropped from the same point above the surface of the 

Earth reach the ground at the same time even if their masses are different. (Note 

that this statement ignores the effect of air resistance; when the viscous drag of the 

air is significant, for example if one of the bodies is a feather or is falling by 

parachute, it is not even approximately true.) The acceleration due to gravity varies 

slightly from place to place on the Earth’s surface, but it is normally sufficiently 

accurate to use a value of 9.8 m s~? everywhere. Thus, from equation [2.3] the 

weight (in newtons) of a body which has a mass m (in kg) is given by 

Weight = mx 9.8 

Another unit, the kilogram force (kgf), is often used as a measure of weight. It is 

defined such that a mass of 1 kg has a weight of 1 kgf. This is not an SI unit and 

must not be used in any equation where it is not possible to use it on both sides of 

the equation. Ifin doubt, it is best to convert kilograms force to newtons by making 

use of 

lkef = 9.8 N 

Summary of Differences bétween Mass and Weight 

Qo The mass ofa bodyi isa measure ofits resistance to acceleration i.e. it - 

a measure of the inertia of the body). The weight of a body is the force = 
exerted on its mass by: gravity. 

Gi) In SI units mass is s measured i in n kilograms, weight i is measured in 

=o newtons. - - 

: (iii) The massofa body i is thes: same ne everywhere. The weight ofa body on the 
_ surface of the Earth has a slight dependence on where it is, and would 
o have considerably different Tee at other places in the Universe. 

*The weight of a body on the Moon is the force exerted on its mass by the gravitational attraction of the 

Moon. 
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EXAIVIPLE 2.1 

SECTION A: MECHANICS 

A body of mass 7.0 kg rests on the floor of a lift. Calculate the force, R, exerted on 
=2 

the body by the floor when the lift: (a) has an upward acceleration of 2.0 ms ^, 

(b) has a downward acceleration of 3.0 m s~?, (c) is moving down with a constant 

velocity. (Assume g = 10ms ”.) 

Solution 

Fig. 2.1 R R R 
Diagram for Example 2.1 

| 2.0ms~2 | 3.0 ms? Acceleration 
= zero 

70N 70N 70N 

(a) (b) (c) 

(a) Refer to Fig. 2.1(a) (When using F = ma the direction of F must be the 

(b) 

(c) 

Notes (i) 

Gi) 

same as that of a. The body has an upward acceleration and therefore we 

require the resultant upward force.) 

By Newton’s second law (equation [2.2]) 

Ro Ora O20 
S | 
upward force upward acceleration 

R-70 = 14 ie. R = 84N 

Refer to Fig. 2.1(b) (The acceleration is downward and therefore we 

require the resultant downward force.) 

By equation [2.2]. 

10 — R=, ..0 ¥3.0 
———’ | 

downward force downward acceleration 

10. — Rom 21 ie. R = 49N 

Refer to Fig. 2.1(c). There is no acceleration and therefore, by equation 

[2.2], no resultant force, in which case 

Rig ON 

By Newton’s third law, R is equal and opposite to the force exerted by the 
body on the floor of the lift. It follows that if the body were resting on a 
bathroom scale rather than directly on the floor of the lift, the scale would 
register its weight as 84N, 49N and 70N in situations (a), (b) and (c) 
respectively. Thus the body appears heavier than it actually is when it has an 
upward acceleration and lighter when it has a downward acceleration. In case 
(c), where it has no acceleration, it appears neither heavy nor light. 

These results do not depend on the direction in which the lift is moving. For 
example in (a) the lift has an upward directed acceleration and therefore may 
be moving up with increasing speed or moving down with decreasing speed. 
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EXAMPLE 2.2 © 

A body at mass 5.0 kg is pulled up a smooth plane inclined at 30° to the horizontal 
by a force of 40 N acting parallel to the plane. Calculate the acceleration of the 
body and the force exerted on it by the plane. (Assume g = 10 m s™?.) 

Solution 

Fig. 2.2 R os 
Diagram for Example 2.2 

The diagram shows the 
acceleration of the body and 
all the forces acting on it 

5.0kg = 50N 

Refer to Fig. 2.2. The plane is smooth and therefore the only force it exerts on the 

body is the normal reaction R. Let the acceleration of the body be a. 

Consider the motion parallel to the plane. The weight has a component of 

50 sin 30° acting parallel to the plane (downwards) and therefore by Newton’s 

second law (equation [2.2]) 

40 — 50 sin 30° = 50xa 
= AM | 

resultant force up acceleration 

the plane up the plane 

40—25 = 5.0a ie dee miss 

Note that the resultant force and the acceleration are in the same direction — up the 

plane. 

Consider the motion perpendicular to the plane. The weight has a component of 

50 cos 30° perpendicular to the plane and in the opposite direction to R. There is 

no acceleration perpendicular to the plane and therefore no resultant force, in 

which case 

R = 50 cos 30° ie R = 43N 

EXAMPLE 2.3 

A train is moving along a straight horizontal track. A pendulum suspended from 

the roof of one of the carriages of the train is inclined at 4° to the vertical. Calculate 
the acceleration of the train. (Assume g = 10ms”.) 

Solution 

Suppose that the mass of the pendulum bob is m. The forces acting on the bob are 
its weight, mg, which acts vertically downwards and the tension, T, in the string. 

(Fig. 2.3.) 
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Fig. 2.3 
Diagram for Example 2.3 

EXAMPLE 2.4 Oya 

Fig. 2.4 
The horizontal force(s): 
(a) on the whole system 

(b) on A, (c) on B 

SECTION A: MECHANICS 

Pendulum bob of 
mass m being 

4° accelerated to the 
right 

a 

mg 

Consider the horizontal motion. The pendulum bob is at rest with respect to the 
train and therefore it too has a horizontal acceleration, a (to the right). The 

horizontal component of the tension is Tsin 4° and therefore by equation [2.2] 

T sin 4° = ma i [2.4] 

Consider the vertical motion. There is no vertical component of acceleration and 

therefore 

T cos 4° = mg [2.5] 

Dividing equation [2.4] by equation [2.5] gives 

tan 4° = a/g 

a = gtan 4° renta UE sae 

Two blocks, A of mass m and B of mass 3m, are side by side and in contact with 

each other. They are pushed along a smooth floor under the action of a constant 

force F applied to A. Find: (a) the acceleration of the blocks, (b) the force exerted 
on B by A. 

Solution 

TES 

=e 
: P 

i aelel 
(b) (c) 

(a) Let the acceleration of the blocks be a. Consider the motion of the whole 
system (Fig. 2.4(a)). By Newton’s second law (equation [2.2]) 

F = (m+3m)a | a EM 
4m 

(b) Let the force on B due to A be P. By Newton’s third law there will be an 
equal and opposite force on A (Fig. 2.4(b) and (c)). Applying Newton’s 
second law to the motion of B gives 



MOTION 

E 

P 

Il eS = x a 

I Ww N x | 3F 

4 
P= 

The reader should confirm that considering the motion of A gives the same result, 
though a little less easily. 

QUESTIONS 2A 

1. The resultant force on a body of mass 4.0 kg is 
20 N. What is the acceleration of the body? 

A body of mass 6.0kg moves under the 

influence of two oppositely directed forces 

whose magnitudes are 60N and 18N. Find 

the magnitude and direction of the acceleration 

of the body. 

Two forces, of magnitudes 30 N and 40 N and 

which are perpendicular to each other, act on a 

body of mass 25kg. Find the magnitude and 

direction of the acceleration of the body. 

Is the motion of the train in Example 2.3: (A) to 

the right, (B) to the left, or (C) is it impossible 

to tell? 

A body of mass 3.0 kg slides down a plane which 

is inclined at 30° to the horizontal. Find the 
acceleration of the body: (a) if the plane is 

smooth, (b) if there is a frictional resistance of 

9.0N. 
(g = 10ms™.) 

A railway truck of mass 6.0 tonnes moves with 

an acceleration of 0.050ms * down a track 

which is inclined to the horizontal at an angle « 

where sina = 1/120. Find the resistance to 

motion, assuming that it is constant. 

(g = 10ms~, 1 tonne = 1.0 x 10° kg.) 

A body hangs from a spring-balance which is 

suspended from the ceiling of a lift. What is the 

mass of the body if the balance registers a 

10. 

11. 

reading of 70 N when the lift has an upward 

acceleration of 4.0ms ?? 
(e=; 0ms4) 

What is the apparent weight during take-off of 

an astronaut whose actual weight is 750N if 

the resultant upward acceleration is 5g? 

A body of mass 5.0 kg is pulled along smooth 

horizontal ground by means of a force of 40 N 

acting at 60° above the horizontal. Find: 

(a) the acceleration of the body, (b) the force 

the body exerts on the ground. 

(= l0ms A 

A railway engine of mass 100 tonnes is 

attached to a line of trucks of total mass 80 

tonnes. Assuming there is no resistance to 

motion, find the tension in the coupling 

between the engine and the leading truck 

when the train: (a) has an acceleration of 

0.020ms~?, (b) is moving at constant velo- 
city. 

(1 tonne = 1.0 x 10° kg.) 

A car of mass 1000 kg tows a caravan of mass 

600 kg up a road which rises 1 m vertically for 

every 20m of its length. There are constant 

frictional resistances of 200N and 100N to 

the motion of the car and to the motion of the 

caravan respectively. The combination has an 

acceleration of 1.2ms * with the engine 

exerting a constant driving force. Find: 

(a) the driving force, (b) the tension in the 

tow-bar. 

(gc Orns’) 

Examples 2.1 to 2.4 are concerned with Newton’s second law in the form ‘F = ma’ 
(equation [2.2]). The examples that follow use the law in the form, “Force = Rate 
of change of momentum’ (equation [2.1]). 
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EXAMPLE 2.5 | Beet oo) 2 

Water emerges at 2 m s`! from a hose pipe and hits a wall at right angles. The pipe 

has a cross-sectional area of 0.03 m°. Calculate the force on the wall assuming that 

the water does not rebound. (Density of water = 1000 kgm ’.) 

Note In solving problems of this type we determine the mass of substance that has its 

momentum changed in one second. We then find the change in momentum of this 

mass and so obtain the change in momentum per second, i.e. the rate of change of 

momentum. 

Solution 

In one second the volume of water that hits the wall is that which has left the pipe in 

one second, i.e. that which was contained in a cylinder of length 2 m and cross- 

sectional area 0.03 m°, namely 2 x 0.03 = 0.06 m°. The mass of water hitting the 

wall in one second is therefore 0.06 x 1000 = 60 kg. When the water hits the wall 

its speed changes from 2ms_! to zero, and therefore the rate of change of 

momentum is 60 x 2 = 120N. 

By Newton’s second law, force = rate of change of momentum, and therefore the 

force exerted by the wall = 120N. Therefore, by Newton’s third law, the force 

exerted by the water = 120N. 

EXAMPLE 2.6 SESS sakes ee ree ae 

A helicopter of mass 1.0 x 10° kg hovers by imparting a downward velocity v to the 

air displaced by its rotating blades. The area swept out by the blades is 80 m’. 

Calculate the value of v. (Density of air = 1.3 kg m~’, g = 10ms”.) 

Solution 

The volume of air displaced in one second = 80 v, and therefore the mass of air 

displaced in one second = 1.3 x 80v = 104v. It follows that in one second the 

momentum of the air increases by 104 v*. By Newton’s second law, rate of change 

of momentum = = force, and therefore the force exerted on the air by the 

blades = 104v”. By Newton’s third law, the upward force on the helicopter is 

also 104.7. Sitich the helicopter is hovering, the upward force is equal to the 

weight of the helicopter, and therefore 

104v? = 1.0x 10°g 

i.e. v = 9.8ms"! 

EXAMPLE 2.7 {0s 

Sand falls onto a CONVEYOR belt at a constant rate of 2kgs~!. The belt is moving 
horizontally at 3ms~!. Calculate: (a) the extra force required to maintain the 
speed of the belt, (b) the rate at which this force is doing work, (c) the rate at which 
the kinetic energy of the sand increases. 

Account for the fact that the answers to (b) and (c) are different. 
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Solution 

(a) Every second 2kg of sand acquire a horizontal velocity of 3ms_!, and 
therefore the rate of increase of horizontal momentum = 2 x 3 = 6N. By 
Newton’s second law, force = rate of change of momentum, and therefore 
the extra force required to maintain the speed of the belt = 6N. 

(b) In one second the force moves 3m, and therefore (by equation [5.1] or 
[5.7]) the rate at which the force is working = 6 x 3 = 18 W. 

` (c) Kinetic energy = tmv? (see section 5.3), e therefore the rate at which 

the kinetic energy af the sand is increasing = > x 2 x 37 = 9 WV, 

A finite time elapses before the sand acquires the scott of the belt. During this 
period the belt is slipping past the sand and therefore work has to be done to 

overcome friction between the sand and the belt. The rate at which work is done by 

the force is equal to the rate at which it is doing work against friction plus the rate at 

which it is doing work to increase the kinetic energy of the sand — hence the 

difference between (b) and (c). (Note. The rate at which work is done against 

friction is equal to the rate at which work is done to increase the kinetic energy of 

the sand no matter what the speed of the belt and no matter what the rate at which 

sand is falling onto the belt.) 

QUESTIONS 2B 

1. Water is squirting horizontally at 4.0 m s~! from 

a burst pipe at a rate of 3.0kgs~'. The water 

strikes a vertical wall at right angles and runs 

down it without rebounding. Calculate the 

force the water exerts on the wall. 

A machine gun fires 300 bullets per minute 

horizontally with a velocity of 500 ms~!. Find the 
force needed to prevent the gun moving back- 

wards if the mass of each bullet is 8.0 x 107° kg. 

Coal is falling onto a conveyor belt at a rate of 

540 tonnes every hour. The belt is moving 

horizontally at 2.0ms_'. Find the extra force 

required to maintain the speed of the belt. 

(1 tonne = 1000 kg.) 

The rotating blades of a hovering helicopter 

sweep out an area of radius 4.0m imparting a — 

downward velocity of 12m s™! to the air dis- 

placed. Find the mass of the helicopter. 

(e = 10ms”, density of air = 1.3kgm ?.) 

Find the force exerted on each square metre ofa 

wall which is at right angles to a wind blowing at 

20ms_!. Assume that the air does not rebound. 

(Density of air = 1.3kgm~’.) 

Hailstones with an average mass of 4.0g fall 

vertically and strike a flat roof at 12ms!.Ina 

period of 5.0 minutes six thousand hailstones 

fall on each square metre of roof and rebound 

vertically at 3.0ms7!. Calculate the force on the 
roof if it has an area of 30 m? 

The speed of rotation of the blades of the 

helicopter in question 4 is increased so that 

the air now has a downward velocity of 13 m s~}. 

Find the (upward) acceleration ofthe helicopter. 

2.3 THE EQUATIONS OF MOTION FOR UNIFORM 
ACCELERATION 

Equations [2.6]—[2.9] describe the motion of bodies which are moving with 

constant (uniform) acceleration. 



20 

Notes 

where 

SECTION A: MECHANICS 

[2.6] 
R7] 

[2.8] 

[2.9] 

u = the velocity when t = 0, 

v = the velocity at time t, 

a = the constant acceleration, 

s = the distance from the starting point at time t, (this is not necessarily 

the distance moved). 

When using these equations it is necessary to bear in mind that u, v, a and s are 

vectors. If, say, the positive direction is taken to be up, then: 

(i) 

Gi) 

Gii) 

(iii) 

the velocity of a body which is moving down is negative, 

points below the starting point have negative values of s, 

downward directed accelerations are negative. 

An acceleration produces retardation whenever it acts in the opposite 

direction to the velocity, irrespective of whether the acceleration itself is 

being taken to be positive or negative. 

The equations of motion can be deduced from the definitions of velocity and 

acceleration and therefore do not introduce any new ideas; equation [2.8], 

however, highlights the important result that when a body moves from rest 

ST. 

For a body moving at constant velocity a = 0 and equations [2.6] and [2.7] 

reduce to v = u. Substituting for u in equation [2.8] (with a = 0) or in 

equation [2.9] gives 

at constant velocity 

Derivation of the Equations of Motion for Uniform 
Acc eleration 

Suppose that a body is moving with constant acceleration a and that in a time 

interval tits velocity increases from u to v and its displacement increases from 0 to 
s. Then, since 

i.e. 

Acceleration = Rate of change of velocity 

v—u 

t 
a= 

V.= u+at [2.6] 

The average velocity is 4 (u + v) and therefore, since 

Displacement = Average velocity x time 

s = (u+o)t [2.9] 
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Eliminating t between equations [2.6] and [2.9] leads to equation [2.7], and 
eliminating v between any two of the three equations that have now been derived 
leads to equation [2.8]. 

EXAMPLE 2.8 

) A ball is thrown vertically upwards with a velocity of 20ms~!. Calculate: 

(a) the maximum height reached, 

(b) the total time for which the ball is in the air. 

(Assume g = 10ms~”.) 

Solution | 

(a) We shall take the upward direction to be positive. In the notation of this 
section: 

up 20mss (the velocity with which the ball leaves the 

thrower’s hand) 

a = =) (at the maximum height) 

a = Oms: (the minus sign is necessary because ‘up’ has 

been taken to be positive) 

Sh (where h is the maximum height) 

From equation [2.7] 

0? = 207+2(-10)h 

1.€; hE =A 0M 

(b) AE AOS 

a = —10ms” 

baht (where ż is the time the ball is in the air) 

5 = 0 (since the ball is back on the ground) 

From equation [2.8] 

0 = 2041+5(-10)?? 

ie! t = O0 ork t= 4s 

The required solution is t = 4s. The other solution, t = 0, refers to the 
fact that the height of the ball was also zero when it was first projected. 

QUESTIONS 2C ! 

Take g = 10 m s`? where necessary. 

1. A particle is moving in a straight line with a 2. A particle which is moving in a straight line with 
constant acceleration of 6.0 ms’. As it passes a a velocity of 15 m s™! accelerates uniformly for 

point, A, its speed is 20 ms~'. What is its speed 3.0s, increasing its velocity to 45ms !. What 

10s after passing A? distance does it travel whilst accelerating? 
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3. A car starts to accelerate at a constant rate of 8. ` A stone is fired vertically upwards from a 

0.80ms’. It covers 400 m whilst accelerating catapult and lands 5.0s later. What was the 

in the next 20s. What was the speed of the car initial velocity of the stone? For how long was 

when it started to accelerate? the stone at a height of 20 m or more? 

nA Be oes a kg, initially ste 9. Ahot-air balloon is 21 m above the ground and 
along a smooth horizontal surface under the vE 4 à 

. . is rising at 8.0ms ' .when a sandbag is 
effect of a horizontal force of 12 N. (a) Find the : ; 

- . dropped from it. How long does it take the 
acceleration of the body. (b) Find the speed of a re e re e 

the body after 5.0 s. £ er ‘ 

5. Acar moving at 30 m s~! is brought to rest witha 10. A stone is thrown vertically upwards at 

constant retardation of 3.6ms °. How far does 10ms-~! from a bridge which is 15 m above a 

it travel whilst coming to rest? river. (a) What is the speed of the stone as it 

: ! ate hits the river? (b) With what speed would it hit 
6. A stone is dropped from the top ofa cliff which is taritieten dt. a n cava nee 

80 m high. How long does it take to reach the 10ms-!? 

bottom of the cliff? s 

7. A particle is projected vertically upwards at 11. A bullet of mass 8.00 x 107° kg moving at 

30ms_!. Calculate: (a) howlong it takes to reach 

its maximum height, (b) the two times at which 

it is 40 m above the point of projection, (c) the 

two times at which it is moving at 15 m s™!. 

320ms_! penetrates a target to a depth of 
16.0mm before coming to rest. Find the 

resistance offered by the target, assuming it 

to be uniform. 

2.4 MOTION UNDER GRAVITY 

Fig. 2.5 
To show the motion of 
two bodies projected 
horizontally under gravity 

A body that is projected at an angle to the vertical moves along a curved (parabolic) 

path. In order to solve problems involving motion of this type, we consider the 

horizontal and vertical components of the motion separately. This is justified 

because the horizontal motion has no effect on the vertical motion and vice versa. 

To appreciate this, consider two bodies, A and B, projected horizontally off the 

edge of a table, and suppose that the velocity with which A is projected is greater 

than that of B (Fig. 2.5). Both A and B reach the ground at the same time even 

though their velocities of projection were different. This is because, initially, 
neither body had any vertical component of velocity (they were projected 
horizontally). The downward motions of both A and B are due to the effect of 
gravity, and this accelerates each at the same rate (9.8 ms~”). Since they both start 
from rest (in terms of the vertical motion) and travel the same vertical distance, 
they reach the ground at the same time. In the absence of air resistance, each body 
retains its original horizontal component of velocity for the whole of its motion. 
The horizontal distance travelled by A is therefore greater than that travelled by B. 
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EXAMPLE 2.9 

A body is projected with a velocity of 200 ms™! at an angle of 30° above the 

horizontal. Calculate: 

(a) the time taken to reach the maximum height, 

(b) its velocity after 16 s. 

(Assume g = 10ms ? and ignore air resistance.) 

Fig. 2.6 (a) 

Diagrams for Example 2.9 

200 cos 30° 

(b) 173.2ms"' 

60ms_'! 

Solution 

(a) Consider the vertical motion. In the notation of the last section: 

u = 200sin30° = 100ms7! 

ee |) (at the maximum height) 

A= 101 832 (minus sign because ‘up’ has been taken to be 

positive) 

[r= ft (where ż is the time taken to reach the 

maximum height) 

From equation [2.6] 

0 = 100+ (-10)¢ 

re. ogee et MUS 

(b) Considering the vertical component of the motion: 

u = LOUIS 

OE U 

a = —l0ms”? 

b= OR 

From equation [2.6] 

v, = 100 (=10)16 

i.e. vy = 60m5! 

(The minus sign indicates that the body is moving downwards.) 

The horizontal component of the velocity will still be 200 cos 30° 

(= 173.2 ms!) since, in the absence of air resistance, there is no horizontal 



24 
SECTION A: MECHANICS 

component of acceleration. The actual velocity, v,, is therefore as shown 

in Fig. 2.6(b), from which 

v, = 607+173.27 ie. v= 183ms7' 

Also, 

tan 0 = 60/173.2 iesp Po 9.1° 

2.5 PARABOLIC MOTION 

A body projected with a velocity v at an angle a above the horizontal has a vertical 

component of velocity of v sin «. Its vertical displacement, y, after time t is given 

by equation [2.8] as 

y = (vsin a)jt —Lgr? [2.10] 

At the same time; its horizontal displacement, x, due to its constant horizontal 

component of velocity of v cos a, is given by s = vt as 

x = (v cos &)t aL) 

Eliminating t between equations [2.10] and [2.11] leads to 

sec? q 

2v2 

This is the equation of a parabola and it follows, therefore, that a body moving 

under the influence of gravity travels along a parabolic path. The path ofa charged 

particle in a uniform electric field is also a parabola (see section 50.1). 

y = xtana-—g 

Points to Bear in Mind when Attempting 
Questions 2D 

To Find Time of Flight 

Use s = ut + at? for the vertical motion with s = 0. 

To Find Time to Maximum Height 

Use v = u + at for the vertical motion with v = 0. 

To Find Maximum Height 

Use v? = u? + 2as for the vertical motion with v = 0. 

To Find Range 

Find the time of flight, z, then substitute for tin s = vt for the horizontal motion. 

To Find Direction of Motion 

Use tan 0 = v,/v, where 0 is the angle the direction of motion makes with the 
horizontal, and v, and v, are the vertical and horizontal components of velocity 
respectively. 
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QUESTIONS 2D 

A particle is projected with a speed of 25 ms"! at 
30° above the horizontal. Find: (a) the time 
taken to reach the highest point of the trajectory, 
(b) the magnitude and direction of the velocity 

A particle is projected with a velocity of 30 ms"! 

at an angle of 40° above a horizontal plane. 

Find: (a) the time for which the particle is in the 

air, (b) the horizontal distance it travels. 

A pebble is thrown from the top of a cliff at a 

speed of 10ms! and at 30° above the 
horizontal. It hits the sea below the cliff 6.0s 

later. Find: (a) the height of the cliff, (b) the 

distance from the base of the cliff at which the 

1. 

after 2.0 s. 

2. 

3. 

pebble falls into the sea. 

4. A pencil is accidentally knocked off the edge ofa 

(horizontal) desk top. The height of the desk is 

20 

64.8 cm and the pencil hits the floor a horizontal 

distance of 32.4cm from the edge of the desk. 

What was the speed of the pencil as it left the 

desk? 

A particle is projected from level ground in such 

a way that its horizontal and vertical compo- 

nents of velocity are 20ms_! and 10ms"! 
respectively. Find: (a) the maximum height of 

the particle, (b) its horizontal distance from the 

point of projection when it returns to the 

ground, (c) the magnitude and direction of its 

velocity on landing. 

An aeroplane moving horizontally at 150 m s~! 

releases a bomb at a height of 500 m. The bomb 

hits the intended target. What was the horizontal 

distance of the aeroplane from the target when 

the bomb was released? 

2.6 GRAPHICAL REPRESENTATION OF MOTION IN A 
STRAIGHT LINE 

Fig. 2.7 
A displacement-time 
graph 

Graphs can be used to represent the motion of a body which is moving in a straight 

line. (The motion must be in a straight line because there is no means of 

representing more than two directions, e.g. forwards and backwards, on a graph.) 

The method is particularly useful when the body under consideration has a non- 

uniform acceleration, for the equations of motion (section 2.3) do not apply in 

such cases and even calculus methods are of no use if the acceleration varies with 

time in such a way that it cannot be expressed mathematically. 

Displacement—Time Graphs 

By definition, velocity is rate of change of displacement and therefore the slope of 

a graph of displacement against time represents velocity. Suppose that the 

displacement-time graph shown in Fig. 2.7 refers to the motion of a shunting 

engine. Bearing in mind that the slope of the graph represents velocity, we can 

make the following analysis of the motion of the engine: 

Displacement 

Velocity = 0 
a 

D E 
C Displacement = s, 

Time 

Displacement = —s,; ———» Velocity = 0 
Slope = 0 

= Velocity = 0 

Velocity = 0 
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Note 

Fig. 2.8 
To show that the area 
under a velocity—-time 
graph represents 
distance 

SECTION A: MECHANICS 

AtA Stationary 

A-B Accelerating (slope increasing) 

B-C Moving with constant velocity (slope constant) 

C-D  Decelerating (slope decreasing) 

D-E Stationary 
E-F Accelerating and moving back towards the starting point 

F-G Moving with constant velocity 

AtG Momentarily at the starting point 

G-H Moving away from the starting point with constant velocity in the opposite 

direction to the original direction 

H-I Decelerating 

AtI Momentarily stationary 
I-J Accelerating and moving back towards the starting point 

J-K Decelerating 

AtK Stationary at the starting point. 

At the end of the period under consideration the engine is back at its starting point 

and therefore has zero displacement; the distance it has travelled, however, is 

2s hee 25>. 

Velocity—Time Graphs 

By definition, acceleration is rate of change of velocity and therefore the slope ofa 

graph of velocity against time represents acceleration. The area under 

such a graph represents distance. We shall illustrate this by referring to the 

velocity—time graph in Fig. 2.8. 

Velocity 

Time 

For a body which is moving with constant velocity, distance moved = velocity x 

time. It follows that if the velocity had the constant value of v during the time 

interval ôt, the distance moved would be v ôt. This is the area of the shaded strip, 

and therefore if the velocity varied with time according to the stepped line, the total 

distance moved in the interval from f, to t would be the’sum of the areas of the 
strips. By considering narrower and narrower strips we can make the stepped line 
follow the actual curve more and more closely. In the limit of infinitesimally 
narrow strips the sum of the areas of the strips is exactly equal to the area under the 
curve between ¢, and fy, i.e. the area under the curve between t; and t, 
represents the distance moved in the interval from ¢, to tz. 

Suppose that a body moves in the manner represented by the velocity-time graph 
in 2.9. Bearing in mind that the slope of the graph represents acceleration, we can 
make the following analysis of the motion of the body: 
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Fig. 2.9 
A velocity-time graph 

Note 
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Velocity 

A-B Moves from rest with a constant acceleration 

B-C Velocity still increasing, acceleration decreasing 

C-D Moving with constant velocity 

D-E Decelerating at a constant rate. Comes to rest 
E-F Stationary 

F-G Moving in the opposite direction to the original direction. Acceleration 
constant 

G-H Constant velocity 

H-I Decelerating at a constant rate. Comes to rest. 

Total distance moved = A; +42. Net distance moved (i.e. magnitude of 

displacement = A, — A>. i 

2.7 THE CONSERVATION OF LINEAR MOMENTUM 

Fig. 2.10 
Collision of two bodies 

Suppose that two bodies, A and B, are involved in a collision (Fig. 2.10) and that 

there are no external forces acting. The force on A due to B, F4, is, by Newton’s 

third law, equal (in magnitude) to the force on B due to A, Fg. Therefore, by 

Newton’s second law, each body experiences the same rate of change of 

momentum. Each force obviously acts for the same length of time as the other 

(i.e. for the duration of the collision), and therefore since the only forces that are 

acting are the internal forces F, and Fg, the magnitudes of the changes of 

4 3 

momentum of the two bodies will be the same. The changes in momentum, 

however, are oppositely directed and therefore the total change in momentum is 

zero. The result can be extended to any number of bodies in any situation where 

the bodies interact only with themselves, i.e. where there are no external forces. It 

is known as the principle of conservation of linear momentum and can be 

stated as: 

The total linear momentum ofa system of interacting (e.g. colliding) bodies, 
on which no external forces are acting, remains constant. 

The experimental investigation of the conservation of linear momentum is dealt 
with in section 2.14. 
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EXAMPLE 2.10 — : $ 

A body, A, of mass 4 kg moves with a velocity of 2 m s~! and collides head-on with 

another body, B, of mass 3 kg moving in the opposite direction at 5 m s71. After the 

collision the bodies move off together with velocity v. Calculate v. 

Fig. 2.11 2mis 
Diagram for Example <+— 

Sms. 

2.10 
Before 
collision 

Mass = 4kg Mass = 3kg 

—> 

After A+B 
collision 

Mass = (4+3) = 7kg 

Solution 

Referring to Fig. 2.11 and taking momentum directed to the right to be positive, 

we find that 

Momentum of A before the collision = 4x 2 = 8 kgm s! 

Momentum of B before the collision = 3 x (—5) = —15 kg m s`! 

The total momentum before the collision = —7 kg m s~! 

Momentum of (A + B) after the collision = 7v 

By the principle of conservation of momentum 

—7 = Tv 

i.e. v = -Ims"! 

The minus sign indicates that the bodies move to the left (i.e. in the original 

direction of B) after the collision. 

EXAMPLE 2.11 VAATETORN 

A bullet of mass 6.0 x 107° kg is fired from a gun of mass 0.50 kg. If the muzzle 

velocity of the bullet is 300 m s~}, calculate the recoil velocity of the gun. 

Solution 

Initially, both the bullet and the gun are at rest and their total momentum is zero. 
After firing, the momentum of the bullet = 6.0 x 107°? x 300 = 1.8kgms~!. By 

the principle of conservation oflinear momentum, the total momentum after firing 

is equal to that before firing, and therefore the gun must have a momentum of 
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1.8kgms_! in the opposite direction to that of the bullet. If the recoil velocity of 
the gun is v, then 

O50 p= 158 

i.e. v = 3.6ms_! 

QUESTIONS 2E 

gun of mass M. Find the recoil velocity of the 

1. A body of mass 6kg moving at 8m s™' collides 4. A kitten of mass 0.60 kg leaps at 30° to the 
with a stationary body of mass 10 kg and sticks horizontal out of a toy truck of mass 1.2kg 
to it. Find the speed of the composite body causing it to move over horizontal ground at 
immediately after the impact. 4.0m s™. At what speed did the kitten leap? 

2. A bullet of mass m is fired horizontally from a A particle of mass 5m moving with speed v 

explodes and splits into two pieces with masses 
gun if the velocity of the bullet is v. of 2m and 3m. The lighter piece continues to 

move in the original direction with speed 5v 

relative to the heavier piece. What is the actual 

speed of the lighter piece? 

3. A flat truck of mass 400kg is moving freely 

along a horizontal track at 3.0ms™!. A man 

moving at right angles to the track jumps on to 

the truck causing its speed to decrease by 

0.50ms_'. What is the mass of the man? 

2.8 ELASTIC COLLISIONS 

Whenever two bodies collide, their total momentum is conserved unless there are 

external forces acting on them. The total kinetic energy (see section 5.3), however, 

usually decreases, since the impact converts some of it to heat and/or sound and/or 

permanently distorts the bodies leaving them with an increased amount of 

potential energy. 

A collision in which some kinetic energy is lost is known as an inelastic collision. 

A completely inelastic collision is one in which the bodies stick together on 
impact. A collision is elastic if there is no loss of kinetic energy. 

2.9 NEWTON’S EXPERIMENTAL LAW OF IMPACT 

The relative velocity with which two bodies separate from each other, after a 

collision, is related to their relative velocity of approach and a constant known as 

the coefficient of restitution, e, of the two bodies. The relationship is known as 

Newton’s experimental law of impact and can be expressed as 

separation = e x Speed of approach [2.12] 
The coefficient of restitution of the two bodies is defined by equation [2.12] and 
depends on their elastic properties and the natures of their surfaces. These same 

properties determine whether a collision is elastic, inelastic or completely inelastic 

and therefore it is possible to classify a collision according to the value of e that is 

associated with it (Table 2.1). 
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Table 2.1 
Classification of collisions 

SECTION A: MECHANICS 

Type of collision ie Dee 

Elastic 1 

Inelastic 

Completely inelastic 

A body, A, of mass 6 kg and moving at 9 m s7! collides head-on with another body, 

B, of mass 3 kg and moving in the same direction as Aat4ms_!?. Ifthe velocities of 

A and B after the collision are respectively v, and vg and the coefficient of 

restitution of the bodies is 0.8, calculate va and vg. Assume that no external forces 

act on the system. 

Fig. 2.12 

212 

ial 4ms | 

Diagram for Example > 

Before 
collision 

A B 

VA » Vg 3 

After 
collision 

A B 

QUESTIONS 2F © 

1. 

Solution 

Refer to Fig. 2.12. There are no external forces acting on the system, in which case 

momentum is conserved and we may put 

(6x 9)+(3 x4) = 6va + 3v 

1€: 22 = 2v, + Up [2:13] 

Using Newton’s experimental law of impact (equation [2.12]) we have 

Ug —Va = 0.8(9 — 4) 

Le. Ug —UVa = 4 [2.14] 

Solving equations [2.13] and [2.14] simultaneously gives 

CO, = OMms 

A sphere, A, of mass 3.0 kg moving at 8.0 m s~! 

collides directly with another sphere, B, of mass 

5.0 kg moving in the opposite direction to A at 

4.0ms-'. Find the velocities of the spheres 

immediately after the impact if e = 0.30. 

A sphere of mass m moving with velocity u is 

involved in an elastic collision with a sphere of 

and Up 10ms! 

mass 2m moving along the same line with 

velocity —u. Find the velocities of the spheres 
immediately after the impact. 

A ball is dropped onto horizontal ground from a 

height of 9.0m. Find the height to which the 
ball rises: (a) on the first bounce, (b) on the 
second bounce. (e 0.70.) 
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2.10 IMPULSE 

The impulse of a constant force, F, acting for a time, Az, is defined by 

Impulse = F At [2.15] 

Impulse is a vector quantity; its direction is the same as that of the force. It 

follows from equation [2.15] that the unit of impulse is the newton second (N s). 
; Note that 1 Ns = 1 kgms™!. 

Suppose that a force, F, causes the momentum of a body to change by A (mv) in a 

time Az. By Newton’s second law, force = rate of change of momentum, and 
therefore 

Le F At = A(mv) 

Therefore by equation [2.15] 

[2.16] 

It can be shown that equation [2.16] applies to variable forces too. 

The definition ofimpulse imposes no limit on the length of time for which the force 

may act. Nevertheless, the concept of impulse is normally used only in situations 

where a large variable force is acting for only a short time, for example a golf-club 

striking a ball or the blow of ahammer on a nail. Forces such as these are known as 

impulsive forces. 

When a batsman strikes a cricket ball he ‘follows through’ in order to keep the bat 

in contact with the ball for as long a time as possible. It follows from equation 
[2.15] that this increases the impulse and therefore, by equation [2.16], produces a 

larger change in momentum and so increases the speed at which the ball leaves the 

bat. 

Suppose now that the ball is caught by a fielder. In catching it the fielder has to 

reduce the momentum of the ball to zero. It follows from equation [2.16] that the 

impulse on his hand will be the same no matter how he catches the ball. However, 

by equation [2.15], he can reduce the force he feels by drawing his hands 
backwards to increase the time taken to effect the catch. Not only is this less 

painful, but it also reduces the likelihood of the ball bouncing out of his hands. 

The impulse of a variable force, F, acting for a time, t, is defined by 

Up 

Measuring the change in momentum that a variable force produces is usually 

much easier than measuring the way in which it varies with time. In practice, 

therefore, an impulse is more likely to be evaluated on the basis of equation [2.16] 

than equation [2.17]. 
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2.11 FORCE-TIME GRAPHS ` 

It follows from equation [2.17] that the area under a graph of force against 

time represents impulse (Fig. 2.13). It follows from equation [2.16] thatit also 

represents change in momentum. 

Fig. 2.13 Force 

Force-time graphs 

Area = Impulse between t, and t, 
| 

e = Change in momentum 
between t, and t, 

Time 

Force 

= (Total) impulse of the force 

= (Total) change in momentum 
produced by the force 

EXAMPLE 2.13 

A body of mass 4 kg is moving at 5 m s™! when it is given an impulse of 8 N s in the 

direction of its motion. (a) What is the velocity of the body immediately after the 

impulse? (b) If the impulse acts for 0.02 s, what is the average value of the force 

exerted on the body? 

Solution 

Fig. 2.14 5ms- » 8Ns i v 

Diagram for Example tes Akg b 
ams 

Before impulse Impulse After impulse 

(a) Refer to Fig. 2.14. Let v = velocity of body immediately after the impulse. 

Impulse = Change in momentum 

8 = 4v-—4x5 

8 = 4v-20 ie. v = 7ms* 

(b) Let F = average force 

Impulse = F At 

SSF xX 0.02 den Paeiasiaan 
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QUESTIONS 2G 

1. A particle of mass 6.0kg moving at 8.0ms"! 
due N is subjected to an impulse of 30 N s. Find 
the magnitude and direction of the velocity 
of the particle immediately afterwards if the 
direction of the impulse is: (a) due N, 
(b) due S. 

A ball of mass 6.0 x 10°-* kg moving at 15 ms"! 
hits a wall at right angles and bounces off along 

the same line at 10 ms~'. (a) What is the magni- 
tude of the impulse of the wall on the ball? 
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(b) The ball is estimated to be in contact with 

the wall for 3.0 x 10-7, what is the average 
force on the ball? 

A body of mass 2.0kg and which is at rest is 

subjected to a force of 200 N for 0.20 s followed 

by a force of 400 N for 0.30 acting in the same 

direction. Find: (a) the total impulse on the 

body, (b) the final speed of the body. 

Find the final speed of the body in question 3 by 

using F = ma and v = u + at. 

2.12 FRICTION 

Fig. 2.15 
Investigation of frictional 
forces 

Static Friction 

When the surface of a body moves or tends to move over that of another, each body 

experiences a frictional force. The frictional forces act along the common surface, 

and each is in such a direction as to oppose the relative motion of the surfaces. 

Fig. 2.15 illustrates an arrangement which can be used to investigate frictional 

forces. Small masses are added, one at a time, to the scale-pan in order to increase 

P. At first P is small and the block does not move, but as more masses are added, 

eventually a point is reached at which the block starts to slide. This is interpreted by 

supposing that for small values of P the frictional force F is equal to P but that 

there is a maximum frictional force which can be brought into play. This is called 

the limiting frictional force and its value is equal to the value of P at which the 

block starts to move. The way in which the frictional force depends on the normal 

reaction R can be investigated by placing weights on the block. The effect of the 

area of contact can be studied by repeating the experiment with different faces of 

the block in contact with the table. 

Wooden block 
resting ona 
horizontal R (the normal reaction) 

table E 

Pulley 

f block 
: —Scale-pan 

Sliding Friction 

The frictional force which exists between two adjacent surfaces which are in 

relative motion is usually slightly less than the limiting frictional force between the 

surfaces and is called the sliding (or dynamic or kinetic) frictional force. This 

can be demonstrated by using the apparatus of Fig. 2.15 and giving the block a 

slight push each time a mass is added to the scale-pan. The value of P at which the 
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Fig. 2.16 
Determination of the 

coefficient of limiting 
friction 

SECTION A: MECHANICS 

block continues to move with cénstant velocity after being pushed is the value of 

the sliding frictional force and is less than the force required to produce motion 

when the block is not pushed. 

The Laws of Friction 

The results of experiments of the type described in Static Friction and Sliding 

Friction above are summarized in the laws of friction. 

(i) The frictional force between two surfaces opposes their relative motion 

or attempted motion. ; 

(ii) Frictional forces are independent of the area of contact of the surfaces. 

Gii) Fortwo surfaces which have no relative motion the limiting frictional 

force is directly proportional to the normal reaction. 

For two surfaces which have relative motion the sliding frictional force 

is directly proportional to the normal reaction and is approximately 

independent of the relative velocity of the surfaces. 

The Coefficients of Friction 

The coefficient of limiting friction u and the coefficient of sliding friction p’ are 

defined by 

where Fand F' are the limiting and sliding frictional forces respectively and Ris the 

normal reaction. Both u and yp’ depend on the nature and the condition of the 
surfaces which are in contact but are independent of the area of contact. For steel 

on steel u ~ 0.8; for Teflon on Teflon u ~ 0.04. (The values given are 

approximate because even a mono-molecular layer of some surface impurity 

affects the experimental results.) If two surfaces are assumed to be perfectly 

smooth, there is no frictional force and u = w = 0. 

R Block on the point 
of sliding down 
the plank 

mg cos 0 

mg 

The coefficient of limiting friction can be determined by carrying out an 

experiment of the type described in Static Friction above and measuring R and 

the minimum value of P that produces motion. The arrangement shown in Fig. 

2.16 provides an alternative method. One end of the plank is raised gradually and 
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Fig. 2.17 
Magnified cross-section 
through two surfaces in 
contact 
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the value of 0 (the angle of friction) at which the blockis on the point of slipping is 
measured. When the block is about to slip u = F/R, and therefore since 

mgsin@ = F and mgcos0 = R 

mg sin 0 

mg cos 0 

Le: u tan 0 

An Explanation of the Laws of Friction 

On a microscopic level, even a highly polished surface has bumps and hollows. It 
follows that when two surfaces are put together the actual area of contact is less 
than the apparent area of contact (Fig. 2.17). 

For example, it has been estimated that for steel on steel, the actual contact area 

can be as little as one ten-thousandth of the apparent area. The pressures at the 

contact points are very high, and it is thought that the molecules are pushed into 

such close proximity that the attractive forces between them weld the surfaces 

together at these points. These welds have to be broken before one surface can 

move over the other. Clearly, therefore, no matter in which direction the motion 

occurs there is a force which opposes it. This explains law (i). 

If the apparent area of contact of a body is decreased by turning the body so that it 

rests on one ofits smaller faces, the number of contact points is reduced. Since the 

weight of the body has not altered, there is increased pressure at the contact points 

and this flattens the bumps so that the total contact area and the pressure return to 

their original values. Thus, although the apparent area of contact has been 

changed, the actual area of contact has not. This explains law (ii). 

The extent to which the bumps are flattened depends on the weight of the body. 

Therefore the greater the weight, the greater the actual area of contact. This 

explains law (iii), because the weight is equal to the normal reaction. 

2.13 DETERMINATION OF THE ACCELERATION DUE 
TO GRAVITY (g) BY FREE FALL 

The apparatus is shown in Fig. 2.18. The principle of the method is to measure the 

time, ż, for a ball-bearing to fall from rest through a measured distance, A. 

The circuitry is such that switching on the electronic timer automatically cuts off 
the current to the electromagnet and releases the ball-bearing. The bearing falls 

freely until it strikes the hinged metal plate. The impact causes the plate to swing 

downwards, breaking the electrical connection at X and stopping the timer. The 

timer therefore automatically registers the time of fall. 

Once h has been measured (with an extending rule, say) the acceleration due to 

gravity, g, can be calculated. It follows from s = ut + tat? (equation [2.8]) with 

s—h, u=0, a=g and t= t, that g = 2h/t’, hence g. 
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Fig. 2.18 
Apparatus to determine g 

by free fall 

Notes G) 

Gi) 

(iii) 

Gv) 

SECTION A: MECHANICS 

Starting the timer 
automatically cuts 
off the current to 
the electromagnet 

Electromagnet 

Steel 
ball-bearing : 

Electronic 
timer 

The timer stops 
automatically 
when the 
connection at X is 
broken 

Wooden Metal Small permanent 
frame plate magnet holds the 

plate against the 
contact at X 

The timer should be capable of registering t with an uncertainty of +0.01 s 

or less. 

his measured from the bottom of the ball-bearing: 

There may be a delay in releasing the ball-bearing due to residual magnetism 

in the electromagnet. The likelihood of this can be reduced by arranging that 

the bearing is held only weakly by the electromagnet to start with. This can 

be done by reducing the magnetizing current to the minimum that will hold 

the bearing, or by placing a piece of paper or thin card between the bearing 

and the electromagnet. 

The experiment should be repeated a number of times and the average value 

of g found. Alternatively, the times of fall may be measured for a number 

of different values of h. Since g = 2h/t?, vh = (./g/2)t and therefore the 
gradient of a graph of vh against t is \/g/2, allowing g to be found 

graphically. This has the advantage that the effect of any constant error in t 

(e.g. that due to the bearing not being released immediately the timer is 

started) is eliminated. (If there is an error of this type, the graph will not pass 

through the origin but the gradient will be unaffected.) 

2.14 EXPERIMENTAL INVESTIGATION OF THE 
PRINCIPLE OF CONSERVATION OF LINEAR 
MOMENTUM 

The principle of conservation of linear momentum can be investigated by means of 
two plastic vehicles riding on the cushion of air above a linear air-track (Fig. 2.19). 
The track is a hollow tube of triangular cross-section through which air is blown; 
the air emerges through holes in each side of the track. It has adjustable feet 
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Fig. 2.19 
(a) Vehicle on an air- 
track, (b) timing arrange- 
ment 

Fig. 2.20 
Initial arrangement for 
inelastic collision 
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(a) Opaque 

Vehicle 

Air from 

pump 
Air-holes 

(b) Millisecond 
timers 

Shield to prevent 
photodiode from 
being illuminated ~ JŲ 
by room lighting 

Photodiode 

Vehicle with 

card attached Light source to 
Cy) illuminate the 
oe photodiode 

allowing it to be madeaccurately horizontal so that the vehicles have no tendency 

to drift along it in either direction. A number of small (e.g. 50 g) masses may be 

attached to the vehicles. Each vehicle can carry an opaque card of known length 

(e.g. 10 cm) which is arranged to interrupt a beam of light falling on a photodiode. 

The circuitry is such that each of the millisecond timers is inoperative whilst light is 

falling on the photodiode to which it is connected. When a light beam is broken by 

the leading edge of a card the associated timer switches on and remains operative 

for as long as the card is in the beam. The timer therefore records the time for the 

vehicle to travel a distance equal to the length of the card and so allows the speed to 

be found. 

Completely Inelastic Collision 

Refer to Fig. 2.20. A is pushed towards B, which is stationary and has no card 

attached. A interrupts beam X and therefore its speed (ua) before impact can be 

found. A pin on the front of A sticks in a small piece of plasticine on the back of B, 

and the vehicles then move together. The card on A interrupts beam Y allowing the 

(common) speed (vag) of A and B to be found. 
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Fig. 2.21 
Initial arrangement for 
elastic collision 

SECTION A: MECHANICS 

Light beams 
x nf 

Suppose the masses of A and B are ma and mg respectively. Momentum is 

conserved if ma ua = (ma + mg) Vag. The experiment should be repeated for a 

number of different values of ma, mg and ua. 

Elastic Collision 

Refer to Fig. 2.21. Aand B (each carrying a card) are pushed towards each other so 

that they collide in the region between the beams. Since A will have passed through 

beam X and B will have passed through beam Y, their speeds before the collision 

can be found. Each vehicle has a stretched rubber band attached to its front end, 

and these act as buffers so that the collision is almost (perfectly) elastic (see section 

2.8). It can be arranged that each vehicle reverses its direction of motion on 

impact. Since A then passes back through beam X and B passes through beam Y, 

their speeds after the collision can be found. The experiment requires two people — 

one to observe each timer. 

Suppose the masses of A and B are ma and mpg respectively, and their speeds are ua 

and ug before collision, and va and vz after collision. Taking left to right as positive, 

the initial momentum is ma ua — Mg ug and the momentum after impact is 

Mpg Vz — Ma va. Momentum is conserved if, within experimental error, 

Ma Ua — Mp Ug = Mg Ug — Ma Va: The experiment should be repeated for a 

number of different values of ma, mg, Ua and upg. 

2.15 EXPERIMENTAL INVESTIGATION OF F= ma 

Fig. 2.22 
Apparatus for 
investigating F = ma 

Newton’s second law in the form F = ma can be investigated using the apparatus 

shown in Fig. 2.22. To compensate for friction, the slope of the runway is adjusted 

so that the trolley, when given a slight push, runs down it at constant speed (dots 

equally spaced on ticker-tape). The accelerating force is provided by means of an 

elastic thread attached to the rear of the trolley. The experimenter pulls on the 

Elastic thread 

Paper tape to stretched by a 
ticker-timer “constant amount 

a i Runway - tilted 
—>, to compensate 

~ for friction 

thread and walks along keeping the length of the thread constant (equal to the 

length of the trolley, say). The effects of friction have been compensated for by 

tilting the track and therefore the net force on the trolley is that provided by the 

stretched thread. Since the thread is stretched by a constant amount, the trolley is 
being accelerated by a constant force. The acceleration of the trolley is found by 
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analysing the spacings of the dots on the ticker-tape. (The dots are produced at 
intervals of aS; from which the velocity, and hence the acceleration, can be 
calculated.) 

The effect of doubling (or tripling) the accelerating force is investigated by using 
two (or three) identical threads in parallel with each other and stretched by the 
same amount as in the first experiment. The effect of doubling (or tripling) the 

mass is investigated by stacking two (or three) identical trolleys on top of each 
other. 

The accelerating force is proportional to the number of threads and the mass is 
proportional to the number of troileys. A graph of acceleration against (number of 

threads/number of trolleys) can therefore be expected to be a straight line through 
the origin (i.e. a x F/m). 

Note The wheels of the trolleys are made from a low-density material so that very little of 

the accelerating force is ‘wasted’ in providing the angular acceleration of the 

wheels. 

CONSOLIDATION 

Newton’s first law Every body continues in a state of rest or of uniform 

(unaccelerated) motion in a straight line unless acted on by some external force. 

Newton’s second law The rate of change of momentum of a body is directly 

proportional to the external force acting on the body and takes place in the 

direction of the force. 

d 
F = — (mv T ) 

becomes 

F = ma for constant mass 

The newton (N) is defined as that force which produces an acceleration of 1 m s~? 

when it acts on a mass of 1 kg. 

Newton’s third law If A exerts a force on B, then B exerts an,equal and 

oppositely directed force on A 

oes mH: for constant velocity 

v = uyat 

v = 2a 
for constant acceleration 

s = u+}łar 

SAEN yo = rai 

Displacement-Time Graphs 

Gradient = velocity 
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Velocity-Time Graphs 

Gradient = acceleration 

Area under graph = distance 

The principle of conservation of linear momentum The total linear 

momentum of a system of interacting (e.g. colliding) bodies, on which no 

external forces are acting, remains constant. ~ 

An elastic collision is one in which there is no loss of kinetic energy. 

Law of Impact 

Speed of separation = e x Speed of approach 

Impulse 

Impulse of constant force = F At 

t 

Impulse of variable force = | F dt 
0 

Impulse = Change in momentum (for both constant and variable forces) 
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TORQUE 

3.1 DEFINITION OF TORQUE 

Consider a force acting on a rigid body (Fig. 3.1) so as to cause it to turn about an 

axis which is perpendicular to the paper and passes through O. The effect of the 

force is determined by its turning moment, a quantity which depends not only on 

the size and direction of the force but also on where it acts. The turning moment 

(or torque) is defined by 

bee eee [3.1] 

where 

H Il torque (or turning moment) (N m) 

F = the magnitude of the force (N) 

d = the perpendicular distance of the line of action of the force from 

the axis (m). 

Fig. 3.1 
Definition of torque 

atasi Rigid body 

EXAMPLE 3.1 

Find the moment of the 10 N force about the axis through O and perpendicular to 

the paper in each of the three situations shown in Fig. 3.2. 

Fig. 3.2 (a) (b) (c) 

Diagram for Example 3.1 

10N 10N 

41 
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Solution > 

(a) Moment about O = 10 x 4.0 = 40Nm (anti-clockwise) 

(b) Moment about O = 10 x 8.0 = 80 Nm (clockwise) 

(c) Refer to Fig. 3.3(a). Perpendicular distance of line of action of 10 N force 

from O = OB = OA sin 30° = 2.0m 

Moment about O = 10 x 2.0 =20Nm (anti-clockwise) 

Fig. 3.3 (a) (b) 
Diagram for solution of 5 
Example 3.1(c) ^ 

Zs aN 10 cos 30° A o 

10N 

Alternative Method 

The 10N force has components of 10 sin 30° and 10 cos 30° perpendicular and 

parallel to AO respectively (Fig. 3.3(b)). 

Moment about O of perpendicular component = 10 sin 30° x 4.0 

=20Nm 
(anti-clockwise) 

Moment about O of parallel component = 0 

Total moment about O = 20 Nm_ (anti-clockwise) 

QUESTIONS 3A m: 

1. Find the moment of the 20 N force about axes 2. By resolving the 40N force into two suitable 
perpendicular to the paper and through: (a) A, components, or otherwise, find its moment 
(b) B, (c) C, (d) D, (e) O where O is the about an axis perpendicular to the paper and 
centre of the rectangle through: (a) A, (b) B, (c) C. 

A 6.0m B 
A 6.0m B 

20N 4.0m 

3.2 COUPLES 

Notes (i) There is no direction in which a couple can give rise to a resultant force, and 
therefore a couple can produce a turning effect only — it cannot produce 
translational motion. - 
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(ii) Since a single force is bound to produce translation, it follows that a couple 
cannot be represented by a single force. 

Definition of a couple 

Rigid body 

A m— m @ eee eee e ‘copes OB cal B 

fe doo 
I 
l 
1 
i 

3.3 TORQUE DUE TO A COUPLE 

In Fig. 3.4, 

Total torque about O = F x OA+F x OB- 

= F(OA + OB) 

= a: 
Thus, the torque about O does not depend on the position of O and therefore it 

follows that: 

The torque due to a couple is the same about any axis and is given by 
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EQUILIBRIUM, CENTRE OF 
MASS, CENTRE OF GRAVITY 

4.1 THE CONDITIONS FOR EQUILIBRIUM 

A body is in equilibrium if: P piers ‘AS 

(a) the acceleration of its centre of mass is zero in all directions, and ae 

(b) its angular acceleration is zero. i re 

Neither of these conditions requires that the body is at rest— a body may move with 
constant velocity and rotate with constant angular velocity and still be in 
equilibrium! 

It follows from (a) and (b) that 

A body is in equilibrium if. oe ree 

(i) the resultant force on its centre of mass is zero, and x 

Gi) the total torque about all axes is zero. — —— 

Statements (i) and (ii) are often referred to as the conditions for equilibrium 
and are more useful in problem solving than (a) or (b). It can be shown that for a 
body subject to coplanar forces only, condition (i) will have been fulfilled if the 
resultant force in any two directions in the plane of the forces is zero. Condition (ii) 
will have been fulfilled if the total torque about any one axis which is perpendicular 
to the plane of the forces is zero. Therefore 

pecans 

To prove that a system of coplanar forces is in equilibrium is 
show that: Hee es 

1 the resultant force in any two directions in the plane of the forces is zero. : 

2 the total torque about any one axis which is perpendicular o the 
the forces is zero. EE Go ON ie 

Neither one of these conditions is sufficient on its own to show that a body is in 
equilibrium. On the other hand, if a body is known to be in equilibrium, then we 
may.make use of 1 or 2 or both 1 and 2. It also follows that 

44 
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Notes 

Notes 

If a body is in equilibrium: 

I the resultant force is zero in all directions, and 

II the total torque is zero about any axis. 

G) Conditions 1 and 2 are known as sufficient conditions because together they 

form the minimum set of conditions which is sufficient to ensure 

equilibrium under the action of coplanar forces*. Conditions I and II are 

known as necessary conditions, in the sense that each is necessarily true, 

rather than that it is necessary to show them to be true. 

(ii) Statement IJ is sometimes called the principle of moments, and can also 

be expressed as 

Ifa body is in equilibrium, the total clockwise moment about any axis is _ 
equal to the total anti-clockwise moment about the same axis. ee 

(iii) Statement I and statement II (in both its forms) also apply when the 

equilibrium is due to non-coplanar forces. 

(iv) To prove that a body acted on by non-coplanar forces is in equilibrium it is 

sufficient to show that: 

the resultant force in any three mutually perpendicular directions is zero, 

and 

the total torque about each of any three mutually perpendicular axes is zero. 

(v) When solving problems in which a system of coplanar forces is known to be 

in equilibrium we may choose two directions and apply condition 1 in each 

direction, and we may choose one axis and apply condition 2. Thus we 

resolve twice and take moments once. This gives three independent 

equations and allows us to find the values of three unknowns. There are 

two alternatives — we may resolve once and take moments twice, or we may 

take moments about three axes which are not in line with each other. It is not 

possible to obtain more than three independent equations and therefore 

there is no point in, for example, resolving twice and taking moments twice. 

Concurrent Forces ' 

Concurrent forces are forces whose lines of action intersect at a single point. A little 

thought should convince the reader that it is impossible for such a system of forces 

to produce a torque about any axis if their resultant is zero. It follows that 

~ Concurrent forces are in equilibrium if their resultant is zero. 

To prove that concurrent coplanar forces are in equilibrium it is sufficient to show 

that 1 is true. If we know that a system of concurrent coplanar forces is in 

equilibrium, we use 1 alone when solving problems — there is no point using 2. 

(i) Ifa body is in equilibrium under the action of three non-parallel coplanar 

forces, the forces must be concurrent. (See section 4.2.) 

*This is not the only set of minimum conditions, but it is the one most commonly used. 
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Gi) A particle is an object which has mass but which is small enough to be 

regarded as a point. It follows that a set of forces acting on a particle must be 

concurrent forces. 

EXAMPLE 4.1 

Fig. 4.1 
Diagram for Example 4.1 

Solution 

We make use of condition 1 in the horizontal and vertical directions. Refer to Fig. 4.1 

Resolving horizontally: 

P cos 60° = Qcos 40° [4.1] 

Resolving vertically: 

P sin 60° + Q sin 40° = 20.0 [4.2] 

By equation [4.1] 

_ Qcos 40° 
ie. P = 15320 [4.3] 

cos 60° 

Substituting for P in equation [4.2] gives 

1.532 Q sin 60° + Qsin 40° = 20.0 

1.970 Q = 20.0 Le; Slug 

Substituting for Q in equation [4.3] gives 

PESTISON 

Note We have resolved horizontally and vertically. It would have been quite reasonable 
to resolve perpendicular to Pand perpendicular to Q. The advantage of this is that 
it gives an equation for Q which does not involve P and an equation for P which 
does not involve Q. The main disadvantage is that it is necessary to work out the 
angles that the forces make with these directions and although this is trivial, it leads 
to a rather messy diagram. It is by far the best method, though, when the unknown 
forces are at 90° to each other. 

EXAMPLE 4.2 (= 

A uniform plank AB which is 6m long and has a weight of 300 N is supported 
horizontally by two vertical ropes at A and B. A weight of 150 N rests on the plank 
at C where AC = 2m. Find the tension in each rope. 
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Fig. 4.2 
Diagram for Example 4.2 

Notes 

EXAMPLE 4.3 =| 

Solution 

The plank is uniform and therefore its weight acts at its mid-point, G, say. Let the 

tensions in the ropes at A and B be T, and T, respectively. Refer to Fig. 4.2. 

Ta Te 

150 N 

300 N 

The plank is in equilibrium and therefore the clockwise moment about any point is 

equal to the anti-clockwise moment about the same point. (Condition 2.) 

Taking moments about A gives 

Teds 64615006124 300;«3 

67,3 = 1200 Le. © type 200 N 

Resolving vertically gives 

Ta + Tg = 150+ 300 

Ta +200 = 450 | iced ON 

(i) Asan alternative to resolving vertically, we could have taken moments about 

B to find T,. 

(ii) Itis usually good policy to take moments about points where unknown forces 

are acting because this reduces the number of unknowns in each of the 

resulting equations. 

A uniform ladder which is 5 m long and has a mass of 20 kg leans with its upper end 

against a smooth vertical wall and its lower end on rough ground. The bottom of 

the ladder is 3 m from the wall. Calculate the frictional force between the ladder 

and the ground. (g = 10ms ”.) 

Solution 

Refer to Fig. 4.3. The ladder is uniform and therefore its weight, 20 x 10 = 200 N, 

acts at its mid-point G, a distance of 1.5 m from the wall. The wall is smooth and 

therefore the only force acting at the top of the ladder is the normal reaction R. By 

Pythagoras the point A at which the ladder makes contact with the wall is 4 mabove 

the ground. The forces acting at the bottom of the ladder are the normal reaction S 

and the frictional force F. If the ladder were to slip, its bottom end would move to 

the right; it follows that F acts to the left as shown. 
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Fig. 4.3 
Diagram for Example 4.3 

Note 

SECTION A: MECHANICS 

3m 

The ladder is in equilibrium and therefore there can be no resultant force in any 

direction. In particular there is no resultant vertical force, in which case 

S = 200N [4.4] 

Because the ladder is in equilibrium the total torque about any point is zero. In 

particular, the total (net) torque about A is zero and therefore 

(F x 4) + (200 x 1.5) = Sx3 

ie 4F +300 = 3S 

Therefore by equation [4.4] 

4F +300 = 600 : 

ite: i =N 

The reason that we have chosen to consider the torque about A, rather than some 
other point, is that this automatically excludes R — a force in which we have no 
interest. The reader is advised to convince himself that considering the torque 
about G and/or B and making use of the fact that F = R also gives F = 75N. 

Points to Bear in Mind when Attempting Questions 4A 

(a) Draw a clear diagram showing all the forces acting on the particle (or 
body) whose equilibrium is being considered. 

(b) Draw diagrams in which the angles look something like the angles they 
represent. There is no need to use a protractor, but an angle of 30°, say, 
should look more like 30° than 45° or 60°. 

(©) A smooth surface can exert a force only at right angles to itself — the 
normal reaction. 

(d) The tension is the same in each section of a light string which passes over a 
smooth pulley or a smooth peg, or which passes through a smooth hole or 
a smooth ring. 

(e) There is no point in resolving in more than two directions. 

(£) Itis often an advantage to resolve perpendicular to an unknown force. 

(g) It is often an advantage to take moments about points where unknown 
forces are acting. 
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QUESTIONS 4A 

1. Solve the problem in Example 4.1 by resolving 
perpendicular to P and/or Q. 

Two forces, P and Q, act NW and NE 

respectively. They are in equilibrium with a 

force of 50.0N acting due S and a force of 
20.0 N acting due E. Find P and Q. 

A particle whose weight is 50.0 N is suspended 

by a light string which is at 35° to the vertical 

under the action of a horizontal force F. Find: 

(a) the tension in the string, (b) F. 

A particle of weight W rests on a smooth plane 

which is inclined at 40° to the horizontal. The 

particle is prevented from slipping by a force of 

50.0 N acting parallel to the plane and up a line 

of greatest slope. Calculate: (a) W, (b) the 

reaction due to the plane. 

Two light strings are perpendicular to each 

other and support a particle of weight 100N. 

The tension in one of the strings is 40.0N. 

Calculate the angle this string makes with the 

vertical and the tension in the other string. 

A uniform pole AB of weight 5 Wand length 8a 

is suspended horizontally by two vertical strings 

attached to it at C and D where AC = DB = a. 
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A body of weight 9 W hangs from the pole at E 

where ED = 2a. Calculate the tension in each 

string. 

AB is a uniform rod of length 1.4 m. Itis pivoted 

at C, where AC = 0.5 m, and rests in horizontal 

equilibrium when weights of 16 N and 8N are 

applied at A and B respectively. Calculate: 

(a) the weight of the rod, (b) the magnitude 

of the reaction at the pivot. 

A uniform rod AB of length 4a and weight W is 

smoothly hinged at its upper end, A. The rod is 

held at 30° to the horizontal by a string which is 

at 90° to the rod and attached to it at C where 

AC = 3a. Find: (a) the tension in the string, 

(b) the vertical component of the reaction at 

A, (c) the horizontal component of the reaction 

at A. 

A sphere of weight 40 N and radius 30 cm rests 

against a smooth vertical wall. The sphere is 

supported in this position by a string of length 

20 cm attached to a point on the sphere and to a 

point on the wall. Find: (a) the tension in the 

string, (b) the reaction due to the wall. (If you 

require a hint, turn to the answer.) 

4.2 THE TRIANGLE OF FORCES 

Fig. 4.4 
Body acted on by three 
forces 

Suppose that a body is in equilibrium under the action of three non-parallel 

coplanar forces, P, Q, and R (Fig. 4.4). In order to satisfy condition (i) (p. 44), 

each force must be equal and opposite to the resultant of the other two. The system 

therefore reduces to one in which there are only two equal and opposite forces, (R 

and R’, say, where R’ is the resultant of P and Q). Furthermore, these two forces 

(R and R’) must be in line with each other, otherwise there would be a couple 

acting on the system and condition (ii) would not be satisfied. It follows that P, Q 

and R must be concurrent. 

Rigid body 

Bearing in mind that R’ is the resultant of P and Q and that R = —R’, leads to 

Figs. 4.5(a), (b) and (c). It follows from Fig. 4.5 that: 
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Fig. 4.5 
The triangle of forces 

(a) (b) 

(c) 

QUESTIONS 4B AS ES 

1. Solve the problem in example 4.1 by using 

a triangle of forces. 

4.3 THE POLYGON OF FORCES 

The triangle of forces can easily be extended to any number of forces, in which case: 

If a body is in equilibrium under the action of an 
forces can be represented in main and dire 
polygon taken in order ETO 

4.4 TYPES OF EQUILIBRIUM 

There are three types of equilibrium and these are illustrated by the cone shown in 
Fig. 4.6. 

(i) Stable equilibrium A body is in stable equilibrium if it returns to its 
equilibrium position after it has been displaced slightly (Fig. 4.6(a)). 

(i) Unstable equilibrium A body is in unstable equilibrium if it does not 
return to its equilibrium position and does not remain in the displaced 
position after it has been displaced slightly (Fig. 4. 6(b)). 

(ii) Neutral equilibrium A body is in neutral equilibrium if it stays in the 
displaced position after it has been displaced slightly (Fig. 4.6(c)). 

Fig. 4.6 
Types of equilibrium 

(a) Stable (b) Unstable (c) Neutral 
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4.5 CENTRE OF MASS 

Fig. 4.7 
Effects of forces at centre 

of mass of a hammer 

Fig. 4.8 
Effect of forces at centre 
of mass of a hammer 

The entire mass of a body can be considered to act at a single point, known as the 

centre of mass of the body. If a body is symmetrical and of uniform composition, 

the centre of mass is at the geometric centre of the body. 

Ifa single force acts on a body and the line of action of the force passes through the 

centre of mass, the body will have a linear acceleration but no angular acceleration. 

Thus, a body which is accelerated from rest by such a force will move in a straight 

line without any rotation. As an example of this, imagine a stationary hammer 

resting on a frictionless surface. If forces such as P and Q are applied to the 

hammer (Figs 4.7(a) and (b)), it will move without rotation as shown. 

Centre of mass 

However, if a force such as R is applied to the hammer, its subsequent motion 

involves rotation because R does not act through the centre of mass (Fig. 4.8). 

Note that even when the body is rotating, the centre of mass moves along a straight 

line, i.e. the rotation takes place about the centre of mass. Thus, in the absence of 

an actual pivot (e.g. an axle) a body behaves as ifit is pivoted at its centre of 

mass and only at its centre of mass. 

Centre 
of mass 

(b) 

The motion of the centre of mass of a body cannot be affected by internal 

forces. Suppose that a space-ship, which is initially moving with uniform speed 

along a straight line, breaks into a number of pieces as a result of an explosion on 

board. No external force has acted on the mass of the space-ship and therefore the 

mass as a whole cannot (by Newton’s second law) acquire an acceleration. Since 

the mass can be taken to be at the centre of mass, there can be no acceleration of the 

centre of mass. The pieces therefore move apart in such a way that the centre of 

mass continues to move with the original speed in the original direction. 
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4.6 CENTRE OF GRAVITY > 

Fig. 4.9 
Determination of centre 
of gravity 

EXAMPLE 4.4 

Fig. 4.10 
Diagram for Example 4.4 

The centre of gravity of a body is the single point at which the entire weight 

of the body can be considered to act. In uniform gravitational fields (such as 

that of the Earth on a small body) the centre of gravity coincides with the centre of 

mass. 

Since the weight of a body acts at its centre of gravity, a freely suspended body 

hangs in such a way that its centre of gravity is vertically below the pivot. 

This is the basis of the usual experimental determination of the position of the 
centre of gravity of a body (Fig. 4.9). 

Centres of gravity (and therefore centres of mass) can also be located by 

calculation (Examples 4.4 to 4.7). 

First vertical 

First 

Second pivot 
vertical 5S < 

Centre of gravity 
at intersection 

Second 
pivot 

Calculate the position of the centre of gravity of a body which comprises two small 
spheres whose centres are connected by a straight rod of length L. The masses of 
the spheres are m and mz. The mass of the rod is very small and may be ignored. 

Solution 

By symmetry, the centre of gravity of the system is at a point on the line joining the 
centres of gravity of two spheres. Since the centre of gravity of each sphere is at its 
centre, the centre of gravity of the whole system is at a point such as G (Fig. 4.10). 

—<— x —piq—_—_——__ L- x —____», 
| I I 

' | 
| | l 

| Oo 

Sphere of Sphere of 
mass m; mass Mm, 

The centre of gravity of a body is the point at which its weight acts, and therefore if 
the body were to be pivoted at its centre of gravity, there would be no gravitational 
torque about that point. Therefore, 
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-= Torque about G due to m, = Torque about G due to mz 

i.e. mgx = mg (L—«x) 

x(m, +m) = mL 

i 

mı + m 

The method used in Example 4.4 can be extended in order to determine the 

positions of the centres of gravity of more complex structures (Example 4.5). 

EXAMPLE 45 0° 005005 

Calculate the position of the centre of gravity of a system of three particles each of 

mass m and located at the vertices of an equilateral triangle of side L. 

Solution 

The arrangement is as shown in Fig. 4.11. On the basis of Example 4.4 the centre 

of gravity of the particles at A and B is at G’ (the mid-point of AB). The system is 

therefore equivalent to one with a particle of mass 2m at G’ and a particle of mass m 

at C. The centre of gravity of the complete system is therefore on CG’ at G where G 

is a distance x from G’ given by equation 4.5 as 

m x CG’ 

m+ 2m 

wa xe CG 

Fig. 4.11 c 
Diagram for Example 4.5 H 

EN 
a \ 

i | A 
/ Wales: 

4 x 

A fi —_—_— l -m G 

A G B 

EXAMPLE 4.6. 

MNOPQRST is a uniform lamina whose dimensions are as shown in Fig. 4.12(a). 

Find the distance of its centre of gravity from MN and from MT. 

Solution 

By symmetry the centre of gravity must lie on XY (Fig. 4. 12(b)), and is therefore 

3 cm from MN. It remains to find its distance from MT. We do this by regarding 

the lamina as a rectangle MNST and a square OPQR, the centres of gravity of 
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Fig. 4.12 M 4cm N a M N 

Diagram for Example 4.6 

2cm P P 

6cm 2cm X Y 

Q Q 

T S i S 

(a) (b) 

which are at their centres G, and G; respectively. The centre of gravity of the whole 

lamina must lie between G, and Gp. Let it be at G, a distance x from MT. Let 

w = the weight per unit area of the lamina. 

Moment of whole about MT = Sum of moments of parts about MT 

28wx = 24w x 2+4wx5 

28wx = 68w 

enne oe Cm 

The centre of gravity is therefore 3 cm from MN and 2.4 cm from MT. 

EXAMPLE 4.7 

MNOPQRST is a uniform lamina whose dimensions are as shown in Fig. 4.13(a). 
Find the distance of its centre of gravity from MN and from MT. 

Fig. 4.13 M 12cm N M N 
Diagram for Example 4.7 z Son 

P cm o a 

4cm 

ia G: 

12 cm O R R 

6cm 

yi S T S 
(a) (b) 
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Solution 

We regard the lamina as a square MNST from which a smaller square OPQR has 

been removed. The centres of gravity at these squares are at their centres G; and 
Gp (Fig. 4.13(b)). Let the centre of gravity of the lamina be at G, a distance x from 

MT and a distance y from MN. Let w = the weight per unit area of the lamina. 

Section Weight Distance of centre of Distance of centre of 

gravity from MT gravity from MN 

Moment of whole about MT = Sum of moments of parts about MT 

144w x 6 = low x.10 + 128wx 

864w = 160w + 128wx 

704w = 128wx 

704w ; 55 
xX = — S a = E E 1.e x cm 

Moment of whole about MN = Sum of moments of parts about MN 

144w x 6 = low x 44 128wy 

864w = 64w + 128wy 

800w = 128wy 

800 
Ve “ee Le wee 625 cm 

The centre of gravity is therefore 5.5 cm from MT and 6.25 cm from MN. 

QUESTIONS 4C Boa 

1. A light square frame ABCD of side 10a has 3. MNOPQR is a uniform lamina. Find the 

particles of mass m, 2m, 3m and 4m at A, B, C distance of its centre of gravity: (a) from MR, 

and D respectively. Find the distance of the (b) from MN. 

centre of gravity: (a) from AB, (b) from AD. 

R 10cm 

2. A non-uniform rod AB of weight 40N and 

length 20 cm is supported by a pivot at C where 

AC = 14cm. The rod rests in horizontal 4cm E N 

equilibrium when a weight of 30N is attached 2cm 

to it at B. Find the distance of the centre of 

gravity of the rod from A. 

4. A circular plate of uniform thickness and radius 

12 cm has a circular hole of radius 4 cm cut out 

of it. The centre of the hole is 2 cm from the 

centre, O, of the plate. Find the distance of the 

centre of gravity from O. 
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CONSOLIDATION 7 

If three coplanar forces are in equilibrium, the forces are bound to be concurrent. 

If a particle is in equilibrium, the resultant force on it is zero in which case it must 

be at rest or moving in a straight line at constant speed. 

If a body is in equilibrium, the resultant force on it is zero and the resultant torque 

is zero in which case it must be at rest or moving in a straightline at constant speed 

and if it is rotating, it must be doing so with a constant angular velocity. 

To solve problems in which concurrent coplanar forces are known to be in 

equilibrium resolve in (up to) two directions and make use of the fact that the 

resultant force in each direction is zero. 

To solve problems in which non-concurrent coplanar forces are known to 

be in equilibrium resolve twice and take moments once, or resolve once and take 

moments twice, or take moments three times. 

The centre of gravity of a body is the point at which its weight can be taken to act. 
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5.1 WORK 

Fig. 5.1 
Force at angle to motion 

Ifa body moves as a result of a force being applied to it, the force is said to be doing 

work on the body. The work done is given by 

W= Ps [5.1] 

where 

W = the work done (joules, J) 

F = the constant applied force (N) 

s = the distance moved in the direction of the force (m). 

It follows from equation [5.1] that a force is doing no work if it is merely 

preventing a body moving, because in such a circumstance s = 0. Thus, if aman 

lifts some object, he is doing work whilst actually lifting it; but he does no work in 

holding it above his head, say, once he has lifted it into that position. The man 

would, of course, become tired ifhe were to hold a heavy object for a long time but 

this is because he is having to keep his muscles under tension; it is not because he is 

doing work on the object. 

Suppose that a constant force, F, acts on a body so as to move it in a direction other 

than its own (Fig. 5.1). The component of F in the direction of motion is F cos 0, 

in which case the work done, W, is given by 

w= - Fs cos 0 

Direction 

of motion 

This situation can occur only if there is some other force preventing motion taking 

place in the direction of F. For example, consider a man pulling a garden roller in 

the manner shown in Fig. 5.2. For convenience, the man is holding the handle at 

an angle 0 to the horizontal and exerts a force F in the direction shown. The other 

force that acts on the roller is its weight, mg, and this of course, acts vertically 

downwards. The upward directed component of F will be less than the weight. 

Therefore there is no vertical motion and no work is done by the upward directed 

component of F. 
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Fig. 5.2 
Force diagram for a man 
pulling a roller 

5.2 ENERGY 

SECTION A: MECHANICS 

A body which is capable of doing work is said to possess energy. The amount of 

energy that a body has is equal to the amount of work that it can do (or what 

amounts to the same thing, the amount of work that must have been done on it to 
give it that energy). 

Although it is often convenient to classify energy as being chemical energy or 
nuclear energy or heat energy, etc., there are basically only two types of energy — 
kinetic energy (KE) and potential energy (PE). 

5.3 KINETIC ENERGY ri 

- The energy which a body pomers roe because it is moving is called 
_ kinetic energy. : 

The kinetic energy ofa body can be defined as the amount of work it can do 
in coming to rest, or what amounts to the same thing, the amount of work that 
must have been done on it to increase its velocity from zero to the velocity ithas. On 
this basis, if a Lassa of mass m is moving with velocity v, then 

Kinetic energy = > 

Kinetic energy is a positive, scalar quantity 

To Show that Kinetic Energy = 5 1 mv? (Variable 
Force) 

Suppose that a body of mass m moves a small distance 6s under the action ofa force 
F. Suppose also that, though the force may be varying, ôs is so small that the force 
can be considered constant over the distance ôs. The work done ôW is given by 
equation [5.1] as 

OW, = F Os 

If the force increases the velocity of the body from zero to v, the total work done W 
is given by 

w=| Fas 
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Using Newton’s second law (equation [2.2]) we can write F as 

dv 
Fasem == 

err 

where dv/dt is the acceleration of the body. Therefore 

Vv=UV dv 

WwW = ata 
oa + dt 3 

Bearing in mind that v = ds/dt, we can write 

y= | mv dv 
0 

and therefore 

W = Em 
i.e. W 2 1 z MU 

By definition, the work done is the kinetic energy of the body, and therefore 

Kinetic energy = 4 mv? 

The kinetic energy of a body depends only on its mass and its velocity and as such, 

the kinetic energy is independent of the way in which the body acquired this 

velocity. In view of this, the result that has just been derived could have been 

obtained more simply by specifying that the body was accelerated by a constant 

force. This will now be done. 

To Show that Kinetic Energy = 1 mv? (Constant 
Force) 

If a body of mass m moves a distance s under the action of a constant force F, the 

work done W by the force is given by equation [5.1] as 

Wa =65ẸEs 

If the (constant ) acceleration is a, then from Newton’s second law F = ma and 

therefore 

W = mas [5.2] 

If the body has been accelerated from rest to some velocity v, then from equation 

[2.7] 

u? = 0? + 2as 

! v’ 
i.e. s = — 

ý 2 

and therefore by definition 

Kinetic energy = mv? 
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5.4 POTENTIAL ENERGY 

SECTION A: MECHANICS 

` 

The energy which a body possesses due to its position or to the arrangement 

of its component parts is called potential energy. 

A brick which is suspended above the ground has energy because it could do work 

by falling to the ground. Its energy is due to its position and therefore it is potential 

energy. Furthermore, because it is due to its position in the Earth’s gravitational 

field, it is more completely described as being gravitational potential energy. A 

charged particle situated in an electric field has electrical potential energy (section 

39.6). The potential energy of a stretched bow string results from the elastic 

properties of the string and is therefore referred to as elastic potential energy. 

There are many forms of potential energy but this chapter is concerned primarily 

with gravitational potential energy. 

5.5 GRAVITATIONAL POTENTIAL ENERGY 

Note 

= where 

The potential energy of a body can be defined as the amount of work that 

was done on it to give it that energy. On this basis, if a body of mass m is at a 
height A, then 

E Gravitational potential energy = meh 

h = the height of the body above some arbitrary reference level (e.g. the 

ground or a bench top) where the potential energy is taken to be 
Zero. 

Alternatively, if a body of mass m is moved upwards, through a height Ah 

Because his measured from an arbitrary level, the gravitational potential energy of 
a body is not an absolute property of the body and its position but depends on 
which reference level has been chosen. This is of no consequence though, because 
in the final analysis we are always concerned with the change in potential energy 
that occurs when a body moves. 

To Show that Gravitational Potential Energy 
= mgh 

Consider a body of mass m at some arbitrary height above the ground and moving 
upwards with some arbitrary velocity. If the body is just to maintain this velocity, 
there must be an upward directed force acting on it which is equal in magnitude to 
its weight mg. If the body moves upwards a further distance h under the influence 
of this (constant) force, the work done W by the force is given by equation [5.1] as 

W = mgh 

There can have been no change in the kinetic energy of the body because its 
velocity has been the same throughout. The work done on the body has therefore 
been used only to increase its potential energy. Thus in raising a body of mass m 
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through a distance h the increase in potential energy is mgh. It follows that if the 
potential energy of the body is taken to be zero when it is on the ground, then its 
potential energy at a height h is mgh, i.e. 

Gravitational potential energy = mgh 

5.6 CONSERVATION OF MECHANICAL ENERGY 

Fig. 5.3 
Conversion of potential 
energy to kinetic energy 

The principle of conservation of mechanical energy can be stated as: 

In a system in which the only forces acting are associated with potential 
energy (e.g. gravitational and elastic forces) the sum of the kinetic and 
potential energies is constant 

ice. KE + PE = a constant [5.3] 

Note that, in particular, equation [5.3] does not apply when there are frictional 
forces present. 

As an example of the application of equation [5.3], we shall use it to obtain an 

expression for the velocity acquired by a body of mass m in falling freely from rest at 

a height / in a vacuum (Fig. 5.3). As the body falls it loses gravitational potential 

energy and gains kinetic energy. It follows from equation [5.3] that 

KE gained = PE lost 

and therefore if the velocity of the body after it has fallen a distance h is v, then 

tmv = mgh 

ES DEEN Lei 

The body comes to rest (at least momentarily) very soon after making contact with 

the ground. It does so because the Earth has exerted a force on it. The force is due 
to the solidity of the Earth, rather than to its gravitational properties. At the same 

time, the body exerts a force on the Earth, and both the body and the Earth become 

deformed. It is the kinetic energy which the body had immediately before the 

impact that has been used to produce these deformations. If they are permanent, 

the energy which created them is dissipated as heat and sound, and the body 

remains at rest on the ground. On the other hand, if the body and the Earth regain 

their original shapes, then they lose the elastic potential energy which they 
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acquired at the impact and the body bounces. Some energy is bound to be 

dissipated as heat, and therefore the body has less than its original amount of 

kinetic energy and therefore does not reach its original height. 

When friction is involved, and when work is done by external forces (i.e. forces 

other than those associated with potential energy) we make use of the work- 

energy principle: 

Work done by | _ / Increase in " Work done [5.4(a)] 

external force #8 KE + PE against friction ` 

If work is done against external forces, equation [5.4(a)] becomes 

Decrease in Work done Work done 54b 

KE + PE a ee ir against friction ii. 
external forces 

In problems where there are sudden changes in velocity, e.g. where two bodies 

collide or where there is a sudden increase in the tension in a string (i.e. a jerk) 

some mechanical energy is converted to heat and/or sound*. In such 

circumstances, using the principle of conservation of mechanical energy or the 

work-energy principle (equations 5.4(a) and (b)) allows us to do no more than find 

out just how much energy has been converted in this way. For example if we know 

the height to which a bouncing ball rebounds, we can calculate the amount of 

mechanical energy converted to heat, etc., as a result of the impact, but energy 

considerations alone do not allow us to calculate the height to which the ball 

rebounds in the first place. 

A car of mass 800 kg and moving at 30 ms! along a horizontal road is brought to 

rest by a constant retarding force of 5000 N. Calculate the distance the car moves 
whilst coming to rest. 

Solution 

Ifthe car travels a distance sin coming to rest, then by equation [5.1] the work done 

by the car against the retarding force 

= 5000s 

The kinetic energy G mv?) lost by the car in coming to rest 

a 4 x 800 x 30? 

360 000 J 

The work done against the retarding force is equal to the kinetic energy lost by the 
car, and therefore 

5000s = 360000 

| 

i.e. Si 2m 

Alternatively, the solution could have been obtained by using Newton’s second 
law (equation [2.2]) to calculate the value of the retardation which could then be 
used in equation [2.7] to find s. 

*This is not true in the special case of an elastic collision — see section 2.8. 
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Fig. 5.4 

Diagram for Example 5.2 

EXAMPLE 5.3 
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A small block (Fig. 5.4) is released from rest at A and slides down a smooth curved 
track. Calculate the velocity of the block when it reaches B, a vertical distance h 
below A. 

Solution 

Suppose that the mass of the block is m. The gravitational potential energy lost by 

the block in moving from A to B is mgh. If the velocity of the block on reaching B is 

v, then the kinetic energy gained by the block is 4 mv’. 

The track is smooth and therefore no work is done against friction, in which case 

KE gained = PE lost 

tmv? = mgh 

ie. VU = 4/2gh 

The problem has been solved by making use of the principle of conservation of 

mechanical energy. Unlike Example 5.1, it could not have been solved by using 

F = ma and v? = u? + 2as because the acceleration is not constant and therefore 

v? = u*+2as does not apply. A solution based on F = ma is possible 
provided the equation of the curve is known, but it involves using calculus and is 

much more difficult than the solution given here. 

Note that the speed at B does not depend on the particular shape of the curve. 

However the time to reach B does, and cannot be found by using energy 

considerations. 

A car of mass 1.0 x 10° kg increases its speed from 10 ms™! to 20ms7! whilst 

moving 500 m up a road inclined at an angle « to the horizontal where sin « = ome 
There is a constant resistance to motion of 300 N. Find the driving force exerted by 
the engine, assuming that it is constant. (Assume g = 10ms~*.) 

Solution 

The work done by the engine is used to increase both the KE and PE of the car and 

to overcome the resistive force. 
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In moving 500 m along the road'the car gains a vertical height of 500 sin « = 25m. 

Therefore 

PE gained = 1.0 x 10 x 10x 25 = 25x 10°J 

KE gained = 1x 1.0 x 10? x 20? —4 x 1.0 x 10° x 10? 

15x10) 

Work done against resistance = 300 x 500 = °1.5 x 10°J 

By the work—energy principle, 

Work done by engine 

Work done by engine 

Increase in PE + Increase in KE 

+ Work against resistance 

DSXA0 + 1.5 x10 Helse 

= 55x 10°J 

If the driving force of the engine is F, then (by W = Fs) 

5 SSCT0 oe 2500 ie. F = 11x10°N 

Alternatively, as with Example 5.1, the solution could have been obtained by using 

F = ma and v? = u? + 2as. 

Questions 1 to 9 should be solved by using 

energy considerations (Assume g = 10ms —2 

where necessary.) 

1. A car of mass 1.2 x 10? kg moves 300m up a 
road which is inclined to the horizontal at an 

angle « where sin « = 4. By how much does the 

gravitational PE of the car increase? 

A particle is projected with speed v at an angle a 

to the horizontal. Find the speed of the particle 
when it is at a height h. 

A car of mass 800kg moving at 20ms"! is 

brought to rest by the application of the brakes 
in a distance of 100 m. Calculate the work done 

by the brakes and the force they exert assuming 

that it is constant and that there is no other 
resistance to motion. 

The speed of a dog-sleigh of mass 80kg and 
moving along horizontal ground is increased 

from 3.0ms™! to 9.0ms~! over a distance of 
90m. Find: (a) the increase in the KE of the 

sleigh, (b) the force exerted on the sleigh by the 

dogs, assuming that it is constant and that there 
is NO resistance to motion. 

A simple pendulum consisting of a small heavy 

bob attached to a light string of length 40 cm is 

released from rest with the string at 60° to the 

downward vertical. Find the speed of the 

pendulum bob as it passes through its lowest 

point. 

A car of mass 900 kg accelerates from rest to a 

speed of 20ms_! whilst moving 80m along a 

horizontal road. Find the tractive force (i.e. the 

driving force) exerted by the engine, assuming 

that it is constant and that there is a constant 

resistance to motion of 250N. 

A child of mass 20 kg starts from rest at the top 

of a playground slide and reaches the bottom 

with a speed of 5.0 ms_'. The slide is 5.0 m long 
and there is a difference in height of 1.6m 

between the top and the bottom. Find: (a) the 

work done against friction, (b) the average 
frictional force. 

Two particles of masses 6.0 kg amd 2.0kg are 
connected by a light inextensible string passing 
over a smooth pulley. The system is released 
from rest with the string taut. Find the speed of 
the particles when the heavier one has des- 
cended 2.0 m. 

A ball of mass 50 grams falls from a height of 
2.0m and rebounds to a height of 1.2m. How 
much kinetic energy is lost on impact? 
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5.7 POWER 

The power of a machine is the rate at which it does work (alternatively, it is 
the rate at which it supplies* energy). The unit of power is the watt (W). 

Thus 

; > w 
ET Be 

where 

P = the instantaneous power (W) 

dW 
ees the rate of working (Js). Thus 1W = 1Js™! 

If a machine is working at a steady rate, 

Work a 
[5.6] 

When the rate of working is not steady, equation [5.6] gives the average power. 

Another useful expression for power can be obtained by combining equations 

[5.1] and [5.5]. Thus from equation [5.5] 

dw 

dt 

Therefore, from equation [5.1] 

d 
soled ah (Fs) 

If the force is constant 

ds 
= 

‘a dt 

where P is the power output of a machine which is doing work by exerting a 

force F and moving the point of application of the force with velocity v. Equation 
[5.7] is useful in, say, calculating the force exerted by a car engine when the car 

is moving at a known velocity and the power being produced by the engine is also 

known. 

*The machine has not, of course, actually produced the energy, it has merely converted it from 

another form. 
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EXAMPLE 5.4 #{ 2 nar 

A pump raises water through a height of 3.0 m ata rate of 300 kilograms per minute 

and delivers it with a velocity of 8.0 ms~!. Calculate the power output of the pump. 

(Assume g = 10ms~?.) 

Solution 

The work done by the pump is used to increase both the PE and the KE of the 

water. In one second the pump delivers 300/60 = 5.0 kg of water. Therefore 

Increase in PE each second = 5.0 x 10 x 3.0 = 150J 

Increase in KE each second = 4 x 5.0 x 8.0? = 160J 

Therefore 

Work done each second = 150+ 160 = 310J 

Since work done per second is power, the power output of the pump is 310 W. 

QUESTIONS 5B 

Assume g = 10ms~ 2 where necessary. 

steady speed of 5.0ms! along a level road 

against a resistance of 20 N. 

4. What is the maximum speed at which a car can 

travel along a level road when its engine is 

1. A man of mass 75kg climbs 300m in 30 developing 24kW and there is a resistance to 

minutes. At what rate is he working? motion of 800N? ` 

2. A pump with a power output of 600 W raises A crane lifts an iron girder of mass 400 kg at a 

water from a lake through a height of 3.0 m and steady speed of 2.0m s™!. At what rate is the 

delivers it with a velocity of 6.0 ms~!. What crane working? 
mass of water is removed from the lake in one 

minute? A man of mass 70kg rides a bicycle of mass 

15 kg at a steady speed of 4.0ms_! up a road 
3. What is the power output ofa cyclist moving at a which rises 1.0m for every 20m of its length. 

What power is the cyclist developing if there is a 

constant resistance to motion of 20 N? 
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CIRCULAR MOTION AND 

ROTATION 

6.1 ANGULAR VELOCITY 

Fig. 6.1 
Definition of angular 
velocity 

Suppose that a particle (Fig. 6.1) moves from A to P along the arc AXP at a 

constant speed* in a time interval t. The angular velocity, œ, of the particle is 

given by 

[6.1] 

where 0 = the angle turned through in radians. (The radian (rad) is the SI unit 

of angle and is the angle subtended at the centre of a circle by an arc 

of the circumference equal in length to the radius of the circle.) 

œ = the angular velocity of the particle about O (rad s7!) 

t = the time taken (s). 

The period, 7, of the rotational motion is the time taken for the particle to 

complete one revolution (i.e. to turn through 27 radians) and is given by equation 

[6.1] as 

We [6.2] 

*Note the use of the word ‘speed’ and not ‘velocity’. The particle cannot have a constant velocity 

because its direction of motion is changing. 

67 
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Note Ifthe angular velocity is not constant, equation [6.1] is replaced by 

where w is the instantaneous angular velocity. 

Referring again to Fig. 6.1, we can see that in time ż the-distance moved by the 

particle is the arc length AP and therefore its linear speed v is given by 

Arc length AP 

t 

; r0 
i.e. v= — 

t 

Therefore, from equation [6.1] 

v= or [6.3] 

6.2 CENTRIPETAL FORCE 

If a body is moving along a circular path, there must be a force acting on it, for if 

there were not, it would move in a straight line in accordance with Newton’s first 

law. Furthermore, if the body is moving at a constant speed, this force cannot (at 

any stage) have a component which is in the direction of motion of the body, for if 

it did it would be bound to either increase or decrease the speed of the body. The 

force that acts on the body must, therefore, be perpendicular to the direction of 

motion of the body and must therefore be directed towards the centre of the 
circular path. The force is known as a centripetal force. 

If a brick is being whirled in a circle on one end of a piece of string, the centripetal 

force is provided by the tension in the string. If the string were to break, there 

would be no centripetal force and the brick would fly off at a tangent. 

The centripetal force on an orbiting planet is gravitational; that on an electron 
moving round a nucleus is electrostatic. 

6.3 CENTRIPETAL ACCELERATION 

Because there is a resultant force on a body which is describing a circular path, the 
body must (by Newton’s second law) have an acceleration. This acceleration must 
be in the same direction as the force, i.e. toward the centre of the circle. Itis known 
as a centripetal acceleration. For a body which is moving with constant angular 
velocity, œ, along a circular path of radius, r, the magnitude of the centripetal 
acceleration can be shown to be given by 

a= or [6.4] 

where 

a = the centripetal acceleration (ms~7). 
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If the linear speed of the particle is v, then by equation [6.3] 

sae 
[6.5] 

“ 
T 

To Show that the Centripetal Acceleration = — 
r 

Fig. 6.2 
To calculate the 
centripetal acceleration of 
a particle moving in a 
circle 

Consider a particle moving with constant speed v along an arc NOP (Fig. 6.2). 

The x-component of velocity of the particle has the same value at P as at N and 

therefore its x-component of acceleration, ay, is zero, i.e. 

aoe) 

As the particle moves from N to P its y-component of velocity changes by 2v sin 0. 

If this takes place in a time interval, ż, its y-component of acceleration, a}, is given 

by 
2v sin 0 

t 

The speed of the particle along the arc is v, and therefore 

ie Arc length NOP 

v 

[6.6] ay = 

20r 

v 

Therefore from equation [6.6] 

i.e. (ee 

2v sin 0 
a, = ——— 
4 20r/v 

3 v sin 0 
i.e. a, = — 

ree 



70 

Note 

EXAMPLE 6.1 

Fig. 6.3 
Diagram for Example 6.1 

SECTION A: MECHANICS 

If N and P are now taken to be coincident at O, then 0 = 0 and sin 0/0 has its 

limiting value of 1*, in which case 

= — 
ss Ji 

Thus at O, a, =0 and a,=v’/r and therefore the acceleration is directed 
(entirely) along OZ, i.e. towards the centre of the circle. This result does not 

depend on the position of O and therefore in general: 

The acceleration of a particle moving with constant speed v along a circular 

path of radius r is v’/rand is directed towards the centre of the circle. 

This result is not approximate, it does not depend on the approximate relationship 

sin « ~ a, but on the limiting value of sin «/a as « tends to zero, and this is exactly 

equal to unity. 

A particle of mass 3.0 kg is attached to a point O on a smooth horizontal table by 

means of a light inextensible string of length 0.50 m. The string is fully extended 

and the particle moves on the table in a circular path about O with a constant 

angular velocity of 8.0 radians per second. Calculate the tension in the string. 

\ 

Solution 

Refer to Fig. 6.3. By Newton’s second law 

Force = mass x acceleration 

The ‘acceleration’ is the centripetal acceleration, wr. The ‘force’ is the centripetal 
force and is provided by the tension, T, in the string. Therefore 

T = 5D X80 exo 

i.e. Ds OG N 

*It is a general result that for a small angle « 

sin «oa measured in radians 

sin & 
1.€. xil 

a 

In the limit as « tends to zero (sin &«)/x = 1 

; lim (= ) 
1.e. = I 

a—0 a 
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agen Rpt 
Sse 

EXAMPLE 6.2 
SEARA 

A small bead of mass m is threaded on a smooth circular wire of radius r and centre 
O, and which is fixed in a vertical plane. The bead is projected with speed u from 
the highest point, A, ofthe wire. Find the reaction on the bead due to the wire when 
the bead is at P, in terms of m, g, r, u and 0 where 0 = AOP. 

Solution 

Fig. 6.4 
Diagram for example 6.2 

Refer to Fig. 6.4. Let the speed of the bead at P = v; let the reaction = R. 

Consider the motion from A to P. Since the wire is smooth, no workis done against 

friction and therefore 

Increase in KE = Decrease in PE 

iene ae pk PY aap 3 mv" —zmu* = mg (r= r cos 0) 

u? = u? + 2gr (1 — cos 0) 

ae Newton’s second law to the motion along PO gives 

mg cos 0— R = m— 

mg cos 0 — R = <u? + 2gr (1 — cos 0)] 

mu? 
R = mg (3 cos 0-2 

QUESTIONS 6A | 

1. A particle moves along a circular path of radius 3. What force is required to cause a body of mass 

3.0m with an angular velocity of 20rads™'. 3 gto move in a circle of radius 2 m at a constant 

Calculate: (a) the linear speed of the particle, rate of 4 revolutions per second? 

(b) the angular velocity in revolutions per 

second, (c) the time for one revolution, 4. Anastronaut, as part ofher training, is spun ina 
(d) the centripetal acceleration. horizontal circle of radius 5m. If she can 

withstand a maximum acceleration of 8g, what 

2. Aparticle ofmass 0.2 kg moves ina circular path is the maximum angular velocity at which she 
with an angular velocity of 5rads~' under the can remain conscious? 
action of a centripetal force of 4N. What is the 

radius of the path? 



72 

A particle of mass 80 g rests at 16cm from the 

centre of a turntable. If the maximum frictional 

force between the particle and the turntable is 

0.72 N, what is the maximum angular velocity 

at which the turntable could rotate without the 

particle slipping? 

The gravitational force on a satellite of mass m at 

a distance r from the centre of the Earth is 

4.0 x 10'* m/r*. Assuming that the Earth is a 
sphere of radius 6.4 x 10° km, find the period of 
revolution (in hours) of a satellite moving in a 

circular orbit at a height of 3.6 x 104 km above 
the Earth’s surface. 

A small bead is threaded on a smooth circular 

wire of radius r which is fixed in a vertical plane. 

SECTION A: MECHANICS 

` the bead is projected from the lowest point of 

the wire with speed 4/6 gr. Find the speed of the 

bead when it has turned through: (a) 60°, 

(b) 90°, (c) 180°, (d) 300°. 

An aeroplane loops the loop in a vertical circle of 

radius 200 m, with a speed of 40 ms! at the top 

of the loop. The pilot has a mass of 80 kg. What 
is the tension in the strap holding him into his 

seat when he is at the top of the loop? 

A bucket of water is swung in a vertical circle of 

radius r in such a way that the bucket is upside 

down when it is at the top of the circle. What is 

the minimum speed that the bucket may have at 

this point if the water is to remain in it? 

6.4 VEHICLES GOING ROUND BENDS 

Fig. 6.5 

The centripetal force required to cause a car to go round a bend on a level surface 

has to be provided by the frictional force exerted on the tyres by the road. The need 

to rely on friction is removed if the road is suitably ‘banked’ (Fig. 6.5). The normal 

reaction, R, of the road on the car acquires a horizontal component (R sin 0) as a 

result of the banking. If the mass of the car is m and it is moving with constant speed 

v around a bend of radius r, the centripetal force needs to provide an acceleration 

of v7/r, and therefore by Newton’s second law (equation [2.2]) 

mv? 

Car going round a bend 
on a banked corner 

Rsin0 = [6.7] 

A Rcosé@ Rear view 

i 
I 

I 

Also, since there is no vertical acceleration, 

Rcos #0 = mg [6.8] 

Dividing equation [6.7] by equation [6.8] leads to 

[6.9] 

If a railway train rounds a bend on a level track, the centripetal force is provided by 
the push of the outer rail on the flanges of the wheels. This causes a certain amount 
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of wear which could be avoided by banking the track. Equation [6.9] obviously 
applies to this situation too. 

Equation [6.9] also gives the angle at which an aircraft should be banked in order to 
turn (Fig. 6.6). 

Fig. 6.6 
à 4 L cos 0 

Aircraft banking l 

L = Lift 

Weight li mg mg 

6.5 THE CONICAL PENDULUM 

Ifa pendulum bob is displaced sideways and then given the appropriate velocity in 

a direction at right angles to its displacement, it will move in a horizontal circle and 

the string will sweep out a cone. Such an arrangement is shown in Fig. 6.7. There 

are two forces acting on the pendulum bob. These are: 

(i) its weight (mg), and 

(ii) the tension in the string (F). 

Fig. 6.7 
Action of a conical 

pendulum 

Path of motion 

The horizontal component of the tension (F sin 0) provides the necessary 
centripetal force. If the radius of the circular path is r and the speed of the bob is v, 

then from Newton’s second law 

mv? 
F sin 0 = [6.10] 

There is no vertical acceleration, and therefore 

F cos 0 = mg [6.11] 
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Dividing equation [6.10] by equation [6.11] leads to 

2 v 
tan? = — 

gr 

Note that this is the same expression (equation [6.9]) that governs the angle at 

which a turning vehicle must lean. This is not surprising — the forces acting in Fig. 

6.7 have the same relationship with each other as those in Fig. 6.5. 

Bearing in mind that v = wr (equation [6.3]), we obtain 

2.2 w r 
tan 0 = 

gr 

2 wr 
i.e. tanĝ = — 

& 

Referring to Fig. 6.7, r = L sin 0, and therefore 

w’L sin 0 
tan @ S e 

& 

: sin 0 wL sin 0 
i.e. —— = 

cos 0 g 

i.e D = g 
at L cos 0 

Therefore, from equation [6.2], the period, T, is given by 

L cos @ 

IS 
TST [6.12] 

A pendulum bob of mass 2.0 kg is attached to one end of a string of length 1.2 m. 

The bob moves in a horizontal circle in such a way that the string is inclined at 30° 
to the vertical. Calculate: 

(a) the tension in the string, 

(b) the period of the motion. 

(Assume g = 10ms~”.) 

Solution 

The forces acting on the bob are shown in Fig. 6.8; mis the mass of the bob and Fis 
the tension in the string. Since there is no vertical acceleration, 

F cos 30° = mg 

i.e. JEL = me 
cos 30° 

2.0 x 10 
i.e. | ee j 
e aog ee 
i.e. Tension = 23 N 
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Fig. 6.8 
Diagram for Example 6.3 

76. 

Applying Newton’s second law to the horizontal motion gives 

F sin 30° = mw?r 

where w is the angular velocity of the bob and r is the radius of the circular path. 

Noting that r = 1.2 sin 30° leads to 

F sin 30° = ma” x 1.2 sin 30° 

i.e. F = 1.2 ma? 

Therefore, since m = 2.0kg and F = 23.1N, 

23:1 

1.2x2 

i.e. w = 3.103 rads"! 

From equation [6.2], period = 27 /œw, and therefore 

Period = 024/3)1031 = 12103 

i.e. Period = 2.0s 

The same result could have been obtained (though less satisfyingly) by 

substituting the relevant values into equation [6.12]. 

QUESTIONS 6B 

1. A particle of mass 0.20 kg is attached to one end 

of a light inextensible string of length 50 cm. 

The particle moves in a horizontal circle with an 

angular velocity of 5.0rads~' with the string 

inclined at 6 to the vertical. Find the value of 0. 

A particle is attached by means of a light, 

inextensible string to a point 0.40m above a 

smooth, horizontal table. The particle moves on 

the table in a circle of radius 0.30 m with angular 

velocity œ. Find the reaction on the particle in 

terms of w. Hence find the maximum angular 

velocity for which the particle can remain on the 

table. 

A particle of mass 3.0 kg is attached to one end 

of a light inextensible string of length 0.25 m. 

The particle moves in a horizontal circle and the 

string sweeps out the surface of a cone. The 

maximum tension that the string can sustain is 

12 N. Find the maximum angular velocity of the 

particle. 

A particle of mass 0.30kg moves with an 

angular velocity of 10rads~! in a horizontal 

circle of radius 20cm inside a smooth hemi- 
spherical bowl. Find the reaction of the bowl on 

the particle and the radius of the bowl. 
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6.6 ROTATIONAL KINETIC ENERGY AND MOMENT OF 
INERTIA 

Fig. 6.9 
Rotation of a rigid body 
with constant angular 
velocity 

When a body rotates it possesses energy which is due to the rotation. Since it has 

this energy because of its motion rather than its position, it is kinetic energy. It is 

distinct from the additional kinetic energy that it would have if it were also 

undergoing translational motion, and will be referred to as rotational kinetic 

energy. The wheels on a moving car rotate as they are moving along and therefore 

have both types of kinetic energy. It can be shown (see below) that 

where 

œw = the angular velocity of the rotation (rad s7!) 

a constant for a given axis of rotation known as the moment of 

inertia of the rotating body (kg mô). 

The moment of inertia of a body is a measure of the way in which its mass is 
distributed in relation to the axis about which it is rotating. As such it depends 

_ onthe mass of the body, its size, its shape, and which axis is being considered 
(see section 6.7). 

To Show that Rotational KE = 1 Jw? 
Consider a rigid body rotating with constant angular velocity œ about a fixed axis 
which is perpendicular to the paper and which passes through O (Fig. 6.9). 
Suppose that the body is made up of particles such as that at P which has mass m, 
and is at a perpendicular distance r from the axis. 

Rigid body rotating 
\ __ with angular velocity w 

Asa result of the rotation, the particle at P has a linear speed vı which is given by 
equation [6.3] as œr. (Note that all the particles of the body have the same angular 
velocity, w.) The (translational) kinetic energy of the particle at P is 

1 
2 my, (or) 



è 

CIRCULAR MOTION AND. ROTATION 77 

If the rest of the particles of the body have masses mz, m3, ..., and their distances 
from the axis are rp, r3, . . . , respectively, the total kinetic energy due to the rotation 
is given by 

Rotational KE = 4 my (orn) +3 morn) + ... 

i.e. Rotational KE = 4 œ? (miri? +mr? + ...) 

For a given body rotating about a given axis, the term within the brackets is 

constant and is called the moment of inertia, J, of the body about that axis. Thus, 

Rotational KE = + Iw’ 

6.7 DEFINITION OF MOMENT OF INERTIA 

Fig. 6.10 
Moments of inertia of a 

rod about various axes 

Note 

The moment of inertia, J, of a body about an axis is defined by 

; [6.13] 
1c. 

where r; is the perpendicular distance from the axis of a particle of mass m; and the 

summation is taken over the whole of the body. 

The mass of a real body is distributed continuously throughout the entire body, in 

which case equations [6.13] are replaced by 

[6.14] 

where the integration is taken over the whole of the body. 

Moments of inertia can be determined experimentally (see section 6.13) or, in 

simple cases, by evaluating equation [6.13] or [6.14]. The results of some such 

calculations are shown in Figs. 6.10 and 6.11. 

a a a b 

Axis of pute sex aoe Uniform rod 
rotation of mass m 

| Y ll 

=) 
a o> 

Ueto 

= 

It follows from equation [6.13] that the moment of inertia of a single particle of 

mass mm about an axis is mr, where ris the perpendicular distance of the particle 

from the axis. 
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Fig. 6.11 
Moments of inertia of 
cylindrical bodies 

SECTION A: MECHANICS 

Thick-walled page 2 2 
cylinder of ETENEE RE 
mass m 

Note that the 
Axis ot expressions for 
rotation Ido not involve 

the lengths of 
the cylinders 

1 Solid f= mr 
cylinder 
of mass m 

6.8 ANGULAR MOMENTUM 

Consider a rigid body rotating with angular velocity œ about an axis which is 
perpendicular to the paper and which passes through O (Fig. 6.9). Consider a 
particle of the body which is at P and which has mass m; and is at a perpendicular 
distance r; from the axis. The body is rigid and therefore all of its particles have the 
same angular velocity, w. Therefore, by equation [6.3] the linear velocity of P is or, 
and its linear momentum is mwr. 

: The angular momentum ofa particle about an axis is the product of its 
_ linear momentum and the perpendicular distance of the particle from the axis. 

Therefore the angular momentum about O of the particle at P is 

mor? 

Ifthe rest of the body is made up of particles of masses M2, M3, . . . , Whose distances 
from the axis are rz, r3, . . . , respectively, the total angular momentum of the body 
about O is given by 

Angular momentum = m;œr, + mor? +... 
2 2 = w(mry~ + mr? + ...) 

Therefore (from equation [6.13]) 

[6.15] 

The Principle of Conservation of Angular 
Momentum 

The linear momentum of a body moving along a straight line stays constant as long 
as no resultant external force acts on it (section 2.7). On the other hand, ifa bodyis.- 
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rotating, it is its angular momentum that is conserved. This is known as the 
principle of conservation of angular momentum and it can be stated as: 

The total angular momentum of a system is constant unless an external 
torque acts on it. 

The principle is readily demonstrated by a spinning skater. If she brings her arms in 
close to her body, her moment of inertia decreases (because some of her mass is 
now closer to her axis of rotation than it was previously) and her angular velocity 
increases to such an extent that her angular momentum (Iw) is unchanged. It is left 
as an exercise for the reader to show that this results in the skater’s rotational 
kinetic energy increasing in the same ratio as her angular velocity. The reader 
might also like to give some thought to what has provided this increase in energy. 

6.9 THE ROTATIONAL FORM OF NEWTON’S SECOND 
LAW 

Ifa torque is applied to a rigid body which is at rest, the body will start to rotate and 

will rotate with an ever increasing angular velocity, i.e. the application of the torque 

causes the body to have an angular acceleration. Angular acceleration, «, is 

defined as rate of change of angular velocity, i.e. 

where 

a = angular acceleration (rad ee 

Thus, whereas in linear motion a force produces an acceleration which is related to 

the force through Newton’s second law, in rotational motion a torque gives rise to 

an angular acceleration. The reader will not be surprised to learn therefore, that 

there is a rotational form of Newton’s second law which relates torque and angular 

acceleration. It may be written as 

[6.16] 

where 

T = the applied torque (N m) 

I = the moment of inertia of the body that is rotating (kg m7”) 

æ = the angular acceleration of the body (rad s~”). 

In a more general situation in which the moment of inertia is not constant this 

becomes 

[6.17] 

where = (Iw) is the rate of change of angular momentum. 

Equations [6.16] and [6.17] are the rotational forms of equations [2.2] and [2.1] 

respectively. Note that when there is no exernal torque (i.e. when T = 0) equation 

[6.17] reduces to Iœ =a constant. Thus the principle of conservation of 
angular momentum is merely a special case of the rotational form of 

Newton’s second law. 
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6.10 THE EQUATIONS OF ROTATIONAL MOTION 

EXAMPLE 6.4 — 

Fig. 6.12 
Diagram for Example 6.4 

Equations [6.18]—[6.21] describe the motion of bodies which are moving with 

constant (uniform) angular acceleration. 

es + ot [6.18] 

o = o +200 i [6.19] 

oO = wot lat [6.20] 

0 = F(ot+o)t [6.21] 

where 

@o = the angular velocity when t = 0 

@ = the angular velocity at time t 

a = the constant angular acceleration 

= the angle turned through in time ¢. (Note that if the direction of 

motion reverses, @ is the net angle turned through.) 

These equations are analogous to those which govern uniformly accelerated linear 

motion (equations [2.6]—[2.9]), with u, v, a and s replaced by wo, œ, a and 0 

respectively. 

A flywheel is mounted on a horizontal axle which has a radius of 0.06 m. A constant 
force of 50N is applied tangentially to the axle. If the moment of inertia of the 
system (flywheel + axle) is 4 kg m7, calculate: 

(a) the angular acceleration of the flywheel, 

(b) the number of revolutions that the flywheel makes in 16s assuming that it 
starts from rest. 

Solution 

The arrangement is shown in Fig. 6.12. 
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(a) The torque, T, is given by 

i = 50 x 0:06 (equation [3.1]) 

Leo T = 3Nm 

If I(= 4kgm°) is the moment of inertia of the system and « is the angular 
acceleration, then 

T = Ig (equation [6.16]) 

ERW 

i.e. a = 0.75rads~2 

(b) If@ is the angle turned through in time t(= 16s) and wo(= 0) is the initial 
angular velocity, then 

0 = wot+3 at? (equation [6.20]) 

P= OFEX0.75 x16" 
ie. 0 = 9orad 

1 revolution = 2r rad 

Number of revolutions = 96/22 ~ 15 

QUESTIONS 6C 

1. A wheel of moment of inertia 0.30kgm? 2. A flywheel with a moment of inertia of 5.0 kg m? 

mounted on a fixed axle accelerates uniformly moves from rest under the action of a torque of 

from rest to an angular velocity of 60 rads“! in 3.0Nm. Find: (a) the angular acceleration, 

12s. Find: (a) the angular acceleration, (b) the (b) the angular velocity after 10 revolutions. 

torque causing the wheel to accelerate, (c) the 

number of revolutions in this 12 s period. 

6.11 WORK DONE BY A TORQUE 

Consider a rigid body turning through an angle 0 as a result of a force F being 

applied to it (Fig. 6.13). Suppose that the axis of rotation passes through O and is 

Fig. 6.13 
Calculation of work done 

by a torque 
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perpendicular to the paper. Suppose also, that the perpendicular distance of the 

line of action of the force from the axis is constant and is equal to r. The force 

therefore gives rise to a constant torque, T, given by equation [3.1] as 

lair, 

As the body turns, the point of application of the force moves from P to P’ along the 

arc PXP’, and so moves a distance r0. The work done, W, is given by equation 

[5.1] as 5 

[6.22] 

wW = 

T = the constant torque (N m) 

the work done (J) 

0 = the angle turned through (rad). 

Notes (i) The work done can have increased the rotational kinetic energy of the body, 
and/or have been used to overcome any resistive forces (e.g. friction) that are 
present. 

(i) Ifthe torque is not constant, equation [6.22] is replaced by 
weve pois 

QUESTIONS 6D 

1. A constant force of 30 N is applied tangentially 2. A disc and a hoop roll down a slope. They have 
to the rim of a wheel mounted on a fixed axle the same mass and the same radius. 
and which is initially at rest. The wheel has a (a) Which has the greater moment of inertia? 
moment of inertia of 0.20 kg m? and a radius of (b) Does one loose more PE than the other? 
15cm. (c) Which acquires the greater speed? 
(a) What is the torque acting on the wheel? 
(b) Find the work done on the wheel in 10 

revolutions. 
(c) Assuming that no work is done against 

friction, use energy considerations to find 
the angular velocity of the wheel after 10 
revolutions. 

6.12 COMPARISON OF ROTATIONAL AND 
TRANSLATIONAL MOTION 

Each of the quantities that is used in the treatment of rotational motion is 
analogous to one that features in the description of translational motion. The 
various ‘pairs’ are listed in Table 6.1 
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Translational Rotational 

quantity analogue 

Table 6.1 
Rotational analogues of 
translational quantities 

Table 6.2 
Rotational analogues of 
translational expressions 
and equations 

I 
w 
JE 
x 
0 

It follows that there are rotational analogues of the equations and expressions 

of translational motion, and that these can be obtained from the latter simply 

by replacing each quantity with its analogue from Table 6.1. This is done in 
Table 6.2. 

Translation Rotation 

6.13 EXPERIMENTAL DETERMINATION OF THE 
MOMENT OF INERTIA OF A FLYWHEEL 

Fig. 6.14 
Rotating flywheel 

The apparatus is shown in Fig. 6.14. It consists of a mass m attached to one 

end of a string, the other end of which passes through a hole in the axle of the 

flywheel whose moment of inertia J is to be determined. The mass is released so 

that it falls to the floor and drives the flywheel round. The string is of such a 

length that it is fully unwound just as the mass reaches the floor, and because 

of this and the way it is attached, it falls off the axle as soon as the mass 

completes its descent. The flywheel, though no longer driven, continues to rotate; 

it comes to rest only when its energy has been dissipated in doing work against 

frictional forces. ' 

The potential energy lost by the falling mass is equal to the total gain in kinetic 

energy plus the work done against friction during the descent. Therefore if: 

h = the distance the mass falls, 

v = the speed of the mass on reaching the floor, 
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œ = the angular velocity of the flywheel when the mass reaches the 

floor, 

nı = thenumber of revolutions of the flywheel whilst the mass is falling, 

and 

f = the work done against friction during each revolution, then 

mgh = mv’ +410? + mf . [6.23] 

If the flywheel makes a further n, revolutions before coming to rest, the work done 

against friction is m2f. This is done at the expense of the kinetic energy of the 

flywheel, and therefore 

Sia” = mf 

Substituting for f in equation [6.23] gives 

ny mgh = ¿mv + +1@* + : (5 1w”) [6.24] 
2 

The velocity with which the mass hits the floor is twice its average velocity, and 

therefore 

2h 2h 
v = — and œ = — 

t rt 

where fis the time the mass takes to reach the ground and ris the radius of the axle. 

Substituting for v and @ in equation [6.24] and rearranging gives 

gt? n2 l= melee] ` 
i (S: ) (— + =) 

The mass m is found by using a balance; r and / are measured with vernier calipers 

and a metre rule respectively; t is measured with a stopwatch; g is known; and n; 
and n, are counted — hence I. 
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SIMPLE HARMONIC MOTION 

7.1 DEFINITION, EQUATIONS, EXPLANATIONS 

Notes 

There are many types of vibration but perhaps the most common is that which is 

known as simple harmonic motion (SHM). It is important not only because there 

are many examples of it but also because all other vibrations can be treated as if 

they are composed of simple harmonic vibrations. It is the way in which the 

acceleration of a body depends on its position that determines the particular type 

of vibration a body is undergoing. 

Ifa body moves in such a way that its acceleration is directed towards a fixed 
point in its path and is directly proportional to its distance from that point, the 
body is moving with simple harmonic motion. 

It follows that the ‘fixed point’ is the equilibrium position, i.e. the position at which 

the body would come to rest if it were to lose all of its energy. 

Ifa body is vibrating with simple harmonic motion, its motion can be described by 

an equation of the form 

[7.1] 

where 

d?x À =2 
He = the acceleration of the body (m s ~) 

x = the displacement of the body from its equilibrium position, i.e. 

from the ‘fixed point’ in its path (m) 

œ? = a positive constant (s *) 

(i) The minus sign in equation [7.1] ensures that the acceleration is always 

directed towards the equilibrium position, as required by the definition. 

(ii) The constant of proportionality is written as w° (rather than œw) because of the 

connection with circular motion — see section 7.2. 

Integrating equation [7.1] leads to 

[7.2] 

85 



86 

Note 

SECTION A: MECHANICS 

and 

x = acos wt [7.3] 

where 

the velocity of the body at time ż (m s7!) Q Il 

a = the amplitude of the motion, i.e. the maximum displacement from 

the equilibrium position (m). 

Equation [7.3] requires that x = a when t = 0. An alternative expression for x is 

x = asin œt; this requires that x = 0 when ż = 0, i.e. that the motion is taken to 

start from the equilibrium position rather than the point of maximum positive 

displacement. i 

Timing may commence when the body is at any point of its oscillation. To take 

account of this the expression 

x = asin (ot +e) 

is used, in which e, the initial phase angle or epoch, is a constant expressed in 

radians and given by sin € = xọ/a, where xo is the value of x at t = 0. The reader 

should confirm that this reduces to x = a sin (wt + 2/2) = a cos wt when x = a 
at t= 0, and reduces to x = asin (wt + 0) = asin wt when x= 0 at t = 0. 

The period T ofthe motion (i.e. the time for one complete oscillation) is given by 
\ 

[7.4] 

Note that for any particular system the period is independent of the 
amplitude. For example, if the amplutide of oscillation of a simple pendulum is 
increased, its average speed increases and there is no change in the time it takes to 
complete an oscillation.* 

Fig. 7.1 illustrates the positional dependence of some of the parameters which are 
associated with the motion of a body whose oscillations are simple harmonic. The 
positive direction of x is, as usual, toward the right and therefore whenever the 
body is moving to the left its velocity is negative. Also, the acceleration is negative 
when it is directed towards the left. (Note that a negative acceleration must not be 
confused with retardation; the body slows down only when its acceleration is in the 
opposite direction to its velocity.) 

As the body moves from A towards its equilibrium position, O, its speed increases 
and reaches a maximum at O. During this time its acceleration decreases to zero. 
Although there is no force acting on the body when it is at O, its inertia carries it 
through to B. From O to B there is a retarding force; the speed of the body 
decreases and is momentarily zero at B. As the body moves back to O its speed 
increases, and then decreases again from O to A. 

Bearing in mind that the acceleration of a body of constant mass is proportional to 
the force acting on it, we see that a body which is moving with simple harmonic 
motion does so because there is a force acting on it which is proportional to the 
displacement of the body from its equilibrium position and is directed towards that 

*The motion ofa simple pendulum is not exactly simple harmonic and therefore this statement is only 
approximately true. 

; 



’ 

SIMPLE HARMONIC MOTION 87 

Fig. 7.1 
Characteristics of SHM Maximum PE Zero PE Maximum PE 

Zero KE Maximum KE Zero KE 

(Note: x = acceleration) 

position. Such is the case, for example, of a body oscillating on the end ofa spring 

which obeys Hooke’s law (section 11.1). If the body is pulled down below its 

equilibrium position and then released, a net upward force acts on it because the 

tension in the spring is greater than the weight of the body. The greater the 

downward displacement, the greater the tension and therefore the greater the 

upward directed force. When the body is above its equilibrium position its weight 

is greater than the tension and so the resultant force is downwards. 

EXAMPLE 7.1 

A particle is moving with SHM of period 8.0 s and amplitude 5.0 m. Find: (a) the 

speed of the particle when it is 3.0m from the centre of its motion, (b) the 

maximum speed, (c) the maximum acceleration. 

Solution 

The equations for speed and acceleration involve w; our first step therefore is to 

find w. 

D220 

re nT = 2n/8,.0-— 0.78551. 

(a) v = +o Va? — x? 

v = 40.785 V5.0 -3.02 = £3.14ms! 

i.e. Speed 3.0m from centre = 3.1ms! 

(b) It follows from equation [7.2] with x = 0 that the maximum speed Vmax 1S 

given by 

De N 

Umax = 0.785 x 5.0 = 3.93m s~! 

i.e. Maximum speed = 3.9m s~! 
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(c) It follows from equation [7.1] that the magnitude of the acceleration is 

greatest when x = +a and is given by 

maximum acceleration = wa 

=*(0.785)? x 5.0 = 308m s7? 

i.e. Maximum acceleration = 3.1 m s~? 

EXAMPLE 7.2 

A particle is moving with SHM of period 24 s between two points, A and B (Fig. 

7.2). Find the time taken for the particle to travel from: (a) A to B, (b) O to B, 

(c) O to C, (d) D to B, (e) C to E. 

Fig. 7.2 4.0m | 4.0m 

Diagram for Example 7.2 A O CS De BB 
S S, Se eee pee | 

2.0m 

3.0m 

Solution 

Let tag = time from A to B, tgc = time from B to C, etc. 

(a) tag = time for half an oscillation = 12s 

(b) tos = time for quarter of an oscillation = 6s 

(c) Amplitude (a) = OA = OB = 4.0m. = 22/T = 21/24 = 0262s . 
Therefore by 

x. = asin Ol 

OC = 4.0 sin (0.262 toc) 

2.0 = 4.0 sin (0.262 toc) 

sin (0.262 toc) == 0.5 

(Note the use of radians, 

not degrees.) ye wl. 202 toe == sin) (hb pre a = 0524 rad 

toc = 2.0s 

(d) tpg = tgp. Therefore by 
(x is the displacement 
from O, it is not the 
distance from D to B.) OD = 4.0 cos (0.262 tps) 

x = acoswt 

3.0 = 4.0 cos (0.262 tpg) 

cos (0.262 tpg) = 0.75 

0.262 tbe = cos! (0.75) = 0.723 rad 
tpp = Atos 
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(e) tor = torg — toc. Since toc has already been found, it remains to find tog. 

By 

x = asin ot 

OE = 4.0 sin (0.262 tog) 

3.5 = 4.0 sin (0.262 tog) 

sin (0.262 tos) = 0.875 

: =. 0.262 to = sin™! (0.875) = 1.065 rad 

loz = 4.1s 

tcp = lor — toc = 4.1—2.0 = 2.1s 

QUESTIONS 7A 

1. A particle is moving with SHM of period 16s 

and amplitude 10m. Find the speed of the 
particle when it is 6.0m from its equilibrium 

position. 

How far is the particle in question 1 from its 

equilibrium position 1.5 s after passing through 

it? What is its speed at this time? 

A tuning fork has a frequency of 256 Hz. What is 

the maximum speed of the tips of the prongs if 

they each oscillate with SHM of amplitude 

0.40 mm. (Assume that the tips of the prongs 

move in straight lines.) 

A. 

5. 

A particle moves with SHM of period 4.0 s and 

amplitude 4.0m. Its displacement from the 

equilibrium position is x. Find the time taken 

for it to travel: (a) from x = 4.0m tox = 3.0m, 

(b) from x = —4.0m to x= 3.0m, (c) from 

x=0 to x=3.0m, (d) from x=1.0m to 

Ce Out. 

A particle moving with SHM has a speed of 

8.0ms~! and an acceleration of 12ms * when 

it is 3.0m from its equilibrium position. Find: 

(a) the amplitude of the motion, (b) the 

maximum velocity, (c) the maximum accelera- 

tion. 

7.2 RELATIONSHIP BETWEEN SHM AND CIRCULAR 

MOTION r 

Consider a particle P moving with constant angular velocity œ around the 

circumference ofa circle of radius a (Fig. 7.3). Consider, in particular, the motion 

of N, the point at which the perpendicular from P meets the diameter AOB. 

The acceleration of P is wa (see section 6.3) and is directed towards O. It follows 

that the x-component of the acceleration of P is 

— wa cos 0 

(The acceleration is directed towards the left, i.e. itis in the negative direction of x, 

hence the inclusion of the minus sign.) Since N is always vertically below P, its 

acceleration d?x/d is equal to the x-component of the acceleration of P and 

therefore is given by 

d?x 

dt? 
= —q@’acos l [7.5] 
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Fig. 7.3 
To illustrate the 
relationship between 
SHM and circular motion 
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But cos 0 = ON/a, and ON is equal to x, the displacement of N, and therefore 
cos 0 = x/a. Substituting for cos 0 in equation [7.5] gives 

d?x 2 

d? 

Since this is the equation of motion of a particle which is moving with simple 
harmonic motion, the motion of N is simple harmonic. N completes one cycle in 
the time it takes P to complete one revolution, and therefore 

7.3 THE SIMPLE PENDULUM 

Fig. 7.4 

To determine the period 
of oscillation of a simple 
pendulum 

Consider a pendulum bob, P, of mass m attached to a light, inextensible string of 
length L. Suppose that the pendulum is suspended from a fixed point, O, and that 
when the string is at an angle 0 to the vertical the velocity of the bob is v (Fig. 7.4). 

The forces acting on the bob are its weight, mg, and the tension, F, in the string. 

(0) 

A 
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Consider the motion perpendicular to PO. By Newton’s second law 

mg sin 0 i = m— 

dt 

The velocity, v, can be written in terms of the angular velocity d0/dt as 

dé 
v = -L — 

dt 

(The minus sign is necessary because 0 is measured from the vertical and therefore 
` v is in the direction of 0 decreasing.) Substituting for v gives 

r d’0 
mg sin 0 = — mL —- 
. arene 

: d?o ‘3a 
ey ag SSE sin 0 

If the amplitude of oscillation is small, 0 is small and therefore sin 0 ~ 0, in which 

case, to a reasonable approximation 

d*0 g SEE Os A ; 
dt? L g 

Since both g and L are positive constants, so also is g/L and therefore equation 
[7.6] is of the same form as equation [7.1]. It follows that, to a reasonable 

approximation, the motion of a simple pendulum is simple harmonic. Further, the 

positive constant w° of equation [7.1] is equal to g/L and therefore, by equation 

[7.4], the period T of a simple pendulum is given by 

S [7.7] 

Notes (i) Equation [7.7] does notinvolve m and therefore the period ofoscillation of 

a simple pendulum is independent ofits mass. This can be shown to be 

true no matter what the amplitude of oscillation. 

(ii) Even for amplitudes of oscillation of as much as 15° the period calculated on 

the basis of equation [7.7] is accurate to within 1% 

7.4 DETERMINATION OF g USING A SIMPLE 

PENDULUM 

A reasonably accurate determination of the acceleration due to gravity g can be 

made by measuring the period of oscillation and the length of a simple pendulum. 

The pendulum, in the form of a small lead sphere attached to a suitable length 

(about 1 m) of sewing thread, should be suspended in the manner shown in Fig. 

7.5. The wooden blocks should have well-defined right-angled edges at X so that 

there is no possibility of the pendulum swinging about more than one point. 

Once the apparatus has been assembled the procedure outlined below should be 

followed. 

(i) Measure the length L. (Note that the measurement is made to the centre of 

the bob.) Take care not to stretch the thread. 
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Fig. 7.5 
Apparatus for the 
determination of g 

Notes 
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Wooden blocks 

(ii) Displace the pendulum through about 5° and then release it so that it 

executes oscillations of small amplitude. 

(iii) Determine the period T by using a stop-watch to time 50 oscillations. By 

using 50 oscillations, rather than one, the error that arises through being 

unable to start and stop the watch when the pendulum is exactly in the 

intended position is greatly reduced. The error which remains is minimized 

by making the timings to the mid-point of the motion because that is where 

the speed of the pendulum is greatest. 

(iv) Repeat (i), (ii) and (iii) for about five more values of L. 

From the theory of the simple pendulum 

L 
RSID oy = 

& 

je lig 
g 

It follows that the gradient of a graph of T? against L is 427/g, in which case gcan be 

determined by plotting such a graph and measuring its gradient. 

(i) Agraph of T against VL has a gradient of 27 /,/g and therefore such a graph 

could have been used to determine g. The reason for choosing to plot T? 

against L is that the graph is linear and its gradient is 427/g even if there is an 

error in the measurement of L, providing it is a constant error. 

(ii) The approximation made in deriving equation [7.7] leads to an error of less 
than 0.05% if the amplitude of oscillation does not exceed 5°. This is 
insignificant compared with the errors that are likely to be involved in the 
measurements of L and T. 

7.5 A BODY ON A SPRING 

The extension of a spring which obeys Hooke’s law (section 11.1) is proportional 
to the tension which has produced it. Therefore 

Tension = k x extension [7.8] 
where 

k = a constant of proportionality which is known as the spring 
constant. It is equal to the tension required to produce unit 
extension (Nm7!). 
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Suppose that a suspended spring which obeys Hooke’s law has a body of mass m 
attached to its lower end. In Fig. 7.6(a) the body is at rest in its equilibrium 
position. There can be no resultant force acting on the body and therefore the 
tension Fo is given by 

Fo = mg 

Fig. 7.6 
Oscillation of a body ona 
spring 

a 

Natural 
length 
of spring 

(a) 

It follows from equation [7.8] that since the extension is e 

mg = ke [7.9] 

Suppose now that the body is displaced downwards through a distance x (Fig. 

7.6(b)). The body is no longer in equilibrium and feels a net upward force of 

(F — mg), where F is the instantaneous value of the tension in the spring. 

Therefore by Newton’s second law 

F- mg = -m—— [7.10] 

(The minus sign is present because the resultant force on the body is directed 

upwards and therefore acts so as to decrease x.) By equation [7.8], since the total 

extension is now (e + x) 

F = k(e+ x) 

Therefore from equation [7.10] 

s ta hio (e+ x)- mg = -m q2 

But, from equation [7.9], mg = ke, and therefore 

d?x 
Rx = UTVA 

r d?x k i 

Since both k and m are positive constants, so also is k/m and therefore equation 

[7.11] may be written as . 

2 a z 

dz? 

where œ? is a positive constant equal to k/m. This equation represents simple 

harmonic motion and therefore the motion of the body is simple harmonic. Since 

w? = k/m, equation[7.4] gives the period of the motion as 
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Period = 2n Z [7.12] 

Except in the idealized case of a spring of zero mass, it is necessary to take account 

of the fact that the spring itself oscillates. It can be shown that m needs to be 

replaced by (m + m,), where m, is a constant known as the effective mass of the 

spring. (Note that m, is less than the actual mass of the spring because it is the 

lowest coil which oscillates with the full amplitude of the suspended body.) With 

this modification then, equation [7.12] becomes 

Period = nfm [7.13] 

7.6 DETERMINATION OF g BY USING A MASS ON AN 
OSCILLATING SPRING 

Fig. 7.7 

T? against e for a body 
oscillating on a spring 

From equation [7.9], m = ke/g. Substituting for m in equation [7.13] and 
squaring leads to ‘ 

7? = Ag? ke/g +m, 

k 

where T is the period of oscillation. Removing the brackets gives 

An? 4r? m, 
T? = — : [7.14] 

Thus a graph of T? against e is linear (Fig. 7.7) and has a gradient of 47°/g, 
and therefore enables g to be determined. Such a graph can be obtained by 
adding a number of different masses to the spring and measuring the static 
extension e which each produces, together with the corresponding period of 
oscillation T. 

T2 

~ Gradient = 47/9, 
hence g 

Note When e= 0, T? = 4n? m,/k, and therefore m, can be found providing kis known. 
The value of kis found by plotting m against e since, by equation [7.9], the gradient 
of such a graph is k/g. 
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7.7 THE WORK DONE IN STRETCHING A SPRING 

The tension, F, in a spring whose extension is x and which obeys Hooke’s law is 
given by 

Pissikr 

where k is the spring constant. If the extension is increased by ôx where 6x is so 

small that F can be considered constant, then (by equation [5.1]) the work done, 
OW, is given by 

OW = Fox 

i.e. OW = kxôx 

The total work done in increasing the extension from 0 to x, i.e. the elastic 

potential energy stored in the spring when its extension is x, is given by W, where 

W | kx dx 
0 

i.e. W ee 5 kx? 

Substituting for k from F=kx gives W = -+4 Fx; substituting for x gives 
WS FAT (2k), Le. 

a. 

CONSOLIDATION e ee ee Ee eee 

A body is moving with SHM if its acceleration is directed towards a fixed point in 

its path and is directly proportional to its distance from that point. 

The amplitude of the motion (a) is the maximum displacement from the 

equilibrium position. 

If a body is moving with SHM, its motion can be described by an equation of the 

form i 

Se A [7.1] 

The converse is also true, and therefore if we are required to show that a body is 

moving with SHM, it is sufficient to show that its motion is is described by an 

equation of the same form as equation rade 

tova — x? [7.2] yY = 

x =acosat (if x= a when t = 0) 

AS asno (if x = 0 when ż = 0) 

aa a Of = AfT 
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Magnitude of maximum acceleration = w° a (at x= 24g) 

Magnitude of maximum velocity = wa (at 4 0) 

To obtain v in terms of t substitute for x in equation [7.2]. 

The period (T) is independent of the amplitude (a). 

The first step in solving many SHM problems is to find , 

T = 2n,4/— (Simple pendulum) 

m+ ms 
i (Mass on a spring) 

F? 

VE ge = ye ae 
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GRAVITATION AND 

GRAVITY 

8.1 KEPLER’S LAWS 

Throughout the last few decades of the sixteenth century, Tycho Brahe made 

precise measurements of the positions of the planets and various other bodies in 

the Solar System. Johannes Kepler made a detailed analysis of the measurements, 

and by 1619 had announced three laws which describe planetary motion. 

1 The orbit of each planet is an ellipse which has the Sun at one ofits foci. 

2 Each planet moves in such a way that the (imaginary) line joining it to 

the Sun sweeps out equal areas in equal times. 

3 The squares of the periods of revolution of the planets about the Sun 

are proportional to the cubes of their mean distances from it. 

Fig. 8.1 illustrates law 2 but gives an exaggerated idea of the eccentricity of most 

planetary orbits. With the exceptions of Mercury and Pluto, the planets follow very 

nearly circular paths. 

Fig. 8.1 3 D 5 The average speed of the 
Illustration of Kepler’s planet between A and B 
second law B is greater than between 

C and D and in such a 
way that 

Area ABS = Area CDS 

Sun at one 
focus of ellipse 

8.2 NEWTON'S LAW OF UNIVERSAL GRAVITATION 

About fifty years after Kepler’s laws had been announced, Isaac Newton showed 

that any body which moves about the Sun in accordance with Kepler’s second law 

must be acted on by a force which is directed towards the Sun. He was able to show 

97 
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that if this force is inversely proportional to the square of the distance of the body 

from the Sun, then the body must move along a path which is a conic section (i.e. 

elliptical, circular, parabolic or hyperbolic). Newton then showed that when the 

path is elliptical or circular the period of revolution is given by Kepler’s third law. 

Thus, a centrally directed inverse square law of attraction is consistent with all 

three of Kepler’s laws. Newton proposed that the planets are held in their orbits by 

just such a force. He further proposed that it is the same type of force which 

maintains the Moon in its orbit about the Earth, and which the Earth exerts on a 

body when it causes it to fall to the ground. Extending these ideas, Newton 

proposed that every body in the Universe attracts every other with a force which is 

inversely proportional to the square of their separation. His next step was to turn 

his attention to the masses of the bodies involved. 

According to Newton’s third law, if the Earth exerts a force on a body, then that 

same body must exert a force of equal magnitude on the Earth. Newton knew that 

the force exerted on a body by the Earth is proportional to the mass of the body. He 

saw no reason why the body should behave any differently from the Earth, in which 

case the force exerted on the Earth by the body must be proportional to the mass of 

the Earth. Since the two forces are equal, a change in one must be accompanied by 

an equal change in the other. It follows that each force must be proportional to the 
product of the Earth’s mass and the mass of the body. 

The ideas of the last two paragraphs are summarised in Newton’s law of 
universal gravitation. 

_ Every particle in the Universe attracts every other with a force which is 
_ proportional to the product of their masses and inversely proportional to the 
square of their separation. 

Thus 

[8.1] 

where 

F = the gravitational force of attraction between two particles whose 
masses are mı and mp, and which are a distance r apart 

G = a constant of proportionality known as the universal gravita- 
tional constant (= 6.67 x 107!! Nm’ kg”). 

Equation [8.1] is concerned with particles (i.e. point masses) but, in the 
circumstances listed below, it can also be used for bodies of masses m, and mz 
whose centres are a distance r apart. 

(a) It is valid for two bodies of any size provided that they each have spherical 
symmetry. (The Sun and the Earth is a good approximation.) 

(b) Itisa good approximation when one body has spherical symmetry and the 
other is small compared with the separation of their centres (e.g. the Earth 
and a brick). 

(c) Itis a good approximation when neither body has spherical symmetry, but 
where both are small compared with the separation of their centres (e.g. 
two bricks a few metres apart). 
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8.3 TO SHOW THAT KEPLER’S THIRD LAW IS 

CONSISTENT WITH F = G 717” 
r 

Consider a planet of mass m moving about the Sun in a circular* orbit of radius r. 
Suppose that the mass of the Sun is m, and that the angular velocity of the planet is 

æ (Fig. 8.2). 

Fig. 8.2 Planet of 
Force on planet in circular mass m 

motion around the Sun 

Sun (mass ms) S) 

The force F which provides the centripetal acceleration œr (section 6.3) is given 

by Newton’s second law as 

F = mo'r [8.2] 

By Newton’s law of universal gravitation (equation [8.1]) 

F=G— 7 

Therefore, from equation [8.2] 

‘ 2 
i.e. Tf its 

Since G, m, and r have the same values no matter which planet is being conside
red, 

Teo 

This is Kepler’s third law; it has been derived on the basis of Newton’s law of 

universal gravitation and therefore the two laws are consistent. 

*The mathematics required to treat the general case of an elliptical orbit is beyond the scope of this 

book but leads to the same result. 
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8.4 NEWTON’S TEST OF THE INVERSE SQUARE LAW 

The last two sections make it clear that Newton’s law of universal gravitation is 

consistent with Kepler’s laws of planetary motion. However, the forces which hold 

the planets in their orbits are due, in every case, to the Sun. In order to show that 

gravitational attraction is universal, Newton needed to test it in circumstances 

which did not involve the Sun. The obvious test was to apply his ideas to the Earth— 

Moon system. 

If a body of mass m is at the surface of the Earth, the force acting on the body is its 

weight mg. This same force is given by the law of universal gravitation as 

mmg 
2 G 

rE 

where mẹ and r, are respectively the mass and radius of the Earth. Therefore 

MME 

raise 4 G 
rE 

2 y gr 
i.e. CG == 

My 
[8.3] 

The law of universal gravitation gives the force exerted by the Earth on the Moon in 
its orbit as 

My Mz 
2 G 

rM 

where mg, is the mass of the Moon and ry is the radius of its orbit. It is this force 

which provides the Moon’s centripetal acceleration «r,,, and therefore 

= 2 G z = My O m 
M 

; My 
i.e. GC = ar hy 2: 

M 

But o, the angular velocity of the Moon, is equal to 2x/T where T is its period of 
revolution about the Earth, and therefore 

G me as An? rm 

Py fie, 

Substituting for G from equation [8.3] leads to 

Ant? 
g = Tan? [8.4] 

The value of r which was available to Newton was poor by present-day standards. 
Even so, equation [8.4] gave a value for g that was sufficiently close to the accepted 
value for Newton to conclude that the Earth exerted the same type of force on the 
Moon as the Sun did on the planets. 

QUESTIONS 8A 

1. Find the gravitational force of attraction 2. The average orbital radii about the Sun of the 
between two 10kg particles which are 5.0cm Earth and Mars are 1.5x10!!m and 
apart. 2.3 x 10!!m respectively. How many (Earth) 
GO L0 N m* ke years does it take Mars to complete its orbit? - 
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3. Calculate the mass of the Earth by considering (Radius of Earth = 6.4 x 10’ km, 
the force it exerts on a particle of mass m at its g=9.8me9",G= 67% 107! Nake 
surface. 

8.5 THE MASS OF THE EARTH 

In 1798, a hundred and twenty one years after Newton had proposed the law of 

n universal gravitation, Henry Cavendish made the first laboratory determination of 

the value of G.* Once this had been done, it was possible to obtain a value for the 

mass of the Earth on the basis of equation [8.3]. (Newton had worked the 

calculation in the opposite direction. He estimated G by using a value for mg which 

was based on a guess at the density of the Earth.) 

8.6 DEPENDENCE OF THE ACCELERATION DUE TO 
GRAVITY ON DISTANCE FROM THE CENTRE OF 
THE EARTH 

The density of the Earth varies with depth but is largely independent of direction. 

It follows that the Earth can be treated as being made up of a large number of 

spherical shells of uniform density. This is useful, for it can be shown that: 

(i) the acceleration due to gravity outside a spherical shell of uniform 
density is the same as it would be if the entire mass of the shell were 

concentrated at its centre, and 

(ii) the acceleration due to gravity at all points inside a spherical shell of 

uniform density is zero. 

These results will now be used to obtain expressions for the acceleration due to 

gravity both above and below the surface of the Earth. 

Outside the Earth (i.e. r>re_) 

The acceleration due to gravity, g, at the surface of the Earth is given by rearranging 

equation [8.3] as 

ete [8.5] 
rE 

where m, and rg are respectively the mass and the radius of the Earth. 

It follows from (i) that the acceleration due to gravity at a point outside the Earth 

has the value it would have if the entire mass of the Earth were at its centre. 

Therefore, by analogy with equation [8.5], the acceleration due to gravity g’ at a 

distance r from the centre of the Earth when r > rg is given by 

g = G— [8.6] 

*Cavendish had two lead spheres attached (one) to each end of a horizontal beam suspended by a 

silvered copper wire. When two larger spheres were brought up to the smaller ones, they deflected 

under the action of the gravitational force and twisted the suspension. The wire had been calibrated 

previously so that the strength of the force could be determined by measuring the angle through 

which the wire was twisted. An improved version of the experiment was performed by Boys in 1895. 
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Fig. 8.3 
To calculate the 
acceleration due to 
gravity inside the Earth 

Fig. 8.4 
Variation of g with 
distance from Earth’s 
core 
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Dividing equation [8.6] by equation [8.5] leads to 

g' i TB og [8.7] 

Inside the Earth (i.e.r < re) 

Consider a point P (Fig. 8.3) which is inside the Earth and at a distance r from its 

centre. From (ii) the acceleration due to gravity g’ at P is due only to the sphere of 

radius r. If the mass of this sphere is m, then by analogy with equation [8.5] 

[8.8] 

Surface of 
the Ẹarth 

If the Earth is assumed to have uniform density*, p, then 

m. = nr p and mg = $nrg°p 

and therefore i 

an, aa 

Mg i re 

Substituting for m in equation [8.8] gives 

rE 

Replacing Gmg/r,” by g (equation [8.5]) gives 

r 
go =—g [8.9] 

rE 

The variation of g’ as a function of r on the basis of equation [8.7] and equation 
[8.9] is shown in Fig. 8.4. Note that each of these equations reduces to g’ = g 
When 7 <= "1,,. 

Assumes 
uniform 
density 

Inside Outside 

0 the Earth the Earth r 

I ENE 

*As has been stated at the beginning of this section, the density of the Earth is not uniform. It is, 
however, normal practice, at this level, to assume that it is in carrying out this calculation. 
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8.7 ESCAPE VELOCITY 

Notes 

If a ball is thrown upwards from the surface of the Earth, its speed decreases from 
the moment it is projected due to the retarding effect of the Earth’s gravitational 
field. The height which the ball ultimately attains depends on the speed with which 
it is projected — the greater the speed, the greater the height. If the ball were 

to be required to escape from the Earth, it would have to be projected with a 
velocity which is at least great enough for the ball to reach infinity before 
coming to rest. The minimum velocity that achieves this is known as the escape 
velocity. 

Consider a body of mass m being projected upwards with velocity v from the 

Earth’s surface. When the body is at a distance r from the centre of the Earth it will 

feel a gravitational force of attraction, F, due to the Earth and given by equation 
[8.1] as 

MMg 
Eis G 2 

where mg is the mass of the Earth. In moving a small distance ôr against this force, 

the work done ôW at the expense of the kinetic energy of the body is given by 

equation [5.1] as 

mmg 
oW = G or = 

Therefore the total work done, W, in moving from the Earth’s surface (where 

r = rg) to infinity (where r = oo) is given by 

w = | GURRA 
2 re r: 

aan] eS 

a We Grim =| 

“ri tonite ee 
YE 

If the body is to be able to do this amount of work (and so escape), it needs to have 

at least this amount of kinetic energy at the moment it is projected. The escape 

velocity v is therefore given by 

MME 

tmv = G 
TE 

i.e. [8.10] 

Substituting known values into equation [8.10] leads to v ~ 11 kms™!. 

(i) This calaculation applies only to bodies which are not being driven, i.e. to 

projectiles. A body which is in powered flight does not have to rely on its 

initial kinetic energy to overcome the Earth’s gravitational attraction, and 

therefore need never reach the escape velocity. 

(ii) The escape velocity does not depend on the direction of projection. This 

is because the kinetic energy a body loses in reaching any particular 

height depends only on the height concerned and not on the path taken 

to reach it. 
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8.8 SATELLITE ORBITS 

Consider a satellite of mass m orbiting the Earth with speed v along a circular path 

of radius r. The centripetal force, mv’ /r, is provided by the gravitational attraction 

of the Earth, and is given by Newton’s law of universal gravitation as Gmm,/ r°, 

where m, is the mass of the Earth. Therefore 

2 mv mmg 
G 

r r2 

EIT RA E [8.11] 
r 

The orbital period, T, is given by T = 2nr/v, and therefore by equation [8.11] 

r? 

[8.12] 
Gmg 

E T 

Since both G and m, are constants, it follows from equations [8.11] and [8.12] that 

both the speed and the orbital period of an Earth satellite depend only on 

the radius of its orbit. Two situations are of particular interest. 

An Orbit Close the Earth’s Surface 

To a good approximation, for a satellite which is less than about 200 km above the 

Earth we may put r = rg, where rẹ is the radius of the Earth. Substituting for r in 

equations [8.11] and [8.12] gives 
\ 

rg Gmg 

fE Gmg 

Taking G = 6.7 x 1071! N m?°kg~?, ms = 6.0 x 107*kg and rp = 6.4 x 10°m, 
we find 

v = 7.9kms™! and T = 85 minutes. 

Geostationary (synchronous) Orbit 

A satellite with an orbital period of 24 hours will always be at the same point above 
the Earth’s surface (providing, of course, it is above the equator and is moving in 
the same direction as the Earth is rotating). Satellites of this type can be used to 
relay television signals and telephone messages (by radio link) from one point on 
the Earth’s surface to another. Examples of these communications satellites are 
Syncom 2, Syncom 3 and Early Bird. 

Substituting G = 6.7 x 10-1! Nm*kg~?, mg = 6.0 x 107*kg and T = 24hours 
(= 8.64 x 10*s) in equation [8.12] gives 

r = 42400km 

Having calculated r we can use equation [8.11] (or 27r = vT) to calculate v. We 
find 

? = Sl kms: 

Since rg = 6.4 x 10°m, the height above the Earth’s surface of the geostationary 
orbit is 

42 400 — 6400 = 36000km 
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Many artificial satellites actually move in elliptical orbits. For example, the 
orbit of Sputnik 1 took it from less than 250 km to over 900 km above the 

surface of the Earth. This is not so far from circular as it might at first seem. 

The radius of the Earth is about 6400 km, and therefore the semi-major axis 

of the ellipse was only about 10% bigger than the semi-minor axis. 

The Moon, of course, is an Earth satellite and therefore equations [8.11] 

and [8.12] also apply to the Moon. 

When a satellite is to be placed in orbit it is first carried to the desired height 

by rocket. Itis then given the necessary tengential velocity (v) by firing rocket 
engines which are aligned parallel to the Earth’s surface. If the satellite is still 

moving upwards when it reaches orbital height, it needs also to be given a 

downward directed thrust at this stage. 

8.9 THE VARIATION OF g WITH LATITUDE 

The acceleration due to gravity at the equator is 9.78 m s~ 2, whereas at the poles it 
is 9.83 ms °. There are two main causes of this variation. 

(i) 

Gi) 

The equatorial radius of the Earth is greater than the polar radius. Therefore 

a body at the equator is slightly further away from the centre of the Earth and 

consequently feels a smaller gravitational attraction. This accounts for 

0.02 ms? of the observed difference of 0.05 ms~?. 

Because the Earth rotates, its gravitational pull on a body at the equator has to 

provide the body with a centripetal acceleration of 0.03 m s-?. This does not 

apply at the poles. 

8.10 WEIGHTLESSNESS 

Consider an object of mass m hanging from a spring balance which is itself 

hanging from the roof of a lift (Fig. 8.5). The body is subjected to a downward 

directed force mg due to the Earth, and an upward directed force T, say, due to the 

tension in the spring. The net downward force is (mg — T), and therefore by 

Newton’s second law 

mg—-T = ma í [8.13] 

where a is the downward directed acceleration of the body. 

Fig. 8.5 
Object suspended by a 
spring in a lift 

If the lift is stationary or is moving with constant speed, a = 0 and therefore, by 

equation [8.13], T = mg, i.e. the balance registers the weight of the body as mg. 

However, if the lift is falling freely under gravity, both it and the body have a 
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downward directed acceleration of g, i.e. a = g. It follows from equation [8.13] 

that T = 0, i.e. the balance registers the weight of the body as zero. It is usual to 

refer to a body in such a situation as being weightless. The term should be used 

with care; a gravitational pull of magnitude mg acts on the body whether it is in free 

fall or not, and therefore, in the strictest sense it has weight even when in free fall. 

The reason it is said to be weightless is that, whilst falling freely, it exerts no force 

on its support. Similarly, a man standing on the floor of a lift would exert no force 

on the floor if the lift were in free fall. In accordance with Newton’s third law, the 

floor of the lift would exert no upward push on the man and therefore he would not 

have the sensation of weight. 

An astronaut in an orbiting spacecraft has a centripetal acceleration equal to g’, 

where g’ is the acceleration due to gravity at the height of the orbit. The spacecraft 

has the same centripetal acceleration. The astronaut therefore has no acceleration 

relative to his spacecraft, i.e. he is weightless. 

A body is weightless in the strictest sense only at a point where there is no 

gravitational field. An example of such a point is to be found between the Earth and 

the Moon where the two gravitational fields cancel. 

8.11 GRAVITATIONAL POTENTIAL AND POTENTIAL 
ENERGY 

Notes 

The gravitational potential at a point in a gravitational field is defined as 

being numerically equal to the work done in bringing a unit mass from 
infinity (where the potential is zero) to that point. : 

Thus 

[8.14] 

where 

U = the gravitational potential at some point (J kg~!) 

y I the work done in bringing a mass m from infinity to that point. 

It has been shown in section 8.7, that the work which has to be done to take a mass 
m from the surface of the Earth to infinity is Gmm,;/rz, where mẹ and fe are 
respectively the mass and the radius of the Earth. The work required to accomplish 
the reverse process, i.e. to bring the same body from infinity to the surface of the 
Earth, is therefore —Gmm,/r;. It follows from equation [8.14] that the 
gravitational potential U; at the surface of the Earth is given by 

m 
Up. sles Gi [8.15] 

rE 

(i) The minus sign in equation [8.15] indicates that the gravitational potential 
at the surface of the Earth is less than that at infinity. It follows that a body at 
infinity would ‘fall’ towards the Earth; a body on the Earth does not ‘fall’ to 
infinity. 
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(ii) It follows from equation [8.15] that in general 

Gee ect 
c - 

where U is the gravitational potential due to a body of mass m at a point 

outside the body and at a distance r from its centre. (This assumes that the 

body has spherical symmetry and/or is small compared with r.) 

Gii) The gravitational potential energy of a body of mass m at a point where 

the gravitational potential is U is given by 

PE = mU 

This follows from the definition of gravitational potential and because the 

potential at infinity is zero. 

8.12 GRAVITATIONAL FIELD STRENGTH 

Note 

The gravitational field strength at a point in a gravitational field is defined 
as the force per unit mass acting on a mass placed at that point. 

Thus 

g = gravitational field strength (N kg"! = ms”) 

F = the force acting on a mass m 

The same symbol (g) is used for gravitational field strength as for acceleration due 

to gravity. This is because they are one and the same thing, i.e. the field strength ata 

point in a gravitational field is equal to the gravitational acceleration of any mass 

placed at that point. We shall illustrate this for the particular case of the Earth. The 

gravitational force acting on a mass mat the Earth’s surface is its weight, mg, where 

gis the acceleration due to gravity, and therefore the force per unit mass, 1ésthe 

gravitational field strength, is mg/m — which is also g. 

Gravitational field strength is a vector quantity. Its direction is that in which a mass 

would move under the influence of the field, i.e. towards a point of lower 

gravitational potential. 

The gravitational field of the Earth is shown in Fig. 8.6. Note that it is a radial field 

directed towards the Earth and that it is stronger (field lines closer together) close 

to the Earth’s surface than it is farther away. Over a limited area of the Earth’s 

surface (an area that can be considered flat) the field can be considered to be 

uniform (field lines equally spaced) — see Fig. 8.7. 

Field Strength Due to a Point Mass 

The force on a point mass m’ at a distance r from a point mass m is given by 

Newton’s law of universal gravitation as F where 

mm’ 
72 TEG 
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Fig. 8.6 

The gravitational field of 
the Earth 

Field line directed 
towards centre of Earth 

Fig. 8.7 
The gravitational field of 
the Earth over a small 
area 

/ 
Limited area of 
Earth's surface 

The force per unit mass, i.e. the gravitational field strength, g, at a distance r from 

the point mass m is therefore given by 

i.e. [8.16] 

Notes (i) Equation [8.16] also applies outside an extended body of mass m at a 

distance r from its centre providing thel the body has spherical symmetry and/or is 
small compared with r. 

Gi) When m = the mass of the Earth, mg, and r = the radius of the Earth, rg, 

; equation [8.16] becomes 

[8.17] 

where gis the field strength (acceleration due to gravity) at the surface of the 
Earth. We arrived at this same result in section 8.6 (equation [8.5]) by 
thinking of gas the acceleration due to gravity. Equation [8.17] is particularly 
useful for it is often necessary when solving examination questions to express 
gin terms of G and vice versa. 

8.13 THE ANALOGY BETWEEN GRAVITY AND 
ELECTRICITY 

Electric field strength is force per unit charge — gravitational field strength is force 
per unit mass. The definition of electrical potential involves the work done in 
bringing a unit (positive) charge from infinity — that of gravitational potential 
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Table 8.1. 
Gravitational and 
electrical quantities 
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Table 8.2. 
Comparison of effects of 
point masses and point 
charges | 
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involves the work done in bringing a unit mass from infinity. The reader may find it 
useful to compare results (i) and (ii) of section 8.6 with the way in which the electric 
field of a hollow sphere varies with distance from the centre of the sphere (Fig. 
39.8). 

Gravitational Electrical 

quantity quantity 

U 

In Table 8.1 expressions for gravitational potential and field strength are given 

together with the analogous electrical expressions. Table 8.2 compares the 

gravitational field strength and the gravitational potential at a distance r from a 

point mass m with the analogous electrical quantities at a distance r from a point 

charge Q. Note also the similarity between the expression for the gravitational 

force between two point masses with that for the electrical force between two point 

‘charges in vacuum. 

Notes (i) There is no gravitational analogue of electrical permittivity, i.e. the 

gravitational force between two masses does not depend on the medium in 

which they are situated. 

Gii) The gravitational force, unlike the electrical force, is always attractive. 

8.14 TO SHOW THAT g = —dU/dx 

Suppose that a particle of mass m is moved by a force F from A to B in a 

gravitational field of strength g (Fig. 8.8). Suppose also that AB = 6x, where 6x is 

so small that F can be considered constant between A and B. 

The work done ôW in going from A to B is given by 

OW, = "FOX 

By definition g = —F/m (the minus sign is necessary because g and F are 

oppositely directed), therefore 

ôW = —mgox [8.18] 
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Fig. 8.8 
To establish the 
relationship between g 
and U 

EXAMPLE 38.1 

SECTION A: MECHANICS 

g PEES F ° 

fe wh É 
Particle of mass m 

By definition, the increase in gravitational potential, dU, in moving the mass m 

from A to B is given by 

ôU = 6W/m 

Therefore, by equation [8.18] 

dU = —godx 

Therefore, in the limit 

g = —dU/dx 

Use the following notation: m,=mass of Earth, rę = radius of Earth, 

g = acceleration due to gravity at surface of Earth, G = universal gravitational 
constant. 

(a) Write down an expression for the gravitational potential at the Earth’s 
surface. 

(b) By how much would the gravitational PE of a body of mass m increase if it 

were moved from the Earth’s surface to infinity. 

(c) Hence find an expression for the minimum velocity with which a body 

could be projected from the Earth’s surface and never return: (i) which 
involves G, (ii) which involves g 

Solution 

(a) Gravitational potential = —G ie! 
YE 

(b) ‘The gravitational potential at infinity is zero and therefore ‘in moving to 
infinity’ the potential increases by Gmg /rg. Therefore 

; mm 
Increase in PE of mass m = G z 

rE 

(c) G) Ifa projectile of mass m is to have j just sufficient KE to reach infinity 
from the Earth’s surface, then (since decrease in KE = increase in 
PE) its velocity v on leaving the surface must be given by 

nrg Ts ie. v= [2am a£ = 

% TE y YE 

Since the projectile has just sufficient KE to reach infinity, this is the 
minimum velocity that will prohibit its return, i.e. 

2Gmg 

TE 

Minimum velocity = [8.19] 
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(ii) The acceleration due to gravity, g, at the surface of the Earth is given by 

Substituting in equation [8.19] gives 

Minimum velocity = ,/2gr; 

EXAMPLE 8.2 

CONSOLIDATION 

[8.17] 

Using the notation of Example 8.1, find expressions for: (a) the gravitational PE of 

a satellite of mass m orbiting the Earth at a distance r from its centre, (b) the KE of 

the satellite, (c) the total energy of the satellite. (d) Explain how each of these 

quantities would change if the orbit of the satellite were so low that it encountered a 

considerable amount of air resistance. 

Solution 

(a) Ata distance r from the centre of the Earth 

. . . Meza 

Gravitational potential = —G — 7 

Mg m 

Gravitational PE of satellite = —G > 

(b) By the law of universal gravitation and Newton’s second law 

2 
C Mg m Se saat 

re r 

mgm 
KE of satellite (=4mv”) = G ze 

(c) Total energy = PE+ KE 

z r 2r 

mgm 
i.e. Total energy = —G = 

[8.20] 

[8.21] 

[8.22] 

(d) Ifthe satellite encountered air resistance, it would do work against friction 

and therefore its total energy would decrease, i.e. become more negative. 

It follows from equation [8.22] that r would decrease and therefore by 

equation [8.20] the PE would decrease (i.e. become more negative); it 

follows from equation [8.2] that the KE would increase. 

Newton’s law of universal gravitation Every particle in the universe attracts 

every other with a force which is proportional to the product of their masses and 

inversely proportional to the square of their separation. 

eG am 
r2 
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When dealing with bodies rather than particles r represents the separation of 

centres. 

Gravitational potential (U) at a point is defined as being numerically equal to 

the work done in bringing a unit mass from infinity (where the potential is zero) to 

that point, i.e. 

m 
m 

Also 

Outside a body of mass m and 
m x , 

U = -G— a distance r from its centre, 

or at r from a point mass m 

Gravitational PE = mU 

Gravitational field strength at a point is defined as force per unit mass and is 

equal to the acceleration due to gravity at the point. 

dU 
Field strength (g) = i (In general) 

% Outside a body of mass m and 

G = at a distance r from its centre, 
a 

or at r from a point mass m 

Field strength (g) 

Gravitational fields are directed towards points of lower gravitational potential. 

Satellites a 

Tær 

mgm 

PE O 7 For a body of mass m 

ssi at a distance r from 

KE. — G = the centre of the Earth 
r 

Escape velocity (from Earth) = aoe mf 2T 
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Assume g = 10ms? = 10 Nkg™ unless otherwise stated. 

MECHANICS (Chapters 1-5) 

Ai 

A3 

A4 

Find, both graphically and by calculation, the 

horizontal and vertical components of a force 

of 50 N which is acting at 40° to the horizontal. 

The horizontal and vertical components of a 

force are respectively 20 N and 30N. Calcu- 

late the magnitude and direction of the force. 

Calculate the magnitude and direction of the 

resultant of the forces shown in the figure 

below. 

The diagrams below show a sphere, S, resting 

on a table and a free-body diagram on which 

the forces acting on the sphere have been 

marked. 

yee S 

Bee eae a 

Table 

We know from Newton’s third law of motion 

that forces occur in equal and opposite pairs. 

On which body does the force which pairs with 

force P act? Give its direction. 

A5 

A6 

A7 

On which body does the force which pairs with 

force Q act? Give its direction. 

A force F; acts on an object O and this same 

force F; forms a Newton’s third law pair with a 
second force, Fz. State two ways in which F; 

and F, are similar and two ways in which they 

differ. Too 1) 

Raindrops of mass 5 x 10~‘ kg fall vertically in 
still air with a uniform speed of 3 m s~}. If such 
drops are falling when a wind is blowing with a 

speed of 2ms_!, what is the angle which the 
paths of the drops make with the vertical? 

What is the kinetic energy of a drop? [S] 

A ship initially at rest accelerates steadily on a 

perfectly smooth sea. How would you attempt 

to estimate the value of the acceleration from 

within the ship? You cannot see out, but you 

have available all the apparatus normally 

found in a school laboratory. (You may 

assume that the acceleration is not less than 

1mise?): [W] 

A light string carrying a small bob of mass 

5.0 x 107? kg hangs from the roof of a moving 
vehicle. 
(a) What can be said about the motion of the 

vehicle if the string hangs vertically? 

(b) The vehicle moves in a horizontal straight 

line from left to right, with a constant 

acceleration of 2.0ms ?. 
(i) Show ina sketch the forces acting on 

the bob. 

(ii) By resolving horizontally and verti- 

cally or by scale drawing, determine 

the angle which the string makes with 

the vertical. 
(c) The vehicle moves down an incline 

making an angle of 30° with the horizontal 

with a constant acceleration of 3.0ms~?. 

Determine the angle which the string 

makes with the vertical. LJ, 92] 
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A8 

A9 

A10 

A11 

A12 

A13 

A hose with a nozzle 80 mm in diameter ejects 

a horizontal stream of water at a rate of 

0.044m°s~!. With what velocity will the 
water leave the nozzle? What will be the force 

exerted on a vertical wall situated close to the 

nozzle and at right-angles to the stream of 

water, if, after hitting the wall, 

(a) the water falls vertically to the ground, 

(b) the water rebounds horizontally? 

(Density of water = 1000 kgm °.)[AEB, ’79] 

What is the connection between force and 
momentum? A helicopter of total mass 

1000 kg is able to remain in a stationary 

position by imparting a uniform downward 

velocity to a cylinder of air below it of effective 

diameter 6 m. Assuming the density of air to be 

1.2kgm~°, calculate the downward. velocity 
given to the air. [J] 

An astronaut is outside her space capsule in a 

region where the effect of gravity can be 

neglected. She uses a gas gun to move herself 

relative to the capsule. The gas gun fires gas 

from a muzzle of area 160 mm? at a speed of 

150ms™!. The density of the gas is 
0.800 kgm~? and the mass of the astronaut, 
including her space suit, is 130 kg. Calculate: 

(a) the mass of gas leaving the gun per 

second, 

(b) the acceleration of the astronaut due to 

the gun, assuming that the change in mass 

is negligible. [J, 92] 

Sand is poured ata steady rate of 5.0 g s7! onto 

the pan of a direct reading balance calibrated 

in grams. If the sand falls from a height of 

0.20 m onto the pan and it does not bounce off 

the pan then, neglecting any motion of the 

pan, calculate the reading on the balance 10s 
after the sand first hits the pan. 

A pebble is dropped from rest at the top of a 
cliff 125 m high. How long does it take to reach 
the foot of the cliff, and with what speed does it 
strike the ground? With what speed must a 
second pebble be thrown vertically down- 
wards from the cliff top if it is to reach the 
bottom in 4 $? (Ignore air resistance.) [S] 

A stone thrown horizontally from the top of a 
vertical cliff with velocity 15 m s~! is observed 
to strike the (horizontal) ground at a distance 
of 45m from the base of the cliff. What is 
(a) the height of the cliff, (b) the angle the 

[W, °92] . 

A14 

A15 

A16 

A17 

A18 

SECTION A: MECHANICS 

path of the stone makes with the ground at the 

moment of impact? [S] 

A ball is thrown vertically upwards and caught 

by the thrower on its return. Sketch a graph of 

velocity (taking the upward direction as 

positive) against time for the whole of its 

motion, neglecting air*resistance. How, from 

such a graph, would you obtain an estimate of 

the height reached by the ball? [L] 

A bus travelling steadily at 30ms_! along a 

straight road passes a stationary car which, 5s 
later, begins to move with a uniform accelera- 

tion of 2ms ? in the same direction as the bus. 

(a) How long does it take the car to acquire 

the same speed as the bus? 

(b) How far has the car travelled when it is 

level with the bus? [W, °92] 

A cricketer throws a ball of mass 0.20kg 

directly upwards with a velocity of 20ms"}, 
and catches it again 4.0s later. 

Draw labelled sketch graphs to show 

(a) the velocity, 

(b) the kinetic energy, 

(c) the height y 

of the ball against time over the stated 4.0 s 

period. Your graphs must show numerical 

values of the given quantities. [S] 

A ‘hammer’ thrown in athletics consists of a 

metal sphere, mass 7.26 kg, with a wire handle 

attached, the mass of which can be neglected. 

In a certain attempt it is thrown with an initial 

velocity which makes an angle of 45° with the 

horizontal and its flight takes 4.00 s. 

Find the horizontal distance travelled and the 
kinetic energy of the sphere just before it 
strikes the ground, stating any assumptions 

and approximations you make in order to do 
so. [S] 

The graph shown represents the variation in 
vertical height with time for a ball thrown 
upwards and returning to the thrower. 

Vertical 
height 

Time 
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From this graph how could a velocity against 
time graph be constructed? Sketch the likely 
form of such a graph. [L] 

A19 The diagram shows the speed-time graph for a 

swimmer performing one complete cycle of 
the breast stroke. 

Time/s l 

(a) Determine the maximum acceleration of 

the swimmer. Explain how you arrive at 
your answer. 

(b) Without making any further calculations 

sketch a labelled acceleration-time graph 

for the same time interval as that shown in 

the diagram. 

(c) Use the graph to estimate the distance 

travelled in one complete cycle of the 

stroke. Show your working clearly. 
[AEB, ’89] 

A20 The graph shows how the speed of a car varies 

with time as it accelerates from rest. 

1 Speed/ms— 

0 
0 t t Time/s 

(a) State: 

(i) the time at which the acceleration 1s a 

maximum, 

(ii) how you could use the graph to find 

the distance travelled between times 

ti and lp. 

(b) The driving force produced by the car 

engine can be assumed to be constant. 

Explain, in terms of the forces on the car, 

why 

(i) the acceleration is not constant, 

(ii) the car eventually reaches a constant 

speed. 

(c) 

A21 (a) 

(b) 

A22 (a) 

(b) 

115 

The diagram shows a simple version of an 

instrument used to measure acceleration, 

in which a mass is supported between two 

springs in a box so that when one spring is 

extended, the other is compressed. At 

rest, the mass is in the position shown. 

Redraw the diagram showing the position 

of the mass when the box accelerates to 

the right. Explain why the mass takes up 

this position. [J, 791] 

A ball is thrown vertically upwards from 

the surface of the Earth with an initial 

velocity u. Neglecting frictional forces, 

sketch a graph to show the variation of the 

velocity v of the ball with time ż as the ball 

rises and then falls back to Earth. What 

information contained in the graph en- 

ables you to determine: (i) the gravita- 

tional acceleration, (ii) the maximum 

height to which the ball rises? 

If the frictional forces in the air were not 

negligible, how, in the above situation, 

would: (i) the initial deceleration of the 

ball, (ii) the maximum height reached by 

the ball, be affected? [AEB, ’79] 

Define acceleration. Explain how it is 

possible for a body to be undergoing an 

acceleration although its speed remains 

constant. 
A ball is placed at the top of a slope as 

shown in Fig. 1. 

_ Ball 

Block 

Fig. 1 

A block is fixed rigidly to the lower end of 

the slope. The ball of mass 0.70kg is 
released at time t = 0 from the top of the 

incline and v, the velocity of the ball down 

the slope, is found to vary with ż as shown 

in Fig. 2. 



(i) Describe qualitatively the motion of 

the ball during the periods OA, AB 

and BC. 

Calculate: (1) the acceleration of 

the ball down the incline, (2) the 

length of the incline, (3) the mean 
force experienced by the ball during 

(ii) 

impact with the block. 

(iii) Discuss whether the collision 

between the block and the ball is 

elastic. [G, *92] 

A23 Arocket is caused to ascend vertically from the 

ground with a constant acceleration, a. At a 

time, t, after leaving the ground the rocket 

motor is shut off. 

(a) Neglecting air resistance and assuming 

the acceleration due to gravity, g, is 

constant, sketch a graph showing how 

the velocity of the rocket varies with time 

from the moment it leaves the ground to 

the moment it returns to ground. In your 

sketch represent the ascending velocity as 

. positive and the descending velocity as 

negative. Indicate on your graph (i) t, 

(ii) the time to reach maximum height, 

ths (iii) the time of flight, tẹ. 

(b) Account for the form of each portion of 

the graph and explain the significance of 

the area between the graph and the time 

axis from zero time to (i) t, (ii) tp, (iii) ts 
(c) Either by using the graph or otherwise, 

derive expressions in terms of a, g and t, 
for (i) %, (ii) the maximum height 
reached, (iii) tẹ. [J] 

A24 A sphere of mass 3kg moving with velocity 
4ms™! collides head-on with a stationary 
sphere of mass 2kg, and imparts to it a 

A26 

A27 

SECTION A: MECHANICS 

velocity of 4.5 m s71. Calculate the velocity of 

the 3kg sphere after the collision, and the 

amount of energy lost by the moving bodies in 

the collision. [S] 

The diagram shows a body of mass 2 kg resting 

in a frictionless horizontal gully in which it is 

constrained to move. It is acted upon by the 
force shown for 5s after which time it strikes 

and sticks to the body B of mass 3 kg, the force 

being removed at this instant. What will the 

speed of the combined masses be? IE] 

A railway truck of mass 4 x 10*kg moving ata 

velocity of 3 m s™! collides with another truck 

of mass 2 x 10*kg which is at rest. The 

couplings join and the trucks move off 

together. What fraction of the first truck’s 

initial kinetic energy remains as kinetic energy 

of the two trucks after the collision? Is energy 
conserved in a collision such as this? Explain 

your answer briefly. [L] 

(a) (i) Define linear momentum. 

(ii) State the principle of conservation of 

linear momentum making clear the 

condition under which it can be 
applied. 

(b) A spacecraft of mass 20 000 kg is travel- 

ling at 1500m s_!. Its rockets eject hot 

gases at a speed of 1200 m s™! relative to 

the spacecraft. During one burn, the 

rockets are fired for a 5.0 s period. In this 

time the speed of the spacecraft increases 
by 3.0m s7}. 
(i) What is the acceleration of the 

spacecraft? 

Assuming that the mass of fuel 

ejected is negligible compared with 
the mass of the spacecraft determine 

the distance travelled during the 

burn. Give your answer to four 
significant figures. 

(iii) What is the thrust produced by the 
rocket? 
Determine the mass of gas ejected 
by the rocket during the burn. 

[AEB, ’92] 

(ii) 

(iv) 
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A28 

A30 

A31 

A32 

A bullet of mass 0.020 kg is fired horizontally 

at 150m s™} at a wooden block of mass 2.0 kg 
resting on a smooth horizontal plane. The 

bullet passes through the block and emerges 

undeviated with a velocity of 90 ms~!. Calcu- 

late: 

(a) the velocity acquired by the block. 

(b) the total kinetic energy before and after 

penetration and account for their differ- 

ence." [W, 791] 

Distinguish between an elastic collision and an 

inelastic collision. 

A particle A of mass m moving with an initial 

velocity u makes a ‘head-on’ collision with 

another particle B of mass 2m, B being initially 

at rest. In terms ofu, calculate the final velocity 

of A if the collision is (i) elastic, (ii) inelastic, 

(assume that the two particles adhere on 

collision). [AEB, ’79] 

A puck collides perfectly inelastically with a 

second puck originally at rest and of three 

times the mass of the first puck. What 

proportion of the original kinetic energy is 
lost, and where does it go? [W] 

State the law of conservation of linear 

momentum. 

A proton of mass 1.6 x 10” kg travelling 
with a velocity of 3 x 10’ m s™! collides with a 

nucleus of an oxygen atom of mass 

2.56 x 10%% kg (which may be assumed to 

be at rest initially) and rebounds in a direction 

at 90° to its incident path. Calculate the 

velocity and direction of motion of the recoil 

oxygen nucleus, assuming the collision is 

elastic and neglecting the relativistic increase 

of mass. [O & C*] 

(a) In an experiment to investigate the nature 

of different types of collision, a trolley of 

mass 1.6kg was given a push towards a 

second trolley of mass 0.8kg travelling 

more slowly but in the same direction. 

The speeds of both trolleys before and 

after collision were measured. The results 

for two different types of collisions were as 

follows: 

Type A collision Speed before Speed after 

1.6kg trolley 0.70 ms™! 0.30m s~! 

0.8kg trolley 0.10ms™! 0.89ms™! 

(b) 

A33 (a) 

(b) 

(c) 

(d) 
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Type B collision 

1.6kg trolley 0.60ms! 0.37ms_! 
0.8kg trolley 0.10ms! 0.57ms"! 

Describe a technique for measuring the 

speed of a trolley before and after a 
collision, showing how the speed is 

calculated. 

Show that the results given above are 

consistent with the principle of conserva- 

tion of linear momentum. Why should the 

speeds be measured immediately before 

and after the collisions? 
Distinguish clearly between elastic and 

inelastic collisions. Determine the nature 

of each of the collisions in (a) above, 

supporting your choice with appropriate 

calculations. 

Describe how: (i) an elastic collision, 

(ii) an inelastic collision, could be simu- 

lated experimentally using the two trol- 

leys and any necessary additional 

apparatus. [L] 

A linear air-track is a length of metal track 

along which objects (gliders) can move 

with negligible friction, supported on a 

cushion of air. A glider of mass 0.40 kg is 

stationary near one end ofa level air-track 

and an air-rifle is mounted close to the 

glider with its barrel aligned along the 

track. A pellet of mass 5.0 x 1074kg is 
fired from the rifle and sticks to the glider 

which acquires a speed of 0.20 ms™!. 
Calculate the speed with which the pellet 

struck the glider. 

Describe an experimental arrangement 

you would use to verify the above result. 
A student using an air-track fails to level it 

correctly. The speed of a glider along the 

track near its centre is 0.20ms™! and 
when it has moved a further distance of 

0.90m it is 0.22ms!. Determine the 
angle made by the track to the horizontal. 
A glider reaches the end ofa level air-track 

and rebounds from a rubber band 
stretched across the track. Assuming 

that, whilst in contact with the band, the 

force exerted on the glider is proportional 

to the displacement of the band from the 

point of impact, sketch a graph showing 

how the velocity of the glider varies with 

time. Explain the shape of the graph. [J] 
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A34 (a) 

(b) 

A35 (a) 

(b ̀~ 

(c) 

The law of conservation of momentum 

suggests momentum is conserved in any 

collision. A tennis ball dropped onto a 

hard floor rebounds to about 60% of its 

initial height. State how momentum is 

conserved in this event. 

(i) A top class tennis player can serve 

the ball, of mass 57g, at an initial 

horizontal speed of 50ms™!. The 
ball remains in contact with the 

racket for 0.050s. Calculate the 

average force exerted on the ball 

during the serve. 

(ii) Sketch a graph showing how the 

horizontal acceleration of the ball 

might possibly vary with time during 

the serve, giving the axes suitable 

scales. 

(iii) Explain how this graph would be 

used to show that the speed of the 

ball on leaving the racket is 50 ms7!. 
[AEB, 790] 

(i) What is meant by the term linear 

momentum? 

(ii) State the law of conservation of 

linear momentum. 

(iii) Explain how force is related to linear 

_ momentum. 

Consider the following: 

(i) a vehicle in space changes its direc- 

tion by firing a rocket motor, 

(ii) a dart is thrown at a board and sticks 

to the board, 

(iii) a ball is dropped to the floor and 
rebounds. 

In each case discuss how the law of 

conservation of linear momentum may 

be applied. 

A student devises the following experi- 

ment to determine the velocity of a pellet 
from an air rifle. 

Barrel of rifle 

= 

—_ = 

SECTION A: MECHANICS 

A piece of plasticine of mass Mis balanced 

on the edge of a table such that it just fails 

to fall off. A pellet of mass m is fired 

horizontally into the plasticine and re- 
mains embedded in it. As a result the 

plasticine reaches the floor a horizontal 

distance k away. The height of the table is 

h. 7 
(i) Show that the horizontal velocity of 

the plasticine with pellet embedded 

is eae 

(ii) Obtain an expression for the velocity 

of the pellet before impact with the 

plasticine. [S] 

A36 A particle A is suspended as shown in the 

figure by two strings, which pass over smooth 

pulleys, and are attached to particles B and C. 

At A, the strings are at right angles to each 

other, and make equal angles with the 

horizontal. If the mass of B is 1 kg, what are 

the masses of A and C? [S] 

B C 

State the conditions that a rigid body may be in 

equilibrium under the action of three forces. 

D 

B A 

A uniform sphere of mass 2kg is kept in 
position as shown by two strings AB and CD. 
AB is horizontal, and CD is inclined at 30° to 
the vertical. Calculate the tension in each 
string. [S] 

A38 A uniform beam AB of length 5m and which 
weighs 200 N is supported horizontally by two 
vertical ropes X and Y at A and B respectively. 
Calculate the tensions in the ropes if a man 
weighing 700N stands on the beam at a 
distance of 2 m from A. 
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A39 

A40 

A41 

A42 

A uniform rod AB of weight W and which is 
20cm long is suspended by two vertical 

springs X and Y attached to the rod at A and 
B respectively. The upper ends of the springs 

are attached to a horizontal beam. When the 
springs are unextended they have the same 

length. The tension Tx in X is given by 

Tx = kx and the tension Ty in Y is given by 

Ty = 3ky, where k is a constant and x and y are 

the extensions’of X and Y respectively. At what 

distance from A must a body of weight 5 W be 

attached to the rod if the rod is to be 
horizontal? 

Weights of 1 N, 2N, 3N and 4N are attached 

to a light wire which has been bent to form a 

circle of radius 5,/2cm. The weights are 
equally spaced around the circle and the 1 N 

weight is diametrically opposite the 3N 

weight. Calculate the distance of the centre 

of mass from the centre of the circle. 

A uniform ladder which is 10m long and 

weighs 300 N leans with its upper end against a 

smooth vertical wall and its lower end on 

rough horizontal ground. The bottom of the 

ladder is 6 m from the base of the wall. A man 

weighing 700 N stands on the ladder at a point 

6m above the ground. Calculate the magni- 

tudes and directions of the forces exerted on 

the ladder by (a) the wall, (b) the ground. 

(a) State the conditions for the equilibrium of 

a body which is acted upon by a number of 

forces. 

(b) A student holds a uniform metre rule at 

one end in two different ways, as shown in 

Figs. 1 and 2. 

Fig. 1 

1 f Fig. 2 

On a copy of Fig. 1 draw and label an 

arrow to represent the weight W of the 

A43 

5.0cm 
15cm 

35cm 
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metre rule and an arrow to represent the 

force F provided by the student’s hand. 

What is the relationship between magni- 
tudes of Fand W? 

In Fig. 2, the rule is held horizontally 

between the thumb and first finger. On a 

copy of Fig. 2, draw and label all the forces 

acting on the metre rule. List these forces 

in order of increasing magnitude. 

[C, ’91] 

Fig. 1 shows the bone and muscle structure of 

a person’s arm supporting a 5.0kg mass in 

Fm 

= 

5.0kg mass 

Fy 20N 
5.0cm 

Fig. 2 Fig. 1 

equilibrium. The forearm is horizontal and is 

at right angles to the upper arm. Fig. 2 shows 

the equivalent mechanical system. 

Fm is the force exerted by the biceps muscle 

and F; is the force at the elbow joint. The 
` perpendicular distance between the lines of 

AM 

action of Fm and F; is 5.0 cm. 
(a) (i) Explain why the 20 N force has been 

included. 
State the conditions which must be 

met by the forces when the arm is in 

equilibrium. 

Calculate the magnitude of the force 

Fm. F 

Show that Fm has the same magni- 

tude when the forearm is at 45° to the 

horizontal with the upper arm still 

vertical. 

(c) In many athletes the distance between the 
elbow joint, E, and the muscle attach- 

ment, P, is greater than 5.0 cm. Explain 

how this is an advantage in lifting and 

throwing events. [AEB, ’89] 

(ii) 

(b) @ 

(ii) 

The diagram shows the driving wheel of a car 

with a torque of 125 N m being applied to the 

axle of the wheel. The car is travelling at a 

constant velocity of 30ms~!. 
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A46 Derive an expression for the kinetic energy ofa 

particle of mass m which has momentum p. 

A stationary radioactive nucleus disintegrates 

into an & particle of relative atomic mass 4, and 

a residual nucleus of relative atomic mass 144. 

If the kinetic energy of the a particle is 

3.24 x 1071? J, what is the kinetic energy of 
the residual nucleus? [S] 

Copy the diagram and show on it A47 As shown in the diagram, two trolleys P and Q 

(a) the direction in which the car is travelling. of masses 0.50 kg and 0.30 kg respectively are 

(b) Draw an arrow on the diagram represent- held together on a horizontal track against a 

ing F, the horizontal component of the spring which is in a state of compression. 

force which the road exerts on the tyre. When the spring is released the trolleys 

(c) Since the car is not accelerating, what can separate freely and P moves to the left with 
be deduced about the resultant torque on an initial velocity of 6ms~!. Calculate: 
the wheel? (a) the initial velocity of Q, 

(d) Find F. (b) the initial total kinetic energy of the system. 

(e) What power is being supplied to the Calculate also the initial velocity of Q if trolley 
wheel? [C, 92] P is held still when the spring under the same 

compression as before is released. [J] 

A45 (a) State the conditions for equilibrium for a 

body which is acted upon by a system of 

coplanar forces. 

(b) The diagram shows a safety valve which 

releases steam when the pressure rises 

P 

@ Feit gS 

above a pre-determined value. The mass ` 
r E AT E A48 A bullet of mass 2.0 x 10°’ kg is fired hor- 
negligible. izontally into a free-standing block of wood of 

mass 4.98 x 107! kg, which it knocks forward 
Pot with an initial speed of 1.2 m s~}. 

a8 cp (a) Estimate the speed of the bullet. 
(b) How much kinetic energy is lost in the 

impact? 

Hiss HE cover Rod (c) What becomes of the lost kinetic energy? 
bbe [S] 

í Steam } A49 A block of wood of mass 1.00 kg is suspended 
f , freely by a thread. A bullet, of mass 10g, is 

á fired horizontally at the block and becomes 
embedded in it. The block swings to one side, 
rising a vertical distance of 50 cm. With what 
speed did the bullet hit the block? [L] 

(i) Sketch a diagram showing the forces 

acting on the rod when there is 

normal atmospheric pressure in the 

steam vessel. A50 
(ii) Determine the magnitude of the 

force at the valve which just opens 

In an experiment to investigate collisions on a 
level airtrack., eight optical sensors are posi- 
tioned 0.10m apart close to the track, as the valve : A i : shown in the diagram. When a marker (iii) The outlet has a cross-sectional area es al 

of 2.0cm*. Using the force calcu- a ee Oa ee 
lated in (b)(ii) determine the excess a u a A A BA M Sensors 
pressure above atmospheric pres- 
sure in the vessel when the valve 
just opens. Give your answer in 
pascals (Pa). [AEB, ’90] 
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A51 

A52 

moving glider passes sensor number 1, an 

electronic timer is started. As the glider passes 

each sensor, the time taken for the glider to 

travel from sensor number 1 is recorded. A 

glider of mass 0.40 kg is given a push along the 

track. As it passes sensor number 5, it collides 

with, and sticks tọ, a stationary glider of mass 

0.60 kg. The recorded times at each sensor are 
shown below. 

Sensor 
Pe inhor Lnag 3 4 5 6 {i 8 

0 0.66 1.32 1.98 2.64 4.31 5.98 7.65 Time s 

(a) Calculate the speed just before and the 

speed just after the collision. 

(b) Show that momentum is conserved in the 

collision. i 

(c) Calculate the kinetic energy before the 

collision and the kinetic energy after the 

collision. 

Account for the difference. [J, 91 

A motor car collides with a crash barrier when 

travelling at 100 kmh“ and is brought to rest 
in 0.1 s. Ifthe mass ofthe car and its occupants 

is 900 kg calculate the average force on the car 

by a consideration of momentum. 

Because of the seat belt, the movement of the 

driver, whose mass is 80kg, is restricted to 

0.20 m, relative to the car. By a consideration 

of energy calculate the average force exerted 

by the belt on the driver. [J] 

This question is about the design of experi- 

ments to measure the speed of an air-gun 

pellet. 

The speed of the pellet is known to be about 

40ms~! and the mass of the pellet is about 

0.5g. 

(a) One student suggests that momentum 

ideas might be used. It is proposed that 

the pellet be fired into a trolley of mass M 

and that the speed v of the trolley after 

impact be determined by finding the time 

it takes a card to cross the path of a light 

beam. The light beam illuminates a 

photodiode which controls a timer. The 

timer can record the time the light beam is 

cut off to the nearest 0.01 s. The system is 

shown in Fig. 1. 

(i) Explain how the speed of the pellet 

could be obtained from the pro- 

posed measurements. 

SIDE VIEW 

PLAN VIEW n 

A53 

A54 
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Card Light source and 
/ photodiode 

Oo 
Pellet 

© =j 

Card 

Pellet 

e 

Light source 

Fig. 1 

(ii) It is decided that the final speed 

should be about 0.1 ms~!. Deduce a 
suitable mass for the trolley. 

Assuming that the final speed is to 

be determined to a precision of 

about 2% give a suitable length for 

the card. Explain how you arrived at 

your answer. 
It is suggested that the answer is not 

accurate because the trolley will not 

be ‘friction-free’. How will this 

affect the final result? 
State and explain whether you 

would expect the result to be more 

accurate or less accurate if the card 

were made longer. [AEB, 791] 

(iti) 

(iv) 

(v) 

Explain what is meant by kinetic energy, and 

show that for a particle of mass m moving with 

velocity v, the kinetic energy is + mv”. 
A steel ball is: 
(a) projected horizontally with velocity v, at a 

height h above the ground, 

(b) dropped from a height # and bounces on a 

fixed horizontal steel plate. 

Neglecting air resistance, and using ‘suitable 

sketch graphs, explain how the kinetic energy 

of the ball varies in (a) with its height above the 

ground, and in (b) with its height above the 

plate. [J] 

A model railway truck P, of mass 0.20 kg and a 

second truck, Q, of mass 0.10 kg are at rest on 

two horizontal straight rails, along which they 

can move with negligible friction. P is acted on 

by a horizontal force of 0.10 N which makes an 

angle of 30° with the track. After P has 

travelled 0.50 m, the force is removed and P 

then collides with and sticks to Q. Calculate: 

connected to timer 
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(a) the work done by the force, 

(b) the speed of P before the collision, 

(c) the speed of the combined trucks after the 

collision. [J, °90] 

A55 A lorry of mass 3.5 x 10*kg attains a steady 
speed v while climbing an incline of 1 in 10 

with its engine operating at 175 kW. Find v. 

(Neglect friction.) [W, 790] 

A56 A particle A of mass 2kg and a particle B of 

mass 1 kg are connected by a light elastic string 

C, and initially held at rest 0.9m apart on a 

smooth horizontal table with the string in 

tension. They are then simultaneously re- 

leased. The string releases 12 J of energy as it 

contracts to its natural length. Calculate the 

velocity acquired by each of the particles. 

Where do the particles collide? [S] 

A57 State Newton’s laws of motion, and show how 

the principle of conservation of linear mo- 

mentum may be derived from them. 

A particle of mass 3 kg and a particle Q of mass 

1 kg are connected by a light elastic string and 

initially held at rest on a smooth horizontal 

table with the string in tension. They are then 
simultanously released. The string gives up 
24 J of energy as it contracts to its natural 
length. Calculate the velocity acquired by each 
of the particles, assuming no energy is lost. 
A helicopter of mass 810 kg supports itself in a 
stationary position by imparting a downward 
velocity v to all the air in a circle of area 30 m°. 
Given that the density of air is 1.20kgm~>, 
calculate the value of v. What is the power 
needed to support the helicopter in this way, 
assuming no energy is lost? [S] 

A58 The acceleration—-time graph above is drawn 
for a body which starts from rest and moves in 
a straight line. The body is of mass 10 kg. Use 
the graph to find: 

SECTION A: MECHANICS 

Acceleration/ms 

0 Time/s 

(a) the distance travelled in 15s, 
(b) the average force acting over the whole 

15s period. [L] 

A59 A stone of mass 80 g is released at the top of a 

vertical cliff. After falling for 3 s, it reaches the 

foot of the cliff, and penetrates 9 cm into the 

ground. What is: 

(a) the height of the cliff, 

(b) the average force resisting penetration of 

the ground by the stone? [S] 

A60 (a) A car of mass 1000 kg is initially at rest. It 

moves along a straight road for 20s and 

then comes to rest again. The speed-time 

graph for the movement is: 

(i) What is the total distance travelled? 
(ii) What resultant force acts on the car 

during the part of the motion 
represented by CD? 

(iii) What is the momentum of the car 
when it has reached its maximum 
speed? Use this momentum value to 
find the constant resultant acceler- 
ating force. 
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A61 

A62 

A63 

(iv) During the part of the motion 

represented by OB on the graph, 

the constant resultant force found in 

Gii) is acting on the moving car 

although it is moving through air. 

Sketch a graph to show how the 

driving force would have to vary with 

time to produce this constant accel- 

eration. Explain the shape of your 

graph. 

(b) If, when travelling at this maximum 

speed, the 1000kg car had struck and 

remained attached to a stationary vehicle 

of mass 1500 kg, with what speed would 

the interlocked vehicles have travelled 

immediately after collision? 

Calculate the kinetic energy of the car just 

prior to this collision and the kinetic 

energy of the interlocked vehicles just 

afterwards. Comment upon the values 

obtained. 

Explain how certain design features in a 

modern car help to protect the driver of a 

car in such a collision. [L] 

A large cardboard box of mass 0.75kg is 

pushed across a horizontal floor by a force of 

4.5N. The motion of the box is opposed by 

(i) a frictional force of 1.5 N between the box 
and the floor, and (ii) an air resistance force 

kv’, where k = 6.0 x 107? kgm! and vis the 
speed of the box in m s™!. 

Sketch a diagram showing the directions of the 
forces which act on the moving box. Calculate 

maximum values for 
(a) the acceleration of the box, 

(b) its speed. [L] 

A stone is projected vertically upwards and 

eventually returns to the point of projection. 

Ignoring any effects due to air resistance draw 

sketch graphs to show the variation with time 

of the following properties of the stone: 

(i) velocity, (ii) kinetic energy, (iii) potential 

energy, (iv) momentum, (v) distance from 

point of projection, (vi) speed. [AEB, 82] 

(a) State Newton’s laws of motion. Explain 

how the newton is defined from these laws. 

(b) A rocket is propelled by the emission of 

hot gases. It may be stated that both the 

rocket and the emitted hot gases each gain 
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kinetic energy and momentum during the 

firing of the rocket. 

Discuss the significance of this statement 

in relation to the laws of conservation of 

energy and momentum, explaining the 
essential differente between these two 

quantities. 

(c) A bird of mass 0.50 kg hovers by beating 

its wings of effective area 0.30 m°. 

(i) What is the upward force of the air 

on the bird? 

(ii) What is the downward force of the 

bird on the air as it beats its wings? 

(iii) Estimate the velocity imparted to 
the air, which has a density of 

1.3kgm~’, by the beating of the 
wings. 

Which of Newton’s laws is applied in each 

of (i), (ii) and (iii) above? [L] 

A64 A horizontal force of 2000N is applied to a 

A65 

vehicle of mass 400 kg which is initially at rest 

on a horizontal surface. If the total force 

opposing motion is constant at 800 N, calcu- 

late: 

(a) the acceleration of the vehicle, 

(b) the kinetic energy of the vehicle 5s after 

the force is first applied, 

(c) the total power developed 5s after the 

force is first applied. [AEB, 785] 

On a linear air-track the gliders float on a 

cushion of air and move with negligible 

friction. One such glider of mass 0.50 kg is at 

rest on a level track. A student fires an air rifle 

pellet of mass 1.5 x 107° kg at the glider along 
the line of the track. The pellet embeds itself in 

the glider which recoils with a velocity of 

0:33.ms7!. 
(a) State the principle you will use to 

calculate the velocity at which the pellet 

struck the glider. 

Calculate the velocity at which the pellet 

struck. 
Another student repeats the experiment 

with the air-track inclined at an angle of 2° 

to the horizontal. Initially, the glider is at 

rest at the bottom of the track. After the 

impact the glider recoils with the same 

initial velocity but slows down and stops 
momentarily further along the track. 

(b) 

Explain in words how to calculate how far 

along the air track the glider moves before 

stopping instantaneously. 
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A66 

Fig. 1 

A67 

Calculate how far the glider moves along 

the air track before stopping momentarily. 
[O & C, 792] 

Two ski slopes are of identical length and 

vertical height. Slope A, Fig. 1 is concave 

whilst slope B, Fig. 2 is partly convex. Two 

skiers, ofequal weight, start from rest at the top 

of each slope. Assume that the effects of 

friction on the skis and of air resistance on 

the moving skiers’ motion are negligible. 

N 

Fig. 2 

(a) At the bottom of the ski run, will the skier 

on slope A be moving faster, at the same 

speed, or slower than the skier on slope B? 

Justify your answer. 

Will the skier on slope A take longer, the 

same time, or less time than the skier on 

slope B to complete the ski run? Justify 

your answer. 

A heavier skier joins the first skier on slope 

A. He also starts from rest at the top of the 

slope. Will he take longer, the same time, 

or less time than the first skier to complete 

the ski run? Justify your answer. 

Which of the three skiers will have most 

energy at the bottom of the ski run? 

Explain. [O & C, °90] 

(b) 

(c) 

(d) 

(a) 

(b) 

What do you understand by the principle of 

conservation of energy? 

Explain how the principle applies to: 

(i) an object falling from rest in vacuo, 

(ii) a man sliding from rest down a 

vertical pole, if there is a constant 

resistive force opposing the motion. 

Sketch graphs, using one set of axes for 

(i) and another set for (ii), showing how 

each form of energy you consider varies 

with time, and point out the important 
features of the graphs. 

A motor car of mass 600 kg moves with 

constant speed up an inclined straight 

road which rises 1.0m for every 40m 

travelled along the road. When the brakes 

are applied with the power cut off, there is 

a constant resistive force and the car 

(c) 

SECTION A: MECHANICS 

comes to rest from a speed of 72 kmh! 

in a distance of 60m. By using the 

principle of conservation of energy, cal- 

culate the resistive force and the decelera- 
tion of the car. [J] 

A68 A vehicle has a mass of 600kg. Its engine 

A69 

A70 

exerts a tractive force of 1500 N, but motion is 

resisted by a constant frictional force of 300 N. 

Calculate: 
(a) the acceleration of the vehicle, 

(b) its momentum 10s after starting to move, 

(c) its kinetic energy 15s after starting to 

move. [S] 

A typical escalator in the London Under- 

ground rises at an angle of 30° to the 

horizontal. It lifts people through a vertical 

height of 15 m in 1.0 minute. Assuming all the 

passengers stand still whilst on the escalator, 

75 people can step on at the bottom and off at 

the top in each minute. Take the average mass 

of a passenger to be 75kg. 

(a) Find the power needed to lift the passen- 

gers when the escalator is fully laden. For 

this calculation ‘assume that any kinetic 

energy given to the passengers by the 

escalator is negligible. 

The frictional force in the escalator 

system is 1.4 x 10*N when the escalator 

is fully laden. Calculate the power needed 

to overcome the friction. Hence find the 

power input for the motor driving the fully 

laden escalator, given that the motor is 

only 70% efficient. 

(c) When the passengers walk up the moving 

escalator, is more or less power required 

by the motor to maintain the escalator at 

the same speed? Explain your answer. 

[O & C, 90] 

(b) 

A muscle exerciser consists of two steel ropes 

attached to the ends of a strong spring 

contained in a telescopic tube. When the 
ropes are pulled sideways in opposite direc- 
tions, as shown in the simplified diagram (on 
p. 125), the spring is compressed. 

The spring has an uncompressed length of 
0.80m. The force F (in N) required to 
compress the spring to a length x (in m) is 
calculated from the equation 

F = 500 (0.80 — x) 
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The ropes are pulled with equal and opposite 
forces, P, so that the spring is compressed to a 
length of 0.60 m and the ropes make an angle 
of 30° with the length of the spring. 

(a) Calculate 

(i) the force, F, 

(ii) the work done in compressing the 

spring. 

(b) By considering the forces at A or B, 

calculate the tension in each rope. 

(c) By considering the forces at C or D, 

calculate the force, P [J, 91] 

A71 The blades ofa large wind turbine, designed to 

generate electricity, sweep out an area of 

1400 m? and rotate about a horizontal axis 

which points directly into a wind of speed 

15m s~}, as illustrated in the diagram. 

— 

15ms™! p 

—> 

SEE 
(a) Calculate the mass of air passing per 

second through the area swept out by 

the blades. 

(Take the density of air to be 1.2 kg m~°.) 

(b) The mean speed of the air on the far side 

of the blades is reduced to 13 ms~'. How 
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much kinetic energy is lost by the air per 

second? 

(c) How many turbines, operating with 70% 

efficiency, would be needed to equal the 
power output of a single conventional 

1000 MW power station? 

(d) Suggest two advantages, and two dis- 

advantages, of wind turbines as a source 

of energy. [O, 792] 

A72 The thrust F exerted on a rocket by the jet of 

expelled gases depends on the cross-sectional 

area, A, of the jet, the density, p, of the mixture 

of gases and the velocity, v, at which they are 

ejected. The following relationships have been 

suggested between these quantities, in each of 

which k is a dimensionless constant: _ 
(a) F = kApv 

(b) F = kApv? 

(c) F=kA?pv’. 
Use the method of dimensions to show for 

each whether it is possible. [S] 

CIRCULAR MOTION AND 
ROTATION (Chapter 6) 

A73 What force is necessary to keep a mass of 0.8 kg 

revolving in a horizontal circle of radius 0.7 m 

with a period of 0.5 s? What is the direction of 

this force? 

(Assume that z? = 10.) [L] 

A74 Use Newton’s laws of motion to explain why a 

body moving with uniform speed in a circle 

must experience a force towards the centre of 

the circle. 

An aircraft of mass 1.0 x 10* kg is travelling at 
a constant speed of 0.2 kms! in a’horizontal 
circle of radius 1.5 km. 

(a) What is the angular velocity of the air- 

craft? 

(b) Show on a sketch the forces acting on the 

aircraft in the vertical plane containing the 

aircraft and the centre of the circle. Find 

the magnitude and direction of their 

resultant. 

(c) Explain why a force is exerted on a 

passenger by the aircraft. In what direc- 

tion does this force act? [C] 

A75 A spaceman in training is rotated in a seat at 

the end of a horizontal rotating arm of length 

5 m. Ifhe can withstand accelerations up to 9g, 
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A76 

A77 

A78 

A79 

what is the maximum number of revolutions 

per second permissible? [L] 

A simple pendulum, suspended from a fixed 

point, consists ofa light cord of length 500 mm 

and a bob of weight 2.0 N. The bob is made to 

move in a horizontal circular path. If the 

maximum tension which the cord can with- 

stand is 5.0N show whether or not it is 

possible for the radius of the path of the bob 

to be 300 mm. [L] 

Explain why there must be a force acting on a 

particle which is moving with uniform speed in 

a circular path. Write down an expression for 

its magnitude. 

A conical pendulum consists of a small 

massive bob hung from a light string of length 

1 m and rotating in a horizontal circle of radius 

30cm. With the help of a diagram indicate 

what forces are acting on the bob. How do they 

account for the motion of the bob? Deduce the 

speed of rotation in revolutions per minute. 

[J] 

A particle of mass m travels at constant speed, 

v, in a vacuum along a path consisting of two 

straight lines connected by a semicircle, AB, of 

diameter d as shown in the diagram. 

m 

For the section of the path from A to B, find: 
(a) the time taken, 

(b) the change in the momentum of the 
particle, 

(c) the force acting on the particle at any point 
along the semicircular path AB, 

(d) the work done on the particle by this force. 

[J] 

The diagram shows a section of a curtain track 
in a vertical plane. The curved section, CDE, 
forms a circular arc of radius of curvature 

SECTION A: MECHANICS 

0.75 m and the point D is 0.25 m higher than 

B. A ball-bearing of mass 0.060 kg is released 

from A, which is 0.50m higher than B. 

Assume that rotational and frictional effects 

can be ignored and that the ball-bearing 

remains in contact with the track throughout 

the motion. 
(a) Calculate the speed of the ball-bearing 

(i) at B, (ii) at D. 

(b) Draw a diagram showing the forces acting 

on the ball-bearing when it is at D and 

calculate the reaction between the track 

and the ball-bearing at this point. [J] 

A80 A compressed spring is used to propel a ball- 

A81 

bearing along a track which contains a circular 

loop of radius 0.10 m in a vertical plane. The 

spring obeys Hooke’s law and requires a force 

of 0.20 N to compress it 1.0mm. 

0.10m 

—_— ORO, 
(a) The spring is compressed by 30mm. 

Calculate the energy stored in the spring. 

(b) A ball-bearing of mass 0.025 kg is placed 

against the end of the spring which is then 
released. Calculate 

(i) the speed with which the ball- 

bearing leaves the spring, 

(ii) the speed of the ball at the top of the 
loop, 

(iii) the force exerted on the ball by the 

track at the top of the loop. 

_ Assume that the effects of friction can be 

ignored. [J, °89] 

A special prototype model aeroplane of mass 
400 ghas a control wire 8 m long attached to its 
body. The other end of the control line is 
attached to a fixed point. When the aeroplane 
flies with its wings horizontal in a horizontal 
circle, making one revolution every 4s, the 
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A82 

A83 

A84 

control wire is elevated 30° above the hor- 
izontal. Draw a diagram showing the forces 
exerted on the plane and determine: 
(a) the tension in the control wire, 
(b) the lift on the plane. 

(Assume that z? = 10.) [AEB, ’79] 

A small mass of 5 g is attached to one end of a 

light inextensible string of length 20cm and 

the other end of the string is fixed. The string is 
held taut and horizontal and the mass is 

released. When the string reaches the vertical 

position, what are the magnitudes of: 

(a) the kinetic energy of the mass, 

(b) the velocity of the mass, 

(c) the acceleration of the mass, 

(d) the tension in the string? 

(Neglect air friction.) [J] 

A boy ties a string around a stone and then 

whirls the stone so that it moves in a horizontal 

circle at constant speed. 

(a) Drawa diagram showing the forces acting 

on the stone, assuming that air resistance 

is negligible. Use your diagram to explain 

(i) why the string cannot be horizontal, 

(ii) the direction of the resultant force 

on the stone and 

(iii) the effect that the resultant force has 

on the path of the stone. 

The mass of the stone is 0.15 kg and the 

length of the string between the stone and 

the boy’s hand is 0.50m. The period of 

rotation of the stone is 0.40s. Calculate 

the tension in the string. 

The boy now whirls the stone in a vertical 

circle, but the string breaks when it is 

horizontal. At this instant, the stone is 

1.0m above the ground and rising at a 

speed of 15ms~!. Describe the subse- 

quent motion of the stone until it hits the 

ground and calculate its maximum 

height. [O & C, 91] 

(b) 

(c) 

Derive an expression for the magnitude of the 

acceleration of a particle moving with speed v 

in a circle of radius r. 

nrd 

A85 

A86 

A87 
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A particle of mass m moves in a circle in a 

vertical plane, being attached to a fixed point A 

by a string of length r. The motion of the mass 

is such that the string is just fully extended at 

the highest point. Determine: 

(a) the minimum speed v at the highest point 

for this to happen, 

(b) the speed V of the particle, and the tension 

in the string when the particle is at its 

lowest point. 

What is the component of the acceleration of 

the particle along the tangent to the circle at 

the instant when the string makes an angle 0 

with the vertical? 

If the particle was initially suspended at rest 

vertically below A, and was set in motion as 

described above by an impact with a particle of 

mass 2m, determine the velocity u of this 

particle on the assumption that no energy is 

lost in the collision. [S] 

(a) In problems involving linear motion the 

following equations are often used: 

(i) Force = mass x acceleration, 

(ii) Kinetic = 4 x mass x (velocity)’, 
energy 

(iii) Work = force x distance 

Using words, write down the correspond- 

ing equations for rotational motion. 

(b) A couple of torque 5 N m is applied to a 

flywheel initially at rest. Calculate its 

kinetic energy after it has completed 5 

revolutions. Ignore friction. [W, 792] 

A gramophone record A is dropped on to a 

turntable B which is rotating freely at 10 

revolutions per second. The mass of A is 

0.25 kg and the mass of B is 0.50kg. The 
radius of A is 0.05m and the radius of B is 

0.10 m. What is the final speed of rotation (in 
revs!) of the record and turntable together? 

(The moment of inertia of a disc is given by 

VR t MR.) [W, 790] 

A swivel chair consists of a seat mounted on a 

screw-threaded column in such a way that 

when the seat is given a clockwise rotation it 

rises vertically. The seat, of moment of inertia 

about its rotation axis Jand mass M, is given an 

initial clockwise rotation of angular velocity œ. 

How far does the seat rise, assuming no 

friction? 
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What change of angular momentum has 

occurred during the rise? 

Explain the apparent violation of the law of 

conservation of angular momentum. [W] 

(a) For a rigid body rotating about a fixed 

axis, explain with the aid of a suitable 

diagram what is meant by angular velocity, 

kinetic energy and moment of inertia. 

In the design of a passenger bus, it is 

proposed to derive the motive power from 

the energy stored in a flywheel. The 

flywheel, which has a moment of inertia 

of 4.0 x 10°kgm?, is accelerated to its 

maximum rate of rotation of 3.0 x 10° 

revolutions per minute by electric motors 

at stations along the bus route. 

(i) Calculate the maximum kinetic 

energy which can be stored in the 

flywheel. 

If, at an average speed of 36 kilo- 

metres per hour, the power required 

by the bus is 20 kW, what will be the 

maximum possible distance between 

stations on the level? [J] 

(b) 

(ii) 

Acylindrical rocket of diameter 2.0 m develops 

a spinning motion in space of period 2.0s 

about the axis of the cylinder. To eliminate this 

spin two jet motors which are attached to the 

rocket at opposite ends of a diameter are fired 

until the spinning motion ceases. Each motor 

turns the rocket in the same direction and 

provides a constant thrust of 4.0 x 10°N ina 

direction tangential to the surface of the rocket 

and in a plane perpendicular to its axis. If the 

moment of inertia of the rocket about its 

cylindrical axis is 6.0 x 10° kgm7, calculate 

the number of revolutions made by the rocket 

during the firing and the time for which the 

motors are fired. [J] 

@ @ 
Gi) 
(ii) 

Explain what is meant by the moment 
of inertia of a body. 

Why is there no unique value for the 
moment of inertia of a given body? 

A rigid body rotates about an axis 

with an angular velocity w. If the 
relevant moment of inertia of the 
body is J, show that its rotational 

kinetic energy is 4 Jw. 
A motor car is designed to run off 
the rotational kinetic energy stored 
in a flywheel in the car. The flywheel 

(b) G) 

A91 (a) 

(b) 

(c) 
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is to be accelerated up to some 

maximum rotational speed by elec- 

tric motors placed at various stations 

along the route. If the flywheel has a 

moment of inertia of 300 kg m° and 

is accelerated to 4200 revolutions 

per minute at a station, calculate the 

kinetic energy stored in the flywheel. 

Assuming that at an average speed of 

54km h`! the power required by the 
car is 15 kW, what is the maximum 

possible distance between stations 

on the car’s route? 

What assumption did you make in 

the last calculation? Comment on 

the feasibility of the design. 

[W, °90] 

(ii) 

A rigid body is rotating with angular 

velocity w about a fixed axis O. Consider- 

ing a small particle of the body of mass m, 

at distance r from the axis, state the linear 

velocity of the particle at any instant, the 

linear momentum of the particle at that 

instant, the angular momentum of the 

particle, and the‘ kinetic energy of the 

particle. 

Write down expressions for (i) the angu- 

lar momentum about the axis O, (ii) the 

kinetic energy, of the whole body, re- 

garded as an assemblage of individual 

particles, and hence explain the meaning 

and the importance of the idea of moment 
of inertia. 

Describe how you would determine 

experimentally the moment of inertia of 

a flywheel about its usual axis of rotation. 

An outline of the method only is required, 

and no formulae need be proved. 

0.20 kg 0.25kg 
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Masses 0.20kg and 0.25kg are sus- 

pended as in the figure on p. 128 from a 

light cord which passes over a wheel of 

radius 0.15m and moment of inertia 

0.12 kg m7. Initially, the two masses are 

held at the same horizontal level. Explain 

what happens when they are released 

from rest if the cord does not slip on the 

wheel. Assuming that the wheel rotates 

freely about its axis, calculate the angular 

velocity of the wheel and the speed of each 

mass when the vertical distance between 

the masses is 0.3 m. [O] 

The turntable of a record player rotates at a 

steady angular speed of 3.5 rads !. A record is 

dropped from rest on to the turntable. 
Initially, the record slips but eventually it 

moves with the same angular speed as the 

turntable. 

(a) The angle the turntable turns thrrough 

while the record is slipping on its surface is 

0.25 rad. Find the average angular accel- 

eration of the record while it is attaining 

the steady speed of the turntable. 

The moment ofinertia of the record about 

its axis of rotation is 1.1 x 107° kg m’. 
What additional torque must be applied 
by the turntable motor to maintain the 

constant angular speed of the turntable 

while the record is accelerating? [C] 

(b) 

Explain what is meant by moment of inertia 

and angular momentum. State the relation- 

ship between them. 
Explain the following observations: 

(i) Flywheels are often large diameter 

wheels with heavy rims rather than 

disc type wheels of constant thick- 

ness. 
(ii) A pirouetting skater rotates faster as 

she draws her arms closer to her 

body. 
In a single cylinder petrol engine, energy 

from the combustion process is supplied 

to the crankshaft (the axle of the engine) 

once every two rotations of the crankshaft, 

namely during each power stroke , and a 

flywheel is attached to the crankshaft to 

smooth the motion. 

(b) 

(c) 

In such an engine each power stroke 

produces mechanical energy E = 1KJ, 

and its flywheel has moment of inertia 

I =0.5kgm?’. 
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(i) Ifthe engine starts from rest, deter- 

mine the angular velocity after 20 

revolutions. Neglect the effect of 

friction. 

(ii) Show, that in the case of zero 

friction, the crankshaft angular ac- 

celeration « is given by 

on ptt 

4nI 
(iii) In the practical case where there 

is friction, calculate the frictional 

torque when the engine is operating 

at its highest speed. [W, 792] 

SIMPLE HARMONIC MOTION 

(Chapter 7) 

A94 

A95 

A96 

A97 

(a) Define simple harmonic motion (SHM) 

for a particle moving in a straight line. 

(b) Use your definition to explain how SHM 

can be represented by the equation 

d?x 2 mF 

(c) A mechanical system is known to perform 

SHM. What quantity must be measured 

in order to determine w for the system? 

[J] 

A body of mass 200g is executing simple 

harmonic motion with an amplitude of 

20 mm. The maximum force which acts upon 

it is 0.064 N. Calculate: 
(a) its maximum velocity, 

(b) its period of oscillation. L] 

(a) State the conditions for an oscillatory 

motion to be considered simple harmonic. 

(b) A body of mass 0.30 kg executes simple 

harmonic motion with a period of 2.5 s 

and an amplitude of 4.0 x 10? m. De- 
termine: 
(i) the maximum velocity of the body, 

(ii) the maximum acceleration of the 

body, 

(iii) the energy associated with the 

motion. [S] 

A particle moves with simple harmonic motion 

in a straight line with amplitude 0.05m and 

period 12s. Find: 
(a) the maximum speed, 

(b) the maximum acceleration, ofthe particle. 
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Write down the values of the constants P and 

Q in the equation 

x/m = P sin [Q(t/s)| 

which describes its motion. [C] 

A sinusoidal voltage is applied to the Y plates 

of a cathode ray oscilloscope which has a 

calibrated time base. A stationary trace, with 

an amplitude of 4.0 cm and a wavelength of 

1.5 cm, is obtained when the time base is set at 

1.0cmms™!. The time base is then switched 
off and the trace becomes a vertical line. 

Calculate the maximum speed of the spot of 

light on the end of the tube when producing 

the vertical line. [L] 

A small piece of cork in a ripple tank oscillates 

up and down as ripples pass it. If the ripples 

travel at 0.20ms™!, have a wavelength of 
15 mm and an amplitude of 5.0 mm, what is 

the maximum velocity of the cork? [L] 

A100 A body moving with simple harmonic 

A101 

A102 

motion has velocity v and acceleration a 

when the displacement from its mean posi- 

tion is x. Sketch graphs of a against x, and v 

against x. [L] 

The displacement y of a particle vibrating 

with simple harmonic motion of angular 
speed w is given by 

y = asinq@t where ris the time 

What does a represent? 

Sketch a graph of the velocity of the particle as 

a function of time starting from t = Os. 

A particle of mass 0.25 kg vibrates with a 

period of 2.0s. Ifits greatest displacement is 

0.4m what is its maximum kinetic energy? 

[L] 

The displacement-time equation for a 

particle moving with simple harmonic mo- 
tion is 

x = asin (wt+e) 

(a) Explain what each of the symbols 
represents, illustrating your answer 
with a rough graph showing how x 
varies with t. 

(b) Write down the velocity-time equation, 
and draw a corresponding graph show- 
ing how the velocity v varies with t. 

A103 

A104 
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(c) Ifmis the mass of the particle, the kinetic 

energy at displacement x is tmo? 

(a? — x”). Write down the expressions 
for the potential energy at displacement 

x, and the total energy. 

The total energy of an atom oscillating in 

a crystal lattice at temperature T is, on 

average, 3kT, where k is the Boltzmann 

constant 1.38 x 10°77JK~!. Assuming 
that copper atoms, each of mass 

1.06 x 10°”? kg, execute simple har- 
monic motion of amplitude 8 x 1071! m 
at 300K, calculate the corresponding 

frequency. [O] 

(d) 

The bob ofa simple pendulum moves simple 

harmonically with amplitude 8.0cm and 

period 2.00s. Its mass is 0.50kg. The 

motion of the bob is undamped. 

Calculate maximum values for 

(a) the speed of the bob, and 

(b) the kinetic energy of the bob. [L]} 

The following statements refer to a body in 

simple harmonic motion along a straight line. 

Write each reference letter (A, B, etc.) on a 

new line and state whether the corresponding 

statement is correct or incorrect. If you 

consider a statement to be incorrect, make 

a short comment pointing out the error. 

A. The displacement of the body must be 
small. 

B. The kinetic energy of the body is 
constant. 

The period is constant. 

. The amplitude varies sinusoidally with 
time. 

At certain instants, the acceleration is 

zero. 

The acceleration of the body can be 

greater than the acceleration due to 

gravity. 
Show that the motion of a simple pendulum 
is simple harmonic, and obtain an expression 
for the period, stating any assumptions 
made. 

Pe SO) 

How would you obtain experimentally the 
relationship between period and length? 
Explain how you would use your results to 
obtain the value of the acceleration due to 
gravity. 

(If the acceleration of a body is related to its 
position x by a relationship of the type 
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a = —kx, you may assume that the subse- 

quent motion is simple harmonic of period 
2r/k!?.) 

Explain why the tension in the string of a 

simple pendulum is not constant as it swings. 

At what points does the tension have its 

maximum and minimum values? Consider 

whether these values are greater or less than 

that when the pendulum hangs stationary. 

[W] 

A light spring is suspended from a rigid 

support and its free end carries a mass of 

0.40kg which produces an extension of 

0.060m in the spring. The mass is then 

pulled down a further 0.060 m and. released 

causing the mass to oscillate with simple 

harmonic motion. 
(a) Potential energy is stored in two ways in 

this arrangement: explain briefly what 

they are. 

(b) Calculate the kinetic energy of the mass 

as it passes through the mid-point of its 

motion. [L] 

(a) The displacement x, in m, from the 

equilibrium position of a particle mov- 

ing with simple harmonic motion is 

given by 

x = 0.05 sin 6t 

where ż is the time, in s, measured from 

an instant when x = 0. 
(i) State the amplitude of the oscilla- 

tions. 
(ii) Calculate the time period of the 

oscillations and the maximum accel- 

eration of the particle. 

(b) A mass hanging from a spring sus- 

pended vertically is displaced a small 

amount and released. By considering 

the forces on the mass at the instant 

when the mass is released, show that the 

motion is simple harmonic and derive an 

expression for the time period. Assume 

that the spring obeys Hooke’s law. 

[J, °89] 

A small mass suspended from a light helical 

spring is drawn down 15mm from its 

equilibrium position and released from rest. 

After 3 seconds the mass reaches this 

position once more. Find values for the 

constants a, œ and <, in the equation 

x=asin(wt+e) which describes the 
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motion of the mass. Here x measures the 

distance from the equilibrium position and t 

the elapsed time since release. [W] 

A108 (a) Define simple harmonic motion. 

(b) A light helical spring, for which the force 

necessary to produce unit extension is k, 

hangs vertically from a fixed support and 

carries a mass M at its lower end. 
Assuming that Hooke’s law is obeyed 

and that there is no damping, show that 

if the mass is displaced in a vertical 

direction from its equilibrium position 

and released, the subsequent motion is 

simple harmonic. Derive an expression 

for the time period in terms of M and k. 

(c) If M = 0.30 kg, k = 30N m™! and the 
initial displacement of the mass is 

0.015 m, calculate: 

(i) the maximum kinetic energy of the 

mass, 
(ii) the maximum and minimum values 

of the tension in the spring during 

the motion. 
(d) Sketch graphs showing how (i) the 

kinetic energy of the mass, (ii) the 

tension in the spring vary with displace- 

ment from the equilibrium position. 

(e) If the same spring with the same mass 

attached were taken to the Moon, what 

would be the effect, if any, on the time 

period of the oscillations? Explain your 
answer. [J] 

A109 (a) Define simple harmonic motion. 
(b) The displacement of a body undergoing 

SHM is given by y = Asin æt. 

(i) Explain what A and œ represent. 

(ii) Draw a graph showing how y varies 

with t. 
(iii) Underneath this, and using the 

same scales for ż, sketch graphs 

showing how the velocity v and the 

acceleration a vary with t. 

(c) A mass m hangs on a string of length / 

from a rigid support. The mass is pulled 

aside, so that the string makes an angle 0 

with the vertical, and then released. 

(i) Show that the mass executes 

SHM, stating any assumptions 

made. 
(ii) Prove that the period T of this 

l 
SHM is given by T = 27 ie 
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(d) 

A110 (a) 

(b) 

(c) 

A111 (a) 

(b) 

(iii) A student times a simple pendu- 

lum to determine T. Does it matter 

how many oscillations are counted? 

Does it matter from where the 

counts are taken — the end or the 

middle of the swing? Give reasons. 

A piston in a car engine performs SHM. 

The piston has a mass of 0.50 kg and its 

amplitude of vibration is 45 mm. The 

revolution counter in the car reads 750 

revolutions per minute. Calculate the 

maximum force on the piston. [W, ’90] 

A body of mass m is suspended from a 

vertical, light, helical spring of force 

constant k, as in Fig. 1. Write down an 

expression for the period T of vertical 

oscillations of m. 

Two such identical springs are now 

joined as in Fig. 2 and support the same 

mass m. In terms of T, what is the period 

of vertical oscillations in this case? 

The identical springs are now placed 

side by side as in Fig. 3, and m is 

supported symmetrically from them by 

means of a weightless bar. In terms of T, 

what is the period of vertical oscillations 
in this case? 

Fig. 1 Fig. 3 

Define simple harmonic motion. Use 

your definition to explain what relation- 

ship must exist at any instant between 
the force acting on a body performing 
such a motion in a straight line and its 
distance from a fixed point. At what 
point(s) in the motion is (i) the velocity, 
(ii) the acceleration, a maximum? 
One end ofa spring is attached to a fixed 
point and the other end carries a body of 
small mass m which produces a static 

A112 

A113 
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extension a. Show that, if the body is 

displaced vertically through a further 

small distance, it will oscillate with 

simple harmonic motion. (The mass of 

the spring may be neglected.) 

Given that the time period, T, of the 

body performing simple harmonic 

motion is given by the expression 

Mass of the body 

Force on the body per 
unit displacement 

T iyi 

derive an expression for the period of 

oscillation of the body on the spring. 

Suggest how you would investigate 

experimentally whether the bob of a 

simple pendulum, when oscillating 

through a small angle, was executing 

simple harmonic motion. [L] 

(c) 

A 100g mass is suspended vertically from a 

light helical spring and the extension in 

equilibrium is found to be 10 cm. The mass 

is now pulled down a further 0.5 cm and is 

then released from rest. Stating any assump- 

tions you make, show that the subsequent 

motion of the mass is simple harmonic 
motion. Calculate: 

(a) the period of oscillation, 

(b) the maximum kinetic energy of the 

mass. [J] 

A light platform is supported by two identical 

springs, each having spring constant 

20N m`}, as shown in the diagram. 

Platform 

Spring 

ZA 

(a) Calculate the weight which must be 
placed on the centre of the platform in 
order to produce a displacement of 
3.0 cm. i 



i 

QUESTIONS ON SECTION A 

A114 

A115 

A116 

(b) The weight remains on the platform and 

the platform is depressed a further 

1.0cm and then released. (i) What is 

the frequency of oscillation of the plat- 

form? (ii) What is the maximum accel- 

eration of the platform? [C, 91] 

Define simple harmonic motion. 

An extension of 2.5 cm is produced when a 

mass is hung from the lower end of a light 

helical spring which is fixed at the top end 

and to which Hooke’s law may be assumed to 

apply. If the mass is depressed slightly and 

then released, show that the vertical vibra- 

tions executed are simple harmonic and 

calculate their time period. 

If the mass of the spring is taken into account, 

the oscillating mass M may be considered 

increased to (M + m). Give reasons why m is 

less than the actual mass of the spring and 

describe an experiment in which a series of 

known masses is used to determine the value 

of m. [J] 

Define simple harmonic motion and state 

where the magnitude of the acceleration is 

(a) greatest, (b) least. 

Some sand is sprinkled on a horizontal 

membrane which can be made to vibrate 

vertically with simple harmonic motion. 

When the amplitude is 0.10cm, the sand 

just fails to make continuous contact with the 

membrane. Explain why this phenomenon 

occurs and calculate the frequency of vibra- 

tion. [J] 

Define simple harmonic motion, and explain 

what is meant by the amplitude and period of 

such a motion. 

Show that the vertical oscillations of a mass 

suspended by a light helical spring are simple 

harmonic, and obtain an expression for the 

period. 

A small mass rests on a scale-pan supported 

by a spring; the period of vertical oscillations 

of the scale-pan and mass is 0.5s. It is 

observed that when the amplitude of the 

oscillation exceeds a certain value, the mass 

leaves the scale-pan. At what point in the 

motion does the mass leave the scale-pan, 

and what is the minimum amplitude of the 

motion for this to happen? [S] 
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A117 (a) The displacemenmt y of a body moving 

with SHM is given by 

(i) 

y = Asinat. 

Sketch the variation of y with t. 

(ii) With reference to your sketch 

explain what is meant by A and øw. 

(iii) Sketch on the same axes the 

variation of velocity v with time. 

(iv) Copy and complete the expression 

for the velocity: 

o = Ao'sin (OFA: ) 

(b) A light spring of force constant k is 

attached to a solid support and a mass m 

is fixed to its lower end as shown below. 

Prove that when displaced vertically and 

released, the mass moves with SHM of 

period 

m 

user Dies 
over 

(c) The following system may be used 

commercially to measure mass (or 

weight). 

(i) 

Spring 

Sensor to 
measure 
displacement 

If, at the sensor, the maximum 

measurable deflection is 10mm 

and k= 10°Nm™}, calculate the 
maximum measurable mass, Max. 



134 

(ii) Calculate the frequency of oscilla- 

tion when Mmax is applied. 

(iii) Suggest an improvement to the 

system to enable many measure- 

ments of mass to be made in rapid 

succession. [W, 92] 

A118 A mass hangs from a light spring. The mass is 

A119 (a) (i) 

pulled down 30mm from its equilibrium 

position and then released from rest. The 

frequency of oscillation is 0.50 Hz. 

(a) Calculate: 

(i) the angular frequency, œ, of the 

oscillation 

(ii) the magnitude of the acceleration at 

the instant it is released from rest. 

(b) Sketch a graph of the acceleration of 

the mass against time during the first 

4.0s of its motion. Put a scale on each 
axis. 

(c) After a few oscillations half of the mass 

becomes detached when it is at the 

lowest point of its motion. The act of 

detachment still leaves the remaining 

half instantaneously at rest. 

Is the period of the subsequent oscilla- 

tion the same, shorter or longer than the 

original period? Account for your 

answer. [O & C, 791] 

Define simple harmonic motion. 

(ii) Show that the equation 

y = asin (ot +6) 

represents such a motion and 

explain the meaning of the sym- 

bols y, a, œ and e. 

(iii) Draw with respect to a common 

time axis graphs showing the 

variation with time t of the 
displacement, velocity and kinetic 

energy of a heavy particle that is 
describing such a motion. 

(b) When a metal cylinder of mass 0.2 kg is 

attached to the lower end of a light 

helical spring the upper end of which is 
fixed, the spring extends by 0.16 m. The 

metal cylinder is then pulled down a 
further 0.08 m. 
(i) Find the force that must be exerted 

to keep it there, if Hooke’s law is 
obeyed. 
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(ii) The cylinder is then released. Find 

the period of vertical oscillations, 

and the kinetic energy the cylinder 

possesses when it passes through its 

mean position. [O] 

GRAVITATION (Chapter 8) 

A120 Explorer 38, a radio-astronomy research 

A121 

satellite of mass 200 kg, circles the Earth in 

an orbit of average radius 3 R/2 where Ris the 

radius of the Earth. Assuming the gravita- 

tional pull on a mass of 1 kg at the Earth’s 

surface to be 10N, calculate the pull on the 
satellite. [L] 

A satellite of mass 66kg is in orbit round 

the Earth at a distance of 5.7R above its 

surface, where R is the value of the mean 

radius of the Earth. If the gravitational field 

strength at the Earth’s surface is 9.8 Nkg™!, 
calculate the centripetal force acting on the 
satellite. 

Assuming the Earth’s mean radius to be 

6400 km, calculate the period of the satellite 

in orbit in hours. [L] 

A122 (a) Define acceleration. An object is thrown 

vertically upwards from the surface of 

the Earth. Air resistance can be 

neglected. Sketch labelled graphs on 

the same axes to show how (i) the 

velocity, (ii) the acceleration of the 

object vary with time. Mark on the 

graphs the time at which the object 

reaches maximum height and the time 

at which it returns to its original 
position. 

(b) Modern gravity meters can measure g, 
the acceleration of free fall, to a high 
degree of accuracy. The principle on 
which they work is of measuring t, the 
time of fall of an object through a known 
distance h in a vacuum. Assuming that 
the object starts from rest, deduce the 
relation between g, t and h. 

(c) State Newton’s law of gravitation relat- 
ing the force F between two point 
objects of masses m and M, their 
separation r and the gravitational con- 
stant G. 
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Standard 
1kg mass 

Surface of 

(d) The diagram shows a standard kilogram 

mass at the surface of the Earth and a 

spherical region S of radius 2000 m with 

its centre 4000 m from the surface of the 

Earth. The density of the rock in this 

region is 2800 kgm’. What force does 
the matter in region S exert on the 

standard mass? 

If region S consisted of oil of density 

900 kgm? instead of rock, what differ- 
ence would there be in the force on the 

standard mass? 

Suggest how gravity meters may be used 

in oil prospecting. Find the uncertainty 

within which the acceleration of free fall 

needs to be measured if the meters are to 

detect the (rather large) quantity of oil 

stated in (e). 

(G = 6.67 x 107!! Nm’ kg~?.) [C, ’91] 

(e) 

(f) 

A communication satellite is placed in an 

orbit such that it remains directly above a 

fixed point on the Earth’s surface at all times. 

(a) What is the period of this satellite? 

(b) Explain why the satellite must be in orbit 

above the equator. 

(c) Show that the correct height for the orbit 

does not depend upon the mass of the 

satellite. [S] 

The gravitational force acting on an astro- 
naut travelling in a space vehicle in low Earth 

orbit is only slightly less than if he were 

standing on Earth. 
(a) Explain why the force is only slightly 

less. 
(b) Explain why, when travelling in the 

space vehicle, the astronaut appears to 

be ‘weightless’. [L] 

(a) State the Kepler law of planetary motion 

which relates period to orbit radius. 

Show that it is consistent with an 

Not to scale 

A126 

A127 

A128 

A129 
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inverse square law of force between 

massive bodies. 

When a space shuttle is in an orbit at a 

mean height of 0.33 x 10° m above the 

surface of the Earth, it requires 91 

minutes to complete one orbit. Use this 

information to obtain a value for the 

mass of the Earth. 

Describe a laboratory experiment to 

measure the acceleration of free fall. 

Explain carefully how the value is 

obtained from the measurements made 

and comment upon the accuracy you 
would expect. 

Explain why an astronaut inside the 

shuttle of part (b) feels weightless even. 

though the intensity of the Earth’s 

gravitational field at that height is 

approximately 9 Nkg!. 

(Mean Earth radius = 6.37 x 10° m; 

Universal Gravitational constant = 

6.67 x 1071! N m?’ kg™?.) [S] 

(b) 

(c) 

(d) 

An artificial satellite travels in a circular orbit 

round the Earth. Explain why its speed 

would have to be greater for an orbit of 

small radius than for one of large radius. 

[L] 

A man is able to jump vertically 1.5 m on 

Earth. What height might he be expected to 

jump on a planet of which the density is one 

third that of the Earth but of which the radius 

is one half that of the Earth? [L] 

Assuming the Earth to be a sphere of radius 

6 x 10°m, estimate the mass of the Earth, 

given that the acceleration of free fall is 

10ms * and that the gravitational constant 
Gis7 x 1071! N m° kg’. SICCO) 

The Moon-rover used by astronauts on the 

Moon breaks down. Explain whether or not 

the force required (a) to lift it, (b) to start it 

moving horizontally with a given acceleration 

would be more or less than on Earth. 

Frictional forces may be considered to be 

negligible. 

While engaged in lifting the vehicle an 

astronaut lets drop simultaneously a span- 
ner and a piece of paper. Describe and 

explain the fall of these two objects com- 

pared with what would be observed on Earth. 
[AEB, ’79] 
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A130 The diagram shows a binary star system 

consisting of two stars each of mass 

4.0 x 10°°kg separated by 2.0 x 10''m. 
The stars rotate about the centre of mass of 

the system. 
ae of motion 

A131 

A132 (a) 

Direction of motion 

(a) (i) Copy the diagram and, on your 

diagram, label with a letter L a 

point where the gravitational field 

strength is zero. Explain why you 

have chosen this point. 

(ii) Determine the gravitational 

potential at L. 

(G = 6.7 x 10`!!! Nm? kg~.) 
(b) (i) Calculate the force on each star 

due to the other. 

(ii) Calculate the linear speed of each 

star in the system. 

(iii) Determine the period of rotation. 

[AEB, 792] 

Kepler’s third law of planetary motion, as 

simplified by taking the orbits to be circles 

round the Sun, states that if r denotes the 

radius of the orbit ofa particular planet and T 

denotes the period in which that planet 

describes its orbit, then r°/T” has the same 

value for all the planets. 

The orbits of the Earth and of Jupiter are very 

nearly circular with radii of 150 x 10? m and 

778 x 10°m_ respectively, while Jupiter’s 

period round the Sun is 11.8 years. 

(a) Show that these figures are consistent 

with Kepler’s third law. 

(b) Taking the value of the gravitational con- 

stant, G, to be 6.67 x 107!! Nm? kg~?, 
estimate the mass of the Sun. [O*] 

State Newton’s law of gravitation and 

derive the dimensions of the gravita- 

tional constant G. 

If a planet is assumed to move around 
the sun in a circular orbit of radius r with 
periodic time T, derive an expression for 
T in terms of r and other relevant 
quantities. [J] 

(b) 

A133 

A134 

A135 

A136 
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Explain what is meant by the gravitational 

constant G, and derive its dimensions in 

terms of mass M, length L and time T. 

Assuming that the period of rotation t of a 

planetin its orbit depends only on its distance 

d from the Sun, the mass M, of the Sun and 

the gravitational constant G, show that iS 

proportional to d?/M,. Use the following 

data on the Solar System to test, as far as 

possible, the validity of this result. 

Planet Distance from Period/ 
Sun/km days 

Mercury 0.53 x. 108 88 

Earth 1.49 x 108 365 

Mars 2.28 x 108 687 

Jupiter 7.78 x 108 4333 

Uranus 28.7 x 108 30690 

The distance of the Moon from the Earth is 

3.8 x 10°km and its period of rotation is 

27.3 days. Deduce the ratio of the mass of the 

Sun to that of the Earth. [O & C] 

Assuming that the Earth (mass m) describes a 

circular orbit ofradius R at angular velocity œ 

round the Sun (radius r, mass M) due to 

gravitational attraction: 

(a) write down the Earth’s equation of 

motion, 

(b) obtain the mean density of the Sun, 

given w 20x10 rads i; 
R/r = 200; 
G = 6.7 x 107!! kg"! m3? s72; 
volume of a sphere = 477°. [S] 

Explain how the mass, M, of the Sun can be 

calculated from a knowledge ofthe following: 

R, distance from Earth to Sun, 

r, distance from Earth to Moon, 

T, orbital period of Earth, 

t, orbital period of Moon, 
m, the mass of the Earth. [L] 

Explain what is meant by the universal 
gravitational constant G. Derive the relation- 
ship between G and the acceleration of free 
fall, g, at the surface of the Earth (neglecting 
rotation of the Earth and assuming that it is 
spherical). 

Explain why the rotation of the Earth about 
its axis affects the value of g at the equator. 

Calculate the percentage change in g be- 
tween the poles and the equator (again 
assuming that the Earth is spherical). 
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A137 

A138 

A139 

A140 

The orbit of the Moon is approximately a 

circle of radius 60 times the equatorial radius 

of the Earth. Calculate the time taken for the 

Moon to complete one orbit, neglecting the 

rotation of the Earth. 

(Acceleration of free fall at the poles of the 

Earth =9.8ms ?. Equatorial radius of 
the Earth = 6.4 x 10°m. 1 day = 8.6 x 104 

seconds.) . [L] 

Describe the circumstances under which a 

body can be said to be weightless. [C] 

Show that Nkg™! is a valid unit for g, the 
acceleration due to gravity. 

Draw a graph showing how g varies with 

distance from the Earth’s centre. Start your 

graph from the Earth’s surface and assume 

that g = 10ms ” atthe surface. Take as your 
unit along your distance axis the Earth’s 

radius (6.4 x 10°m) and extend the axis to 

six radii. 

Estimate from your graph the loss in 
potential energy as a body of mass 1 kg falls 

from 2.56 x 10’m to 1.92 x 10’ m from the 
Earth’s centre. 

Determine (not from your graph) the dis- 

tance from the Earth to the Moon, and the 

value of the Earth’s g at the Moon. (You may 

assume that 1 lunar month = 28 days.) 

[W] 

Distinguish between the gravitational con- 

stant G and the acceleration due to gravity g. 

Assuming that the Earth is a uniform 

homogeneous sphere of radius R and den- 

sity A obtain expressions for the acceleration 

due to gravity: 

(a) ata pole of the Earth, 

(b) at a height / above the Earth at the pole, 

(c) ata point on the equator. [J] 

(a) (i) Define gravitational field strength. 

(ii) Show that gravitational field 

strength is equal to g (the accelera- 

tion due to gravity). 

(b) Explain carefully the distinction between 

weight and mass. 

(c) How are weight and mass each 

measured? (One sentence on each 1s 

expected.) [W, °90] 
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A141 (a) (i) Explain what is meant by gravita- 

tional potential and gravitational 

potential energy. 

(ii) Use your explanations to show that 

the difference in potential energy 

between a point on the Earth’s 

surface and one at a height h above 

itis, to a close approximation, equal 

to mgh where m is the mass of the 

body under consideration and g is 

the gravitational field strength at the 

Earth’s surface. 
(b) The base of a mountain is at sea level 

where the gravitational field strength is 

9.810 N kg`!. The value of the gravita- 
tional field strength at the top of the 

mountain is 9.790 N kg !. Calculate the 
height of the mountain above sea level. 

(c) Outline a method of measuring the 

gravitational field strength to the accu- 

racy required in (b) above. 

(Radius of the Earth = 6000 km.) 

[O & C, °92] 

A142 (a) Define gravitational field strength and 
gravitational potential, stating the rela- 

tionship between them. Explain what is 

meant by the term uniform field and 

discuss to what extent the gravitational 

field of the Earth can be considered to be 

uniform by considering two points on 

the surface (i) separated by a distance of 

about 10km, (ii) at opposite ends of a 

diameter. Assume that the Earth is a 

homogeneous sphere. 
(b) Write down an expression for the 

gravitational potential at the surface of 

the Earth in terms ofits mass M, radius R 

and the gravitational constant G. Sketch 

a graph showing the variation of poten- 

tial with position along a line passing 

through the centre of the Earth and point 

out the important features of the graph. 

(Only consider points external to the 

surface and in one direction only.) 

(c) Derive an expression for the escape 

velocity, v, at the surface of a planet in 

terms of the radius, r, of the planet and 

the acceleration of free fall, gp, at the 
surface of the planet. [J] 

A143 What are the gravitational potentials at a 

point on the Farth’s surface due to (a) the 

Earth, (b) the Sun? 
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(Mass of Earth = 6.0 x 107*kg; radius of 

Earth = 6.4 x 10°m; mass of Sun = 2.0 x 

10°°kg; radius of Earth’s orbit = 1.5x 

1011m; G = 6.7 x 107!! N m° kg.) [C] 

A144 (a) (i) State Newton’s law of gravitation. 
Give the meaning of any symbol 

you use. 
(ii) Define gravitational field strength. 

(iii) Use your answers to (i) and (ii) to 

show that the magnitude of the 

gravitational field strength at the 

Earth’s surface is 

SECTION A: MECHANICS 

(c) (i) Calculate the gravitational poten- 

tial difference between a point on 

the Earth’s surface and a point 

1600 km above the Earth’s surface. 

(ii) Calculate the minimum energy 

required to project a spacecraft of 

mass 2.0 x 10°kg from the surface 

of the Earth so that it escapes 

completely from the influence of 

the Earth’s gravitational field. 

(Radius of Earth=6400km; Universal 

Gravitational constant = 6.7 x 1071! N 
m°? kg~?; mass of the Earth = 6.0 x 

si 107* kg.) : [AEB, 87] 

R2 

where M is the mass of the Earth, R A146 What do you understand by the term 
is the radius of the Earth and G is gravitational field; define gravitational field 
the gravitational constant. strength. 

(b) Define gravitational potential. 

Use the data below to show that its value 

at the Earth’s surface is approximately 

Show that the radius R of a satellite’s circular 

orbit about a planet of mass M is related to 

its period as follows: 
—63 MJ kg™!. 

(c) A communications satellite occupies an R = GM T? 
orbit such that its period of revolution oe 452 
about the earth is 24hr. Explain the 

significance of this period and show that 

the radius, Ro, of the orbit is given by 

3| GMT? 

4n? 

where Tis the period ofrevolution and G 

and M have the same meanings as in 
(a) (ili). 

(d) Calculate the least kinetic energy which 

must be given to a mass of 2000 kg at the 

Earth’s surface for the mass to reach a 

point a distance Ro from the centre of the 

Earth. Ignore the effect of the Earth’s 
rotation. 

where G is the universal gravitational con- 

stant. i 

Ro, = 

R? 0?’ mê 

(G = 6.7 x 10" Nmke, °0 02 OAR R in o fe A e 

M = 6.0 x 107*kg, R = 6.4 x 10°m.) st 
[J, °89] | 

The diagram shows two graphs of R° against 

A145 (a) Define gravitational potential at a point. T’; one is for the moons of Jupiter and the 
(b) As a spacecraft falls towards the Earth, it other is for the moons of Saturn. R is the loses gravitational potential energy. mean distance of a moon from a planet’s 

What becomes of the lost potential centre and T'is its period. 
energy : : Ge N SEANS Kiling freely The orbits are assumed to be circular. 

towards the Earth well away from The mass of Jupiter is 1.90 x 10?’ kg. 
i the Earth’s atmosphere, (a) Why are the lines straight? 

Gi) when the spacecraft is falling (b) Find a value for the mass of Saturn. 
through the Earth’s atmosphere at (c) Find a value for the universal gravita- 
constant speed? tional constant G. [LL] 
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A147 Explain what is meant by the statement: The 

gravitational potential at one Earth’s radius 

above the Earth’s surface is —31.3 x 10° J kg. 

(a) 

(b) 

A148 (a) 

The table below gives the gravitational 

potential V, at distances from the centre 
of the Earth in units of Earth radii. The 
radius of the Earth R = 6.38 x 10° m. 

V,/MJ kg! 
Distance/R 

(i) 

=—62°7 

1.0 

=31.3 

2.0 

—20.9 

3.0 

=15 

4.0 

Use these data to determine the 

gravitational potential at distances 

from the Earth’s centre of 

10 x 10°m and 15 x 10° m. Indi- 
cate how you determined the 

values. 

A spacecraft of mass 4.0 x 10*kg 

has its motors switched off. It slows 

down as it moves away from 

10x 10°m above the Earth’s 

centre to 15x 10°m. Find the 

loss of kinetic energy of the craft 

and the average force acting on the 

craft. 
A slow-moving meteorite is cap- 

tured by the Earth’s gravitational 

field. Determine the speed with 

which it will crash into the surface 

on the assumption that it is not 

slowed by air resistance. 

The Space Shuttle, with its engines 

shut down, is moving in the same 

circular orbit above the Earth and at 

the same speed as a satellite that it is 

trying to capture. The two craft are 

separated by a distance of a few 

kilometres. The Shuttle can catch up 

the satellite by using its engines in 

reverse for a few seconds to slow it 

down. The Shuttle falls into a lower 

orbit and passes the satellite. Using 

its engines to accelerate for a few 

seconds it returns to the original orbit 

just in front of the satellite. Use your 

knowledge of gravitational forces and 

uniform motion in a circular orbit to 

explain the physics of this procedure. 
[O & C, 790] 

(ii) 

(iit) 

Write down an expression for the gravi- 

tational potential difference between a 

point P on the Earth’s surface and a 

distant point Q as shown below. 

(b) 
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Show that if ris only slightly greater than 

R, the gravitational potential difference 

becomes g(r — R) where g is the gravita- 

tional field strength on the Earth’s 

surface. 

The graph shows how the gravitational 

potential difference between a point on 

the Earth’s surface and a distant point, 

distance x from the Earth’s surface, 

changes near to the Moon’s surface. 

The Moon’s surface is 384 000 km from 

the Earth’s surface. 

62 pri 

ol Oo 

Gravitational potential difference/MJ kg 
p8 toe 

330 000 340000 350000 360000 370000 

The graph shows the gravitational 

potential difference first increasing, 

then achieving a maximum value and 

finally decreasing to a smaller value on 

the Moon’s surface. 

(i) Use the graph to determine the 

amount of potential energy re- 
leased as a mass of 200 kg falls to 

the surface of the Moon from a 

height of 14 000 km. At what speed 

will it hit the surface? 

What feature of the graph justifies 

the assumption that the potential 

energy of a body measured with 

respect to the Moon’s surface is 

proportional to its height above 

that surface? Obtain from the 

graph the height to which this 

assumption is true. 

(ii) 

380 000 
x/km 
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A149 (a) (i) 

(iii) The net force acting on a body 

moving from the Earth’s surface to 

the surface of the Moon is the 

resultant of two components, one 

due to the attraction of the body 

towards the Earth and the other 

due to its attraction towards the 

Moon. 

Explain how the net force changes 

in going from the Earth’s surface to 

the point S, shown on the graph, 

where the gravitational potential 

difference is a maximum. 

What is the value of the net force at 

the point where the gravitational 

potential difference is a maximum? 

Give a reason for your answer. 

Explain why the gravitational 

potential difference is a maximum 

at this point. [L] 

Explain why a force is required for 

a mass to travel at a constant speed 

in a circular path. State the direc- 

tion of this force and give an 

equation for its magnitude, defin- 
ing any terms used. 

(ii) State how this force is provided in 

the case of a satellite orbitting the 
Earth. 

(iti) Show that the speed of a satellite in 

orbit close to the Earth is given by 

(gR)? where g is the acceleration of 
free fall and R is the radius of the 
Earth. 

(iv) Calculate the speed of the satellite 

and the period of the orbit 

given that g=9.8ms’ and 
R= 6.4 x 10?km. 

(b) The most useful communication satel- 
lites are those in geostationary orbits. A 
satellite in geostationary orbit remains 
above the same point on the Earth’s 

Equatorial 
plane 

SECTION A: MECHANICS 

Pole London (latitude 51°N) 
yee 

Not to scale Satellite 

surface at all times. This is only possible 

when the satellite is in an orbit in the 

equatorial plane. Only ‘line of sight’ 

communication is possible in satellite 

communications. This means that com- 

munication can only occur provided 
there is no obstruction between the 

transmitter, the satellite and the 

receiver. 

(i) The relationship between the 

period T and radius R of an orbit 

is 

T? = kR 

where k is a constant. 

Using your answer to (a) (iv) 

determine the radius of the orbit 

for a geostationary satellite. 

(ii) Estimate’ the delay between the 

transmission and reception of a 

signal using the satellite. Show 

how you arrive at your answer. 

(iii) Calculate the most northerly lati- 

tude for which satellite communi- 
cation is possible. 

(iv) State with reasons how many 

satellites are needed to provide 

communication between all 

places on the equator and indicate 

on a diagram how this can be 
achieved. 

(v) State and explain the advantages 
of communicating using geo- 
stationary satellites compared 
with those whose position relative 
to the Earth’s surface is continually 

changing. [AEB, 789} 
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SOLIDS AND LIQUIDS 

9.1 INTRODUCTION 

The kinetic theory accounts for all three states of matter (solid, liquid and gas) by 

assuming that matter is made up of molecules which are in continual motion. This 

motion exists at all temperatures above absolute zero, and the kinetic energy 

associated with it is often referred to as thermal energy. The molecules* exert 

forces of attraction on each other, and so they also possess potential energy. The 
forces are due to the electrostatic interactions of the electrons and nuclei of the 
molecules. The force between a pair of molecules depends upon the spatial 
distribution of the electrons and the separation of the molecules. At very small 
separations the net force must become repulsive, for if the attractive force were to 
exist right down to zero separation, all matter would collapse in on itself. The force 
must be negligible at large separations in order to account for the properties of 
gases. The kinetic energy, on the other hand, depends only on temperature; in fact 
temperature is the outward manifestation of kinetic energy. It is the relative 
magnitude of the kinetic and potential energies which determines whether a 
substance is in the solid, the liquid or the gaseous state. 

9.2 INTERMOLECULAR FORCE AND POTENTIAL 
ENERGY 

Consider two isolated molecules whose separation is such that they are exerting 
attractive forces on each other. If one of the molecules were to be removed to 
infinity, work would have to be done on it in order to overcome the attractive force, 
and therefore its potential energy would increase. However, it is convenient to 
regard the potential energy of each molecule as being zero when their separation is 
infinite (because at such a separation they have no influence on each other), and 
therefore when two molecules are attracting each other their potential energy is 
negative. 

9.3 TO SHOW THAT F = —dE/dr 

Consider two molecules exerting forces of attraction on each other (Fig. 9.1). Ifthe 
force F on A moves it a small distance dr (so that F can be considered constant) to 
the right, then the work done 6W on A is given by 

OW = For [9.1] 

*We shall not distinguish between atoms and molecules. 
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Fig. 9.1 
Mutually attracting 
molecules 
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A B 

O- +O 
i 

me ST 

If òE is the resulting change in the potential energy of A, then 

ôE = —dW [9.2] 

The minus sign is present because as A moves towards B, under the influence of 

the attractive force, its potential energy decreases. By equations [9.1] and [9.2], 

ôE = —Foér 

and therefore in the limit 

F = —dE/dr 

9.4 THE INTERMOLECULAR POTENTIAL ENERGY AND 

FORCE CURVES 

Fig. 9.2 
The potential energy of a 
pair of molecules as a 
function of their 
separation 

The potential energy E of a pair of molecules (or atoms), due to the electrostatic 

force F between them, varies as a function of their separation r as shown in Fig. 

9.2. Since F = —dE/dr, aplot of E against ris, in fact, a plot of the negative of the 

gradient of the energy curve against r. Such a plot is shown in Fig. 9.3. 

Molecular potential 
energy (E) 

Molecular 
separation (r) 

Point of inflexion 
ince (i.e. the point where 

this section of the 
curve is steepest) 

When r= r there is no net force between the molecules and their potential 

energy (Fig. 9.2) has its minimum value. Thus if two molecules have a separation 

of ro they are at their equilibrium separation. Any increase or decrease in their 

separation would require energy, since work would have to be done against the net 

attractive or the net repulsive force respectively. The equilibrium is stable because 

an increase in r leads to an attractive force which restores r to rfo; similarly a 

decrease in r produces a repulsive force which again restores r to rọ. (The value of 

ry depends on the particular solid but it is often ~ 3 x 1077?) 
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Fig. 9.3 
The force between a pair 
of molecules as a 
function of their 

separation 

9.5 SOLIDS 

SECTION B: STRUCTURAL PROPERTIES OF MATTER 

Intermolecular 

force (F) 

Molecular 
separation (r) 

ass Minimum corresponds r > o net | r > h, net 
force is | force is to point of inflexion 

repulsive attractive of Fig. 9.2 

Solids have fixed shapes and fixed volumes. Consider a solid at absolute zero; 
the molecules would have no kinetic energy and therefore would be stationary at 
their equilibrium separation rọ. At higher temperatures the molecules would 
possess kinetic energy and could use this to oppose the intermolecular forces. 
Suppose a pair of molecules has an amount of kinetic energy £. By exchanging this 
kinetic energy for potential energy, they would be able to increase their separation 
such that their situation became that represented by the point X on the energy 
curve (Fig. 9.2); or decrease it to Y. At X the molecules would feel an attractive 
force which would restore them to their equilibrium separation ro. On reaching ro 
they would once again have kinetic energy ¢ but would now be moving toward each 
other; they would therefore decrease their separation to the state represented by Y. 
At Y their directions of motion would again reverse. Thus, the molecules of a 
solid at temperatures above absolute zero oscillate about their equili- 
brium positions. Because their kinetic energy is low compared with their 
potential energy (e < 0.1é 9), the molecules of solids can merely vibrate about fixed 
positions. They are therefore locked into a geometrically ordered array, and as a 
consequence a solid has both a fixed volume and a fixed shape. 

At temperatures above absolute zero the mean separation is not necessarily rọ. In 
Fig. 9.2 XN is greater than YN, and therefore the mid-point of XY, the point on 
which the oscillation is centred, corresponds to a separation which is greater than 
ro. As the temperature increases from absolute zero, the mid-point moves from G 
towards G’. Thus, the mean separation of the two molecules (and consequently of 
all the pairs of molecules within the solid) increases with temperature, i.e. the curve 
shown represents the normal situation, that of a solid which expands on heating. 

The linear expansivity « of a solid is defined by 

ee OL 
x 5 TE [9.3] 

where 

OL = the increase in length brought about by a small increase in 
temperature 60 

L = the original length of the specimen. 
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The value of « depends on the temperature at which it is measured. However, for 
temperature increases of less than about 100°C the variation is slight and equation 

[9.3] can be replaced by the more useful expression 

Ly = Lo +aLo(0; — 0) [9.4] 

where 

x = themeanlinear expansivity of the solid in the temperature range 0, 

; ta Uniten CORK 

Lo = the length of the specimen at 0o 

Lı = the length of the specimen at 04. 

9.6 LIQUIDS 

A liquid has a fixed volume but no fixed shape. The molecules of liquids, like 

those of solids, vibrate. In liquids though, each molecule has a particular set of 

nearest neighbours for only a short time. This occurs because the molecules of 

liquids have greater average kinetic energies than those of solids. (Note that the 

molecules of liquids, like those of solids and gases, have a range of kinetic energies, 

and the energy of any particular molecule is constantly changing due to 

intermolecular collisions.) The increased kinetic energy results in larger 

amplitudes of vibration, and therefore there is more likelihood of a molecule 

being able to pass through the gaps between the molecules surrounding ite Diverse 

is, therefore, a continual molecular migration superimposed upon the vibrational 

motion, and this accounts for the ability of a liquid to adopt the shape of its 

container. The molecules, however, are close together and a change in volume 

would require that the intermolecular forces were overcome — liquids, therefore, 

have fixed volumes. 

9.7 BROWNIAN MOTION 

This was first observed in 1827 by Robert Brown, a Scottish botanist, while using a 

microscope to look at a suspension of pollen grains in water. He noticed that the 

pollen grains were in a state of continual motion. The motion was both random 

and jerky. Brownian motion can be observed when small particles of any kind are 

suspended in a fluid (e.g. smoke particles suspended in air). The motion can be 

made more pronounced by: 

(i) increasing the temperature of the fluid, and/or 

(ii) decreasing the size of the suspended particles. 

Brownian motion is now regarded as strong evidence that fluids are 

composed of molecules in a state of unceasing random motion. For 

example, we consider that a smoke particle suspended in air is constantly being 

bombarded by air molecules. At any one time, though, if the air molecules move 

randomly, the smoke particle is likely to receive a bigger impact on one side than on 

the opposite side. Because the smoke particle is small, this statistical imbalance 

will be significant and therefore the particle will speed up or slow down and /or 
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change direction. The smoke ‘particle is in thermal equilibrium with the air 

molecules, in which case its average kinetic energy will be equal to that of an air 

molecule, i.e. 

GMC?) 
Since M > m, then C? < c?, i.e. the mean square of speed of the smoke particle 

is much less than that of an air molecule. 

N A GI 
smoke particle ~_ G me ) air molecule 

The spot on the scale of a sensitive light-beam galvanometer quivers as a result of 

Brownian motion of the mirror and sets a limit on the sensitivity of the instrument. 

9.8 LATENT HEAT 

It can be seen from Fig. 9.2 that iftwo atoms are to become completely free of each 

other (i.e. to acquire zero potential energy), then they need to gain an amount £p of 
energy (typically 0.01 to 0.1 eV).* Thus, £o can be considered to be the binding 
energy of such a pair of atoms. 

Consider a solid in which each atom has 7 nearest neighbours (i.e. a coordination 
number of n). Since interatomic forces are short-range forces, it can be assumed 
that each atom interacts only with these n atoms, i.e. that each atom is involved in n 
bonds. In order for such a bond to be broken, the amount of energy that each of the 
two atoms involved has to acquire is &9/2. Since the number of atoms in one mole 
(see section 14.3) is numerically equal to Na (where Na is the Avogadro constant) 
and each atom is involved in n bonds, the total energy required to separate the 
atoms of one mole of solid completely at absolute zero is nNa E9/2. Fhus, 

[9.5] 

where 

L, = the latent heat of sublimation’ of one mole of solid at zero kelvin. 

The latent heat of sublimation at temperatures above zero kelvin would be slightly 
less because the average potential energy of the atoms of such a solid would be 
greater than —éo. The latent heat of vaporization would be even smaller. 

9.9 FREE SURFACE ENERGY 

Consider a liquid whose atoms have a coordination number of n. To a first 
approximation, those atoms which form part of the surface will have a 
coordination number of n/2. (This is because those atoms which are above the 
surface are in the vapour phase, and therefore only an insignificant number of them 
is within range of the surface atoms.) Suppose that the surface area is increased by 
unit area, and that there are A atoms per unit surface area. In order that this can 
happen, A atoms have to leave the interior and enter the surface. Thus, A atoms 
that have previously been involved in n bonds each, are now involved in only n/2 
bonds each, i.e. A atoms have been removed from n/2 bonds. The removal of one 
atom from one bond requires that it gains an amount €o/2 of energy. Therefore the 

*leV = 1.6 x 10” J (see section 47.1). 
* Sublimation is the direct conversion of a solid into its vapour. 
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energy involved in removing A atoms from n/2 bonds is A x s x >, The energy 

needed to create unit surface area is called free surface energy c (see section 

10.17), and therefore 

SN 
o = qnA E0 [9.6] 

The relationship is approximate because in addition to the approximation made 

above: 

(i) the liquid will not be at zero kelvin and therefore the binding energy of a 

single pair of atoms will be less than £p, 

Gi) the atoms of the vapour will have some effect on the coordination number of 

the surface atoms. 

9.10 TYPES OF SOLID 

Crystalline Solids* 

In a crystalline solid the atoms (or ions or molecules) are arranged in a regular 

three-dimensional array. There is a basic unit, called the unit cell, which is 

repeated throughout the structure in all three dimensions. Some unit cells are 

shown in Figs. 9.12 to 9.14 (see pp. 155-6). 

The way in which the atoms are arranged (i.e. the particular crystal form) 

has a marked bearing on the physical properties of the solid concerned. 

For example, though both graphite and diamond are crystalline forms of carbon, 

graphite is soft and is used in pencils and as a solid lubricant, whereas diamond is 

one of the hardest materials known. Diamond is more dense that graphite. It is 

transparent and is an electrical insulator; graphite is opaque and conducts 

electricity well (Fig. 9.4). 

When atoms are arranged in a regular fashion their total potential energy 

is less than it would be if they were packed irregularly. It is not surprising, 

therefore, that most solids are crystalline (or polycrystalline — see following para- 

graphs). The regularity of the arrangement ensures that all parts of it require the 

same energy to bring about melting. Crystals therefore have definite melting points. 

In a so-called ‘single crystal’ equivalent planes of atoms are all parallel to each 

other. It is often necessary to take special precautions to produce such a crystal. 

Polycrystalline samples are much more common. These consist of large numbers 

of tiny crystals packed together and orientated randomly with respect to each 

other. These tiny crystals are called grains or crystallites, and the boundaries 

between them are known as grain boundaries. 

The physical properties of single crystals depend on the directions in which they 

are measured relative to the crystal axes — a property known as anisotropy. For 

example, the electrical resistivity of a single crystal of tin is 1.3 x 1077 Q m parallel 

to the main axis but only 1.0 x 10-7 Q m perpendicular to it. The coefficients of 

linear expansivity are respectively 3.1 x 10~° Ket and 1.6 S10 KS 

Any particular substance normally forms crystals of a characteristic general shape. 

Thus, crystals of ammonium alum are octahedral; those of quartz are hexagonal! 

prisms capped by hexagonal pyramids (Fig. 9.5). This must not be taken to mean 

that all crystals of the same substance are identical — normally some faces will have 

*Crystal structures are discussed in section 9.11. 
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Fig. 9.4 
The structure of 
(a) diamond, (b) graphite (a) 

Each carbon atom is locked into position, 
covalently bonded to its four nearest 
neighbours. Diamond is therefore both 
rigid and strong. 

(b) 

0.340 nm 

0.340 nm 

0.142 nm 

Each carbon atom is covalently bonded to the three nearest atoms in its own layer. Only 
three of the four valence electrons are used for bonding; the fourth is free to move 
throughout the entire layer. This gives graphite high electrical conductivity. The bonding 
between adjacent layers is due only to weak van der Waals forces. The layers can therefore 
slide past each other with relative ease, accounting for the softness of graphite and its 
tendency to flake. 

Fig. 9.5 
Ideal crystals of a (b) 
(a) ammonium alum, 
(b) quartz 
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Fig. 9.6 2 
(a) Ideal, and 
(b) distorted crystals of 
sodium chloride 

Fig. 9.7 
Cross-sections of 
(a) ideal, and 
(b) distorted crystals of 
quartz 
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grown at greater rates than others, producing a distorted version of the ideal shape. 

This would happen, for example, if during its period of growth, the crystal were 

always resting on the same face, or if it came into contact with other crystals. When 

we say that crystals of the same substance have the same general shape, we mean 

that the angles betwen corresponding faces are always the same. Thus, although an 
ideally grown crystal of sodium chloride is a perfect cube (Fig. 9.6(a)), one grown 

under non-ideal conditions may have the form shown in Fig. 9.6(b). Fig. 9.7 

shows cross-sections of ideal and distorted crystals of quartz. 

(b) 

Angles between adjacent 
faces = 90° in each case 

SG 

(a) (b) Angles between adjacent 

faces = 120° in each case 

If a crystal is struck so that it fractures, it will often break along one of a small 

number of well-defined planes — cleavage planes. These are normally parallel to 

crystal faces. The reason for the ease of fracture is usually that the bonding between 

the atoms (or ions) on each side ofa cleavage plane is weaker than that across other 

planes. Mica has only one cleavage plane and so splits easily into thin sheets. 

Sodium chloride has three mutually perpendicular cleavage planes. 

Amorphous Solids 

An amorphous solid (e.g. glass, wax) has no definite melting point. Rather, as it is 

heated it becomes progressively more like a liquid, i.e. it becomes softer and more 

fluid. Amorphous solids have no regular outlines, no directional properties, no 

cleavage planes and no long-range regular arrangements of atoms. Though they 

exhibit the properties of solids, they can be regarded as liquids with very high 

viscosities. For example, a glass window which has been in place for a few hundred 

years may be noticeably thicker towards the bottom as a result of flow under the 

moderate influence of its own weight. Indeed, in general there is no clear 

distinction between solids and liquids. For example, indium and gold, two 

crystalline solids, flow when subjected to very high pressures and are used in 

sealing-gaskets between components in high-vacuum systems. 

If an amorphous solid is cooled slowly from a temperature at which it is soft, its 

atoms may have time to arrange themselves into a form which produces 

crystallization on further cooling. 

Glasses 

There are many types of glass. The most common is that used in windows and in 

the manufacture of bottles. It is called soda-lime glass and is made from a 
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Fig. 9.8 
To illustrate the effect of 
polymerization: (a) the 
monomer (ethene), 
(b) the polymer 
(polyethene, commonly 
called polythene) 
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mixture of silica, calcium oxide and sodium oxide (SiOz, CaO and Na20). The 

relative proportions of these oxides depend on the exact purpose for which the 

glass is to be used. There may also be small amounts of other substances present, 

for example as colouring agents. Another common group of glasses is the 

borosilicates (basically a combination of SiO, and B203). These are highly 

resistant to thermal shock because they have low coefficients of expansion, and are 

used in the manufacture of ovenware (e.g. Pyrex). They were originally developed 

to overcome the problems caused by (cold) rain falling“on (hot) railway signal 

lights. Borosilicates are also resistant to attack by a wide variety of chemicals, 

making them ideal for laboratory glassware. 

Glasses are amorphous materials and so do not have definite melting points. They 

soften on heating, and the maximum temperature at which a glass can be used 

depends on the type of glass. The maximum is normally between 400°C and 

700°C, but fused quartz* can be used at over 1000°C..At room temperature 

glasses are hard and brittle. Though the common glasses are transparent, some are 

translucent (the so-called opal glasses) and some are opaque. Most glasses 

absorb ultraviolet radiation, but fused quartz and some specially developed glasses 

are transparent to it. Glass transmits infrared radiation provided its wavelength is 

not too long. The common glasses are electrical insulators. All glasses are 

inorganic. They are produced by melting mixtures of their raw materials, and then 

cooling the melt in such a way that crystallization does not occur. 

Polymers 

Polymers have large molecules in the form of long chains. Each chain consists of a 
large number of small molecules, known as monomers, joined together by strong 
(covalent) bonds. They are usually organic, and may be either natural (e.g. rubber, 
wool, cellulose and proteins) or synthetic (e.g. polythene and the various forms of 
nylon). The monomers in a chain may all be identical, or may be of two or more 
different types. Polythene, for example, has only one type, and is produced by 
polymerizing ethene (CH,—CH,) to produce chains containing thousands of 
CH3 groups (Fig. 9.8). The naturally occurring polymers tend to be more 
complex. 

pah 
(a) ñ = i (b) 

H H 

The chains may be linear, branched or cross-linked; the three types are 
represented schematically in Fig. 9.9. The chain type has a strong bearing on the 
properties of the polymer. A material in which the chains are linear is flexible 
because the chains can easily slide past each other. Branching reduces this ability 
and so increases the rigidity of the material. Chains of this type cannot pack closely 
together, thus causing reductions in density, tensile strength, melting point, and 
crystallinity (see p. 153). Cross-linked polymers are very rigid because the chains 
are incapable of any sliding. There are no crystalline regions in cross-linked 
polymers. 

xA vitreous (glassy) form of silica made by melting (fusing) pure quartz and then cooling it in such a 
way that it does not recrystallize. It is extremely resistant to thermal shock. 
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Fig. 9.9 
Different types of long- 
chain molecule: (a) linear, 
(b) branched chain, 
(c) cross-linked chains 
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(a) —O-O—O—O0—O—O0—-0- —O— Monomer with two bonds 

Monomer which is inherently 

different from —O-— or which 
has changed in such a way 

that branching and cross- 

(b) linking are possible. For 
example: 

Z 
Bo A 

ies 
(o) o a i 

ee 
H 

Note. All three types of chain 

may zigzag in three dimensions. 

Type (c) can form a three- 

dimensional network. 

Many polymers may be classified as being either thermoplastics or thermosetting 

plastics. Some polymers are described as elastomers, some as fibres. These four 

classifications are discussed in the sections that follow and examples are given in 

Table 9.1. 

Thermoplastics 

These soften and become more flexible on heating; they regain their previous 

rigidity on cooling. They can be moulded while warm and retain their moulded 

form when they cool. There are usually only weak forces (e.g. van der Waals forces) 

between the chains. Heating overcomes these, and the chains can then slide past 

each other so that the material takes up the shape of the mould. Since the bonds are 

weak, the amount of heat required is not so great that the polymer decomposes. 

The bonds reform and restore the rigidity on cooling. 

Thermosetting Plastics 

These are cross-linked polymers and are more brittle and more rigid than the 

thermoplastics. They do not soften on heating and can withstand higher 

temperatures than thermoplastics because more energy is needed to break the 

relatively strong bonds between the chains. If the temperature is increased to the 

extent that the bonds break, the material decomposes. 

Thermosetting plastics are moulded before polymerization is complete. They are 

then heated to produce further cross-linking, so setting the material, irreversibly, 

in its moulded form*. 

*With some materials, epoxy resins for example, polymerization can be completed at room 

temperature. 
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Tabie 9.1 
Some common polymers 
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Chain type ` Percentage Uses 
crystallinity 

Thermoplastics 

Low-density Branched Polythene bags 

polythene ; 

High-density Linear Buckets 

polythene 

PTFE i Non-stick cookware 

Polystyrene Electrical insulators, packaging 

Acrylics Headlamp lenses, baths 

PVC Drainpipes, curtain rails 

Fibres 

Nylons i Various Can also be used in non-fibre 

(polyamides) form, e.g. nylon gears. 

Terylene i 60 Non-fibre forms of polyester are 

(polyester) used, e.g. electrical plugs, 

recording tape, but these forms 

are not called Terylene. 

Elastomers 

Raw rubber (latex) | Linear 

Vulcanized rubber | Linear + cross-links Tyres, vibration dampers 

Neoprene Linear + cross-links Vacuum seals, petrol hoses 

Thermosetting 

plastics 

Bakelite Cross-linked Ashtrays 

Ebonite Cross-linked 

Epoxy resins Cross-linked Adhesives. Also with glass fibre for 
boat hulls, etc. 

Melamine Cross-linked Light fittings, tableware, kitchen 
formaldehyde surfaces 

*Bulky side groups (e.g. chlorine in the case of PVC) prevent crystallinity. 

Elastomers 

These are materials which can be stretched considerably and still return to their 
original lengths when the stresses are removed. They are linear chain polymers 
with a degree of cross-linking between the chains. The cross-links are few enough 
to allow the chains to slide past each other during stretching, but numerous 
enough to pull the chains back into position once the stress is removed. Thus it is 
the presence of the cross-links which accounts for the elasticity. The ability of 
elastomers to undergo very large extensions is for quite a different reason. It is 
because the chains are tangled and have relatively large amounts of open space 
between them - stretching them simply straightens out the chains. 

Raw rubber (latex) is an elastomer, but it has so few cross-links that it may easily be 
stretched beyond its elastic limit (see section 11.1) and so is of little use. In the 
process known as vulcanization, the rubber is heated together with sulphur; the 
sulphur atoms bond covalently with carbon atoms to form extra cross-links 
between the linear chains, thus producing a more useful material. If large amounts 
of sulphur are added, the number of cross-links becomes so great that it becomes 
the rigid, brittle material known as ebonite — a thermosetting plastic. 



SOLIDS AND LIQUIDS 

Table 9.2 
A typical low-density and 
a typical high-density 
polythene compared 
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Fibres 

These are linear chain polymers in which the chains have been aligned along the 
length of the fibre, and in which there are reasonably strong bonds between the 

chains (hydrogen bonding in the case of nylons, dipole-dipole bonding in the case 

of Terylene). Synthetic fibres are thermoplastic materials; many of them can be 

used in their non-fibre forms (e.g. nylon). Cellulose is a natural polymeric fibre. 

Crystallinity in Polymers 

In some polymers there are regions in which the chains are close together and 

parallel to each other. There is therefore a degree of long-range order in these 

regions, and they are said to be crystalline. At the other extreme are the so-called 

amorphous polymers in which the chains criss-cross in a random way like 

tangled strands of spaghetti. Linear chain polymers may be either crystalline or 

amorphous. Crystallinity tends not to occur in polymers with highly branched 

chains because the chains cannot pack sufficiently closely. Highly cross-linked 

polymers are completely amorphous. 

We have seen that increased rigidity can be produced by increasing the amount of 

cross-linking between the chains. It can also be produced by creating crystalline 

regions in the polymer. The rigidity is due to the forces between individual atoms 

in adjacent chains in the crystalline regions. Although these forces are usually weak 

(e.g. van der Waals forces), the side-by-side arrangement of the chains means that 

there are large numbers of these ‘bonds’, making it difficult for the chains to slide 

past each other. 

The greater the crystallinity, the higher the melting point and the higher the 

density. The effects of crystallinity are illustrated by the two forms of polythene* 

(see Table 9.2). 

Low-density High-density 
polythene polythene 

Crystallinity 50% 76% 

Density 920 kgm? 960 kg m~? 

Melting point 1102C 135°C 

Tensile strength at yield 12 x 10°Pa 31 x 10°Pa 

Branched Linear Chain type 

(Data kindly supplied by BP Chemicals Limited) 

General Properties of Polymers 

The main bonds in polymers are covalent; this accounts for their low thermal and 

electrical conductivities. Polymers are less dense than both metals and ceramics. 

They are usually resistant to water and acids but may be attacked by organic 

solvents. Production costs for plastics are much less than those for metals — a 

polythene bucket is much cheaper than a metal one. 

Plastics often have other materials incorporated with them. ‘The purpose of these 

additives may be to increase flexibility, increase strength, improve weathering 

properties, provide better insulation characteristics, add colour or simply to 

*The two forms are produced by employing different conditions during polymerization. 
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reduce cost. For example, glassfibres can be added to epoxy and polyester resins to 

increase strength. The addition of mica to some thermosetting plastics makes 

them even better electrical insulators. Lead compounds can be added to PVC to 

prevent it decomposing in strong sunlight. 

9.11 CRYSTAL STRUCTURES r 

Fig. 9.10 
Spheres packing together 
to occupy the minimum 
space 

Early crystallographers suspected that the external regularity of crystals was due to 

their atoms being arranged in regular three-dimensional arrays. This was 

confirmed in 1912 when von Laue and his students, Friedrich and Knipping, 

showed that crystals could be used to diffract X-rays, and therefore must be acting 

as three-dimensional diffraction gratings. The diffraction pattern they obtained 

was too complicated for them to use it to determine the structure of the crystal that 

had produced it, but one year later, using a simplified version of the technique, 

W.H. and W.L. Bragg succeeded. X-ray diffraction has since proved to be the 

single most important method of determining crystal structures. 

The atoms (or ions or molecules) in a crystal are arranged in such a way that the 
total potential energy of the structure is as small as possible, in which case the 
structure is as stable as possible. The way in which this is achieved depends on the 
type of crystal concerned. Some examples are discussed below. 

Metal Crystals 

The valence electrons of metals. are free to move throughout the whole of the 
metal, and therefore metals can be regarded as an array of positive ions in a ‘sea’ of 
electrons. For the purpose of this discussion we may consider the ions to be 
incompressible, equal-sized spheres. There is no directional bonding (as there is, 
for example, in diamond). In these circumstances the most stable arrangement is 
that in which the spheres occupy the minimum possible volume. This 
arrangement is known as close packing. The spheres are arranged in layers, 
where each sphere is surrounded by a hexagonal ring of six others in contact with it 
(Fig. 9.10). Fig. 9.11 shows the way in which two of these layers must fit together in 
order to fulfil the requirement of close packing. There are two types of hollows in 
layer B — those marked by crosses and those marked by dots. There are therefore 
two ways in which a third layer may be added to the first two. 

If the spheres of the third layer occupy the hollows marked by crosses, they are 
directly above the spheres in layer A. When this is so, the fourth layer is always a 
repeat of layer B, and the overall sequence is ABAB, etc. — a structure known as 
hexagonal close packing (Fig. 9.12). 

If the spheres of the third layer occupy the hollows marked by dots, the layer is 
different from both A and B; we shall call it layer C. In this situation the overall 
sequence is always ABCABC, etc. — a structure known as cubic close packing. 
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Fig. 9.11 
Close-packed layers 

Fig. 9.12 
Unit cell of hexagonal 
close-packed structure 

Fig. 9.13 
Unit cell of cubic close- 
packed (face-centred 
cubic) structure 
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C) Lower layer (A) \ \ Upper layer (B) 
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“~ = 

x Hollows in B directly above spheres in A 

e Hollows in B directly above hollows in A 
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Le N 

ek 
The unit cell contains ions from four layers and is known as a face-centred cube 

(Fig. 9.13) because there is an ion at the centre of each face. Fig. 9.13(a) shows the 

relationship between the layers and the unit cell. 

Coordination number = 12 
Utilizes 74% of available space 
Examples: Mg, Zn 

A more open structure than the two discussed so far is that known as body- 

centred cubic (Fig. 9.14). The least stable metals (e.g. lithium, sodium, 

potassium) tend to crystallize in this form. Close packing cannot occyr because 

the thermal vibrations of the ions are able to overcome the relatively weak cohesive 

forces in these metals. 

Coordination number = 12 
Utilizes 74% of available space 
Examples: Cu, Ag, Au, Al; 
Fe between 906°C and 1401°C 
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Fig. 9.14 
Unit cell of body-centred 
cubic structure 

Fig. 9.15 

(a) Stable, and 

(b) unstable arrangements 
of negative ions around a 
positive ion 

Fig. 9.16 
The effect of the relative 

size (r, /r.) of the central 
ion on those around it 

SECTION B: STRUCTURAL PROPERTIES OF MATTER 

Coordination number = 8 
Utilizes 68% of available space 
Examples: Li, Na, K; Fe below 
906°C 

lonic Crystals 

As with metals, the ions tend to pack closely together because the bonding is non- 

directional. We may still regard the ions as incompressible spheres, but we need to 
take account of there being both positively charged and negatively charged ions 
present. The arrangement shown in Fig. 9.15(a) is more stable than that in Fig. 
9.15(b) because in Fig. 9.15(b) there are much stronger repulsive forces between 
the negative ions. Consideration must also be given to the fact that in practice the 
two types ofion are normally of different sizes. Fig. 9.16 illustrates the effect of the 
relative size of the central ion and those around it. Each arrangement makes 
maximum use of the available space, and each does so without allowing the 
negative ions to be in contact with each other. 

073e rrr 1,00 O4 Wier Jr < 0.73 
Example: CsCl Example: NaCl 

Caesium chloride crystallizes in the form of Fig. 9.16(a); the extended structure is 
shown in Fig. 9.17. There are eight Cl- ions around each Cs+ ion, and eight Cs* 
ions around each Cl~ — the so-called 8:8 coordination. Though the lattice 
resembles that shown in Fig. 9.14, it is not known as body-centred cubic because 
there are two types of ion present. 

Sodium chloride crystallizes in the form of Fig. 9.16(b); the extended structure is 
shown in Fig. 9.18. It can be regarded as two interpenetrating face-centred cubic 
structures. Each Na* ion has six Cl~ ions as its nearest neighbours, and each C1- 
ion has six Na* ions as nearest neighbours — 6 : 6 coordination. 

There are two crystalline forms of zinc sulphide — zinc blende and wurtzite. The 
radius ratio of Zn** to S?~ is 0.48, and therefore zinc sulphide would be expected 
to have the sodium chloride structure. However, both crystalline forms of zinc 
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Fig. 9.17 
Caesium chloride lattice 
showing 8:8 
coordination 

Fig. 9.18 
Sodium chloride lattice 

Fig. 9.19 
Tetrahedral structure in 

diamond 
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sulphide are such that each Zn?" ion is surrounded tetrahedrally by four S?- ions 

and vice versa. The reason for this is thought to be that the Zn—S bond has a 

degree of covalent character which imposes directional constraints on the crystal 

form adopted. 

Diamond Structure 

Diamond is one of the two crystalline forms of carbon (see section 9.10). Each 

carbon atom is covalently bonded to four others. Covalent bonds are highly 

directional, and we can no longer think in terms of spheres being packed together 

as closely as possible. The four bonds on each carbon atom point towards the 

vertices of a regular tetrahedron (Fig. 9.19(a)). Fig. 9.19(b) shows how the 

tetrahedron can be orientated so that its vertices are at four corners of a cube. The 

extended structure of diamond is shown in Fig. 9.4(a). 

(a) (b) 
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9.12 MEASUREMENT OF LINEAR EXPANSIVITY 

Fig. 9.20 
Apparatus for 
determining linear 
expansivity 

9.13 THE OIL 

Fig. 9.20 shows an apparatus for determining the linear expansivity of a material in 

the form of a rod about 50 cm long. The length, L, of the rod is measured at room 

temperature. The rod is then placed in the apparatus with one end against the 

frame, and the micrometer is screwed up until it is in contact with the other end. 

The micrometer reading, and the temperature, 04, are noted. The micrometer is 

now screwed back to allow the rod room to expand, and steam is passed through 

the jacket. When the thermometer reading has stopped increasing, the 

temperature, 02, is recorded. The micrometer is brought back into contact with 

the rod and the reading is noted. The difference, AL, between the two micrometer 

readings is the amount by which the length of the rod has increased. The linear 
expansivity, «, is calculated from 

AL 
4 = OOo 

L(0z — 01) 

bikie alg’ tea 

Steam in Steam out Steam jacket 

Micrometer 

Rigid metal Rod under test 
frame 

FILM EXPERIMENT 

If a small drop of olive oil is placed on the surface of some clean water, the oil 
spreads to form a large circular film. If it is assumed that the oil spreads until the 
film is only one molecule thick (i.e. a monomolecular layer), an estimate of the size 
of an oil molecule can be made by determining the thickness of the film. 

It is important that the surface of the water is clean. To this end, water is poured 
into a large shallow tray until it is overflowing. The surface is then cleaned by 
drawing two waxed rods across it from the centre outwards. Lycopodium powder 
is now sprinkled onto the surface so that when the film is formed its edges may be 
seen easily. A small, spherical drop of oil is obtained on a V-shaped fine wire by 
dipping it into the oil. The diameter of the drop is measured by holding it in front of 
a millimetre scale and viewing it through a magnifying glass, or by using a travelling 
microscope. The drop is then touched onto the water surface. The oil spreads and 
pushes the lycopodium powder outwards to leave a clear film of oil whose diameter 
can be measured. 

Volume of oil drop = Volume of film 
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where 

a | = diameter of oil drop 

5 II diameter of film 

t = thickness of film 

Rearranging gives 

2rd? 

3 D2 
` hence t. 

A drop with a diameter of 0.5 mm produces a film with a diameter of about 

200 mm, and gives a value for t of approximately 2 nm. Oil molecules are long and 

thin, and ‘stand on end’ on water. It follows that this figure of 2 nm represents the 

length of the molecule. 

CONSOLIDATION © 

Kinetic energy of molecules depends on temperature. 

Potential energy of each of two molecules is taken to be zero at infinite separation 

because they can have no influence on each other at infinite separation. The PE is 

negative at the equilibrium separation because work has to be done (and therefore 

the PE has to be increased) to separate the molecules to infinity. 

Intermolecular PE and Force Curves 

Minimum on PE curve corresponds to zero on force curve. 

Point of inflexion on PE curve corresponds to minimum on force curve. 

Force = — (gradient of PE curve) 

PE 
ve hi Force 

Force = zero m= I sos 
È PE = minimum 

Force = minimum 
PE = point of inflexion 

Solids 

Fixed volume, fixed shape. 

Molecules vibrate about fixed positions. 

Li = Lo + «Lo (0 > 0o) 

Liquids 

Fixed volume, no fixed shape. 

Molecules vibrate about non-fixed positions. 
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FLUIDS AT REST 

10.1 INTRODUCTION 

This chapter is concerned with fluids. A fluid is a substance that can flow; it follows 
that both liquids and gases are fluids. 

An important concept in connection with fluids is that of pressure. The pressure 

in a fluid depends on its density, and we shall begin the chapter by discussing 
density. 

10.2 DENSITY 

The density of a substance is defined by 

& a| 

[10.1] 

where 

p = density of substance (kg m7?) 

m = mass of substance (kg) 

V = volume of substance (m°) 

The relative density of a substance is defined by 

[10.2] 

Relative density has no units. 

The specific volume of a substance is the reciprocal of its density, i.e. it is the 
volume of unit mass of the substance. Unit = m? kg~!. (Note the use of the word 
‘specific’ to denote unit mass, as it does in specific heat capacity, etc.) 

Methods of determining densities by experiment are summarized in section 10.14. 

160 
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10.3 PRESSURE 

The pressure acting on a surface is defined as the force per unit area acting 

at right angles to the surface, i.e. 

[10.3] 

where 

p = pressure on surface (SI unit = the pascal (Pa). 1 Pa = 1 N m™?.) 

F = the force acting at right angles to the surface (N) 

A = the area over which the force is acting (mô). 

Note The SI unit of pressure is the pascal. Other units in common use are the 

atmosphere (atm), the millimetre of mercury (mmHg) and the bar. None of these 

is an SI unit. Standard atmospheric pressure is 1.01 x 10° Pa (3 sig. fig.) and in 

these various other units it is 1 atm (exactly), 760 mmHg and 1.01 bar. 

10.4 PRESSURE IN FLUIDS 

This final statement is illustrated in Fig. 10.1 and is often stated as ‘pressure acts 

equally in all directions’. 

, 

Fig. 10.1 
‘Pressure acts equally in 

A 3 x 
F = péAin each case 

all directions where p = pressure in fluid 
and ôA = area of surface. (The 
surfaces are assumed to be 
small so that variation of 
pressure with depth may be 
ignored.) 

Note Though the force associated with the pressure at a point is a vector quantity, the 

pressure itself is a scalar, i.e. pressure has no direction. (The statement that 

pressure acts equally in all directions can be misleading in this respect!) Consider 

the pressure at a point in a fluid. 

We cannot assign a direction to the pressure — all we can do is assign a direction to 

the force that the pressure creates on some surface placed in the fluid, and this 

depends on the orientation of the surface. 
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Fig. 10.2 
To calculate pressure as a 
function of depth 

Notes 

SECTION B: STRUCTURAL PROPERTIES OF MATTER 

Á Cross-sectional 
area = A 

Fluid of 
a- density p 

Pressure Variation with Depth 

Consider a cylindrical region of cross-sectional area A and height = in a fluid of 

density p (Fig. 10.2). The top of the cylinder is at the surface of the fluid, and the 
(vertical) forces acting on it are its weight, W, and an upward directed force of pA 
due to the pressure, p, at the bottom of the cylinder. The cylinder is in equilibrium 
and therefore 

pA = W 

= mass of cylinder xg 

= volume of cylinder x pg 

hApg . 

[10.4] 

where p is the pressure due to the fluid at a depth h below the surface. 

G) 

(ai) 

(iii) 

Equation [10.4] is not valid in the case of gases when h is large. The density 
of a gas decreases with height, and the equation has been derived on the 
assumption that the density is constant. The equation is a reasonable 
approximation when h is small. However, the densities of gases are low, and 
when / is small the pressure variation with depth is also small and is usually 
ignored. 

We have derived equation [10.4] by considering a cylindrical region within 
the fluid. The same result would have been obtained whatever shape the 
region had been taken to be. 

A little thought should convince the reader that the difference in pressure, 
Ap, between two points separated by a vertical distance A in a fluid of 
density p is given by 

10.5 WHY THE SURFACE OF A LIQUID IS HORIZONTAL 

Consider two points, M and N, on the same horizontal level in a stationary liquid. 
Consider also a cylindrical region of cross-sectional area A whose end faces are 
centred on M and N (Fig. 10.3). 
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Fig. 10.3 
To show that all points on 
the same level are at the 
same pressure 
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Surface 
4 of liquid 

Cylindrical region of 
cross-sectional area A 

The horizontal forces acting on the cylinder are pp A and py A as shown, where py 
and py are the fluid pressures at M and N respectively. The cylinder is in 

equilibrium and therefore py A = py A. It follows that py = py and therefore 

that all points on the same horizontal level are at the same pressure. 

All points in the liquid surface must be at atmospheric pressure, pa, and it follows 

from equation [10.4], therefore, that they must all be at the same height above 

MN. Since MN is horizontal, the surface must also be horizontal. 

10.6 THE U-TUBE MANOMETER 

Fig. 10.4 
The (open) U-tube 
manometer 

Notes 

This consists of a U-shaped tube containing a liquid. It is used to measure 

pressure. The pressure to be measured (that of a gas, say) is applied to one arm of 

the manometer; the other arm is open to the atmosphere (Fig. 10.4). 

Pressure at X 
= atmospheric 
pressure, Pa 

Sieg dees 
This arm open 
to atmosphere 

To gas at 
pressure p 

h p= pat hpg 

Pressure — Y f 
atY = p : 

Liquid of 
density p 

The liquid surface at Y is a vertical distance h below that at X. Therefore, by 

equation [10.4], 

p = Pa +hpg 

hence p. 

(i) Manometers can be used to measure pressures both above and below 

atmospheric pressure. 

Mercury is used as the manometer liquid unless the pressure being 

measured is close to atmospheric pressure, in which case a liquid of lower 

density (e.g. oil or water) is more suitable. 

Gi) 
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(iii) The pressure registered by the manometer, hpg, is known as the gauge 

pressure. The actual pressure, pa + hpg, is called the absolute pressure. 

The manometer shown in Fig. 10.5, in which the arm on the right is closed 

and evacuated, registers absolute pressure directly. 

Fig. 10.5 Vacuum (pressure = 0) 
U-tube manometer for i 
absolute pressure s: 

To gas at 
pressure p 

p = hpg 

Liquid of 
density p 

EXAMPLE 10.1 © 

Refer to Fig. 10.6. Calculate the pressure of the gas. in the bulb. (Atmospheric 
pressure = 1.01 x 10” Pa, density ofmercury = 1.36 x 10*kgm~?,g = 9.8ms~.) 

Fig. 10.6 Tube open to 
Diagram for Example Ga eee 

10.1 

is 0.120m 

Bulb containing 
gas under 
pressure 

Mercury 

Solution 

Pressure at A = atmospheric pressure = 1.01 x 10°Pa 

Since pressure increases with depth, 

Pressure at B = 1.01 x 10° + 0.120 x 1.36 x 104 x 9.81 

1.01 x 10° + 0.16 x 10° 

= Llp ore 

Since C is at the same level as B, 

Pressure at C = 1.17 x 10° 

i.e. Pressure of gas = 1.17 x 10° Pa 
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EXAMPLE 10.2 § 

Fig. 

Refer to Fig. 10.7. Calculate the pressure of the gas in the bulb. (Atmospheric 

pressure = 760 mmHg.) 

10.7 
Diagram for Example 
10.2 

QUESTIONS 10A | 

Gas under 
reduced 
pressure 

Solution 

Pressure at A II 

Pressure at B 

Pressure at C = 

Tube open to 
emeroners 

Mercury 

760 mmHg 

760 mmHg 

760 —30 = 730 mmHg 

i.e. Pressure of gas = 730 mmHg 

Where necessary and unless otherwise stated 

use 
760 

the following data: atmospheric pressure = 

mmHg, density of mercury = 1.36 x 

10kg m”, g = 9.81ms. 

1. An open U-tube manometer containing an oil 

of density 897 kgm™? is used to measure the 

pressure ofa gas. The oil level in the open tube is 

25.0 cm higher than that in the limb connected 

to the gas. Calculate (a) the gauge pressure, 

(b) the absolute pressure of the gas. 

(Atmospheric pressure = 9.98 x 10* Pa.) 

What is the atmospheric pressure (in pascals) on 

a day when a mercury barometer is reading 

772 mmHg? 

A beaker of cross-sectional area 60 cm’ contains 

600 cm? of mercury. Find the pressure on the 

inner surface of the base of the beaker. 

The pressure on the upper surface of a sub- 

merged submarine is 1.20 x 10° Pa; the pres- 

sure on the base of the hull is 1.40 x 10° Pa. 

Calculate the height of the submarine. 

(Density of seawater = 1.04 x 10° kg m~?.) 

5. Find the pressure of the enclosed gas in each of 

the following situations. 

Vacuum (b) Tube open to 
atmosphere 

Mercury 
Mercury 40mm 

Gas Gas 

Vacuum 
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10.7 THE BOURDON GAUGE ` 

The Bourdon gauge (Fig. 10.8) has a curved metal tube which is closed at one end 

and of elliptical cross-section. The closed end is linked to a pointer. If the pressure 

in the tube increases, the tube straightens slightly and moves the pointer over the 

scale. 

Fig. 10.8 
The Bourdon gauge 

Curved metal 
tube 

To pressure 
being measured 

The gauge detects the difference in pressure between the inside and outside of the 

curved tube, i.e. it detects the difference between the pressure being measured and 

the atmospheric pressure prevailing at the time. In this sense, then, it behaves like 

the open tube manometer shown in Fig. 10.4. 

The scale is calibrated in some suitable unit of pressure (e.g. Pa, mmHg, atm). 

Some gauges are calibrated in such a way that when they are open to the 

atmosphere the scale reading is zero, i.e. the pointer ‘starts’ from zero. The 

absolute (actual) pressure is obtained by adding the value of the prevailing 

atmospheric pressure to the scale reading. Others have the pointer offset so that it 

‘starts’ at a reading of one atmosphere (or its equivalent, e.g. 760 mmHg or 

1.0 x 10° Pa) and gives a reading which is (approximately) equal to the actual 

value of the pressure being measured. The reading is approximate because the 

gauge cannot take account of variations in atmospheric pressure. 

Bourdon gauges with an extensive variety of pressure ranges are available, and they 
can be used to measure pressures below atmospheric pressure as well as above it. 
Some gauges are used to measure (actual) pressures of as little as one millimetre of 
mercury, whilst others have ranges extending up to a few thousand atmospheres. 

10.8 BALANCING COLUMNS 

Fig. 10.9 shows a U-tube containing two immiscible liquids (i.e. liquids that do 
not mix with each other, such as paraffin and water). 

Fig. 10.9 
Balancing columns 
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The pressure, px, at X is equal to atmospheric pressure, p, plus the pressure 

exerted by the head, ha, of liquid A, i.e. 

Px = p+ hapag 

where pa is the density of liquid A. Similarly, the pressure, py, at Y is given by 

Py = p+hpg prg 

where py is the density of liquid B. Since X and Y are at the same level in liquid B, 

Px = py, and therefore 

p+ha pag = p+ hs ppg 

ha pag = hg prg 

i Pa _ g 
AS PB ha 

The ratio of the densities of the liquids can therefore be found by measuring h, and 

hg. If liquid B is water, g/ha is the relative density of liquid A. 

10.9 THE HYDRAULIC JACK. PASCAL’S PRINCIPLE 

Fig. 10.10 
The hydraulic jack 

Fig. 10.10 illustrates the operating principle of a hydraulic jack in which a 

downward directed force, Fx, is being used to balance a much larger force, Fy. The 

pressure in the liquid at both X and Y is p. The liquid therefore exerts upward 

directed forces of p Ax and p Ay on the pistons at X and Y respectively. 

F, 

, f Fy n 

Sonat it | Piston of 

ar Oh 
cross-sectional 

e x Ss A area Ay 

Liquid (e.g. oil) 

A small force applied at X 
creates a large force at Y 

It follows that 

Fx = pAx and Fy = pAy 

Eliminating p between these equations gives 

Pe Ak 
Fy Ay 

Thus, the ratio of the forces is equal to the ratio of the areas of the respective 

pistons. Bearing in mind that the areas of the pistons are proportional to the 

squares of their diameters, it follows that if the diameter of the piston at Y is ten 

times that of X, then a moderate effort of 100 N, say, at X could move a load of 

10 000N at Y. However, (assuming that the liquid is total incompressible) the 

effort has to move one hundred times further than the load is moved. Hydraulic 

braking systems and hydraulic presses work in a similar fashion. 

Suppose that the pressure at X and Y in the absence of the forces Fx and Fy is po. 

When the forces are applied the pressure at both X and Y increases by (p — po). In 

fact, the pressure at every point of the liquid increases by (p — po). This is an 

illustration of Pascal’s principle, which can be stated as: 
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Notes 

Fig. 10.11 
Solids transmit force 

SECTION B: STRUCTURAL PROPERTIES OF MATTER 

Any pressure applied to an enclos od fluid i is ‘roneminted undir iinished to. 
every part of the fluid and to the wa 

G) 

(ii) 

fits shape. ne its container regardi ii i 

Although Pascal’s principle applies to both liquids and gases, a gas cannot be 

used as the working fluid in a hydraulic jack because gases are compressible. 

Most of the effort would go into compressing the gas rather than into moving 

the load. 

Pascal’s principle illustrates an important difference between fluids and 
solids, namely that a fluid transmits pressure (unchanged), whereas a 

solid transmits force (unchanged). Consider Fig. 10.11. If a force, F, is 

applied to the (smaller) left-hand face, X, of the solid, the solid (assuming 

that it does not move) exerts the same force on anything in contact with its 

right-hand face, Y, even though the faces are not the same size. Thus, when 

the force at X increases, the force at Y increases by the same amount. 

However, the increase in pressure at X is greater than that at Y. 

Solid 

10.10 ARCHIMEDES’ PRINCIPLE 

Fig. 10.12 
To deduce Archimedes’ 
principle 

The principle is easily deduced. Consider a cylinder ofheight / and cross-sectional 
area A a distance ho below the surface of a fluid of density p (Fig. 10.12). 

Cylinder of PxA 
cross-sectional 
area À l 

Pressure at 
this level = px 

____ Pressure at 
this level = py 

Fluid of : 
density p 

PA. 

Volume of fluid displaced = Volume of cylinder 

= Ah 

Mass of fluid displaced = Ahp 

Weight of fluid displaced = Ahpg [10.5] 
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The fluid exerts forces of px A and py A on the top and bottom faces of the 

cylinder. The upthrust (i.e. the resultant upward force due to the fluid) is therefore 

given by 

Upthrust = py4 — px A 

= (h+ho)pgA —hopgA (by equation [10.4]) 

= hpgA 

Therefore, by equation [10.5], 

Upthrust = Weight of fluid displaced 

which is Archimedes’ principle. (Note, the result clearly does not depend on the 
fact that we have considered a cylinder.) Archimedes’ principle can be verified by 

experiment (see section 10.12). 

If a body is more dense than the fluid in which it is immersed, then its weight is 

greater than the weight of the fluid it displaces. By Archimedes’ principle, 

therefore, its weight is greater than the upthrust, and it falls down through the 

fluid unless it is supported in some way. A body which is less dense than the fluid 

around it, on the other hand, experiences a net upward force and rises up through 

the fluid. 

When a body floats the upthrust on it must be equal to its weight for it moves 

neither up nor down. It follows from Archimedes’ principle, therefore, that the 

weight of the body is equal to the weight of the fluid displaced. This is known as the 

principle of flotation. As we have just seen, it is a special case of Archimedes’ 

principle. It can be stated as: 

The principle of flotation, like Archimedes’ principle itself, applies to both 

partially immersed bodies (e.g. ships) and totally immersed bodies (e.g. 

submarines and airships). 

EXAMPLE 10.3 W 

An object is weighed with a spring balance, first in air and then whilst totally 

immersed in water. The readings on the balance are 0.48N and 0.36N 

respectively. Calculate the density of the object. (Density of water = 

1.0 x 10°kgm™~?.) 

Solution 

The object has the same volume as the water it displaces and therefore 

Density of object _ Mass of object 

Density of water Mass of water displaced 

7 Weight of object 

~ Weight of water displaced 
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By Archimedes’ principle, weight of water displaced = upthrust, and therefore 

Density of object _ Weight of object [10.6] 

Density of water  Upthrust in water 

0.48 
Density of object = mere 1.0 x 10° 

= 4.0 x 10°’kgm™ s 

10.11 MEASUREMENT OF DENSITY USING 
ARCHIMEDES’ PRINCIPLE 

Solids 

Weigh the solid in air and in water, and then use equation [10.6]. 

Liquids 

The density of a liquid can be found by determining the upthrust on some suitable 

object when it is immersed in the liquid and then when it is immersed in water. 

By analogy with equation [10.6] 

Density of object | Weight of object [10.7] 

Density of liquid  Upthrust in liquid à 

Dividing equation [10.6] by equation [10.7] gives 

Density of liquid — Upthrust in liquid 

Density of water Upthrust in water 

from which the density of the liquid can be found. 

10.12 VERIFICATION OF ARCHIMEDES’ PRINCIPLE BY 
EXPERIMENT 

Suspend a glass stopper from a spring balance to obtain the weight of the stopper in 
air. Gently lower the stopper into a displacement can filled to the spout with water. 
The difference between the two spring balance readings is the upthrust on the 
stopper. Collect the water that runs out of the can in a previously weighed beaker. 
Weigh the beaker with the water in it to find the weight of the water displaced by the 
stopper. If the weight of the water is equal to the upthrust, Archimedes’ principle 
has been verified. 

10.13 THE HYDROMETER 

The hydrometer provides a quick method of measuring the relative densities of 
liquids. 

In accordance with the principle of flotation, whenever the hydrometer floats in a 
liquid the weight of the liquid it displaces is equal to its own weight. It follows that it 
sinks further into water, say, than it does into a liquid ofhigher density (Fig. 10.13). 
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Fig. 10.13 
The hydrometer The stem is narrow and 

so there is a large change 
in depth (and therefore in : 
scale reading) for little 
change in weight of tig een 
displaced (i.e. for little 
change in fluid density) 
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Scale is read here and 
0.90 records relative density 

Large bulb for — eama 
buoyancy 

Lead shot to 
keep hydrometer 
upright 

Water Liquid of greater 
density than water 

10.14 SUMMARY OF METHODS OF DETERMINING 
DENSITIES AND RELATIVE DENSITIES 

G) 

Gi) 

Gii) 

(iv) 

(v) 

Measure the mass (m) and volume (V) and then use p = m/V to obtain 

the density. 

The mass should be found by using a beam balance or top-pan balance 

rather than a spring balance — a spring balance measures weight. The 

volume of a solid may be found by measuring its dimensions or by a 

displacement method. The volume of a liquid may be found by using a 

measuring cylinder, pipette or burette. The volume of a gas may be found 

by enclosing it in a container of known volume. 

The method of ‘balancing columns’ can be used for liquids. (See section 

10.8.) 

The hydrometer can be used for liquids. (See section 10.13.) 

The method based on Archimedes’ principle can be used for liquids and 

solids. (See section 10.11.) 

Relative density bottle can be used for liquids and fine powders. (See 

GCSE texts.) 

10.15 SURFACE TENSION 

A steel needle can be caused to float on water even though steel is more dense than 

water. A liquid spilled on to a surface that it does not wet tends to form into small 

drops, rather than spread into a continuous film. These are two examples of 
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phenomena which suggest that the surface of a liquid behaves like an elastic skin in 

a state of tension. This is indeed the case and can be understood by a consideration 

of the effects of intermolecular forces. 

10.16 MOLECULAR EXPLANATION OF SURFACE 
TENSION EFFECTS : 

Fig. 10.14 
Eliminating the effects of 
gravity 

A molecule in the surface of a liquid is subject to intermolecular forces from below, 

but not from above (providing the effects of the molecules of the vapour are 
ignored). Thus, if the coordination number of the molecules of the interior is n, 

then that of a surface molecule will be n/2. Therefore, if a molecule of the interior 
has a potential energy of (say) —0.4 eV, then a surface molecule, being involved in 

only half as many bonds, will have a potential energy of —0.2eV. Thus, the 

potential energy of a molecule in the surface exceeds that of one in the 
interior. 

All systems arrange themselves in such a way that they have the minimum possible 

potential energy. In order that the potential energy associated with the 
intermolecular forces (the surface tension forces) can be a minimum, the number 
of molecules which reside in the surface has to be a minimum. Therefore: 

(i) liquids have the smallest possible surface area, and 

(ii) the average separation of the molecules in the surface of a liquid is greater 
than that of molecules in the interior. 

The requirement that the surface area is a minimum means that a liquid subject to 
surface tension forces only, will assume the shape of a sphere. (This is because a 
sphere is the shape which allows a given volume of material to have the smallest 
possible surface area.) Liquids are normally subject to gravitational forces in 
addition to surface tension forces, in which case the adopted shape is that which 
minimizes the total potential energy. Small drops of liquid are nearly spherical, 
and become more so as the drop decreases in size. This is because the ratio of the 
surface area (which is proportional to r°) to the weight (which is proportional to r°) 
and therefore of surface tension force to gravitational force, increases as r 
decreases. Soap bubbles are almost perfect spheres because they have large surface 
areas and negligible masses. The effect of gravity can be eliminated by using two 
immiscible liquids of the same density (Fig. 10.14). The phenylamine (aniline) 
and water are at such a temperature that their densities are equal, in which case the 
upthrust on each phenylamine globule is exactly equal to its weight, and therefore 
the globule is not subject to any net gravitational force. Drops of liquid which are 
falling freely under gravity are also spherical. This is because every part of the drop 
is being accelerated to the same extent and the acceleration cannot, therefore, 
affect the shape of the drop. 

Globules (spherical) 
© of phenylamine 

© (aniline) 

Warm water 

The molecules in the interior of a liquid are, of course, at their equilibrium 
separation, and therefore the attractive forces of their neighbours are balanced by 
the repulsive forces. This is not true of the surface molecules, the separation of 
these is greater than the equilibrium separation (requirement (ii)), and therefore 
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they exert a net attractive force on each other. Thus, at any point in the surface ofa 

liquid there is a net force away from that point due to the attractions of the 
molecules around it. The surface therefore behaves like an elastic skin in a 

state of tension. 

10.17 SURFACE TENSION AND FREE SURFACE 
ENERGY 

Fig. 10.15 
A thin film of liquid being 
stretched 

The harass tension y of a tquid i is dened as the foe per unit len h l 
i acting in the surface and perpendicular to one side ofan n aeina n drawn | 
in the surface. (Unit = = N m J 

Free surface energy ois defined as the work dei in isothe rt nally < 
unit area of new v surface. (Unit =Jm m =Nm" 2 a 

Whenever the irfan area of a given volume y liquid i is Pren work has to be 

done against the surface tension forces. Alternatively, one may think of the work 

being necessary to provide the extra energy needed to have an increased number of 

molecules in the surface. 

Consider stretching a thin film of liquid on a horizontal frame (Fig. 10.15). Since 

the film has both an upper and lower surface, the force F on AB due to surface 

tension is given by 

Pre A b 

Liquid Movable Rigid 
film wire frame 

If AB is moved a distance x to A’B’, then work has to be done against this force. The 

surface tension, y, is independent of the area of the film (because as the size of the 

surface increases more molecules enter it and by so doing maintain the average 

molecular separation), but decreases with increasing temperature (because this 

decreases the binding energy). Thus, provided AB is moved isothermally to A'B’, 

the force on AB will be constant, and therefore since 

Work done = Force x distance 

Work done = 2Lyx 

The increase in surface area is 2Lx (upper and lower surfaces), and therefore the 

work done per unit area increase (the free surface energy c) is given by 

2Lyx 

2Lx 

i.e. 
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Thus, the free surface energy ois equal to the surface tension y. This provides a 
second definition of y: 

10.18 SOME SURFACE TENSION PHENOMENA 

Fig. 10.16 
A needle supported by 
surface tension forces 

Fig. 10.17 
To show that a liquid 
attains the minimum 
possible surface area 

Floating Needle 

The needle (Fig. 10.16) creates a depression in the liquid surface so that the 

surface tension forces F (which act in the surface) now have an upward directed 
component which is capable of supporting the weight of the needle. 

Cross-section Liquid 
of needle surface 

Thread on a Soap Film Esg 

In Fig. 10.17(a) there are equal and opposite forces on each side of the thread and 
therefore it stays where it has been placed. If the film is broken in the region 
bounded by the thread (Fig. 10.17(b)), there are forces on the outside of the thread 
only. The thread is therefore pulled into a circle (the shape with the maximum area 
for a given perimeter) and therefore the liquid film has the minimum possible area. 
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Fig. 10.18 
Camphor boat 

10.19 ANGLE 

Fig. 10.19 
(a) Concave, and 
(b) convex menisci 
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Camphor Boat 

The camphor (Fig. 10.18) sublimes and interacts with the water at the back of the 

boat, reducing the surface tension there, so that F’ is less than F. There is therefore 

a net forward force which drags the boat through the water. 

F F 

F F' 

Plastic Small piece 
boat of camphor 

OF CONTACT 

The surface of a liquid is usually curved where it is in contact with a solid. The 

particular form that this curvature takes is determined by the relative strengths of 

what are called the cohesive and adhesive forces. 

The cohesive force is the attractive force exerted on a liquid molecule by the 

neighbouring liquid molecules. 

The adhesive force is the attractive force exerted on a liquid molecule by the 

molecules in the surface of the solid. 

Consider a liquid in a container with vertical sides. If the adhesive force is large 

compared with the cohesive force, the liquid tends to stick to the wall and so has a 

concave meniscus (Fig. 10.19(a)). On the other hand, if the adhesive force is small 

compared with the cohesive force, the liquid surface is pulled away from the wall 

and the meniscus is convex (Fig. 10.19(b)). Whether the meniscus is concave or 

convex depends on the liquid concerned and on the solid with which it is in 

contact. For example, water has a concave meniscus when in contact with glass 

and a convex meniscus when in contact with wax; mercury has a convex meniscus 

with (clean) glass. ; 

(a) (b) 

The angle of contact 0 is defined as the angle between the solid surface and 

the tangent plane to the liquid surface at the point where it touches the solid; 

the angle is measured through the liquid. It can be seen from Fig. 10.19 that 

the meniscus is concave when @ is less than 90° and is convex when 0 is 

greater than 90°. A liquid is said to ‘wet’ a surface with which its angle of contact is 

less than 90°. The angle of contact between water and clean glass is zero, that 

between mercury and clean glass is 137°. Thus water ‘wets’ clean glass, mercury 

does not. 
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The zero angle of contact between water and clean glass is due to the adhesive force 

between water and glass being very much larger than the cohesive force between 

the water molecules themselves. This explains why water tends to spread into a 
thin continuous film when splashed on a horizontal clean glass surface. Mercury, 

on the other hand, forms into little drops; water on the roof of a freshly waxed car 

behaves in a similar fashion. 

The addition of a detergent to a liquid lowers its surface tension and reduces the 

contact angle. Water-proofing agents have the opposite effect. 

10.20 CAPILLARY RISE. MEASUREMENT OF y 

Fig. 10.20 
Liquid in a capillary tube 
(not to scale) 

Water in a capillary tube rises above the level of the water outside. The effect is 

known as capillary rise and is most marked with narrow tubes. The ability of 

blotting paper to soak up ink is due to the same effect; the spaces between the fibres 

act as fine capillary tubes. A liquid whose angle of contact is greater than 90° suffers 

capillary depression. Both capillary rise and capillary depression are caused by 

surface tension and provide a means by which the surface tension y of a liquid may 
be measured. 

Suppose that a capillary tube is held vertically in a liquid which has a concave 
meniscus (Fig. 10.20). Surface tension forces cause the liquid to exert a downward 
directed force on the walls of the tube. In accordance with Newton’s third law, the 
tube exerts an equal and opposite force on the liquid and it rises in the tube. At 
equilibrium the weight of the liquid which has been lifted up is equal to the vertical 
component of the force exerted by the tube. The mass of the raised liquid is the 
product of its density p and its volume zr7h, and therefore its weight is 

prr?hg 

Capillary tube 
yros.0 of internal 

Y radius r 

Liquid 
density p 

The length of the liquid surface in contact with the tube is equal to the 
circumference 27r of the tube, and therefore the vertical component of the force 
exerted by the tube is 

2mry cos 0 

Therefore at equilibrium 

2nry cos 0 = prr?hg 

prhg 
2 cos 0 [10.8] 

from which y can be determined. 

i.e. y = 
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(i) The weight of the small quantity of liquid in the meniscus has been ignored 

in deriving equation [10.8]. 

Gi) h and r are normally measured with a travelling microscope. The tube 
should be broken at the level of the meniscus in order to measure r. 

(iii) 0 and p are found from tables or measured in separate experiments. 

(iv) | Equation [10.8] also holds for capillary depression. 

10.21 PRESSURE DIFFERENCE ACROSS A SPHERICAL 
INTERFACE 

Fig. 10.21 
Forces on air bubble in a 

liquid 

The pressure inside a soap bubble is greater than the pressure of the air outside the 

bubble. If this were not so, the combined effect of the external pressure and the 
surface tension forces in the soap film would cause the bubble to collapse. 

Similarly, the pressure inside an air bubble in a liquid exceeds the pressure in the 

liquid, and the pressure inside a mercury drop is greater than that outside it. 

In order to derive an expression for the excess pressure inside an air bubble in a 

liquid we shall consider the forces acting on one half of such a bubble (Fig. 10.21). 

Suppose that the radius of the bubble is rand that the surface tension of the liquid is 

y. The half not shown exerts a surface tension force around the rim of the half we 

are considering. This force is directed to the left and, since the length of the rim is 

2nr, is of magnitude 2zry. The resultant force due to the pressure po outside is also 

to the left and is acting perpendicular to an area nr’ (the area of the flat face of the 

hemisphere) and is therefore of magnitude ponr’ since p, is the force per unit area. 

The resultant force due to the internal pressure p; is to the right and its magnitude 

is pnr”. The hemisphere is in equilibrium under the action of these forces, and 

therefore 

pinr? = ponr’ + 2nry 

2nry 
i.e. PpPi— po = ; 

Tr 

Surface 
tension 
forces 

Writing the excess pressure pi — Po as A p gives 

anyoe 

(for air bubbles and spherical drops) [10.9] 
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The smaller the bubble, the greater the excess pressure. 

The excess pressure inside a spherical drop of mercury is given by the same 

expression if y and r are taken to represent the surface tension of mercury and the 

radius of the drop respectively. 

A soap film has two surfaces and therefore the excess pressure A p inside a soap 

bubble is given by 

(for a soap bubble) 

where y is the surface tension of the soap solution and ris the radius of the bubble. 

(Note. This assumes that the inner and outer surfaces have the same radius of 

curvature — a reasonable approximation.) 

10.22 EXPERIMENTAL DETERMINATION OF y BY 
JAEGER’S METHOD 

Fig. 10.22 
Apparatus for the 
determination of y 

The apparatus is shown in Fig. 10.22(a). When the tap is opened water drips into 
the large container and increases the pressure in the system. An air bubble starts to 

form at the lower end of the narrow tube. As more water drips into the container 

the bubble grows, and as it does so its radius of curvature decreases (see Fig. 
10.22(b)). 

Suppose that when the radius of the bubble is r the head of the liquid in the 
manometer is h1, in which case the pressure inside the bubble is 

hıpıg +A 

Water 

Large 
container 

(a) 

Liquid under Oil of low 
investigation, density p, 
density p, 

Hemispherical 
(b) bubble has 

the smallest 
radius of 
curvature 
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where pı is the density of the manometer liquid, gis the acceleration due to gravity 

and A is the atmospheric pressure. The pressure outside the bubble is 

hpg + A 

where hz is the depth at which the bubble is formed and p3 is the density of the 

liquid whose surface tension is being measured. The excess pressure in the bubble 
is therefore 

hy pig — ho p28 

The excess pressure in a bubble of this type is given by equation [10.9] as 2y/r, and 

therefore 

2) 
—- = Apis — bape [10.10] 

where y is the surface tension of the liquid under test. The only variables in 

this equation arè r and h, and therefore it follows that k, will have its maximum 

value when r has its minimum value. The bubble has its smallest possible radius 

of curvature when it is hemispherical, for if it were to grow any larger, its radius 

would increase. It follows that when h, has its maximum value the bubble 

is hemispherical and its radius of curvature is equal to the internal radius of the 

tube. 

In practice the bubble becomes unstable and breaks away from the end of the tube 

as soon as its size increases beyond the stage where the bubble is hemispherical. 

When this happens the pressure in the system falls to atmospheric and another 

bubble begins to form as more water drips from the funnel. The tap is set so that 

bubbles form slowly (about one per second). Once a suitable rate has been 

achieved the maximum value of h; is recorded. A travelling microscope can be 

used to measure r (the internal radius of the lower end of the narrow tube) and hp. 

The values of, pı, p2 and g can be obtained from tables and used in equation 

[10.10], together with the measured values of h;, h2 and r, to calculate y. 

When a bubble breaks away its radius is not exactly equal to that of the tube. This 

limits the accuracy to which absolute determinations of y may be made by 

Jaeger’s method. It does, however, provide a reliable means of investigating the 

temperature dependence of surface tension. Providing bubbles are formed at 

the same rate for each measurement, the relative values of y are very accurate. 

) Mass 

Density = Volume 
Density of substance 

Density of water (at 4°C) 
Relative density 

Volume 

Mass 

The pressure on a surface is defined as the force per unit area acting at right angles 

to the surface. Pressure is a scalar. 

Specific volume = 
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Pressure in Fluids 

(a) Increases with depth (p = hpg) 

(b) ‘Acts equally in all directions’ (Strictly, it is the force due to the pressure that 

acts equally in all directions.) 

Archimedes’ Principle A body immersed in a fluid (totally or partially) 
experiences an upthrust (i.e. an apparent loss of weight) which is equal to the 

weight of the fluid displaced. 

The Principle of Flotation A floating body displaces its own weight of fluid. 

The surface tension ofa liquid is defined as the force per unit length acting in the 

surface and perpendicular to one side of an imaginary line drawn in the surface. 
(Unit =N m") 

Free surface energy is defined as the work done in isothermally creating unit area 
of new surface. (Unit = J m~? = N m™!.) 

Surface tension = Free surface energy 

A liquid is said to ‘wet’ (i.e. stick to) a surface with which its angle of contact is less 
than 90°. 

Solids transmit force; fluids transmit pressure. 



11 
ELASTICITY 

11.1 DEFINITIONS 

If forces are applied to a material in such a way as to deform it, then the material is 

said to be being stressed. As a result of the stress the material becomes strained. 

Initially we shall be concerned only with solids, and with stress which results in an 

increase in length (tensile stress) or a decrease in length (compressive stress). 

Stress 

Strain 

Elasticity 

Hooke’s law 

Elastic limit 

Yield point 

Strength 

Breaking stress 

Stiffness 

Ductility 

*See section 11.12. 

Force per unit area of cross-section. 

Unit = Nm” = pascal (Pa) 

Change in length 

Original length 

A material is said to be elastic if it returns to its original size 

and shape when the load which has been deforming it is 

removed. 

(pure number) 

Up to some maximum load (known as the limit of 

proportionality) the extension of a wire (or spring) is 

proportional to the applied load. 

This is the maximum load which a body can experience and 

still regain its original size and shape once the load has been 

removed. (The elastic limit sometimes coincides with the 

limit of proportionality.) 

If the stress is increased beyond the elastic limit, a point is 

reached at which there is a marked increase in extension. This 

is the yield point. The internal structure of the material has 

changed — the crystal planes have (effectively)* slid across 

each other. The material is said to be showing plastic 

behaviour. Few materials exhibit a yield point — mild steel is 

one that does. 

This relates to the maximum force which can be applied to a 

material without it breaking. 

This is also called ultimate tensile strength and is the 

maximum stress which can be applied to a material. 

This relates to the resistance which a material offers to having 

its size and/or shape changed. 

A ductile material is one which can be permanently stretched. 

181 
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Brittleness A brittle material cannot be permanently stretched; it breaks 

soon after the elastic limit has been reached. Brittle materials 
are often very strong in compression. 

The stress-strain curve of a (hypothetical) elastic material is shown in Fig. 11.1. 

The corresponding load—extension curve is slightly different because as the length 

of the specimen increases its cross-sectional area decreases. The curve shown 

represents a ductile material; for a brittle material section EB is very short. 

If the stress is removed at a point such as C, which is beyond the elastic limit, the 
body has a permanent strain equal to OO’. 

Fig. 11.1 Stress 
Stress-strain curve for an 
elastic material 

Yield 
point 

If the stress is 
g ——— increased beyond 

this value the 
wire breaks 

Elastic 
limit 

Limit of 
proportionality 

Hooke’s law 
being obeyed 

O O' Strain 

11.2 YOUNG’S MODULUS 
\ 

Provided the stress is not so high that the limit of proportionality has been 
exceeded, the ratio stress/strain is a constant for a given material and is known as 
Young’s modulus. Thus 

iL 

where 

E = Young’s modulus (N m~” = Pa). 

Young’s modulus is clearly a measure of a material’s resistance to changes in 
length. For example: 

E (natural rubber)” = 1 x 10° Nm? 
E (mild steel) = 2x 10 Nim“ 

Note Bending a beam involves both tensile and compressive stress — the outer surface is- 
stretched, the inner surface is compressed. 

11.3 MOLECULAR EXPLANATION OF HOOKE’S LAW 

Consider a plot ofintermolecular force, F, against intermolecular separation, r, for 
a solid (Fig. 11.2). When the stress is zero the mean separation of the molecules is 
ro. A tensile stress acts in opposition to the attractive forces between the molecules, 

*This is an average value. Rubber does not obey Hooke’s law and therefore the ratio stress /strain 
depends on the stress applied. 
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Fig. 11.2 Intermolecular 
Molecular explanation of force (F) 
Hooke’s law 

Molecular 
separation (r) 

The graph is very 
nearly linear over 
this limited region 

and is therefore capable of increasing their separation. For values of r close to 

ro the graph can be considered to be linear, and therefore, providing the stress is 

not so large as to take r out of this region, equal increases in tensile stress will 

produce equal increases in extension (Hooke’s law). Note that Hooke’s law 

applies also to compressive stress. 

The work done in stretching a wire is stored as elastic potential energy (see section 

11.5). On a molecular level this corresponds to the increased potential energy of 

the molecules which results from their increased separation. 

11.4 EXPERIMENTAL DETERMINATION OF YOUNG’S 

MODULUS 

Consider the experimental arrangement shown in Fig. 11.3. When Q is loaded 

there is a tendency for its support to sag. The errors that would result if this were to 

happen are avoided by carrying the reference scale on a second wire, P, suspended 

Fig. 11.3 
Apparatus for 
investigating the 
extension of a wire P Q (the test support 

wire) 

Vernier arrangement 
to measure the 
extension of Q 

Small fixed 
weight to 
keep P taut Variable 

load 
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Fig. 11.4 
Typical results of 
extending a wire 

SECTION B: STRUCTURAL PROPERTIES OF MATTER 

from the same beam as Q. Both P and Q are made from the same material and are 
of the same length; errors due to expansion, as a result of temperature changes 

during the experiment, are therefore avoided. The test wire is loaded (typically up 

to 100 N in 5 N steps), and the resulting extension is measured as a function of the 
load. The wires are as long as is convenient (typically 2m) and thin in order to 

obtain as large an extension as possible; even so a vernier arrangement is needed to 

measure the extension (typically 1 mm). If the test wire is free of kinks at the start 

and the limit of proportionality is not exceeded, the measurement can be used to 

produce a plot similar to that in Fig. 11.4. 

Extension 

Gradient (= x/F) 

Load 

From equation [11.1] 

E= ee 

Strain 

j F/A 13 
.e, Es — = ——— 
i oi A (x/F) : 

where 

F = applied load (N) 

A = area of cross-section of wire (m°) 

x = extension (m) 

L = original length (m). 

Bearing in mind that x/F is the gradient of the graph, we have 

%, L 

A x gradient 

The gradient is measured from the graph, often as the mean of the results obtained 
with an increasing load and a decreasing load. L can be measured with an 
extending ruler or metre rule. A is obtained by determining the diameter of the 
wire at several places with a micrometer. 

11.5 THE WORK DONE IN STRETCHING A WIRE 
(STRAIN ENERGY) 

Consider a wire whose extension is x when the force on it is F. If the extension is 
increased by ôx, where ôx is so small that F can be considered constant, then (by 
equation [5.1]) the work done, ôW, is given by 

OW = Fox 
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Work done in stretching a 
wire 
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The total work done in increasing the extension from 0 to x, i.e. the elastic 

potential energy stored in the wire (the strain energy) when its extension is x, is 
given by W, where 

W = I Fdx [11.2] 

If the wire obeys Hooke’s law, we may put 

B= ky 

where k is a constant, and therefore by equation [11.2] 

Was | kx dx 
0 

te. [11.3] 

Alternatively, since F = kx, substituting for k gives 

[11.4] 

A wire of length L and cross-sectional area A has a volume of AL and therefore by 

equation [11.4] 

Strain energy per unit volume = ~—— 

Lc, [11.5] 

(i) For a wire of a material with Young’s modulus E£ it follows from equation 

[11.1] that F = (EA/L)x, ie. k = EA/L and therefore by equation 

[11.3] 

[11.6] 

(ii) Equations [11.3] to [11.6] apply only as long as Hooke’s law is obeyed. If the 

extension is so great that the limit of proportionality is exceeded or the wire 

does not obey Hooke’s law anyway, the work done can be found from a graph 

of force against extension (Fig. 11.5). The strain energy per unit volume 

is the area under a graph of stress against strain. 

Force (F) 

5x = Fôx 

i Fdx = Í 

Work done in producing 
extension e = area of 
shaded region 

Extension (x) 
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EXAMPLE 11.1 

A steel wire, AB, of length 0.60m and cross-sectional area 1.5 x.10~° m° is 

attached at B to a copper wire, BC, of length 0.39m and cross-sectional area 
3.0 x 1076 m°. The combination is suspended vertically from a fixed point at A, 

and supports a weight of 250 N at C. Find the extension of each section of the 

wire. (Young’s modulus of steel = 2.0 x 10!! Pa, .Young’s modulus of 

copper = 1.3 x 101! Pa.) 

Solution 

Each section of the wire is subject to the full force of 250 N. Letx; = extension of 
AB; let x2 = extension of BC. 

_ Stress 

— Strain 

Therefore for steel 

250/1.5 x 1076 n AL 108 
Tao = = aes x, /0.60 x 

1.00 x 108 ny 

For copper 

250/3. 1076 2 107 1.3 x 10!!! = 250/3.0 x 10° = oe ee 
x2/0.39 x2 

3.25 x 107 B 

EXAMPLE 11.2 I 

A steel rod of length 0.60 m and cross-sectional area 2.5 x 10-5 m? at 100°C is 
clamped so that when it cools it is unable to contract. Find the tension in the rod 
when it has cooled to 20°C. (Young’s modulus of steel = 2.0 x 1022 Pa, linear 
expansivity of steel = 1.6 x 1077°C7!.) 

Solution 

It follows from equation [9.4] that if the rod were allowed to contract, its length 
would decrease by 

0.60 x 1.6 x 10-7 (100 — 20) = 7.68 x 10-°m 

The extension of the clamped rod at 20°C is therefore 7.68 x 10-°m. 
_ Stress 

~ Strain 

9.6.x 16M ee ese 
7.68 x 10-°/0.60 

i.e. Stress = 2.56 x 10° Pa 
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Tension 
Stress = 

Cross-sectional area 

Tension 

25x107 

1e Tension = 64N 

2.56 x 10° = 

QUESTIONS 11A 

1. An aluminium wire of length 0.35 m and radius (b) Find the stress in the wire. 

0.20mm is stretched by 1.4mm. Young’s (c) Find the cross-sectional area of the wire. 

modulus of aluminium is 7.0 x 101° Pa. (d) Find the tension in the wire. 

(a) Find the strain in the wire. 

11.6 BULK MODULUS AND SHEAR MODULUS 

Fig. 11.6 
Block subjected to a 
shear stress 

So far we have been concerned only with stress which results in a change in length. 

Two other types of stress will now be considered. The associated moduli of 

elasticity are called the bulk modulus and the shear modulus. The latter is 

sometimes referred to as the rigidity modulus. 

Shear (Rigidity) Modulus 

A shear stress is one which changes the shape of a body; the strain which results 

is called a shear strain. Fig. 11.6 illustrates a solid block WXYZ whose lower 

face is fixed. A force F acts on the block tangential to its upper face. The force 

provides a shear stress which distorts the block so that its new shape is WX’Y’Z. 

The shear modulus G is defined by 

(Unit = Nm” = Pa) 

Shear stress = Tangential force per unit area = F/A 

and 

Shear strain = Tangent of angle of shear = tana = Ax/y 

ie. tee Te TARA 

(Note: twisting a wire involves shear stress.) 

Area over which 

the force is 

z
A
 app

lied 
= A 
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Fig. 11.7 
Sphere subjected to a 
radial stress 

Note 

Notes 
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Bulk Modulus ` 

This refers to situations in which the volume of a substance is changed by the 

application of an external stress. Unlike the shear modulus and Young’s 

modulus, which refer to solids only, bulk moduli are possessed by solids, liquids 

and gases. 

In Fig. 11.7 the application of a force AF, which is everywhere normal to the 

surface of a spherical body, has changed its volume by A V: The bulk modulus K 

is defined by 

Bulk stress 

Bulk strain 
Kis (Unit = Nm” = Pa) 

where 

Bulk stress = Increased force per unit area = AF/A 

and 

i l AV iP tee nee in volume 2 

Original volume V 

F/A 
i.e. K=- ao AV/V 

AF 
Original 
volume = V 

Ch i 
Takie ie AV es aera 

ee i \ 

/ \ 

I \ 

> <— + 
\ / 

\ 

When AFis positive A V is negative, and therefore it has been necessary to include 
the minus sign in order to make K a positive constant. 

AF/A is the change in pressure Ap, and therefore 

-Ap 
AV/V 

which in the limit as Ap — 0 becomes 

@ The compressibility x of a substance is given byk = VK. 

Gi) The three elastic moduli have the same order of magnitude for any one 
material, and apply only in the region where the ratio of stress to strain is 
constant. 
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11.7 PLASTICITY 

A perfectly plastic material is one which shows no tendency to return to its 

original size and shape when the load which has been deforming it is removed 

(plasticine is a good example). In this sense a perfectly plastic material is the 

opposite of an elastic material. The application ofa load to a plastic material causes 

dislocations (i.e. gaps in the crystal lattice — see section 11.12) to move. This 

produces the same effect as planes of atoms sliding past each other. 

11.8 ELASTIC HYSTERESIS 

Fig. 11.8 
The effect of loading and 
unloading a sample of 
rubber 

Fig. 11.8 shows the force—extension curve of a sample of rubber for both loading 

and unloading. The extension due to any given force is greater during unloading 

than during loading, i.e. the unloading extension lags behind the loading 

extension. The effect is called elastic hysteresis, and the region enclosed by 

the two curves is called a hysteresis loop. Metals also exhibit hysteresis, but to a 

much smaller extent. 

Force 

Shaded area = net heat 
gained by sample in one 
cycle 

Loading 

Unloading 
0 | Extension 

Typically, extension = 5 to 
10 times the natural length of 
the sample 

When rubber is stretched it becomes warmer. When the stress is released its 

temperature falls but it remains a little warmer than it was initially. The net 

increase in the heat content of the sample during the cycle is equal to the area of the 

hysteresis loop. 

11.9 SOME PROPERTIES OF RUBBER 

(i) Samples of some types of rubber can be stretched as much as 10 times their 

natural lengths and still regain their original sizes when the stresses are 

removed. A typical metal, on the other hand, can be subjected to only about 

1/10 000 of this extension before its elastic limit is exceeded. 

(ii) Rubber does not obey Hooke’s law, i.e. the value of the ratio stress/strain 

depends on the particular stress at which it is measured — see Fig. 11.8. The 

sample stretches easily at first, but has become very stiff (steep slope) by the 

time the extension corresponding to point A has been reached. At A the 
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Fig. 11.9 
Stress-strain curves of 
typical samples of 
(a) copper, (b) glass, 
(c) rubber 

(iii) 

(iv) 

SECTION B: STRUCTURAL PROPERTIES OF MATTER 

extension is such that the long-chain molecules of the rubber (see 

‘Elastomers’ in section 9.10) have become fully straightened out. Any 

further extension can be achieved only by stretching the bonds between the 

carbon atoms in the chains. 

Some types of rubber have particularly large hysteresis loops, and so are 

useful as vibration absorbers. If a block of such a rubber is placed between a 

piece of vibrating machinery and the floor, much of the energy of the 

mechanical vibration is converted to heat energy in the rubber, and so is not 

transmitted to the floor. The rubber used in the manufacture of tyres has a 

small hysteresis loop, for it is clearly desirable that as little heat as possible is 

generated in a tyre. 

Heating a stretched* rubber band causes it to contract. The higher 

temperature produces increased lateral bombardment of the long-chain 

molecules causing them to kink and so shorten. 

Tensile stress/Pa 

(a) 

4x 108 

Elastic limit 

E =s13 10" Pa 

0.003 Tensile strain 

Tensile stress/Pa 

(b) 

0.7 x 108 Elastic limit. Any further 
increase in stress causes 
the glass to break 

= 7 xX 10" Pa 

0 
2.001 Tensile strain 

Tensile stress/Pa 

(c) 

0.2 x 108 

Tensile strain 

*An unstressed sample of rubber, on the other hand, behaves quite normally and expands on heating. 
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(v) For most materials the value of Young’s modulus decreases with increasing 

temperature. In the case of rubber, though, the ratio stress/strain increases 

with increasing temperature. This is because the increased lateral 
bombardment of the long-chain molecules which occurs at higher 

temperatures makes it more difficult to straighten them. 

(vi) If a rubber band is stretched rapidly, its temperature increases. This 

behaviour is opposite to that of metals and most other materials. Stretching 

the rubber produces greater alignment of its long-chain molecules. This 

increased amount of order is akin to crystallization in the sense that as a 

result of it the rubber is in a lower energy state than previously. The energy 

released in attaining this state heats the sample. 

The stress/strain curve for rubber is compared with those of copper and glass in 

Fig. 11.9. 

11.10 FATIGUE 

11.11 CREEP 

Ifa material is repeatedly stressed and unstressed (or stressed first in one direction 

and then in another), it becomes weaker, i.e. the strain produced by a given 

amount of stress increases. If the repeated stressing is continued, the material may 

fracture even though the maximum stress applied in any of the stress cycles could 

have been sustained indefinitely if it had been applied steadily. The failure of a 

material under these circumstances is called fatigue failure or fatigue fracture. 

It has been estimated that about 90% of the failures which occur in aircraft 

components are due to fatigue. 

Mild steel and many other ferrous metals can safely undergo an infinite number of 

stress cycles, provided that the maximum stress is kept below a particular value 

known as the fatigue limit. There is no such limit for non-ferrous materials. In 

such cases the maximum loading is kept below that which would cause failure 

within the time for which the component is required to last. 

Fatigue fractures usually start in the surface at points of high stress, e.g. at sharp 

corners and around rivet holes. It is believed that each time the material is stressed 

a small amount of plastic strain is produced. Since it is plastic strain, the effects of 

repeated stressings are cumulative and eventually produce fracture. 

The term creep is used to describe the gradual increase in strain which occurs 

when a material is subjected to stress for a long period of time. Unlike fatigue it 

occurs even when the stress is constant. It is most marked at elevated temperatures 

and may be so severe that the material eventually fractures. The greater the stress, 

the more quickly this happens. The turbine blades in jet engines are particularly 

susceptible to creep because they are under high stress and are at high 

temperatures. Soft metals (e.g. lead) and most plastics show considerable creep 

even at room temperature. Fig. 11.10 shows a typical creep curve. Note the 

accelerated rate of creep just before fracture. 
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Fig. 11.10 
Typical creep curve 

SECTION B: STRUCTURAL PROPERTIES OF MATTER 

Strain 

Fracture 

Initial strain due to ——_ 
applied stress 

Time 

11.12 DISLOCATIONS 

Fig. 11.11 
Sliding of crystal planes 

The ductility of metals (i.e. their ability to undergo plastic strain) might be thought 

to be due to the various crystal planes which make up the structure slipping over 

each other to take up new positions (Fig. 11.11). According to this idea every atom 

in plane X has had to break a bond with an atom in plane Y, and then form a new 

one with a different atom in plane Y. However, calculations reveal that this process 

Force Force 

Plane X Oe CXXOQ O 

Pine’ — OOOO 
Force Force 

would require stresses which are about a hundred times greater than those which 
are needed to produce plastic strain in practice. Thus real metals are not as strong 
as this simple model would suggest. An explanation was offered in 1934 by G.I. 
Taylor who put forward the idea of dislocations. One type, an edge dislocation, 
is shown in Fig. 11.12. It takes the form of an incomplete plane of atoms (AB in 
Fig. 11.12(a)). Forces applied in the manner shown move atoms B and N closer 
together and eventually a bond forms between them at the expense of that between 
M and N (Fig. 11.12(b)). 

If the stress is maintained, M and Z bond together leaving plane XY incomplete 
(Fig. 11.12(c)). In this way, then, the dislocation moves from left to right through 
the crystal. The end result is the same as it would have been if rows 1 and 2 had 
slipped over row 3. However, it has been achieved much more easily for only one 
bond has been broken at a time, whereas the wholesale movement of the planes 
would require a large number of bonds to be broken at the same time. The process 
is commonly likened to the movement of a ruck in a carpet. A large force is 
required to drag a heavy carpet over a floor. However, if there is a ruck in the carpet, 
it can be moved by the almost effortless process of pushing the ruck from one side 
to the other (Fig. 11.13). 

11.13 THE STRENGTHENING OF METALS 

It follows from what has been said in section 11.12 that metals can be made 
stronger by impeding the movement of dislocations. This can be done in anumber 
of ways. 
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aS 

Increasing the number of dislocations, because the increased number makes 

it more likely that the various dislocations will obstruct each other in a ‘log 

jam’ effect. The number of dislocations can be increased by plastically 

deforming the metal repeatedly — this is the process known as work 

hardening. 

Introducing ‘foreign’ atoms (e.g. carbon atoms in steel) into the structure. 

These disturb the regularity of the lattice and by so doing hinder the 

movement of dislocations. 

Dislocations have difficulty in moving across grain boundaries and therefore 

samples in which the grain size is small (and which therefore have many 

grain boundaries) tend to be strong. 

A metal in which there were no dislocations would, of course, be ext
remely strong. 

To date, though, such perfect crystals have been made only on a very small scale. 

They are known as ‘whiskers’ and are typically only a few micrometers thick, 

though a few millimetres long. 
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12.1 TERMINOLOGY 

Fluids 

Both liquids and gases are fluids. 

Viscosity 

If a fluid is viscous then it offers a resistance to the motion through it of any solid 

body — or what amounts to the same thing, to its own motion past a solid body. In 

both these circumstances (except where the fluid is a gas of very low density) the 
layer of fluid in immediate contact with the solid surface is stationary with respect 
to that surface, and therefore the motion causes adjacent layers of fluid to move 
past each other. There exists a kind of internal friction which offers a resistance to 
the motion of one layer of fluid past another, and it is thisthat is the origin of the 
viscous force. In liquids the internal friction is due to intermolecular forces of 
attraction. In gases the viscous force arises as a result of the interchange of 
molecules that takes place between the different layers of the flowing gas. Thus, 
whenever molecules move from a fast-flowing layer into a more slowly moving 
layer, they increase the average speed of the molecules of that layer. It is as if the 
faster layer is dragging the slower layer along with it. At the same time, the random 
molecular motion means that molecules from the slower-moving layer move into 
the faster-moving layer, and therefore the average molecular speed of the faster- 
moving layer is reduced. Thus, the presence of an adjacent slow-moving layer 
slows down the fast-moving layer. 

Steady Flow 

If the flow of a fluid is steady (also known as streamline flow, orderly flow and 
uniform flow), then all the fluid particles that pass any given point follow the same 
path at the same speed (i.e. they have the same velocity). Thus, in steady flow no 
aspect of the flow pattern changes with time. 

Turbulent Flow 

This is also known as disorderly flow. In this type of flow the speed and direction 
of the fluid particles passing any point vary with time. 

Line of Flow 

The path followed by a particle of the fluid is called the line of flow of the particle. 

194 
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Fig. 12.1 
Streamlines of a liquid in 
laminar flow 

Fig. 12.2 
To illustrate laminar flow 
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Streamline 

A streamline is a curve whose tangent at any point is along the direction of the 

velocity of the fluid particle at that point. Streamlines never cross. 

For a fluid undergoing steady flow all the fluid particles that pass any given point 

follow the same path, i.e. all the particles passing any given point have the same line 

of flow. It follows that in steady flow the streamlines coincide with the lines of 
flow. 

Laminar Flow~* 

This is a special case of steady flow in which the velocities of all the particles on any 

given streamline are the same, though the particles of different streamlines may 

move at different speeds (Fig. 12.1). As an example of laminar flow, consider a 

liquid flowing in an open channel of uniform cross-section. If the fluid is viscous, it 

flows as a series of parallel layers (laminae). The layer in contact with the base of 

the channel is at rest, and the speed of each layer is greater than the speeds of those 

below it. If the channel is wide, the drag effects of the side walls can be ignored, and 

therefore the velocities of all the particles within each layer are the same (Fig. 12.2). 

vı vı 

Pon va 3 Vp Velocities vı, v) and 
ees <— -Opp varnot 

necessarily equal 
flow r 

V3 > V2 > Vy 

As a second example, consider a viscous fluid flowing in a pipe of uniform circular 

cross-section. In this case the fluid flows as a series of concentric cylinders. All the 

particles of fluid within such a cylinder flow at the same speed. The speed of the 

cylinder adjacent to the wall of the pipe is zero, and the speeds increase towards the 

centre. 

Tube of Flow 

This is a tubular region of a flowing fluid whose boundaries are defined by a set of 

streamlines. 

Incompressible Fluid 

This is a fluid in which changes in pressure produce no change in the density of the 

fluid. Liquids can be considered to be incompressible; gases subject only to small 

pressure differences can also be taken to be incompressible. 

* The term ‘laminar flow’ is often used loosely as being synonymous with the less restricting term 

‘steady flow’. 
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12.2 THE EQUATION OF CONTINUITY 

Fig. 12.3 
Section of tube of flow 

If a fluid is undergoing steady flow, then the mass of fluid which enters one end 

of a tube of flow must be equal to the mass that leaves at the other end during the 

same time. This must be so because in steady flow no fluid can leave the tube of 

flow through the side walls of the tube (streamlines do not cross each other), 

and therefore there would be a change in the mass within the tube if it were 

not so. A change in mass would mean a change in the number of fluid particles 

within the tube, in which case there would exist fluid particles where none had 

previously existed (or no particles where there had been some). This cannot 

happen under conditions of steady flow because the velocity at any point has to be 

unvarying. 

Consider a fluid undergoing steady flow, and consider a section XY of a tube of 

flow within the fluid (Fig. 12.3). Let 

Ax and Ay be the cross-sectional areas of the tube of flow at X and Y 
respectively, 

px and py be the densities of the fluid at X and Y respectively, 

Vx and vy be the velocities of the fluid particles at X and Y respectively. 

Streamlines 
bounding the 
tube of flow 

In a time interval Az the fluid at X will move forward a distance vx At. Therefore a 
volume Axvx At will enter the tube at X. The mass of fluid entering at X in time At 
will therefore be 

PxAyvy At 

Similarly, the mass leaving at Y in the same time will be 

PpyAyvy At 

Since the mass entering at X is equal to the mass leaving at Y, 

PxAxvxAt = pyAyvyAt 

i.e. PxAx 0x =a pyAyvy 21] 

Equation [12.1] is known as the equation of continuity. For an incompressible 
fluid py = py, and therefore the equation takes the form 

Axu = Aydy [12:2] 

Axvx is known as the flow rate (or volume flux) of the fluid at X. 
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12.3 BERNOULLI’S EQUATION 

This states that for an incompressible, non-viscous fluid undergoing 

steady flow, the pressure plus the kinetic energy per unit volume plus 

the potential energy per unit volume is constant at all points on a 

streamline. 

ic. P+4pv*+pgh = A constant 

; where 

IÐ = the pressure within the fluid 

p = the density of the fluid 

v = the velocity of the fluid 

g = the acceleration due to gravity, and 

h = the height of the fluid (above some arbitrary reference line). 

Proof Consider a tube of flow within a non-viscous, incompressible fluid undergoing 

steady flow (Fig. 12.4). Let 

px and py = pressures at X and Y 

Vy and vy = velocities at X and Y 

Ax and Ay = areas of cross-section at X and Y 

hx and hy = average heights at X and Y. 

Fig. 12.4 
Derivation of Bernoulli's 

equation 

Arbitrary zero of potential energy 

Let X; be close to X so that each of the parameters listed above has the same value 

at X, as at X. Let Y, be close to Y with a similar consequence. Since the fluid is 

incompressible, the density will be the same at all points; let this be p. 

Consider the section of fluid which is between X and Y, moving to occupy the 

region between X; and Yj. The fluid moves in this direction because the force Fx is 

greater than the force Fy. The force Fx moves a distance Ax, and the fluid moves a 

distance Ay against the force Fy. 

The net work done on the fluid is therefore given by 

Work done on fluid = Fy, Ax — Fy Ay 

Since the fluid is undergoing steady flow, the mass of fluid that was originally 

between X and X; is equal to the mass which is now between Y and Y,. Let this 
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mass be m. Thus a mass m which originally had velocity vx and average height hx 

has been replaced by an equal mass with velocity vy and average height hy. 

Therefore, 

. . . . Z ] 2 

Gain in kinetic energy = t mvy Uk 

Gain in potential energy = mghy — mghx 

None of the work done on the fluid has been used to overcome internal friction 
because the fluid is non-viscous, and therefore by the principle of conservation of 

energy, 

Work done = Gain in KE + Gain in PE 

Fy Ax — FyAy = {mv —4mvx + mghy — mghx 

i.e. px Ay Ax — pyAyAy = mv,’ —imv,? + mghy — mghx 

But, A, Ax = Volume between X and X, = m/p, and similarly AyAy = m/p. 
Therefore, 

Px = — py 5- = Imvy” re Smo? +mghy — mghy 

Thus px —py = 5 pvy? Fa 5 puy’ + pghy — pghx 

ie. py +7 pdx? +pghx = py +4 pvy’+pghy 

Since X and Y were arbitrarily chosen points we may write 

In practice, Bernoulli’s equation cannot apply exactly — real fluids are viscous and 
gases are easily compressed. Nevertheless, as long as the equation is used with 
care, it gives meaningful results and its qualitative implications are valid. 

12.4 CONSEQUENCES OF BERNOULLI’S EQUATION 

It follows from Bernoulli’s equation that whenever a flowing fluid speeds up, there 
is a corresponding decrease in the pressure and /or the potential energy of the fluid. 
If the flow is horizontal, the whole of the velocity increase is accounted for by a 
decrease in pressure. 

An aerofoil (e.g. an aircraft wing) is shaped so that air flows faster along the top of it 
than the bottom. There is, therefore, a greater pressure below the aerofoil than 
above it. It is this difference in pressure that provides the lift. A spinning ball 
experiences a similar effect. The spin drags air around with the ball (Fig. 125) 
The ball therefore has a resultant force acting on it towards the top of the page. 

In accordance with the equation ofcontinuity, fluids speed up at constrictions, and 
therefore there is a decrease in pressure at constrictions. This effect is made use of 
in such devices as filter pumps, Bunsen burners and carburettors. 

The Venturi meter (Fig. 12.6) is a device which introduces a constriction into a 
pipe carrying a fluid, in order that the velocity of the fluid can be measured by 
measuring the resulting drop in pressure. 
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Fig. 12.5 
To illustrate the effect of 
spin 

Fig. 12.6 
The Venturi meter 

EXAMPLE 12.1 
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Increased air 
speed, therefore 
low pressure 

f Direction O Spin 

of ball 

Decreased air 
speed, therefore 
high pressure 

Direction of air 
= 

relative to ball 

Manometer to record px 

Manometer to record py 

Flowing fluid 
of density p 

Consider the fluid to be non-viscous, incompressible (of density p) and in 

horizontal steady flow. Let the pressure and velocity respectively be px and vx at X, 

and be py and vy at Y on the same streamline as X. Applying Bernoulli’s equation 

at X and Y gives 

Px +5 pox? = py +Zpry’ 

If the cross-sectional areas at X and Y are Ay and Ay, then from the equation of 

continuity 

Ayvy = Ay vy i.e. Uy = 

1 2 1 Azor \ 
bza o Bix aBa ANman 

= Lja 

Thus by measuring the pressures px and py and knowing p, Ax and Ay, it is 

possible to find the velocity vx of the fluid in the unconstricted (main) section of 

the pipe. 

Es 

Calculate the velocity with which a liquid emerges from a small hole in the side ofa 

tank of large cross-sectional area if the hole is 0.2 m below the surface (Assume 

g = 10ms”.) 

Solution 

Refer to Fig. 12.7. We shall assume that we are dealing with a non-viscous, 

incompressible liquid in steady flow, in which case we may apply Bernoulli’s 

equation to points X and Y on the streamline XY. 
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Fig. 12.7 
Diagram for Example 
12.1 
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x Pressure = p 

Pressure = p 

rai 

Thus, taking the pressure, height and velocity at X to be px, Ax and vx, and the 

pressure, height and velocity at Y to be py, hy and vy, we may put 

Px + pghy +4 pdx? = py + pghy +5 poy? [12.3] 

The pressure at both X and Y is atmospheric pressure p, and therefore 

Pp PYR 

Taking heights to be measured from the level of Y we have 

íx = 0.2m hy = 0 

If we assume that the tank is wide enough for the rate at which the surface level falls 

to be negligible, then 

Vy = 0 Vy = v (the velocity of emergence) 

Substituting in equation [12.13] gives l 

pt+px10x0.2+0 = p+0+ 5 pv 

i.e. v = V2x10x0.2 =2ms"! 

In generalv = ,/2gh and is equal to the velocity acquired by a body falling from 
rest through a height / — a result which is known as Torricelli’s theorem. In 
practice v would be less than 2 ms! because of viscous effects. 

12.5 THE PITOT-STATIC TUBE 

The Pitot—static tube is a device used to measure the velocity of a moving fluid. It 
consists of two manometer tubes — the Pitot tube and the static tube. The Pitot 
tube has its opening facing the fluid flow; the static tube has its opening at right 
angles to this. 

When the Pitot-static tube is used to measure the velocity of a flowing liquid, the 
liquid itself can be used as the manometer liquid (Fig. 12.8). Providing the liquid 
has reached its equilibrium level in the Pitot tube, the liquid at Y will be stationary 
(i.e. Y is a stagnation point). Suppose that X is a point on the same streamline as 
Y, but sufficiently distant from it for the liquid there to have its full velocity, v. Ifthe 
liquid is in steady flow and can be considered non-viscous and incompressible, we 
may apply Bernoulli’s equation to X and Y. Bearing in mind that the flow is 
horizontal, this gives 

De PS pur = py [12.4] 
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Fig. 12.8 
Pitot-static tube to 
measure velocity of a 
liquid 
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Static 
tube Pitot 

Flow direction 

Velocity = v f \ 

y Flowing 
x liquid 

where px and py are the pressures in the liquid at X and Y respectively. Rearranging 

equation [12.4] gives 

a=" “(hx — px) [12.5] 

or 

kpe 2 Pressure at Pressure where 

p \stagnation point fluid velocity = v 

The pressure, py, at Y is equal to the pressure exerted by the liquid in the Pitot tube 

plus atmospheric pressure, pa. Therefore 

py = hypg+Pa 

The pressure, px, at X is equal to the pressure exerted by the liquid in the static tube 

plus atmospheric pressure, and therefore 

Px = hxp&+Pa 

Therefore 

Py —Px = P8lhy — hx) 

Therefore by equation [12.5] 

tea AS | [12.7] 
Gases cannot be used as manometer fluids, and therefore the type of Pitot-static 

tube used to measure gas velocities has the form shown in Fig. 12.9. The head of 

liquid in the manometer measures the difference (Apm g) between the pressure at 

the stagnation point, Y, and the pressure at X, where the gas has velocity v. 

Therefore by equation [12.6] 

nite $ (homs) 

The terms: ‘static pressure’, ‘dynamic pressure’ and ‘total pressure’ are often used 

in connection with flowing fluids. 

[12.6] 

Static Pressure 

The static pressure at a point in a flowing fluid is the actual pressure at that point. 

As such, it is the pressure measured in such a way that the measurement does not 

affect, and is not affected by, the velocity of the fluid. One way of achieving this is 

with a manometer whose opening is parallel to the flow direction. (The static tube 

in Fig. 12.8 measures the static pressure at X.) 
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Fig. 12.9 
Pitot—static tube to 
measure the velocity of a 
gas 
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Streamlines of 
flowing gas 
with velocity v 

Manometer 
liquid of 
density Pm 

Dynamic Pressure 

For a fluid of density p, moving with velocity v, the dynamic pressure is 4 pv’. 

Dynamic pressure is not a true pressure — simply a quantity which has the same 
dimensions (see Appendix 2) as pressure. 

Total Pressure 

The total pressure is the sum of the static and dynamic pressures. The pressure and 

the total pressure are equal to each other at a stagnation point. 

12.6 THE COEFFICIENT OF VISCOSITY (7) 

The coefficient of viscosity of a fluid is a measure of the degree to which the fluid 
exhibits viscous effects. The higher the coefficient of viscosity, the more viscous 
the fluid — the coefficient of viscosity of golden syrup at room temperature is about 
10° times that of water at the same temperature. The coefficients of viscosity of 
most fluids have a marked temperature dependence; those of liquids decrease with 
increasing temperature, whereas those of gases increase with increasing 
temperature. 

Viscous effects are due to the frictional force which exists between two adjacent 
layers of fluid which are in relative motion. Consider a viscous fluid undergoing 
laminar flow, and consider in particular two parallel layers of area A separated 
by a small distance dy and whose velocities are v and v+ ôv (Fig. 12.10). It 
was suggested by Newton that the frictional force F between the layers is 
proportional to A and to the velocity gradient ôv/ôy, i.e. 

PIA pu 
oy 

(This is the opposite of the situation with solids — the frictional force between the 
surfaces of two solids is independent of the area of contact and of the relative 
velocity. See section 2.12.) Introducing a constant of proportionality, 7, we have 

Equation [12.8] is sometimes called Newton’s law of viscosity. It holds for all 
gases and for many liquids. Such liquids are called Newtonian liquids; water 
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Fig. 12.10 
Friction between 
successive layers of a 
liquid 

Notes 
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Upper layer of area 
A exerting an 
accelerating force F 
on the lower layer 

7 v + ôv 

Lower layer of area 
A exerting a 
retarding force Fon 
the upper layer 

is an example. For any given values of A and ĝv/ôy, F is large for those fluids which 

have high values of 7, and therefore y is a measure of the viscosity of the fluid, and 

can meaningfully be called its coefficient of viscosity. 

There are some liquids, called non-Newtonian liquids, for which F is not 

proportional to 6v/dy and which, therefore, do not have constant values of y — i.e. 

they do not have coefficients of viscosity in the normal sense. Oil-paint is an 

example of a non-Newtonian liquid. 

2 a G) The units ofy are Nsm~* = kg ms 

(ii) By rearranging equation [12.8] as 

_ FJA 
"= bu/dy 

and then comparing it with equation [11.7] of section 11.6 we can draw an 

_ analogy between y and the shear modulus G ofa solid. In each case F/A is the 

shear stress. In the case of a solid, though, the stress produces a fixed strain 

(Ax/y) proportional to the stress, whereas with a Newtonian fluid the strain 

increases without limit as long as the stress is applied and it is the rate of 

change of the strain (6v/dy) which is proportional to the stress. 

12.7 POISEVUILLE’S FORMULA 

Consider a viscous liquid undergoing steady flow through a pipe of circular cross- 

section. Because of viscous drag the velocity varies from a maximum at the centre 

of the pipe to zero at the walls. We shall use dimensional analysis (see Appendix 2) 

to derive an expression for the volume V of liquid passing any section of the pipe 

in time ¢. 

It can reasonably be supposed that the rate of volume flow V/t depends on (i) the 

coefficient of viscosity 7 of the liquid, (ii) the radius r of the pipe, and (iii) the 

pressure gradient p//, where p is the pressure difference between the ends of the 

pipe and Zis its length. If we express the relationship as 

Fo wel 
where kis a dimensionless constant and x, y and z are unknown indices, then since 

each side of the equation must have the same dimensions, 
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J 

[V/] = mire 

eT CSME Ty Lee 

i.e. I ea M*t2 12>" T2 

Equating the indices of M, L and T on both sides gives 

0 = x+2 (for M) L 

3 = y—x-—2z (for L) 

—1 = —x— 2z (for T) 

Solving gives z = 1,x = —1,y = 4. The relationship is therefore 

7150) 
The value of & cannot be found by using dimensional analysis, however, 

mathematical analysis shows that its value is 2/8, and therefore 

[12.9] 

This is called Poiseuille’s formula in recognition of Poiseuille who in 1844 

made the first thorough experimental investigation of the steady flow of a liquid 

(water) through a pipe. The formula applies only to Newtonian fluids (see 
section 12.6) which are undergoing steady flow. 

The speed of bulk flow is defined as the rate of volume flow divided by the cross- 
sectional area of the pipe. Steady flow occurs only when the speed of bulk flow is 
less than a certain critical value v.. Since Poiseuille’s formula applies only to steady 
flow, it does not hold when the speed of bulk flow exceeds v,. Experiment shows 
that for cylindrical pipes 

_ 11007 
ciN rp 

where p and y are the density and coefficient of viscosity of the fluid and r is the 
radius of the pipe. 

12.8 MEASUREMENT OF 7 BY USING POISEUILLE’S 
FORMULA . 

The method makes use of the apparatus shown in Fig. 12.11 and is suitable for 
liquids which flow easily (e.g. water). (For high-viscosity liquids see section 

a 12.10.) 

The’ liquid under test flows steadily through the capillary tube from a constant 
head device and the volume V of liquid which emerges in a known time 1 is 
measured. The pressure difference between the ends of the capillary tube is hog 
(where p is the density of the liquid and g is the acceleration due to gravity) and 
therefore from equation [12.9] 

V _ mrthpg 

t 8 Hl 
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Fig. 12.11 Liquid 
Apparatus for measuring from 
n using Poiseuille’s | supply 
formula 

Constant | Capillary 
head h tube (radius r) 
device 

Liquid 

Liquid 
flowing 
to waste 

Poiseuille’s formula applies only if the flow is steady. In order to check that this is 

the case the measurements are repeated for different values of h and a graph of 

(V/t) against h is plotted. The graph is linear providing / has been kept below the 

value at which the rate of flow is so high that turbulence sets in. The gradient of the 

graph is rr’ pg/ (8l), enabling 7 to be calculated once rand / have been measured 

(p and g are found from tables). The mean radius r of the tube can be found by 

measuring the length and mass of a mercury thread introduced into the tube. 

Notes (i) Great care is needed when measuring r because it appears in the calculation 

of 7 as r*. This makes the percentage error in 7 due to an error in r four times 

the percentage error in r. 

(ii) A capillary tube is used because r needs to be small so that / is large enough to 

be measured accurately. 

12.9 STOKES’ LAW AND TERMINAL VELOCITY 

Derivation of Stokes’ Law 

Consider ‘a sphere of radius r moving with velocity v through a fluid whose 

coefficient of viscosity is 7. The sphere experiences a viscous force F which acts in 

the opposite direction to that in which the sphere is moving. We shall use 

dimensional analysis (see Appendix 2) to obtain an expression for F. 

It can reasonably be supposed that F depends only on r, y and v. (Though the 

mass of the sphere and the density of the fluid have a bearing on how the velocity 

varies under the effect of an applied force, they have no direct influence on the drag 

force.) If we express the relationship as 

Pseekr'n? ve 

where kis a dimensionless constant and x, y and z are unknown indices, then since 

each side of the equation must have the same dimensions 

[F] = [r*][n?]l7] 

MET? = (LML TLT] 
i.e. MIT. = ML T 
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Notes 

Fig. 12.12 
Sphere falling through a 
viscous fluid 
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Equating the indices of M, L and T on both sides gives 

bhey (for M) 

1 

—2 = —y-z (for T) 

Solving gives y = 1,z = 1,x = 1. The relationship is therefore 

F = krnv 

A full mathematical analysis reveals that k = 67, and therefore 

x+z—y (for L) I 

> 

[12.10] 

Equation [12.10] was first derived by Stokes and is known as Stokes’ law. 

(i) Strictly the law applies only to a fluid of infinite extent. 

Gi) Stokes’ law does not hold if the sphere is moving so fast that conditions are 

not streamline. 

Terminal Velocity 

Consider a sphere falling from rest through a viscous fluid. The forces acting 

on the sphere are its weight W, the upthrust U due to the displaced fluid, and the 

viscous drag F (see Fig. 12.12). Initially the downward force Wis greater than the 
upward force, U+ F, and the sphere accelerates downwards. As the velocity of the 
sphere increases so too does the viscous drag, and eventually U+ Fis equal to W. 
The sphere continues to move downwards but, because there is now no net force 
acting on it, its velocity has a constant maximum value known as its terminal 
velocity v.. 

Upthrust (U) + 
viscous drag (F) 

Sphere & L 

ai 
falling 
through a 
viscous 
fluid 

Weight (W) 

If pç and p, are the densities of the fluid and the sphere respectively, then 

ee Dake 
and 

U = STT ppg 

At the terminal velocity 

UFF Sy [12.11] 
and 

F = 6arnu 
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where y is the coefficient of viscosity of the fluid. Substituting for W, U and F in 

equation [12.10] gives 

4mrppgt+Onrnu, = +nrp.g 

ice. 6mrnu, = 4nr°(p, — peg 

5 2r?°( p, — ie. u = PMLE he 12.12 

12.10 MEASUREMENT OF 7 BY USING STOKES’ LAW 

Fig. 12.13 
Apparatus for measuring 
y using Stoke’s law 

Notes 

The method is suitable for liquids of high viscosity such as glycerine and treacle, 

and makes use of equation [12.12]. (For low-viscosity liquids see section 12.8.) 

The liquid whose coefficient of viscosity 7 is being determined is contained in a 

large measuring cylinder (Fig. 12.13). A small ball-bearing of radius ris dropped 

gently into the liquid. The time taken for the ball to fall from mark A to mark B is 

determined. Providing A is sufficiently far below the surface, the bearing will have 

reached its terminal velocity v, before reaching A, in which case v, = AB/t. If pẹ 

and p, are the densities of the liquid and the sphere respectively, then from 

equation [12.12] 

ABS  2r*( p, — p;)e 
t 9n 

Large 
measuring 
cylinder 

Small ball-bearing 

Viscous 

fluid 

A micrometer can be used to measure r; p, and pp are found from tables or are 

determined in additional experiments; hence n can be deduced. 

(i) Stokes’ law applies strictly only when the fluid is of infinite extent. The error 

due to the impossibility of fulfilling this condition is reduced by using a 

measuring cylinder which is wide compared with the diameter of the ball- 

bearing, and by having B well away from the bottom. 

(ii) If the velocity of the bearing is so large that it produces turbulence, Stokes’ 

law does not hold and equation [12.12] is not applicable. Using a highly 

viscous liquid and a small ball-bearing avoids this problem and also makes ¢ 

large enough to be measured accurately. 
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QUESTIONS ON SECTION B 

Assume g = 10ms? = 10Nkg ' unless otherwise stated. 

SOLIDS AND LIQUIDS 

(Chapter 9) 

B1 

B2 

The graph shows the potential energy of a pair 

of atoms at different distances apart. 

Potential 
energy 

Distance between 
atoms 

(a) What distance represents the equilibrium 

separation of the atoms? 

(b) What is the physical significance of the 

quantity represented by XR? 

(c) Identify the region of the curve in which 

there is a net attractive force between the 
atoms. 

(d) What is the physical significance of the 

gradient of the tangent to this curve? 

[J, 92] 

A certain molecule consists of two identical 
atoms, each of mass 1.7 x 10°?” kg. The 
equilibrium separation of the atoms in the 
molecule is xo. The figure above shows the way 
in which the force F of repulsion between the 
atoms varies with their separation x. 
(a) Account for the general shape of the graph 

and use it to find xo. 
(b) Sketch a graph of the potential energy V of 

the molecule as a function of x, marking 
the position of xg on the x-axis. How is V 
related to F? 

B3 

For very small displacements from x9, the force 

F is given by the approximate relation 
F = —k(x — xo). 
(c) Find the value of k in this equation. 
(d) Describe the motion of the atoms in the 

molecule when moving freely under the 
action of this force. By deriving the 
equation of motion of one of the atoms, 
or otherwise, find the frequency of the 
motion. [C] 

The very simplified curves (p. 209) represent, 
for two adjacent atoms or molecules, the varia- 
tion with the separation r between their centres 
of the potential energy V, due to the interaction 
between them, and the force F, between them. 
(a) Explain the general relation between the 

F, curve and the V, curve, and the 
significance of the broken lines A and B. 

(b) With reference to the V, curve (a), explain 
how: 

(i) the lower part is consistent with 
molecules in a solid oscillatin 
about a mean position, 
the effect of a rise in temperature 
could be represented, 

(ii) 
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B4 

B5 

(a) V, + 

(Repulsion 
positive) 

(b) F, + 

(Repulsion 
positive) 

(iii) the thermal expansion of a solid on 

heating is accounted for, 

(iv) the latent heat of vaporization (or 

sublimation) per atom can be esti- 

mated. 

(c) With reference to the F, curve (b), explain 

how: 

(i) the property of elasticity is repre- 

sented, 

(ii) Hooke’s law is accounted for. 

(d) How can it be forecast that a solid will 

rupture under a large enough stress, and 

will melt at a high enough temperature? 

[O] 

The specific latent heat of vaporization of a 

particular liquid is 2.0 x 10° J kg’, its relative 

molecular mass is 30 and its coordination 

number is 10. On the basis of this data, and 

given that the Avogadro constant = 6 x 

102? mol-!, obtain a value for the binding 

energy of a pair of (adjacent) molecules of the 

liquid. 

On freezing, the coordination number in- 

creases to 12. Estimate the specific latent 

heat of fusion. 

(a) Calculate the potential energy, in eV, per 

pair of atoms ofa solid for which the latent 

heat of sublimation is 1.3 x 10*Jmol™’ 

and the number of neighbours per atom is 

B6 

B7 

B8 
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6. The Avogadro constant, Na = 6.0x 

107? mol“! and 1 eV = 1.6 x 107!9J. 
(b) For a pair of atoms, sketch a graph 

showing how the potential energy per 

atom pair varies with the distance 

between the atoms. Show on your graph 

(i) the equilibrium separation, ro, (ii) the 

value of the energy calculated in (a). 

(c) Mark on your sketch graph a point P 

corresponding to a separation other than 

the equilibrium value and explain how you 

would determine, from the graph, the 

force between the atoms at P. Indicate 

whether you consider the force at P to be 

attractive or repulsive. i) 

The latent heat of vaporization of water is 

4 x 10*Jmol7! at the boiling point, and each 
water molecule has, on average, 10 near 

neighbours. Estimate the binding energy for 

a pair of water molecules. 

Ignore the work done in expansion in your 

calculation, but explain whether this assump- 

tion leads to an overestimate or an under- 

estimate of the binding energy. 

(The Avogadro 

10° mol.) 
constant Na = 6x 

Calculate the average volume occupied by a 

single molecule of a solid whose density is 

1.2 x 10°kgm~? and whose relative molecu- 

lar mass is 90. (The Avogadro 

constant = 6 x 10°” mol"!.) 

Hence, stating any assumption that you make, 

estimate the distance between the centres of 

two adjacent molecules of the solid. | 

(a) Estimate the diameter ofa water molecule 

given that the relative molecular mass of 

water is 18 and its density is 1000 kgm”. 

(b) Using the value obtained in part (a), 

estimate the binding energy of water 

molecules, given that the surface tension 

of water is 0.072Nm! and that the 
number of near neighbours in the water 

is 10. 

(Assume that y = N, ze/4. Take Na = 

6.0 x 107? mol) [W, 91] 
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B9 An alloy contains two metals, X and Y, of den- 

sities 3.0 x 10°kgm™~ and 5.0 x 10°’kgm™? 
respectively. Calculate the density of the alloy 

(a) if the volume of X is twice that of Y, and 

(b) if the mass of X is twice that of Y. 

B10 An alloy of two metals, X and Y, has a volume 

of 5.0x10-4*m*® and a density of 
5.6 x 10°kgm™?. The densities of X and Y 
are 8.0 x 10°kgm™ and 4.0 x 10°kgm™? 
respectively. Find the mass of X and the mass 
of Y. 

FLUIDS AT REST (Chapter 10) 

B11 An open U-tube manometer containing 

mercury is used to measure the pressure of a 

gas. The mercury level in the open tube is 

600 mm higher than that in the limb which is in 

contact with the gas. What is the pressure (in 
pascals) of the gas? 

(Density of mercury = 1.36 x 10fkgm™?, 
atmospheric pressure = 1.01 x 10° Pa, g = 
9.81ms~?.) 

B12 The diagram shows a mercury manometer 

recording a pressure of 150kPa. The atmo- 
spheric pressure is 100 kPa. 

(Take the density of mercury as 13 600 kg m°.) 

What is the height difference h of the mercury 

surfaces? [O, 791*] 

B13 A body has a weight of 160 N when weighed in 
air and a weight of 120N when totally 
immersed in a liquid of relative density 0.8. 
What is the relative density of the body? 
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B14 An object is suspended from a force meter 

B15 

B16 

B17 

B18 

B19 

(‘spring balance’) capable of reading forces to 

within +0.01 N. The object is found to have a 
weight of 4.92N in air and 3.87N when 

immersed in water. 

(a) Calculate the density of the material from 

which the object is made. 

(b) Discuss the reading which could be 

obtained if the object were suspended 

from the force meter within an evacuated 

enclosure. 

(Density ofair = 1.3kgm ?, density of water 
= 1.0 x 10°kgm~.) [S] 

A tank contains a liquid of density 1.2 x 10° 

kg m~3. A body of volume 5.0 x 107? m? and 
density 9.0 x 107kgm~? is totally immersed 
in the liquid and is attached by a thread to the 

bottom of the tank. What is the tension in the 
thread? 

A ball with a volume of 32 cm? floats on water 

with exactly half of the ball below the surface. 

What is the mass of the ball? (Density of water 
= 1.0 x 10°kgm~?.) 

An object floats in a liquid of density 

1.2 x 10°kgm ~? with one quarter of its 
volume above the liquid surface. What is the 
density of the object? 

A hot-air balloon has a volume of 500 m?. The 
balloon moves upwards at a constant speed in 
air of density 1.2 kgm? when the density of 
the hot air inside it is 0.80kgm~?. 
(a) What is the combined mass of the balloon 

and the air inside it? 
(b) What is the upward acceleration of the 

balloon when the temperature of the air 
inside it has been increased so that its 
density is 0.7 kg m~3? 

An object with a volume of 1.0 x 10-5 m° and 
density 4.0 x 107kgm~? floats on water in a 
tank of cross-sectional area 1.0 x 1073 m2. 
(a) By how much does the water level drop 

when the object is removed? 
(b) Show that this decrease in water level 

reduces the force on the base of the tank 
by an amount equal to the weight of the 
object. 

(Density of water = 1.0 x 10? kg m°.) 
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B20 

B21 

B22 

B23 

B24 

B25 

B26 

Derive, explaining the meaning of the terms 

on the right-hand side, the approximate 

relationship 

l o ~ 7n Eo 

where ø is the work done in isothermally 

creating unit surface area of a liquid. Explain 
why the relationship is approximate. 

Show that o, the work done in isothermally 

creating unit surface area ofa liquid, is equal to 

y, the force per unit length acting in the surface 

of the liquid at right-angles to one side of an 

imaginary line drawn in the surface. 

The specific latent heat of vaporization and the 
surface tension of a particular liquid are 

7.5 x 10*Jkg~! and 4.0 x 10-2? Nm‘! respec- 
tively. The relative molecular mass of the 

liquid is 40. Estimate the number of mole- 

cules in lcm? of the liquid surface. (The 

Avogadro constant = 6 x 10” mol"!.) 

Explain briefly, with the aid ofa diagram, what 

you would expect to happen to a nearly 

spherical water droplet resting on a clean 

horizontal surface if a tiny amount of deter- 

gent were added to it. 

How do you account for the change that might 

occur? [L] 

The velocity v of surface waves on a liquid may 

be related to their wavelength 4, the surface 

tension of the liquid o and its density p by the 

following equation 

v = kita p 

where & is a dimensionless constant. 

Find values for «, f and y by a dimensional 

argument. [W] 

A spherical drop of mercury of radius 2 mm 

falls to the ground and breaks into 10 smaller 

drops of equal size. Calculate the amount of 

work that has to be done. (Surface tension of 

mercury = 4.72 x 107! N m™!.) 

What is the minimum speed with which the 

original drop could have hit the ground? 

(Density of mercury = 1.36 x 10kg m~.) 

Two soap bubbles have radii of 3 cm and 4 cm. 

The bubbles are in a vacuum and they 

combine to form a single larger bubble. 

B27 

B28 

B29 

B30 
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Calculate the radius of this bubble. (You 

may assume that the surface tension of soap 

solution is constant throughout.) 

A glass barometer tube has an internal radius 
of 3mm. Calculate the actual atmospheric 

pressure on a day when the height of the 

mercury column is 760.2 mm. (Surface ten- 

sion of mercury = 4.72 x 10°! Nm}, angle 
of contact of mercury with glass = 137°, 

density of mercury = 1.36 x 10kg m7?, ac- 
celeration due to gravity = 9.81ms”.) 

Asoap bubble whose radius is 12 mm becomes 

attached to one of radius 20mm. Calculate 

the radius of curvature of the common inter- 

face. 

Define the terms surface tension, angle of 

contact. 

The end of a clean glass capillary tube, having 

internal diameter 0.6mm, is dipped into a 

beaker containing water, which rises up the 

tube to a vertical height of 5.0cm above the 

water surface in the beaker. Calculate the 

surface tension of water. (Density of 

water = 1000kgm °.) 

What would be the difference if the tube were 

not perfectly clean, so that the water did not 
wet it, but had an angle of contact of 30° with 

the tube surface? [S] 

Define surface tension. Give a concise explana- 

tion of the origin of surface tension in terms of 

intermolecular forces. 

The pressure difference on the two sides of a 

spherical liquid—gas interface is 2) /R; what do 

y and R represent? (You may use this expression 

in (a) if you so wish, but you are advised to use it in 

parts (b) and (c).) 

(a) Derive an expression for the height of the 

liquid column in a vertical, uniform 

capillary tube. (Neglect any correction 

for the mass of the meniscus and assume 

that the angle of contact is zero.) Describe 

the experimental determination of the 

surface tension of water by the capillary 

rise method giving with reasons, a suitable 

value for the radius of the tube. 

The two vertical arms of a manometer, 

containing water, have different internal 

radii of 10-?m and 2 x 10°? m respec- 
tively. Determine the difference in height 

(b) 
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B31 

B32 

of the two liquid levels when the arms are 

open to the atmosphere. 

(c) Explain why the pressure difference is not 

constant across the meniscus of the liquid 

column in a capillary tube, and discuss the 

general shape of the meniscus. 

The surface tension and density of water 

are 7x10-?Nm™! and 10*?kgm~? 
respectively. [W] 

By considering the work done per unit area in 

increasing the surface area of a bubble blown 

in a liquid, or otherwise, derive an expression 

for the excess pressure p inside a bubble of 
radius r. 

Density of 
liquid = p 

(i) (ii) 

The diagrams above represent glass capillary 

tubes dipping into a liquid. Explain why the 

situation represented by (i) is unstable while 
that in (11) is stable. 

Use the data given in diagram (ii) to derive an 

expression for the height h to which the liquid 

rises, given that the angle of contact between 
the liquid and glass is zero. 

By considering intermolecular forces explain 

why the surface of a liquid is different from the 

bulk of the liquid. 

Suggest why there might be a connection 

between the surface energies (surface ten- 

sions) of liquids and their normal boiling 

points. [L] 

The pressure difference p across a spherical 

surface of radius r between air and a liquid, 
where y is the surface tension of the liquid, is 
given by 

p = — 

. 

SECTION B: STRUCTURAL PROPERTIES OF MATTER 

(a) Show that this expression is consistent 

with y being measured in Nm. It can be 

shown that y is also equal to the energy 

stored per unit area in the surface. Show 

that this is also consistent with y being 

measured in Nm}. 
(b) Describe a method for measuring y which 

is based on measuring the excess pressure 

in a bubble. 

(c) Using the energy definition of y given 

above calculate the energy stored in the 

surface of a soap bubble 2.0 cm in radius if 
its surface tension is 4.5 x 10-7 Nm_!. If 
the thickness of the _ surface is 

6.0 x 10°’ m and the density of the soap 
solution is 1000kgm~?, calculate the 
speed with which the liquid fragments 

will fly apart when the bubble is burst. 

What assumptions have you made in your 

calculation? [L] 

B33 (a) Draw and label a diagram of apparatus 

suitable for measuring the surface tension 

of water by Jaeger’s method. 

Assume that the pressure p within the 

apparatus when it 1s assembled equals the 

pressure po of the atmosphere outside. 

Sketch a graph which shows how the 
pressure difference p — pọ changes with 
time from the instant p begins to increase 

until the moment a bubble is about to 

break away from the bottom of the 

capillary for the third time. 

How are the pressure differences shown 

in the graph related to (i) the position of 

the liquid meniscus in the capillary and 

(ii) the radius of the bubble formed at the 
bottom of the capillary? 

State which quantities you would mea- 
sure if you were using this apparatus to 
determine the surface tension of water and 
describe how you would measure them. 

(b) The diagram, (p. 213) which is not to 
scale, shows two capillary tubes of uni- 
form bore fitting tightly into a short length 
of rubber tubing. AB and CD are two 
threads of water. The capillary tube 
containing CD is kept horizontal while 
that containing AB is raised through an 
angle 0 until the water surface at D is both 
flat and vertical. 
(i) Calculate the surface tension of water 

given that 0 is 10.5°, AB is 11.4cm, 
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Capillary tube 

Capillary tube 

the radius of the capillary tube at C is 

0.72 mm and the density of water is 

1.00 x 10°kgm~>. The angle of con- 
tact between water and glass is zero. 

(You may assume the relation Ap = 

2y/r, and thatg = 9.8ms ”.) 
Suggest an experimental procedure 

to determine when the water surface 

at D is flat. L] 

(ii) 

ELASTICITY (Chapter 11) 

B34 Define tensile stress, tensile strain, Young’s 

B35 

B36 

B37 

modulus. 

A mass of 11 kg is suspended from the ceiling 

by an aluminium wire of length 2m and 

diameter 2 mm. What is: 

(a) the extension produced, 
(b) the elastic energy stored in the wire? 

The Young’s modulus of aluminium is 

7 x 10!°Pa (Nm-”). [S] 

The maximum upward acceleration of a lift of 

total mass 2500kg is 0.5ms ”. The lift is 

supported by a steel cable, which has a 

maximum safe working stress of 

1.0 x 10° Pa. What minimum area of cross- 

section of cable should be used? [C(O)] 

An elastic string of cross-sectional area 4 mm? 

requires a force of 2.8 N to increase its length 

by one tenth. Find Young’s modulus for the 

string. If the original length of the string was 

1 m, find the energy stored in the string when it 

is so extended. 

(a) For an elastic wire under tension there is, 

under certain conditions, a simple rela- 

tion between the applied stress and the 

strain produced. Explain the meaning of 

the terms in italics, state the relation and 

indicate the conditions that must be 

fulfilled. 

B38 

B39 

B40 
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(b) Along thin vertical steel wire is fixed at the 

upper end. Describe, giving reasons for 

the design of the apparatus used, how you 

would measure the extensions caused by 

the addition of various loads at the lower 

end. 
A massive stone pillar 20m high and of 
uniform cross-section rests on a rigid 

base and supports a vertical load of 

5.0 x 10°N at its upper end. State, with 

reasons, where in the pillar the maximum 

compressive stress occurs. If the com- 

pressive stress in the pillar is not to exceed 

1.6 x 10°Nm~, what is the minimum 
cross-sectional area of the pillar? 

2.5 x 10° kgm. 

[J] 

(c) 

Density ofthe stone = 

A cylindrical copper wire and a cylindrical 

steel wire, each of length 1.000 m and having 
equal diameters are joined at one end to form a 

composite wire 2.000 m long. This composite 

wire is subjected to a tensile stress until its 

length becomes 2.002 m. Calculate the tensile 

stress applied to the wire. 

(The Young modulus for copper = 

1.2 x 10!! Pa and for steel = 2.0 x 10'' Pa.) 
[W, *91] 

(a) Aheavyrigid bar is supported horizontally 

from a fixed support by two vertical wires, 

A and B, of the same initial length and 

which experience the same extension. If 

the ratio of the diameter of A to that of B is 

2 and the ratio of Young’s modulus of A 

to that of B is 2, calculate the ratio of the 

tension in A to that in B. 

If the distance between the wires is D, 

calculate the distance of wire A from the 

centre of gravity of the bar. [J] 

(b) 

Define stress, strain and the Young modulus. 

(i) Describe an experiment to deter- 

mine the Young modulus for a 

material in the form of a wire. 
(ii) Which measurement requires parti- 

cular care, from the point of view of 

accuracy, and why? 
Derive an expression for the poten- 

tial energy stored in a stretched wire. 

(ii) A steel wire of diameter 1 mm and 

length 1.5 mis stretched by a force of 

(a) 
(b) 

(c) G) 



50 N. Calculate the potential energy 

stored in the wire. 

(Young modulus of steel = 2 

ch 01) Pa. 
(iii) The wire is further stretched to 

breaking. Where does the stored 

energy go? [W, 90] 

B41 Define Young’s modulus and describe a 

method to measure its value for a uniform 

elastic wire. State the precautions necessary to 

ensure an accurate result. 

The ends of a uniform wire of cross-sectional 

area 10~° m? and negligible mass are attached 
to fixed points A and B which are 1 m apart in 

the same horizontal plane. The wire is initially 

straight and unstretched. A mass of 0.5 kg is 

attached to the mid-point of the wire and 

hangs in equilibrium with the mid-point at a 

distance 10 mm below AB. Calculate the value 

of Young’s modulus for the wire. [O & C] 

B42 (a) Describe an experiment using two long, 
parallel, identical wires to determine the 

Young modulus for steel. Explain why itis 

necessary to use two such wires. Indicate 

what quantities you would measure and 

what measuring instrument you would 

use in each case. State what graph you 

would plot, and show how it is used to 

calculate the Young modulus. 

H 

Steel Brass 

A B 

(b) A light rigid bar is suspended horizontally 
from two vertical wires, one of steel and 
one of brass, as shown in the diagram. 
Each wire is 2.00 m long. The diameter of 
the steel wire is 0.60 mm and the length of 
the bar AB is 0.20m. When a mass of 
10.0 kg is suspended from the centre of 
AB the bar remains horizontal. 
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(i) What is the tension in each wire? 

(ii) Calculate the extension of the steel 

wire and the energy stored in it. 

(iii) Calculate the diameter of the brass 

wire. 

(iv) If the brass wire were replaced by 

another brass wire of diameter 

1.00mm, where should the mass 

be suspended so that AB would 

remain horizontal? 

(The Young modulus for steel = 

2.0 x 10'! Pa, the Young modulus 

for brass = 1.0 x 101! Pa.) [J, 791] 

B43 (a) For moderate loads, most metals are 

elastic. What is meant by the term elastic? 

(b) The graph shows a stress-strain diagram 

for a steel wire, of cross-section area 

0.80 x 10-° m?, that is stretched to its 
elastic limit L. 

1.4 ET 
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1.2 FH Peet H+ HA 

Stress/10° Pa HE Í H 
LELDE | TT TT 1.0 F7 H m 

0.8 

0.6 - ! ji i Í 

0.4 H7 HAH HHH i 

0.2 

0 tr thé thd Aines a ae aT g 
Strain/1073 

Use this graph to estimate: 

(i) the Young modulus of steel; 
(ii) the tension in the wire at its elastic 

limit L; 

(iii) the maximum elastic strain energy 
that can be stored in unit volume 
(1.0m?) of steel. [O, 791] 

B44 Define stress, strain, and Young’s modulus of an 
elastic material. 

Describe an experiment for measuring the 
Young’s modulus of a material in the form of a 
wire. 

A rubber cord has a diameter of 5.0 mm, and 
an unstretched length of 1.0m. One end of the 
cord is attached to a fixed support A. When a 
mass of 1.0 kg is attached to the other end of 
the cord, so as to hang vertically below A, the 
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B45 

B46 

B47 

B48 

cord is observed to elongate by 100mm. 

Calculate the Young’s modulus of rubber. 

If the 1 kg mass is now pulled down a further 

short distance and then released, what is the 

period of the resulting oscillations? [S] 

Explain the term Young’s modulus. 

A nylon guitar string 62.8 cm long and 1 mm 

diameter is*tuned by stretching it 2.0cm. 

Calculate (a) the tension, (b) the elastic 

energy stored in the string. 

Young’s modulus of nylon = 2 x 10° Pa. 

[S] 

Two copper wires A and B, of the same known 

areas of cross-section, are subjected to mea- 

sured stretching forces and the corresponding 

extensions are measured. The results, on a 

force—extension graph, are shown in the 

diagram below. 

Force/N A 

Extension/cm 

Explain what deduction you could make about 

the difference between the two wires. 

Define the quantities which you would plot to 

get the same graph for both wires. How would 

you use this second graph to evaluate an 

important physical constant of copper? [L] 

A submerged wreck is lifted from a dock basin 

by means ofa crane to which is attached a steel 

cable 10 m long of cross-sectional area 5 cm? 

and Young’s modulus 5 x 10'°N m’. The 

material being lifted has a mass 10*kg and 

mean density 8000 kg m~’. Find the change in 

extension of the cable as the load is lifted clear 

of the water. 

Assume that at all times the tension in the 

cable is the same throughout its length. 

Density of water = 1000kg m™°. [J] 

A copper wire LM is fused at one end, M, to an 

iron wire MN. The copper wire has Pee 

0.900m and cross-section 0.90 x 10~* m’. 

B49 

215. 

The iron wire has length 1.400 m and cross- 

section 1.30 x 10-°m*. The compound wire 

is stretched; its total length increases by 

0.0100 m. 

L 0.900 m M 1.400 m N 

Copper Iron 
0.90 x 1078 m? 1.30 x 10€ m? 

Calculate: 

(a) the ratio ofthe extensions of the two wires, 

(b) the extension of each wire, 

(c) the tension applied to the compound wire. 

(Young’s modulus for copper = 1.30 x 

10''Nm~’; Young’s modulus for iron 
= 2.10 x 10''Nm”.) [L] 

Explain the terms tensile stress and tensile 

strain as applied to a specimen of material and 

explain the meaning of the word tensile. 

A car breaks down and the driver asks a friend 

to tow it using a piece of nylon rope which is 

10.00 m long and has a diameter of 10.0 mm. 

The rope obeys Hooke’s law and has a Young 

modulus of 3.0 x 10? Nm. The mass of the 
car and driver is 750 kg. 
(a) When towing on a level road at a constant 

speed, it is found that the rope extends by 

0.025 m. Calculate the tension in the rope 

and hence the net resistive force acting on 

the towed car. 
The two cars now ascend a slope which 

rises 1.0m vertically for every 15.0m 

travelled on the road. They maintain the 

same speed as in part (a). What is the new 

length of the towrope? 

How much elastic energy is stored in the 

rope while the cars are climbing? 

(d) A stretched towrope must be regarded as 

dangerous because of the energy released 

should it break or become detached. This 

danger can be reduced by careful choice 

of towrope. 

(b) 

(c) 

By comparison with the original rope in 

each case, state and explain how the 

energy stored in the rope could be 

reduced by using a rope with a different 

(i) Young modulus, 

(ii) area of cross-section. [O & C, ’91] 

B50 The graph (p. 216) represents the tension— 

extension graph for a copper wire of rs 

1.2m and cross-sectional area 1.5 x 10~° m? 
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B51 

B52 

The tension is gradually increased from zero to 

a maximum value, and then reduced back to 

zero. 

12 i crt SSS0 0000000 08e ME ARAE coo 
Tension/kKN PHH fe HHHH HH ai H Ch 

oe Ia eats ee a GESA A i 

PCC [ E r AO me i E AA H E BIS 
0.6 HH- H 

i im TERME H E a i 

oah escatriesratittce 

i AAE i te a a 

(0) 1 ZDES OLA Fanney T7 "9 
Extension/10-3m 

(a) Use the region OL of the graph to find the 

Young modulus for the material of the 

wire. 

(b) Why is the unloading curve displaced 

from the loading curve? 

(c) Shade the area of the graph which 

represents the energy lost as heat during 

the loading—unloading cycle. [O, ’92*] 

A 20 m length of continuous steel railway line 

of cross-sectional area 8.0 x 10-?m? is 

welded into place after heating to a uniform 

temperature of 40°C. 

(Take Young’s modulus for steel to be 

2.0 x 10'' Pa, its linear expansivity to be 

12 x 10°°K“’, its density to be 7800 kg m™?, 
and its specific heat capacity to be 500 

tegen.) 

Calculate, for normal operating conditions at 
aC 

(a) the tensile strain, 

(b) the tensile stress, _ 

(c) the elastic strain energy in the rail. 

How much heat would be required to return 

the rail to 40°C? Explain briefly why your 

answer is not the same as that of (c). [O*] 

The diagrams show an apparatus designed to 
demonstrate the resistance to shear of a new 
material. 

One end X of the steel bar is fixed. The other 
end has a hole of diameter 6 mm drilled in it. 
When the room temperature is 20°C, the 
distance between the fixed end of the bar 

B53 
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Hole 6.0 mm 
diameter 

Steel bar 

Apparatus viewed from above pillars 

Fig..1 

X >=. 

; \ Pin made of 
Fig. 2 material under test 

and the nearer edge of the hole is 2.0m as 

shown in Fig. 1. At this temperature half of 

the hole protrudes beyond the restraining 

pillars. 

The bar is heated in a constant temperature 

enclosure until the hole just clears the 

restraining pillars. A pin, which just fits the 

hole and made of the material under test, is 

then inserted through the hole as shown in 
Fig. 2. 

(a) Calculate the temperature of the enclo- 

sure. = 

(b) Given that the bar does not extend 

beyond its limit of proportionality, calcu- 

late the tensile stress in the steel bar when 

the temperature returns to 20 °C. 

(Young modulus for steel = 1.2 x 10'! Pa, 

linear expansivity ofsteel = 1.5 x 10-°K7!.) 
[AEB, 790] 

(a) Give the meanings of the terms tensile stress 
and Young’s modulus. Define the quantity 
which relates these terms. 
When measuring Young’s modulus of a 
material it is common to use a specimen 
which is (i) very long, and (ii) very thin. 
Give the reasons for this. 

(b) 

Describe how you would measure accu- 
rately the extension of such a wire under 
an applied load. 
The graph (p. 217) shows how the 
extension of a wire varies with the load 
applied to it. The wire used has a length 
3.00 m and a diameter 5.0 x 10-4 m. 
(i) Calculate the tensile stress pro- 

duced by a load of 50 N. 
(ii) Find the energy stored in the wire 

when this load is acting. 

(c) 

Fixed restraining 
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Extension/mm 

0 10 20 30. 40 50 60 
Load/N 

(iii) Calculate the reduction in gravita- 

tional potential energy of a 5.0kg 

mass used to provide the load. 

(iv) Suggest why the answers to (ii) and 

(iii) above are different. 

(v) Calculate Young’s modulus for the 

metal of the wire. [S] 

B54 The sketch shows, approximately, how the 
resultant force between adjacent atoms in a 

solid depends on r, their distance apart. 

Force 

(a) Which distance on the graph represents 

the equilibrium separation of the atoms? 

Briefly justify your answer. 

(b) What is the significance of the shaded area? 

(c) 

B55 (a) 

Use the graph to explain why you would 

expect the solid to obey Hooke’s Law for 

small extensions and compressions. 

[W, °92] 

The graphs represent stress-strain curves 

for two different materials, A and B. Fa 

and Fp are the respective points at which 

each material fractures. 

(b) 

ZIA 

Stress 

Material 
A 

Material 

B 

Strain 

State, giving your reasons, which material, 

A or B, 

(i) obeys Hooke’s law up to the point of 

fracture, 

(ii) is the weaker, 

(iii) has the greater value of Young’s 

modulus. 
A thin steel wire initially 1.5 m long and of 

diameter 0.50mm is suspended from a 

rigid support. Calculate (i) the final 

extension and (ii) the energy stored in 

the wire when a mass of 3.0 kg is attached 

to the lower end. Assume that the material 

obeys Hooke’s law. 

(Young’s modulus for steel = 2.0 x 

10''Nm~”.) [J] 

B56 In the model of a crystalline solid the particles 

are assumed to exert both attractive and 

repulsive forces on each other. Sketch a 

graph of the potential energy between two 

particles as a function of the separation of the 

particles. Explain how the shape of the graph is 

related to the assumed properties of the 

particles. 
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The force F, in N, of attraction between two 

particles in a given solid varies with their 

separation d, in m, according to the relation 

78-1053. 300-102 

ear oc EBLE ICE 

State, giving a reason, the resultant force 

between the two particles at their equilibrium 

separation. Calculate a value for this equili- 

brium separation. 

The graph (p. 217) displays a load against 

extension plot for a metal wire of diameter 

1.5mm and original length 1.0m. When the 

load reached the value at A the wire broke. 

From the graph deduce values of 

(a) the stress in the wire when it broke, 

(b) the work done in breaking the wire, 

(c) the Young modulus for the metal of the 

wire. 

Define elastic deformation. A wire of the same 

metal as the above is required to support a load 

of 1.0kKN without exceeding its elastic limit. 

Calculate the minimum diameter of such a 

wire. [O & C] 

B57 (a) (i) Define stress and strain as related to 

the extension of a wire. 

A rubber cord and a steel wire are 

each subjected to linear stress. Draw 

sketch graphs showing how the 

resultant strain of each sample 

depends on the applied stress, and 

point out any important differences 
between the graphs. 

(iii) For some materials, the strain-stress 

curve obtained when the tension 

applied to the specimen is being 

increased may differ significantly 

from that when the tension is being 

decreased, even though no perma- 

nent extension has been caused. 

How may this phenomenon be 
interpreted? 

(b) (i) Describe the important features of 
the structure of a polymeric solid, 
such as rubber. 

Making reference to the curve you 

have drawn for rubber in (a)(ii) 
above, account for the behaviour of 
rubber under linear stress in terms of 
changes which may occur in the 
internal structure of the polymer. 

[I*] 

(ii) 

(ii) 
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B58 The end X of a uniform cylindrical rod XY is 

B59 

clamped in a fixed horizontal position. The 

free end Y is depressed under the action of the 

weight of the rod by a small amount d. The rod 

projects a distance /from the point of clamping 

X. The depression d is found to be directly 
proportional to the ratio g/A where g is the 

acceleration due to gravity and A the cross- 

sectional area of the rod. Also, d depends on / 

and the density p and the Young modulus E of 
the material of the rod. Use the method of 
dimensions to determine how d might depend 

on /, p and E. 

How would you show experimentally the way 

in which d varies with the length and radius of 

the rod? [O & C*] 

(a) In order to determine Young’s modulus for 

the material of a wire in a school 

laboratory, it is usual to apply a tensile 

stress to the wire and to measure the tensile 

strain produced. Explain the meanings of 

the terms in italics and state the relation- 

ship between them. 

Scale 
reading/mm 

(b) Additional 

load/kg 

The table shows readings obtained when 
stretching a wire supported at its upper 
end by suspending masses from its lower 
end. The unstretched length of the wire 
was 2.23m and its diameter 0.71 mm. 
Using a graphical method, determine a 
value for Young’s modulus for the mate- 
rial of the wire. 

(c) Describe suitable apparatus for obtaining 
the readings shown and explain the 
important features of the design. 
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(d) A student noticed that when a mass of 

10.0 kg suspended from a wire identical to 

that described above was pushed down- 

wards and released, it executed vertical 

oscillations of small amplitude. Use the 

graph to explain briefly why you would 

expect the oscillations to be simple 

harmonic. [J] 

B60 (a) When materials are stretched their beha- 

viour may be either elastic or plastic. 

Distinguish carefully between these 

terms. 
(b) Whilst stretching a length of thin copper 

wire it is noticed that 

(i) at first a fairly strong pull is needed 

to stretch it by a small amount and 

that it stretches uniformly, 

(ii) beyond a certain point the wire 

extends by a very much larger 

amount for no further increase in 

the pull, 

(iii) finally the wire breaks. 

Sketch a force—extension graph to illus- 

trate the behaviour of this wire. Mark on it 

the region where the behaviour is elastic 

and the region where it is plastic. [L] 

B61 The force constant k of a spring is the constant of 

proportionality in the Hooke’s law relation 

T = ke between tension T and extension e. 

1 
A spring A of force constant 6N m` is 

connected in series with a spring B of force 

constant 3Nm_7!, as shown in the diagram. 

One end of the combination is securely 

anchored and a force of 0.6N is applied to 

the other end. 

(a) By how much does each spring extend? 

(b) What is the force constant of the combi- 

nation? [C] 

B62 (a) (i) Distinguish between elastic and 

plastic deformation of a material. 

(ii) Sketch a graph to show how the 

extension x of a copper wire varies 

with F, the applied load. Mark on 

your sketch the region where the wire 

obeys Hooke’s law. 
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(b) (i) A force is required to cause an 

extension of a spring. Explain why 

this causes energy to be stored in the 

spring. 
(ii) A spring of spring constant k under- 

goes an elastic change resulting in an 

extension x. Deduce that W, its strain 

energy, is given by 

W = Lkx? ees 

(c) A toy train, mass m, travels along a track at 

speed v and is brought to rest by two 

spring buffers which are shown below. 

te r, ral TREAT RS 
AU — se =a _ 

Each buffer has spring constant k. 
(i) By considering the energy transfer, 

derive an expression to show how the 

maximum compression of the buffers 

varies with the initial speed of the 

train. 
(ii) Calculate the maximum compres- 

sion of the buffers for a train of mass 

m = 1.2kg travelling with an initial 

speed v = 0.45ms' when the 
spring constant k of each buffer is 

4.8 x 10°N m™!. 

State and explain a reason why, in 

practice, spring buffers of this design 

are not used. [C, ’92] 

FLUID FLOW (Chapter 12) 

B63 (a) Explain the terms lines of flow and stream- 

lines when applied to fluid flow and 

deduce the relationship between them in 

laminar flow. 

(b) State Bernoulli’s equation, define the 

physical quantities which appear in it 

and the conditions required for its 

validity. 

(c) The depth of water in a tank of large cross- 

sectional area is maintained at 20 cm and 
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B64 

B65 

B66 

water emerges in a continuous stream out 

of a hole 5mm in diameter in the base. 

Calculate: 

(i) the speed of efflux of water from the 

hole, 

(ii) the rate of mass flow of water from the 

hole. 

Density of water = 1.00 x 10°kgm™?. 

[J] 

(a) Distinguish between static pressure, dy- 

namic pressure and total pressure when 

applied to streamline (laminar) fluid flow 

and write down expressions for these 

three pressures at a point in the fluid in 

terms of the flow velocity v, the fluid 

density p, pressure p, and the height h, of 

the point with respect to a datum. 

(b) Describe, with the aid of a labelled 

diagram, the Pitot-static tube and ex- 

plain how it may be used to determine the 

flow velocity of an incompressible, non- 

viscous fluid. 

(c) The static pressure in a horizontal pipe- 

line is 4.3 x 104 Pa, the total pressure is 
4.7 x 10* Pa, and the area of cross-section 
is 20 cm”. The fluid may be considered to 
be incompressible and non-viscous and 

has a density of 10? kgm~?. Calculate: 
(i) the flow velocity in the pipeline, 

(ii) the volume flow rate in the pipeline. 

[J] 

Air flows over the upper surfaces of the wings 

of an aeroplane at a speed of 120.0 ms~!, and 

past the lower surfaces of the wings at 

110.0ms~!. Calculate the ‘lift’ force on the 
aeroplane if it has a total wing area of 20.0 m°. 

(Density of air = 1.29kgm~?.) 

A large tank contains water to a depth of 

1.0m. Water emerges from a small hole in the 

side of the tank 20 cm below the level of the 
surface. Calculate: 

(a) the speed at which the water emerges from 
the hole, 

(b) the distance from the base of the tank at 
which the water strikes the floor on which 
the tank is standing. 

Ifa second hole were to be drilled in the wall of 
the tank vertically below the first hole, at what 
height above the base of the tank would this 
second hole have to be if the water issuing from 
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it were to hit the floor at the same point as that 

from the first hole? 

B67 (a) By considering the flow of an incompres- 

sible fluid along a horizontal pipe as 

shown in Fig. 1, derive Bernoulli’s 

equation using the conservation of 

energy principle. 

Direction | 
of flow i ] t ; 

(b) The water aspirator is a laboratory device 

used for the partial evacuation of air from 

a vessel. A jet of running water from a pipe 

constricted at X, as shown in Fig. 2, is 

directed into the expanded opening of a 

funnel at Y and passes out into the drain. 

jy in 

X 

Air from 
vessel 

Fig. 2 | 

To the 

drain 

(i) By considering the effect of the water 
jet on the air in the region of the jet, 
explain why this is a practical exam- 
ple of the Bernoulli effect. 

Gi) Calculate the maximum reduction in 
pressure that could be achieved using 
this pump if the jet diameter is 
2.0mm and volume rate of flow of 
water is 1.3 x 1074 m° s~}. 

(Density ofair = 1.3kgm™>*.)  [J, 91] 
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B68 (a) State the equation of continuity for a (ii) Derive expressions for the time for 

compressible fluid flowing through a pipe. the water to travel from the hole to the 

bench, and for x, the horizontal 

distance the water travels from the 

cylinder. 

(b) Draw a diagram of a Pitot—static tube, 

A horizontal pipe of diameter 36.0cm and with reference to Bernoulli’s equa- 

tapers to a diameter of 18.0cm at P. An tion explain how the tube may be used to 
ideal gas at a pressure of 2.00 x 10°Pa is measure the speed of a boat in sea water. 

moving along the wider part of the pipe at [J] 

a speed of 30.0 m s~}. The pressure of the 
gas at P is 1.80 x 10° Pa. Assuming that B70 (a) Derive Bernoullis equation for an 

the temperature of the gas remains con- incompressible fluid. 

stant calculate the speed of the gas at P. (b) State what you understand by static 

(b) State Bernoulli’s equation for an incom- 

pressible fluid, giving the meanings of the 

symbols in the equation. 

expressions for the speed at which the 

water emerges from the hole, and the 

speed at which it hits the bench. 

pressure and dynamic pressure and state 

how they are related to terms which 

appear in Bernoulli’s equation. 

(c) For the gas in (a) recalculate the speed at (c) (i) Non viscous oil flows from the 

P on the assumption that it can be treated bottom of a tank in a horizontal 

as an incompressible fluid, and use pipe. State how you would measure 

Bernoulli’s equation to calculate the the static pressure and the dynamic 

corresponding value for the pressure at pressure of the oil in the pipe. 

P. Assume that in the wider part of the (ii) If the density of the oil is p and it is 

pipe the gas speed is still 30.0ms_', the moving at a speed v in the pipe at a 

pressure is still 2.00 x 10° Pa and at this depth d below the surface of the oil in 

pressure the density of the gas is the tank derive from Bernoulli’s 

2.60 kgm~?. equation an expression showing how 

(d) Draw a labelled diagram to show how you the static pressure as measured in (4) 

would use the change in pressure dis- is related to the atmospheric pres- 

cussed in (c), treating the gas as an sure, po, acting on the surface of the 

incompressible fluid, to obtain a value oil in the tank. (You may neglect any 

for the speed of the gas in the pipe. Show motion of the oil in the tank.) [J] 

how the result is calculated. [J] 

B71 (a) What do you understand by the equation of 

continuity as applied to a fluid in motion? 

B69 (a) A cylinder of large cross-sectional area, (b) Derive Bernoulli’s equation for an 

containing water, stands on a horizontal incompressible fluid. 

bench. The water surface is at a height ⁄ (c) Asimple garden syringe used to produce a 

above the bench. Water emerges horizon- jet of water consists of a piston of area 

tally from a hole in the side of the cylinder, 4.00cm? which moves in a horizontal 

at a height y above the bench. cylinder which has a small hole of area 

4.00 mm? at its end. If the force on the 

piston is 50.0 N calculate a value for the 

speed at which the water is forced out of 

the small hole, assuming the speed of the 

piston is negligible. 
The density of water is 1.00 x 10° kgm~?. 

(d) Explain why the speed of the piston may 

be ignored. [J] 

(i) Use Bernoulli’s equation to derive B72 (a) Explain the meaning of the term laminar 

flow. Describe how, for a liquid flowing in 

a horizontal pipe, it can be shown whether 

or not laminar flow occurs. 
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B73 (a) (i) 

(b) G) State both the equation of continuity 
and Bernoulli’s equation for incom- 

pressible fluids. 

(ii) Draw and label a diagram of a 

Venturi meter suitable for measur- 

ing the velocity of flow ofa liquid ina 

horizontal pipe. Use the equations 

of (i) to obtain an expression from 

which the velocity of flow of the 

liquid in the Venturi meter can be 

calculated. What measurements 

must be made when the Venturi 

meter is used? 

(iii) Explain how assumptions made in 

your derivation in (ii) could limit 

the usefulness of a Venturi meter. 

[J] 

The Pitot tube shown in the figure 

below is used to measure the speed 

of flow of a gas in a pipe. 

Liquid in 
manometer 

showing levels 
copa flow in the 

pipe is zero 

Redraw the diagram showing the 

direction of flow of the gas and the 

corresponding levels of liquid in the 
manometer. 

(ii) By considering Bernoulli’s equation 

show that the difference h in the 

levels of the liquid in the manometer 
is given by 

pe 
2P ok 

where p is the density of the gas, pọ is 

the density of the liquid in the 

manometer, v is the speed of the gas 

along the pipe, g is the acceleration 
due to gravity. 

2 

(b) The figure below shows a variation of the 
Pitot tube used to indicate the speed of 
aircraft. 
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(c) 

Direction 
of flow 

B74 (a) 

(b) 

\ 
Pitot tube head 
shown in cross- 

section 

Tube several 
metres long 

= Pitot tube head 

(i) State one factor that would have to be 

taken into consideration when 

choosing where to position the Pitot 

tube head on the exterior of an 

aircraft if the true airspeed is to be 

indicated. 

(ii) Would water be a suitable liquid for 

the manometer if airspeeds of up to 

600 kmh“! are to be indicated in the 
cockpit of an aircraft? Justify your 

answer. 
The figure below shows a Venturi meter 

used to indicate the speed of flow of a 
liquid through a pipe. 

A 
(i) Redraw the diagram and show on it 

the levels of liquid in the three 

vertical tubes, assuming the pipe to 

be horizontal and the liquid to be 

incompressible and non-viscous. 

(ii) How would your answer to (i) be 

different if the viscosity of the liquid 

was significant? Explain your answer. 

[J, °92] 

Give an account of an experiment which 
makes use of Poiseuille’s formula to 
measure the viscosity of water. 
An empty vessel which is open at the top 
has a horizontal capillary tube of length 
20cm and internal radius 1.0mm pro- 
truding from one of its side walls imme- 
diately above the base. Water flows into 
the vessel at a constant rate of 1.5 cm?s~!,. 
At what depth does the water level stop 
rising? 
(You may assume that the flow is steady. 
Coefficient of viscosity of water = 1.0 x 
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B75 

B76 

B77 

10°-*Nsm”’, density of water = 
10°kgm™?, acceleration 
gravity = 10ms °°.) 

1.0 x 

due to 

A liquid flows steadily through two pipes, A 

and B, which are joined end to end and whose 

internal radii are rand 2r respectively. If B is 8 

times longer than A and the pressure differ- 

ence between the ends of the composite pipe is 

9000 N my what is the pressure difference 

across A? 

(a) Define coefficient of viscosity, 4, and 

show that its dimensions in M, L and T 

are ML! T t. What is meant by laminar 
flow? 

(b) Poiseuille’s formula for the volume of 

liquid V flowing in time ¢ through a 

uniform capillary of radius r under 

laminar conditions is 

V nrip 

NS 

where p// is the pressure gradient along 

the tube. 
(i) Show that this equation is dimen- 

sionally consistent. 

(ii) Describe how you would apply the 

equation to measure y for water at 

room temperature. 
(iii) Laminar conditions should obtain 

provided that the value of 

lence VSG: 
Ar? 

where p is the density of the liquid. 

Taking 7 to be 1.2 x 10-*Pas 

(Nsm?) and p to be 1000kgm~ 

for water, estimate the greatest head 

of water under which laminar flow 

should hold for a capillary of length 

0.2 m and radius 0.7 mm. [O] 

(a) When a sphere of radius a moves slowly 

with a speed v through a fluid of viscosity 

y, Stokes’ law tells us that the force F on 

the sphere due to viscous drag is given by 

the expression F = 6raņnv. Show that 

this expression is dimensionally correct. 

(b) In an experiment to compare the 

viscosities of two oils, small spheres are 

allowed to fall through long columns 

of the liquids. What conditions are 

necessary in order that Stokes’ law may 

be applied? 

B78 

B79 

B80 

223. 

State what measurements are necessary to 
find the terminal speed of the spheres. 

[L*] 

Frictional forces and viscous drag both oppose 

relative motion. Suggest some similarities and 

differences between them. 

Explain why a small sphere, falling through 

liquid in a deep tank, eventually moves with a 

constant speed (the terminal velocity). Sketch 

a graph showing how the acceleration of the 

sphere varies with time after its release at the 

surface of the liquid. 

Describe how you would measure such a 

terminal velocity, explaining how you would 

use your measurements to ensure that your 
result was the true terminal velocity. [C7] 

The viscous force on a sphere, of radius r, 

moving through a fluid with velocity v can be 

expressed as 6nyrv, where y is the coefficient 

of viscosity of the fluid. What is the limitation 

on the use of this expression? [L] 

(a) Stokes’ law may be represented by the 

equation shown below. 

F = 6znrv 

(i) State the physical quantities repre- 

sented by the symbols F, 7, r and v 
and the conditions under which the 

relationship is valid. 
(ii) Tiny spherical particles of alumina, 

having a wide range of radii, are 

stirred up in a beaker of water 

8.0 cm deep. Draw a diagram show- 

ing the forces acting on ome such 

particle, including the force of up- 

thrust (equal to the weight of water 

displaced by the particle), shortly 

after stirring has ceased and the 

water has achieved a still condition. 

Hence determine the radius of the 

largest particle to remain in suspen- 

sion after 24 hours. You may assume 

that the particles fall through the 

water with terminal velocity. 

(Density of water = 1.0 x 10° 
kg m~?, density of alumina = 2.7 x 
10° kg m~?, (coefficient of viscosity of 
water = 1.0 x 10° ?>Nsm”.) 

(b) (i) State Bernoulli’s equation for an 

incompressible fluid. 
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B81 

B82 

B83 

(ii) Sketch a section through an aircraft 

wing and explain how the move- 

ment of such a wing through the air 

results in an upward force (lift) on 

the wing. 

(iii) A particular aircraft design calls fora 

lift of about 1.2 x 10*N on each 

square metre of the wing when the 

speed of the aircraft through the air 

is 100m s™!. Assuming that the air 
flows past the wing with streamline 

flow and the flow past the lower 

surface is equal to the speed of the 

aircraft, what is the required speed 

of the air over the upper surface of 
the wing? (Density of air = 

1.3kgm~?.) [J, °90] 

The stress o between two planes of molecules 

in a moving liquid is given by 

nv 

x 

where v is the difference in the velocities of the 

planes, x their distance apart and 7 a constant 
for the liquid. 

(a) Show that the dimensions of y are 

Mie Eat, 

(b) The force F acting on a sphere moving 

through a liquid is known to depend upon 

(i) the radius r of the sphere, 

(ii) the speed u of the sphere, 
(iii) the constant ņ for the liquid. 

Find how F depends on r, u and yn. 

[W, °91] 

A body moving through air at a high speed v 

experiences a retarding force F given by 

E = Rk Apu’ 

where A is the surface area of the body, p is the 

density of the air and k is a numerical constant. 

Deduce the value of x. 

A sphere of radius 50mm and mass 1.0kg 

falling vertically through air of density 

1.2kgm-° attains a steady velocity of 

11.0 m s™!. If the above equation then applies 

to its fall what is the value of k in this instance? 

[L] 

The drag force F exerted on a vehicle due to its 
motion through still air is given by 

` 
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where p is the density of air, vis the speed of the 

car and D is the drag factor. 

(a) Write down the units of F, p and v and 

hence determine the unit of D. 

(b) The magnitude of the drag factor of a 

particular car is 0.33. Calculate the speed 

when the rate at which energy is dissipated 

in Overcoming air fesistance is 3.0kW. 

(The density of air = 1.3kgm~?.) 
(c) State what happens to the energy 

dissipated in overcoming air resistance. 

(d) Some cars are streamlined like the one in 

the diagram. 

State and explain the effect of the shape of 

the car on the vertical forces acting on the 

vehicle when it starts from rest and 

accelerates. [AEB, 791] 

B84 When a sphere of radius a and density d, falls 

through oil contained in a tank, it descends 

with uniform velocity v. The relation between 

v, a, and dis 

v/ a’ = Ad-—B 

where A and B are constants. 

(v/a?)/cm—'s7" 

The above graph shows the results of some 
experiments. Determine from the graph the 
numerical values of A and B. What is the 
radius of a steel sphere of density 7.5 g cm~? 
which falls through the oil with velocity 
3.9cms !? [S] 

B85 (a) Draw diagrams to show the forces acting 
on an object falling through a viscous 
liquid 

Air flow 
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(b) 

B86 (a) 

(i) at the instant of release, 

(ii) when it has reached its terminal 

velocity. 

Write down an equation for the forces 

acting on the object in (ii). Describe and 

explain the motion of an object projected 

downwards through a viscous medium, 

assuming that the projection velocity of 

the object is greater than its terminal 

velocity. 

(i) Describe how the terminal velocity of 

a small sphere falling through motor 

oil could be measured. 

(ii) In an experiment to determine the 

coefficient of viscosity of motor oil 

the following measurements were 

made. 

Mass of glass 

sphere 12 10-4 ke 
Diameter of 

sphere 4.0x 10-*m 
Terminal 

velocity of 
sphere S510 -ms ! 
Density of oil 860kgm~? 

Calculate the coefficient of viscosity 

of the oil. [J] 

(i) State Newton’s law of viscosity and 

hence deduce the dimensions of the 

coefficient of viscosity. 

(ii) The rate of volume flow, sme of 

liquid of viscosity 7, through a pipe of 

internal radius r and length /, is given 

by the equation 

(b) 

(c) 

225: 

dV. mpr" 

dt 8 
where p is the pressure difference 

between the ends of the pipe. Show 

that this equation is dimensionally 

correct. 
The figure shows a tank containing a light 

lubricating oil. The oil flows out of the 

tank through a horizontal pipe of length 

0.10m and internal diameter 4.0 mm. 

F 
1.2m 

4.0mm internal 
te diameter 

0.10 m 

(i) Calculate the volume of oil which 

flows through the pipe in one minute 

when the level of oil in the tank is 

1.2m above the pipe and does not 

significantly alter during this time. 

Density of oil = 9.2 x 107kgm~? 
Coefficient of viscosity of oil = 

8.4 x 102? Nsm? 
(ii) It is found that the volume flow 

is greater at higher temperatures. 

Assuming that density changes can 

be ignored, suggest an explanation 

for this effect in terms of the nature of 

the viscous force. 

Discuss how the lubricating properties of 

an oil are affected by: 

(i) the coefficient of viscosity of the oil, 

(ii) its variation with temperature. [J] 
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13 
THERMOMETRY AND 

CALORIMETRY 

13.1 TEMPERATURE 

The temperature of a body is its degree of hotness (or coldness). Thus, 

temperature is a measure of how hot (or cold) a body is, and should not be 
confused with the amount of heat it contains. 

13.2 TEMPERATURE SCALES 

There are many types of thermometer, but each makes use of a particular 
thermometric property (i.e. a property whose value changes with temperature) ofa 
particular thermometric substance. For example: a mercury-in-glass thermo- 
meter makes use of the change in length of a column of mercury confined in a 
capillary tube of uniform bore; a platinum resistance thermometer makes use of 
the increase in the electrical resistance of platinum with increasing temperature. 

In order to establish a temperature scale it is necessary to make use of fixed points: 
A fixed point is the single temperature at which it can confidently be expected that 
a particular physical event (e.g. the melting of ice under specific conditions) always 
takes place. Three such points are defined below. 

The ice point is the temperature at which pure ice can exist in equilibrium 
with water at standard atmospheric pressure (i.e. at a 
pressure of 760 mm of mercury). 

The steam point is the temperature at which pure water can exist in 
equilibrium with its vapour at standard atmospheric 
pressure. 

The triple point of water is that unique temperature at which pure ice, pure 
water and pure water vapour can exist together in equilibium. 

The triple point is particularly useful, since there is only one pressure at which all 
three phases (solid, liquid and gas) can be in equilibrium with each other. 

The SI unit of temperature is the kelvin (K). An interval of one kelvin is 
defined as being 1/273.16 of the temperature of the triple point of water as 
measured on the thermodynamic scale of temperature (see later in this 

228 
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section and in section 16.6). The triple point of water is the fixed point of the scale 

and is assigned the value of 273.16 K. On this basis absolute zero is 0 K, the ice 

point is 273.15 K, and the steam point is 373.15 K. 

Another unit, the degree Celsius (°C), is often used and is defined by 

e5 Zaf 
T — 273.15 [13.1] 

where 

R @ = temperature in °C, and 

T = temperature in K. 

The Celsius scale was originally defined by using the ice and steam points as fixed 

points of the scale, and designating them as 0 °C and 100 °C respectively. Bearing 

in mind that these temperatures are respectively 273.15 K and 373.15 K, we can 

easily see that the more recent definition (equation [13.1]) is consistent with this. It 

also follows from equation [13.1] that a temperature change of 1 K is exactly 

equal to a temperature change of 1 °C. 

A mercury-in-glass thermometer could be calibrated by marking the positions of 

the mercury when the thermometer is at the ice point and the steam point, and then 

dividing the interval between these two marks (designated 0°C and 100°C 

respectively) into a hundred equal divisions. If this procedure were to be adopted, 

the Celsius temperature 0 corresponding to a length J, of the mercury column 

would be given by 

[13.2] 

where Jp and loo are the lengths of the mercury column at 0°C and 100°C 

respectively. Such a calibration regards equal increases in the length of the 

mercury column as being due to equal increases in temperature. There is of course 

no valid reason for making this assumption, and so if such a thermometer is used, it 

is important to stress that the measured temperatures are according to the 

mercury-in-glass scale of temperature. Ifa platinum resistance thermometer were 

to be calibrated by making an equivalent assumption, i.e. that equal increases in 

temperature produce equal increases in the resistance of platinum, then 

temperatures measured by this thermometer would be according to the platinum 

resistance scale. These two scales coincide only at the fixed points (0°C and 

100 °C), because, as might be expected, the volume of mercury and the resistance 

of platinum do not vary in the same way. í 

The thermodynamic scale of temperature is totally independent of the 

properties of any particular substance and is therefore an absolute scale of 

temperature. Although this scale is theoretical, it can be shown (see section 16.6) 

that it is identical with the scale based on the pressure variation of an ideal 
gas (see 

Chapter 14) at constant volume. The fixed point of both scales is the triple point of 

water (273.16 K) and the kelvin temperature T on both the ideal gas scale 

and the thermodynamic scale can be found from 

[13.3] 

where py is the pressure of an ideal gas at temperature T, and p+, is the pressure of 

the same volume of the gas at the triple point of water. Ideal gases do not exist, but 

real gases at low pressures are a good approximation to them. This means that 
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results obtained using constarit-volume gas thermometers incorporating real 

gases can be adjusted to coincide exactly with the theoretically correct 

temperatures of the thermodynamic scale. (The unknown temperature 1s 

estimated on the basis of equation [13.3] at a number of different (low) 

pressures. The results are then extrapolated to what would be obtained at zero 

pressure if such a measurement were possible, because at zero pressure a real gas 

would behave like an ideal gas.) In practice, therefore, the various types of 

thermometer are calibrated in terms of the constant-volunie gas thermometer. As 

a result, the measured value of any particular temperature is the same (within the 

limits of accuracy of the instrument being used) no matter what type of 

thermometer is used to measure it. 

13.3 LIQUID-IN-GLASS THERMOMETERS 

These are simple to use and cheap to buy, but cannot be used for accurate work 
because: 

(i) parallax errors prevent the scale being read to better than about 0.1 °C; 

Gi) non-uniform bore limits the accuracy to about 0.1 °C; 

(iii) the glass expands and contracts and can take many hours to reach its correct 

size, and therefore spoils the calibration; 

(iv) the accuracy of the calibration depends on whether or not the thermometer 

is upright, and on how much of the stem is exposed. 

This type of thermometer is easily adjusted to the constant-volume gas 
thermometer scale by suitably spacing the degree markings on the glass. Liquid- 
in-glass thermometers have relatively large heat (thermal) capacities, and this 
limits their use in two distinct ways: 

(i) they cannot be used to follow rapidly changing temperatures; and 

(ii) they can considerably affect the temperature of the body whose temperature 
they are being used to measure. 

The majority of liquid-in-glass thermometers use mercury as the thermometer 
liquid. This is because: 

(i) mercury is opaque and therefore easily seen; 

(ii) mercury is a good conductor of heat and therefore can rapidly take up the 
temperature of its surroundings; 

(iii) mercury does not wet (i.e. stick to) the glass. 

The range of such a thermometer is from —39 °C (the freezing point of mercury) to 
something below its normal boiling point of 357°C. This upper limit can, 
however, be extended by filling the thermometer with an inert gas such as nitrogen; 
this increases the pressure on the mercury so that its boiling point can be increased 
to about 800°C. Ordinary soda-lime glass or Pyrex would soften at such a 
temperature, and therefore the thermometer would probably be made from fused 
quartz. If the mercury is replaced by ethyl alcohol, temperatures as low as 
—114.9°C (the freezing point of alcohol) can be measured. Alcohol is also more 
sensitive to temperature change than mercury but its expansion is very non-linear. 
The use of liquid pentane can reduce the lower limit even more, to about —200 °C. 
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EXAMPLE 13.1 

A particular resistance thermometer has a resistance of 30.00 Q at the ice point, 

41.58Q at the steam point and 34.59Q when immersed in a boiling liquid. 

A constant-volume gas thermometer gives readings of 1.333 x 10° Pa, 

1.821 x 10° Pa and 1.528 x 10° Pa at the same three temperatures. Calculate 

the temperature at which the liquid is boiling: (a) on the scale of the gas 

thermometer, (b) on the scale of the resistance thermometer. 

Solution 

The Celsius temperature 0,, according to the gas thermometer scale, is given by 

Gee) 100 
E Pro — Po 

where pọ is the gas pressure at the temperature of the boiling liquid and po and p100 

are the gas pressures at 0 °C and 100°C respectively. Thus 

1.528 x 10° — 1.333 x 10° 
E 100 

=~ 7.821 x 10° —1.333x 10° 
She gatios nite i 

0.488 
= 39.96°C 

The Celsius temperature 0, according to the resistance scale is given by 

PWN 

"  Rio— Ro 

where Ry is the resistance at the temperature of the boiling liquid and Ro and Rio 

are the resistance values at 0°C and 100°C respectively. Thus 

ya 34.59 — 30.00 , 

T 41.58 — 30.00 

5 z 1 = x 
39.64°C 

0 x 100 

100 

EXAMPLE 13.2 — 

The resistance Rọ of a particular resistance thermometer at a Celsius temperature 

0 as measured by a constant-volume gas thermometer is given by 

Ry = 50.00 + 0.17000 + 3.00 x 10740? 

Calculate the temperature as measured on the scale of the resistance thermometer 

which corresponds to a temperature of 60 °C on the gas thermometer. 

Solution 

A resistance Ry corresponds to a temperature 0, on the scale of the resistance 

thermometer which is given by 

Ro — Ro 
= x 100 

Rioo E Ro 
0; 
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where Ry and Roo are the resistances at 0°C and 100°C respectively. It follows 

that the resistance temperature which corresponds to a temperature of 60°C on 

the gas thermometer scale is given by 

rv Roo — Ro 

Rioo — Ro 

where Reo is the resistance at 60 °C on the gas thermometer scale. 

Rg = 50.00 + 0.17000 + 3.00 x 10~*07 

Rown=»50.00 0 

and Rg = 50.00 + 10.20 + 1.08 61.280 

and Rioo = 50.00 + 17.00 + 3.00 = 70.000 

O; x 100 

Therefore 

61.28 — 50.00 
pete RT A rag 

0: = 70.00 50.00 * 1° 
11.28 

seS ehdo 
20.00 ~ 

= 56.40°C 

EXAMPLE 13.3 W 

Fig. 13.1 
Length of mercury 
column against 
temperature measured 
on the mercury-in-glass 
scale 

Derive equation [13.2]. 

Solution 

If equal increases in the length of a mercury column are regarded as being due to 
equal increases in temperature, then a graph of length of column against 
temperature is a straight line (Fig. 13.1). 

Length of 
mercury column 

Lioo 

Temperature/°C 

AB _ BC 
AD DE 

Gamont gig 
100 = oea 

fea: 
i.e. 6 NOO 

i lioo jA lo 
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QUESTIONS 13A ` 

1. A resistance thermometer has a resistance of 

21.42Q at the ice point, 29.10Q at the steam 

point and 28.11 Q at some unknown temperature 

0. Calculate 0 on the scale of this thermometer. 

A particular constant-volume gas thermometer 

registers a pressure of 1.937 x 10*Pa at the 

triple point of water and 2.618 x 10* Pa at the 

boiling point of a liquid. What is the boiling 

point of the liquid according to this thermo- 

meter? 

13.4 THERMOCOUPLES 

233: 

othe 

3. The temperature measurement described in 

question 2 was repeated using the same 

thermometer but with a different quantity of 

(the same) gas. The readings on this occasion 

were 4.068 x 10* Pa at the triple point of water 

and 5.503 x 10*Pa at the boiling point of the 

liquid. (a) Whatis the boiling point of the liquid 
according to this measurement? (b) Which of 

the two values is the better approximation to the 

ideal gas temperature, and why? (c) Estimate 

the ideal gas temperature. 

Whenever two dissimilar metals are in contact an EMF is set up at the point of 

contact. The magnitude of this EMF depends on the temperature at the junction 

of the two metals, and therefore the effect (known as the thermoelectric or 

Seebeck effect) can be used in thermometry. The devices which are used in this 

way are called thermocouples, and at their simplest consist of two wires of different 

metals joined to each other and to a high-resistance millivoltmeter as shown in 

Fig. 13.2. The reading on the millivoltmeter increases as the temperature of the 

junction increases, due to the increased EMF at the junction. 

Fig. 13.2 
Simple thermocouple 

High-resistance 
DC millivoltmeter 

Wire of . Wire of 

metal A metal B 

Thermocouple 
junction 

This simple arrangement has a serious disadvantage. Suppose metal A is chromel 

and metal B is alumel (these two alloys are commonly used in the manufacture of 

thermocouples), and that the terminal posts of the meter are brass. At X then, there 

is an EMF due to a chromel/brass thermocouple, and at Y there is a diffe
rent EMF 

due to a brass/alumel thermocouple. The meter reading will be the alg
ebraic sum 

of the three EMFs, and not the EMF of the actual chromel/alumel thermocouple 

which is required. 

This difficulty can be overcome by using a second junction as shown in Fig. 13.3. 

With this arrangement, the EMFs produced at the meter terminals are equal and 

opposite, and therefore cancel each other. The extra junction that has been 

introduced, the so-called ‘cold’ junction, acts as a reference junction. The hot 

junction acts as the tem perature measuring junction. The cold junction is 

normally placed in crushed ice and water so that it is always at 0°C. The EMF at 
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Fig. 13.3 
Thermocouple with 
reference junction 

Fig. 13.4 
Thermocouple EMF as a 
function of temperature 
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« High-resistance 
DC millivoltmeter 

x | Y 

QA 

Chromel Chromel 

wh on 
‘Hot’ ‘Cold’ 
junction junction 

the cold junction is therefore always the same, and so it is a simple matter to adjust 

the meter reading to allow for this EMF. (Note. The use of the terms ‘hot junction’ 

and ‘cold junction’ arises because thermocouples are normally used to measure 

temperatures above 0 °C, in which case the reference junction is the colder of the 
two.) 

Thermocouples have very small heat capacities, and so have very little effect on the 
temperature of the body whose temperature they are measuring, and can measure 
rapidly fluctuating temperatures. In both these respects thermocouples are 
superior to other types of thermometer. In addition, they are cheap and easy to 
use, and are ideal for use with a pen-recorder. 

The thermoelectric EMFs of many pairs of metals have been measured as a 
function of the hot junction temperature 0 as measured by a constant-volume gas 
thermometer and expressed in degrees Celsius. In every case if the cold junction is 
maintained at 0 °C, it is found that to a good approximation the EMF Eis given by 

E = «6 Po [13.4] 
where the values of « and $ depend on the particular pair of metals concerned. This 
relationship is, of course, parabolic and therefore there exists a value of 0, known as 
the neutral temperature, 6,,, for which dE/d@ = 0 (Fig. 13.4). Itis clearly not 
desirable to use a thermocouple to measure temperatures close to its neutral 
temperature, because the variation of EMF with temperature is small and the 
thermometer is therefore insensitive in this region. 

The particular pair of metals used depends on the temperature range for which the 
thermocouple is intended. Chromel/alumel thermocouples are normally used up 
to about 1100°C, and produce a thermoelectric EMF of about 4mV for every 
100°C difference in temperature between the hot and cold junctions. Above 
1100 °C and up to about 1700 °C platinum/platinum-rhodium is used on account 
of the high melting points of platinum and platinum-—rhodium. All these metals, 
particularly platinum and platinum—rhodium alloy, are readily available in states 
of high purity and so can be used to make thermocouples which give highly 

E/V 
Gradient 

(dE/dé) = 0 

6/°C 
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reproducible results. The disadvantage of platinum/platinum-—rhodium is its 
relatively low thermoelectric EMF, about 1 mV per 100°C. 

For the most accurate work the millivoltmeter is replaced by a potentiometer (see 

Chapter 38). The use of a potentiometer, however, prevents the thermocouple 

being used to measure rapidly changing temperatures. 

The values of « and f of equation [13.4] which are relevant to the commonly used 

thermocouple materials can be obtained from tables, and can be used in equation 

[13.4] to determine 6 once E has been measured. Alternatively, calibration charts 

` (plots of E against 0) are available. 

13.5 RESISTANCE THERMOMETERS 

Resistance thermometers rely on the fact that the resistances of metals are 
temperature-dependent, and therefore a measurement of resistance can be used as 

a measurement of temperature. They are usually made of platinum because of its 

high temperature coefficient of resistance and high melting point (1773 °C); 

features which make platinum resistance thermometers both sensitive and useful 

over large ranges of temperature. Also, platinum is readily available in a state of 

high purity, so that the measurements made with one particular platinum 

resistance thermometer are likely to match those made with another. The 

platinum is in the form of wire coiled on a suitable insulator such as mica or 

alumina. In use, the thermometer forms one arm of a Wheatstone bridge (see 

Chapter 37). This arrangement allows very slight changes in resistance, and 

therefore in temperature, to be measured. Platinum resistance thermometers are 

extremely accurate from —200°C up to 1200°C. The main disadvantage of 

thermometers of this type is that they have relatively large heat capacities. This 

means that they take a considerable time to come into thermal equilibrium with 

their surroundings, and therefore prevents them following rapidly changing 

temperatures. This is precluded anyway because a Wheatstone bridge has to be 

used. 

When calibrated against constant-volume gas thermometers the resistance R of 

platinum is found to vary with Celsius temperature 0 according to 

R = Ro(1+a0 + B0) [13.5] 

where Ro is the resistance of the platinum at 0°C and a and b are constants. The 

values of Ro, « and f pertaining to any particular thermometer are found by 

measuring its resistance at the ice point, the steam point and at the melting point of 

sulphur (444.6 °C), and inserting the three pairs of values of R and 0 in equation 

- [13.5]. Once Ro, « and f have been found equation [13.5] can be used to 

determine 0 for any measured value of R. 

13.6 THERMISTORS 

These devices, like resistance thermometers, rely on their change of electrical 

resistance with temperature as a means of measuring temperature. Unlike 

resistance thermometers, however, they have negative temperature coefficients 

of resistance; their resistance decreasing approximately exponentially with 

increasing temperature. Thermistors are semiconducting devices cheaply 

manufactured out of several different mixtures of semiconducting oxide powders 
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(Fe30,+ MgCr,O, is a common mixture). They are very robust. When a 

Wheatstone bridge circuit is used to measure their resistance they are about twenty 

times as sensitive as resistance thermometers. The resistance of the connecting 

wires is of no significance, since the devices themselves typically have a resistance 

of 1kQ. Thermistors have very small thermal capacities, and therefore respond 

quickly and have little effect on the temperature they are measuring. The range is 

typically —70 °C to 300 °C. They are less stable than resistance thermometers, and 

therefore less accurate. 

13.7 THE CONSTANT-VOLUME GAS THERMOMETER 

Fig. 13.5 
Constant-volume gas 
thermometer 

A simple constant-volume gas thermometer is shown in Fig. 13.5. When the 

thermometer is in use the bulb is placed inside the enclosure whose temperature is 

required. The gas in the bulb (air in the simplest versions) expands and forces 

mercury up the movable tube. The height of this tube is then adjusted to bring the 

mercury in the left-hand tube back to its original position at a fixed mark A. The gas 

now has its original volume. At this stage the head of mercury his measured and the 

pressure pọ of the gas is calculated from pọ = pa +h where pz is the prevailing 

atmospheric pressure expressed in mm of mercury. 

If po and fj 00 are the pressures at 0 °C and 100 °C respectively, the temperature of 

the enclosure can be found from 
ead seat 

PRS RN net 

where @ is the desired temperature in °C according to the constant-volume gas 
scale. 

Capillary tubing 
minimizes the 
quantity of air not 
at the temperature 
being measured Movable tube 

open to 
atmosphere 

Mercury 

Plastic 
tubing 

There are a number of sources of error: 

G) the bulb expands; 

Gi) airis not an ideal gas; 

Gii) the air in the capillary tube is not at the temperature being measured. 
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13.8 HEAT CAPACITY 

The temperature rise produced by the addition of any given amount of heat to a 

body is determined by the mass of the body and the substance(s) of which it is 

composed. 

The heat capacity* (C) of a body is defined as being the heat required to 
produce unit temperature rise. 

It follows that if the temperature of a body whose heat capacity is C rises by A0 

when an amount of heat AQ is added to it, then 

AQ = CAG [13.6] 

Unit of heat capacity = JK™! = J°C™! (see note (ii)). 

The term specific heat capacity refers to the heat capacity of unit mass of a 

substance. 

The specific heat capacity (c) of a substance is the heat required to 
produce unit temperature rise in unit mass of the substance. 

It follows that if the temperature of a body of mass m and specific heat capacity c 

rises by A0 when an amount of heat AQ is added to it, then 

[13.7] 

Unit of specific heat capacity = [ke Ko Jkg ' °C! (see note (ii)). 

Notes (i) The value of c depends on the temperature at which it is measured. However, 

over moderate changes in temperature, the variation is slight (except at low 

temperatures) and is normally ignored at this level. 

(ii) Equations [13.6] and [13.7] involve only changes in temperature and so the 

numerical values of C and c when expressed in J°C~! and J kg"! °C“ are the 

same as those expressed in JK~! and Jkg ' K`! respectively. 

QUESTIONS 13B 

object with a heat capacity of 150 J°C7! in order 

to reduce its temperature from 80.0°C to 

20.0°C? 

*Sometimes called thermal capacity. 

1. Calculate the quantity of heat required to raise 4. A metal block of heat capacity 36.0J°C™! at 

the temperature of a metal block with a heat 70°C is plunged into an insulated beaker 

capacity of 23.1J°C~' by 30.0°C. containing 200 g of water at 18°C. The block 

and the water eventually reach a common 

2. Anelectrical heater supplies 500 J ofheat energy temperature of 0°C. (a) Write down expres- 

to a copper cylinder of mass 32.4g. Find the sions in terms of 0 for (i) the decrease in 

increase in temperature of the cylinder. temperature of the block, (ii) the increase in 

(Specific heat capacity of copper = temperature of the water. (b) Find in terms of 0, 

255 (ke? °C" .) (i) the heat lost by the block, (ii) the heat 

gained by the water. (c) Assuming that no heat 

3. How much heat must be removed from an is used to heat the beaker and that no heat is lost 

to the surroundings, find the value of 0. 

(Specific heat capacity of water = 

4.2105 | ke Ce’ :) 
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13.9 THE COOLING CORRECTION 

Fig. 13.6 
Temperature against 
time with and without 
cooling 

Experimental determinations of specific heat capacities usually involve some loss 

of heat to the surroundings. Losses due to conduction and convection can be 

reduced by lagging, or by surrounding the apparatus with a layer of still air, or by 

evacuating the region around the substance under test. Losses due to radiation are 

significant at high temperatures and can be reduced by using polished surfaces. 

One way of reducing the effect of the heat losses which remain is to apply a cooling 

correction. 

Suppose that in some experiment the temperature is recorded both during heating 

and after heating has been discontinued, and that the temperature is found to vary 

with time as shown by the solid curve in Fig. 13.6. If there had been no heat loss, 

the maximum temperature would have been 0m + A0. It can be shown that 

Ad = — Ad’ [13.8] 

Room 

temperature (6) 

Theory of the Cooling Correction 

The cooling correction is based on Newton’s law of cooling (section 13. 15). The 
reader should be familiar with this before proceeding. 

If Newton’s law of cooling applies, the rate of loss of heat to the surroundings, 
dQ/dz, both during heating and during cooling is given by 

dQ a = k(O- 0o) [13.9] 
where k is a constant of proportionality. The total loss of heat, Q, in the interval 
between ż = 0 and t = 1, is given by 

ti dQ 

= | —d 
Q | dt 

Therefore by equation [13.9] 

t1 

Oe: e| (0 — bo)dt 

te Q = kx Area A 

Similarly, the loss of heat, O’, between t = t andt = t is given by 

Q' = kx Area A’ 
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Therefore 

Ae _ AreaA 

Q' Area A’ 

But Q = CA0 and Q’ = CAO’ where C is the heat capacity of the body, and 
therefore 

a0 
A@’ =o A! 

: A 
i.e. A0 = = AN0" 

A' j 

Calorimetry experiments are usually carried out in still air and it may seem 

surprising therefore that Newton’s law of cooling (which applies to conditions of 

forced convection) is the basis of the cooling correction. It is used because it 

simplifies the theory, and is justified because the error it introduces is an error only 

in a correction term and is therefore of little significance overall. 

13.10 ELECTRICAL METHODS OF MEASURING 
SPECIFIC HEAT CAPACITIES 

Fig. 13.7 
Apparatus for 
determining the specific 
heat capacity of a liquid 

Specific Heat Capacity of a Liquid 

The apparatus is shown in Fig. 13.7. The rheostat should be adjusted to give a 

suitable current through the heating coil. The inner calorimeter contains a known 

mass of the liquid under test. The temperature 0o of the liquid is recorded. The 

switch is closed and the heater current and PD are recorded. The liquid is stirred 

continuously and its temperature is measued at one-minute intervals. Heating is 

continued until the temperature has risen by about 50°C. The current and PD 

change slightly due to the increased resistance of the heating coil at higher 

temperatures, and their values should be recorded immediately before switching 

off the heater. The heater is switched off and the temperature is recorded until it 

has fallen to about 10°C below its maximum value 0m- 

a Rheostat 

Stirrer 

Thermometer 

Inner calorimeter 

locked on to lid 

Still air reduces 
heat losses by 
conduction and 
convection- 

If the specific heat capacity of the liquid and the heat capacity of the inner 

calorimeter are c and C respectively, and A0 is the cooling correction found from 

equation [13.8], then 

VIt = (mc+C)(Om + A0 — 4) 

where V and I are the average heater PD and current and t is the time for which 

heating is carried out; hence c. 
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Fig. 13.8 
Apparatus for 
determining the specific 
heat capacity of a solid 

Fig. 13.9 
Nernst’s apparatus 

SECTION C: THERMAL PROPERTIES OF MATTER 

Specific Heat Capacity of a Solid 

The apparatus is shown in Fig. 13.8. The material under test is in the form of a 

solid cylinder of mass m, into which two holes have been drilled to accommodate a 

heater and a thermometer. The procedure is basically the same as that for a liquid. 

The specific heat capacity c is calculated from 

VIt = mc(0, + AO — 00) 

Heater 

Lagging Glycerine to 
improve thermal 
contact 

Solid 
under 

test 

Nernst’s Method for a Solid 

The apparatus is shown in Fig. 13.9. A platinum heating coil is wound on paraffin- 

waxed paper around a cylindrical plug X of the metal under test. The paper 

insulates the coil from X so that its turns are not shorted out. The plug and coil are 

inserted into a cylindrical block Y of the same metal as X. A layer of paraffin wax 

around the coil insulates it from Y. The leads to the heating coil are used to 

Leads to 

Glass 
vessel 

Z % Heating 

Constant y) coil 
temperature f 

enclosure 4 

| 5 Vacuum 

ZL $ 

12 pump 
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suspend the metal inside a glass vessel which can be evacuated. The apparatus is 

surrounded by a constant-temperature enclosure, the temperature of which is the 

temperature at which the specific heat measurement is required. (The specific heat 

capacity of a substance depends on the temperature at which it is measured.) The 

apparatus is left until the metal acquires this temperature and then the glass vessel 

is evacuated. Since the metal is in a vacuum and is at the temperature of its 

surroundings, heat losses are almost entirely eliminated. 

The electrical energy used in a measured time ż to raise the temperature of the 

specimen by a small amount ^f is determined by measuring the current J through 

the coil and the PD V across it. The temperature rise is found by using the coil as a 

platinum resistance thermometer. In order to do this the resistance of the coil is 

measured immediately before the heater current is switched on, and immediately 

after it has been switched off. Temperature rises of as little as 107° K can be used. 

13.11 THE CONTINUOUS FLOW METHOD FOR THE 

SPECIFIC HEAT CAPACITY OF A LIQUID 

Fig. 13.10 
Callender and Barnes’ 
continuous flow 
calorimeter 

The method is due to Callendar and Barnes (1899). 

Liquid is passed through the continuous flow calorimeter (Fig. 13.10) at a 

constant rate until all conditions are steady. At this stage the temperatures 0x and 

Oy at X and Y, and the mass m; of liquid flowing through the calorimeter in time t 

are measured, together with the current J, through the heating coil and the PD V; 

across it. Under steady conditions none of the electrical energy which is being 

supplied is being used to heat the calorimeter, and therefore 

Valin mc (0y — 0x) + Q [13.10] 

where Q is the heat lost to the surroundings in time t. 

5 Heating 
Resistance coil 
thermom 3 Vacuum eter 

X ¥ => 

Liquid flowing Liquid 
in at a constant flowing out 
rate to measuring 

cylinder 

The rate of flow is altered so that the mass of liquid flowing in time ¢ is mz. The 

current and PD are adjusted (to J, and V2) to bring the temperature at Y back to its 

original value 0y. The temperature at X is that of the tank supplying the liquid and 

is constant at 0. Since all temperatures are the same as they were with the initial 

flow rate, the heat lost in time ż is again Q. Therefore 

Valt = mzc (Oy — 0x) + Q [13.11] 

Subtracting equation [13.10] from equation [13.11] gives 

(V2 = Vi I )t = (m = my )c (0y = 0x) 

Hence c. 
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` Advantages 

G) The presence of the vacuum prevents heat losses by convection, and the 

effect of losses due to conduction and radiation is eliminated. 

(ii) The temperatures which are measured are steady and therefore can be 

determined accurately by using platinum resistance thermometers. This 

allows small temperature rises to be used (typically 2 °C) and the method is 

therefore suitable for determining the manner in which the specific heat 

capacity changes with temperature. 

Gii) The calculation does not involve the heat capacities of the various parts of 

the apparatus and so there is no need to know their values. 

Disadvantage 

A large quantity of liquid is required. 

Further Points 

G) The percentage error is least when the difference between the two flow-rates 
is large. 

Gi) Continuous flow methods can also be used for gases. 

LATENT HEAT 

Itis necessary to supply energy (heat) to a solid in order to melt it, even if the solid is 
already at its melting point. This energy is called latent heat. It is distinct from any 
heat that might have been used to bring the solid up to its melting point in the first 
place, and from that which might be used to raise the temperature of the liquid 
once the solid has melted. 

The energy is used to provide the increased molecular potential energy of the 
liquid phase and, when the phase change results in expansion, to do external work 
in pushing back the atmosphere. The energy used to do external work is usually 
much less than that used to increase the potential energy of the molecules, and in 
the case of ice, which contracts on melting, is negative. 

The conversion ofa liquid to a vapour (vaporization) and the direct conversion ofa 
solid to a vapour (sublimation) also require latent heat to be supplied. These two 
processes usually involve large changes in volume, and the proportion of the latent 
heat which is used to do external work is greater than in melting. 

In terms of the first law of thermodynamics (section 14. 15) melting (i.e. fusion), 
vaporization and sublimation are represented by 

PPS aR A 

L = the latent heat supplied in order to cause the phase change 

> S I the increase in internal potential energy which accompanies the 
phase change. (There is no change in temperature and therefore 
no change in kinetic energy.) 

AW = the external work done as a result of the phase change. This term 
is positive for expansion and negative for contraction. 



THERMOMETRY AND CALORIMETRY 

Note 

243 

The specific latent heat (/) of fusion (or vaporization or sublimation) of a 
substance is defined as the energy required to cause unit mass of the 
substance to change from solid to liquid (or liquid to vapour, or solid to 
vapour) without temperature change. (Unit = Jkg™!.) 

The value of / depends on the temperature (and therefore the pressure) at which it 

is measured. 

It follows that the heat, AQ, which must be added to change the phase of a mass, m, 

of substance is given by 

AQ = ml 

where lis the specific latent heat of fusion, vaporization or sublimation according 

to the particular phase change which is taking place. For the reverse processes 

(liquid to solid, vapour to liquid, and vapour to solid) AQ represents the amount 

of heat that must be removed from the substance. 

EXAMPLE 13.4 

A calorimeter with a heat capacity of 80J°C~! contains 50g of water at 40°C. 

What mass of ice at 0 °C needs to be added in order to reduce the temperature to 

10°C? Assume no heat is lost to the surroundings. (Specific heat capacity of 

water = 4.2 x 10°Jkg-!°C™!, specific latent heat of ice = 3.4 x 10° Jkg"!.) 

Solution 

Heat lost by calorimeter cooling to 10°C 

= 80(40—10) = 2400J 

Heat lost by water cooling to 10°C 

— 50 x 10-3 x 4.2 x 10°(40 — 10) = 6300J 

Total heat lost = 2400 + 6300 = 8700J 

Let mass ofice = m 

Heat used to melt ice at 0°C 

E3410" = 3.4 x 10° m 

Heat used to increase temperature of melted ice to 10°C 

= mx 4.2 x 103(10—0) = 4.2 x 10*m 

Total heat used = 3.4 x 10°m+4.2 x 10m = 3.82 x 10° m 

Since no heat is lost to the surroundings, 

3.82 x 105m = 8700 

m = 0.0228kg 

wet Mass of ice required = 23g 
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QUESTIONS 13C 

1: Calculate the heat required to melt 200 g of ice 

at 0°C. 
(Specific latent heat ofice = 3.4 x 10°Jkg™!.) 

Calculate the heat required to turn 500 g of ice 

at 0°C into water at 100°C. 

(Specific latent heat of ice = 3.4 x 10°Jkg™!, 
specific heat capacity of water = 4.2 x 

eject) 

SECTION C: THERMAL PROPERTIES OF MATTER 

3. Calculate the heat given out when 600g of 
steam at 100°C condenses to water at 20 °C. 

(Specific latent heat of steam = 2.26 x 

10°Jkg-!, specific heat capacity of water = 

4.210 T ket Gan) 

13.13 EXPERIMENTAL DETERMINATION OF THE 
SPECIFIC LATENT HEAT OF VAPORIZATION OF 

Fig. 
Apparatus for determin- 
ing the specific latent 
heat of vaporization of a 
liquid 

A LIQUID 

The method about to be described is a continuous flow method and makes use of a 

self-jacketing vaporizer. 

The apparatus is shown in Fig. 13.11. The liquid under investigation is heated to 

boiling point and the vapour which is produced passes to the condenser by way of 

holes (H) in the inner wall of the vessel. Boiling is continued, and eventually the 

temperatures of all parts of the apparatus become steady. At this stage the 

condensed vapour is collected, over a measured time ż, and its mass mı 

13.11 

Vapour 
acting 
asa 
jacket 

Heating 
coil 

Liquid under 
investigation 

Condenser 

< Cooling 

water 

Condensed 
vapour 
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determined. If V, and J, are the heater PD and current, then the electrical energy 

supplied in time ż is VIt. Since the temperatures are steady, this energy is used 

only to vaporize the liquid and to offset heat losses, and therefore 

Vit = ml + Q [13.12] 

where lis the specific latent heat of vaporization of the liquid and Q is the heat lost 

to the surroundings in time £. 

The heater PD and current are now changed to V, and I, and the new mass mz of 

vapour which condenses in the same time ¢ is measured. 

Each part of the apparatus is at the same temperature as it was with the initial rate of 

heating and the energy lost in time ż is again Q. Therefore. 

Vlt = ml+ Q [13.13] 

Subtracting equation [13.12] from equation [13.13] gives 

(Vh = Vit, )t = (m == m,) 1 

from which / can be determined. 

The liquid which is being vaporized is surrounded by its vapour (hence self- 

jacketing vaporizer). Any heat lost by the vapour causes it to condense, not to cool, 

and therefore the liquid is surrounded by a constant temperature enclosure which 

is at its own temperature; this considerably reduces heat losses from the liquid. 

13.14 EXPERIMENTAL DETERMINATION OF THE 

SPECIFIC LATENT HEAT OF FUSION OF ICE BY 

THE METHOD OF MIXTURES 

A calorimeter of mass m, is about two-thirds filled with water of mass m,, which is 

about 5 °C above room temperature. The water and the calorimeter are left for a 

short time until they reach the same temperature as each other. This temperature 

(01) is measured using a sensitive Cn °C) thermometer. 

A lump of melting ice (i.e. ice at 0°C) is then dried with blotting paper and 

immediately added to the water. The mixture is then stirred gently until the lump 

has melted. This procedure is repeated with further lumps until the temperature of 

the mixture is approximately as far below room temperature as 0, was above. The 

lowest temperature attained (02) is recorded. 

The calorimeter and its contents are weighed to determine the mass (m;) of the ice. 

H t 
Heat lost by 

eat used to 

Heat lost by : Heat used increase 
; calorimeter : 

water cooling | + l to melt ice | + | temperature 
cooling from Š ; 

from 0, to 42 eee at 0°C of melted ice 

} 7 from 0°C to 0, 

Therefore 

Muy Cu(O1 — 02) + McCc(O1 — 02) = mil + micw(O2 — 0) 

from which the specific latent heat of fusion of ice (/) can be found, provi
ding the 

specific heat capacities, Cw and ce, of water and of the calorimeter material 

respectively, are known. 
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Notes 
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(i) It is very important that theice is dry when it is added to the water. Ifit is not, 

the mass of ice that is melted is less than mj. 

(ii) No cooling correction is applied because 0, is as far above room temperature 

as 0, is below it, and therefore, to a reasonable approximation, the mixture 

gains as much heat from the surroundings whilst it is below room 

temperature as it loses to them whilst it is above room temperature. 

. 

13.15 COOLING LAWS 

Newton’s Law of Cooling 

This applies when a body is cooling under conditions of forced convection (i.e. 

when it is in a steady draught). It states that the rate of loss of heat of a body is 

proportional to the difference in temperature between the body and its 

surroundings, i.e. 

(, i Rate of loss of n «(, Excess pa ) > 
heat to surroundings „temperature 

or 

an ee ) = k(0 — 4%) -\heat to surroundings/ = 

where 

0 = temperature of body s 

0o = temperature of surroundings 

k =a constant of proportionality whose value depends on both the 
nature and the area of the body’s surface. 

The law can be taken to be a good approximation for cooling under conditions of 
natural convection (a body cooling in still air for example) provided the excess 
temperature is not greater than about 30 °C. For higher excess temperatures than 
this the five-fourths power law should be used. 

The Five-Fourths Power Law 

This applies when a body is cooling under conditions of natural convection. It can 
be stated as 

Experimental Investigation of Newton’s Law of 
Cooling 

The rate at which a body loses heat is proportional to the rate at which its 
temperature falls provided that its heat capacity does not vary with temperature 
(since AQ = CA9, where C = heat capacity). Therefore for a body cooling 
under conditions where Newton’s law of cooling applies 

dé 
a ke 
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where d0/dt is (minus) the rate of fall of temperature of the body and K is a 
constant of proportionality whose value depends on the nature and the area of the 

body’s surface, and on the heat capacity of the body. (Since the temperature is 
falling, the presence of the minus sign makes K a positive constant.) It follows that 

Newton’s law of cooling can be verified by verifying this equation. 

Method 

` A calorimeter containing hot water and standing on an insulating surface (e.g. a 

wooden block) is placed in the stream of air from an electric fan or an open 

window. H be temperature of the water is measured at one-minute intervals 

using a -p C thermometer. The water should be stirred gently prior to each 

femperarane measurement. A graph of temperature (0) versus time (¢) is plotted 

(Fig. 13.12(a)). The gradient of this graph at any temperature 0 is the rate of 

fall of temperature at that value of 0. The gradients are measured (by constructing 

tangents to the curve) at various values of 0 and are then plotted against the 

corresponding excess temperature (0 — 0o) as in Fig. 13.12(b). If this plot is a 

straight line through the origin, Newton’s law of cooling has been verified. 

Fig. 13.12 Temperature (6) 

Plot of (a) temperature = 
against time during 
cooling, (b) rate of fall of 6; 

temperature against 
excess temperature 

Gradient = (minus) rate of 
fall of ternperature at 0 = 0, 
and at excess temperature 

(0, — 4) 

0 Time (t) 

Rate of fall of temperature 
(= (minus) gradient of graph 
in Fig. 13.12(a)) 

(b) 

0 Excess temperature (0 — 4) 

If Newton’s law of cooling applies, the graph of temperature against time is 

exponential. This is easily proved: 

dé 
— = —K(0-90 
dt ( 0) 

0 i t 

| TEE -K| dt 
o; (8 — 90) 0 

where 0; is the initial temperature. 
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F è 

flog. (0 = 0o), = =K |e]; 

0 — 6 
= —K og (5e) t 

(0 — 00) = (0; — A)e*' 

: Excess Initial excess e-Kt 
1.€. = 

temperature temperature ~ 

CONSOLIDATION = 

The temperature of a body is a measure of how hot it is, not how much heat it 

contains. 

Celsius temperature, 0, based on some thermometric property, X, (e.g. the 
length of a column of mercury) is given by 

MXE A 

X09 — Xo 

Thermometers calibrated on the basis of this equation necessarily agree with each 
other only at the fixed points. They may agree at other temperatures too. 

0 x 100 

Kelvin temperature, T, on the thermodynamic scale and on the ideal gas scale is 
given by 

\ 

T — Fry 273.16 
Pr: 

where pr and py, are the pressures of a fixed volume of an ideal gas at temperature 
T and the triple point of water respectively. 

The thermodynamic scale and the ideal gas scale are absolute scales, i.e. they 
do not depend on the properties of any particular substance. 

An interval of one kelvin is defined as 1/273.16 of the temperature of the triple 
point of water. 

Celsius temperature, 0, is defined by 

0 = T$273A15 

where T is the corresponding temperature in kelvins. 

Heat capacity (C) is a property of a body. It is the heat required to produce unit 
temperature rise in the body. (Unit = J°C~! or JK-!.) 

Specific heat capacity (c) is a property of a substance. It is the heat required to 
produce unit temperature rise in unit mass of the substance. (Unit = Jke eC? 
ore RK") 

For a change of temperature AO = CA0 AQ = mcA^0 

For a change of phase AO = ml . 
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GASES 

14.1 THE GAS LAWS 

The experimental relationships between the pressures, volumes and temperatures 

of gases were investigated by various workers in the seventeenth and eighteenth 

centuries. These early experiments resulted in three laws — the so-called gas 

laws. 

Boyle’s Law 

For a fixed mass of gas at constant temperature, the product of pressure and 

volume is constant. 

On the basis of the other two laws the Kelvin scale of temperature was introduced, 

and these laws are stated below in terms of that scale. 

Charles’ Law 

For a fixed mass of gas at constant pressure, the volume is directly 

proportional to the temperature measured in kelvins. 

The Pressure Law 

For a fixed mass of gas at constant volume, the pressure is directly 

proportional to the temperature measured in kelvins. 

Representing pressure, volume, and temperature in kelvins by p, V and T 

respectively, we can formulate the three laws as: 

At constant T pV = aconstant or pol 

At constant p V/T = aconstant orc) Val 

At constant v p/T = aconstant or pxl 

It should be noted that the three laws are not independent; any one of them can be 

derived from the other two. The experimental investigation of the 
gas laws is dealt 

with in sections 14.9 to 14.11. 

249 
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14.2 CONCEPT OF AN IDEAL GAS AND THE IDEAL GAS 
EQUATION 

Note 

No gas obeys the gas laws exactly. Nevertheless they provide a fairly accurate 

description of the way gases behave when they are at low pressures and are at 

temperatures which are well above those at which they liquefy. A useful concept is 

that of an ideal (or perfect) gas — a gas which obeys the gas laws exactly. The 

behaviour of such a gas can be accounted for by ` 

pV = nRT [14.1] 

where 
2 = the pressure of the gas (Nm “ = pascals, Pa) P 

V = the volume of the gas (m°) 

n = the number of moles (see section 14.3) of gas (mol) 

R = the universal molar gas constant (= 8.31 JK ! mol`!) 

T = the temperature of the gas in kelvins. 

Equation [14.1] is known as the equation of state of an ideal gas (or simply as the 

ideal gas equation); it embodies the three gas laws and Avogadro’s law (section 

14.6). It can be shown that a gas which obeys this equation exactly must be subject 

to the assumptions inherent in the kinetic theory of gases (section 14.4). In 

particular, there would be no forces between the molecules of such a gas and 
therefore the internal energy (i.e. the energy of the molecules) of such a gas 
would be entirely kinetic and would depend only on its temperature. 

Summary 

= Q Anideal gas obeys the gas laws and pV = nRT exactly. No such gas 
exists. oe ne a ee 

G) The internal energy of an ideal gas is entirely kinetic and depends only — 
on its temperature. z ; ; 

Gii) The behaviour of real gases and unsaturated vapours (see Chapter 15) 
can be described by pV = nRT if they are at low pressures and are at 
temperatures which are well above those at which they liquefy. 

For a gas at pressure p;, volume V, and temperature T, equation [14.1] gives 

Pi Ve = nRT; ie: 2i1Vi/T,; = nR 

If the same sample of gas is at pressure p>, volume V, and temperature T> 

p2V2 = nRT, i.e. P2V2/T, = nR 

(The number of moles is the same in each case (n) because we are dealing with the 
same sample of gas, i.e. with a fixed mass of gas and therefore with a fixed number 
of moles.) Combining these equations gives 

cae 

for a fixed mass of gas 

Any unit of pressure can be used for pı providing the same unit is used for po. 
Similarly, any unit of volume can be used for V; as long as the same unit is used for 
V2, but both T, and T, must be expressed in kelvins. 
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EXAMPLE 14.1 

A gas (which can be considered ideal) has a volume of 100 cm? at 2.00 x 10° Pa 

and 27 °C. What is its volume at 5.00 x 10° Pa and 60°C? 

Solution 

A pi = 2.00 x 10° Pa p2 = 5.00 x 10° Pa 

¥, = 100cm? Vo = V2 

Ti = 27°C = 300K Tə = 60°C = 333K 

pi Ve fo "pi Va 
Ti T 

2.00 x 10° x 100 SVOE 10° x V2 

300 333 

2.00 x 10° x 100 x 333 

300 x 5.00 x 105 
V, = = 44.4cm? 

Note that V, was expressed in cm? and therefore V3, is in cm’. 

EXAMPLE 14.2 — 

Refer to Fig 14.1. Initially A contains 3.00 m°? of an ideal gas at a temperature of 

250 K and a pressure of 5.00 x 10* Pa, whilst B contains 7.20 m? of the same gas at 

400 K and 2.00 x 10* Pa. Find the pressure after the connecting tap has been 

opened and the system has reached equilibrium, assuming that A is kept at 250K 

and B is kept at 400 K. 

Fig. 14.1 
Diagram for Example 
14.2 

Connecting tap 

Solution 

On opening the tap some gas moves from A to B, reducing the pressure in A and 

increasing it in B. This continues until, at equilibrium, the pressure in A is equal to 

thatin B. Let this final pressure be p. The ‘trick’ is to recognize that the total mass of 

gas, and therefore the total number of moles, is the same after the tap is opened as it 

was before. 
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eres 
Since pV" = ART, t= RT and therefore 

. , 5.00 x 10* x 3.00 600 
Number of moles initially in A = Saha a 6 

ea p 2.00 x 104 x 7.20 360 
Number of moles initially in B = R c) AON id 

Total number of moles initially = 960/R 

i px3.00 1.20x 10-2 
Number of moles finally in A = = 

250R R 
terna ty (ONT ATA LBD % 1077 
umbder OF moles nally in = 400R =, R 

Total number of moles finally = 3.00 x 10-*p/R 

The total number of moles does not change and therefore 

ee = 2 Le. p= 2.20% 10 Pa 

RELATIONSHIPS 

The mole is the unit of a quantity called ‘amount of substance’. 

1 mole (mol) of a substance is defined as the amount of it that contains the same 
number of elementary units (atoms or molecules, according to which is 

considered to be its elementary unit) as there are atoms in 12g of carbon 12. 

This has been found by experiment to be 6.022 x 10”. For example, a mole of 
molecular oxygen contains 6.022 x 10° molecules; a mole of sodium vapour 
contains 6.022 x 107? atoms, etc. 

The Avogadro constant, N4, is numerically equal to the number of atoms in one 
mole. Na = 6.022 x 107? mol-!. (Note, it is not a number, but a quantity 
measured in mol™!.) 

The relative molecular mass, M,, of a substance is defined by 

Average mass of a molecule of the substance 

One twelfth the mass of a carbon 12 atom 

Relative molecular mass is a number and therefore has no units. 

M, = 

The molar mass of a substance is defined as the mass per mole of the substance. 
(The SI unit is kg mol~', but molar mass is often expressed in gmol—!.) Molar 
mass in gmol"' and mass of one mole in g are numerically equal to relative 
‘molecular mass. For example, for oxygen in its molecular form, O3, relative 
molecular mass = 32, molar mass = 32gmol~! and mass of one mole = 32 g. 

The volume of 1 mole ofa gas atSTPis 22.4 x 10-3 mî. Note. STP = standard 
temperature and pressure, i.e. 273K and 760mm of mercury 
(1.013 x 10° N m~?). 

This relationship can be obtained by substituting the relevant values of the 
parameters into equation [14.1]. Thus, rearranging the equation gives 

nRT 

Pp 
V= 
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Therefore, for 1 mole of gas at STP 

(1)(8.31)(273) 
Vi = s s33 

1.013 x 105 22.4 x 10` m 

QUESTIONS 14A 

at 17°C and 2.32 x 10 Pa. The relative mol- 

1. What is the temperature of 19.0 m° of an ideal ecular "mass of hydrogen" =S 2R 

gas at a pressure of 600 mmHg if the same gas 8.31JK-! mol`! and the Avogadro constant, 

occupies 12.0 m? at 760 mmHg and 27 °C? Na = 6.02 x 10° mol™!. Calculate: 

(a) the number of moles of hydrogen in the 

2. A gas has a volume of 60.0cm? at 20°C and cylinder, 

900 mmHg. What would its volume be at STP, (b) the number of molecules of hydrogen in the 

i.e. at 273 K and 760 mmHg? cylinder, 

(c) the mass of the hydrogen, 

3. A cylinder contains 2.40 x 1073 m? ofhydrogen (d) the density of hydrogen under these con- 

ditions. 

14.4 THE KINETIC THEORY OF GASES (DERIVATION 
OF p = ipc?) 

This is an attempt to explain the experimentally observed properties of gases by 

considering the motion of the molecules (or atoms) of which they are composed. A 

number of assumptions are made. 

(i) |The molecules of a particular gas are identical. 

Gi) Collisions between the molecules and with the container are (perfectly) 

elastic (see section 2.8). 

(iii) The molecules exert no forces on each other except during impacts (which 

are assumed to have negligible duration anyway) and the effect of gravity is 

ignored so that: 

(a) between collisions the molecules move in straight lines at constant 

speed, and 

(b) the motion is random. 

(iv) There is a sufficiently large number of molecules for statistics to be 

meaningfully applied. 

(v) The size of the molecules is negligible compared to their separation. 

(vi) The laws of Newtonian mechanics apply. 

Some of these assumptions run through the entire analysis; others are used more 

specifically. 

Consider a gas enclosed in a cubical container of side L (+Fig. 14.2). Let each 

molecule of the gas have mass m (assumption (i)). Consider, initially, a single 

molecule which is moving towards wall X, and suppose that its x-component of 

velocity is uı. This molecule will have an x-component of momentum mu, towards 

the wall. The molecule will eventually reverse the direction of its momentum by 
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Fig. 14.2 $ 
Derivation of p = {p c? 

Wall Y Wall X 

colliding with the wall. Since the collision will be elastic (assumption (ii)), it will 

rebound with the same speed so that its momentum will now be —mu,. The change 

in the x-component of momentum is therefore 2mu. 

The molecule has to travel a distance 2L (from X to Y and back to X) before it next 

collides with wall X. The time for such a trip is 2L/u,, and therefore this molecule’s 
rate of change of momentum due to collision with X will be 

2mu, mu’ 

Ap S P 

By Newton’s second law, rate of change of momentum is equal to force, and 

therefore mu,” /L is the force exerted on the molecule by the wall. By Newton’s 

third law, the molecule exerts an equal but oppositely directed force on the wall, 

and therefore ‘ 

Force on X = mu;?/L 

Therefore 

Force per unit area on X = li (since area of X = L’) 

Therefore 

Pressure on X = = : 

If there are N molecules in the container and their x-components of velocity are ul, 
U2, . . . , Un, the total pressure, p, on wall X will be given by 

m 
p = ga (ur + up? ++ + uy”) 

Therefore 

m er 

where 

u? is the mean square velocity in the x-direction. 

Since mN is the total mass of gas in the container, mN / IL’ is the density, p, of the 
gas and therefore, by equation [14.2], 

p = pw [14.3] 
If 

c = theresultant velocity ofa molecule whose x-, y- and 2-components of 
velocity are u, v and w respectively, then 

CH= P42 + 4? 
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Therefore 

Ê = PHPH v2 + w [14.4] 

where 

c* is the mean square velocity of the molecules 

v? is the mean square velocity in the y-direction 

w? is the mean square velocity in the z-direction. 

Since there is a large number of molecules and they are moving randomly 

(assumptions (iv) and (iii)b) 

APER 
Therefore, from equation [14.4], 

u = 

Therefore, from equation [14.3] 

[14.5] 

14.5 RELATIONSHIP BETWEEN MOLECULAR KINETIC 
ENERGY AND TEMPERATURE 

On the basis of the kinetic theory of gases, 

p=4pe 
Therefore, for any volume V of gas, 

pV = $pV c2 

Therefore, 

pV = 1Me [14.6] 

where 

M = the mass of volume V of the gas. 

Equation [14.6] may be rewritten as 

| pV = 2NGm2) [14.7] 

where 

N = the total number of molecules in volume V, and 

m = the mass of one molecule. 

The ideal gas equation for n moles of a gas of volume V and pressure p is 

pV = nRT [14.8] 

where 

the universal molar gas constant, and R 

if 

I 

the temperature in kelvins. 
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QUESTIONS 14B 

1. 

Note 

SECTION C: THERMAL PROPERTIES OF MATTER 

Thus the predictions of the kinetic theory of gases (represented by equation 

[14.7]) are in agreement with idealized experimental observation (represented by 

equation [14.8]) if 

2N(imc) = nRT 

j 3 nR 
1.e. +m c2 = aN - 

: -> 3 R 
ne +m c2 = 2 Na 

(since N/n is the number of molecules per mole, i.e. Na, the Avogadro constant). 

Both R and Ng are universal constants, and therefore so also is R/ Na; it is called 

Boltzmann’s constant, k (= 1.38 x 10-77 JK!) and is the gas constant per 
molecule. The left-hand term is the average translational* kinetic energy ofa single 

molecule, and therefore 

[14.9] 

Thus, in order to make the kinetic theory consistent with the ideal gas equation we 
need to accept the validity of equation [14.9], i.e. in addition to assumptions (i) to 

(vi) of section 14.4, we need to make the further assumption that the average 

translational kinetic energy of a molecule is equal to (3/2) RT. Such an 

assumption is reasonable, since putting heat energy into a gas increases its 

temperature and must also increase the kinetic energy of its molecules becuase 

there is no other way that the energy can be absorbed. (An ideal gas can have no 

potential energy because it has no intermolecular forces, and there is nothing other 
than molecules present.) 

The three gas laws (section 14.1) can be combined as pV œ T. In order to make the 

kinetic theory consistent with this expression, rather than with the more 

demanding pV = nRT, we need only make the assumption that ime is 

proportional to T, for it then follows from equation [14.7] that pV œ T. 

By what factor does (a) the mean square speed, 3. Find the value of the ratio 
(b) the root mean square speed of the mole- 
cules of a gas increase when its temperature is 

Root mean square speed of hydrogen molecules 

Root mean square speed of oxygen molecules 

(a) when the two gases are at the same 
temperature, (b) when the oxygen is at 100°C 

The temperature of a gas is increased in such a and the hydrogen is at 30°C. 
way that its volume doubles and its pressure (Relative molecular mass of hydrogen = 2, 
quadruples. If the root mean square speed of the relative molecular mass of oxygen = 32.) 
molecules was originally 250 m s~}, what is it at 

the higher temperature? 

*In section 14.16 diatomic and polyatomic molecules are considered. These have both translational 
and rotational kinetic energies. 
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14.6 AVOGADRO’S LAW 

Equal volumes of all gases at the same temperature and pressure contain the 
same number of molecules. 

The law was announced by Avogadro in 1811 and was well-established before the 

kinetic theory was developed. It is embodied in the ideal gas equation, 

pV = nRT. In order to illustrate this we shall consider two gases distinguished 

` by the subscripts ; and 2. Applying the ideal gas equation gives 

Pi V; = n RT, and p2 V2 = n2RT> 

For equal volumes at the same pressure pı V1 = p2V2, and therefore 

n, RT, = n2RT> [14.10] 

If the gases are at the same temperature, T) = T>, and therefore from equation 

[14.10] 

Tht = 182 

Thus equal volumes of two gases which are at the same temperature and pressure 

contain the same number of moles. It follows from the definition of the mole 

(section 14.3) that the gases also contain the same number of molecules. Thus, 

under the conditions to which Avogadro’s law relates, the number of molecules in 

each gas is the same, i.e. Avogadro’s law is embodied in pV = nRT. 

Note Avogadro’s law can be applied to real gases which are at low pressures and are at 

temperatures well above those at which they liquefy. 

14.7 DALTON’S LAW OF PARTIAL PRESSURES 

‘The total pressure of a mixture of gases, which do not interact chemically, Bo 
equal to the sum of the partial pressures, i.e. to the sum of the pressures that 

each gas would exert if it alone occupied the volume containing the mixture. _ 

Suppose that a volume V contains n, moles ofa gas whose partial pressure is pı and 

nz moles of a gas whose partial pressure is p2. If the temperature of the gases is 7, 

then by equation [14.1] 

Pi VESTRI and poV = n RT 

Dividing gives 

Pugs tE. [14.11] 
p2 nz 

From Dalton’s law, the total pressure p is given by 

P= Prt Pe 

Substituting for pz from equation [14.11] gives 

ak A. pores 

and substituting for pı gives 

Slee or nı + N2 
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Note 
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Dalton’s law still applies if one or more of the components of the mixture is a 

vapour (saturated or unsaturated) — see Example 15.1. 

14.8 THE MAXWELLIAN DISTRIBUTION OF 
MOLECULAR SPEEDS 

Fig. 14.3 
Maxwellian distribution 
of molecular speeds 

It can be shown, on the basis of statistical mechanics, that the speeds of gas 

molecules are distributed as illustrated in Fig. 14.3. The curve, which is known as 

the Maxwellian distribution of molecular speeds, agrees well with that obtained by 

experiment. Thė quantity N(c) is such that N(c)déc is the number of molecules 

whose speeds are in the narrow range c to c + dc. Theoretically 

be eee cei L ae a 

where 

Co = most probable speed 

c = mean speed 

cœ = root mean square speed. 

N(c) 

S D 

`~ . 

~N Higher temperature 

Lower temperature 

14.9 EXPERIMENTAL INVESTIGATION OF BOYLE’S 
LAW 

The apparatus is shown in Fig. 14.4. The gas under investigation is the air trapped 
above the oil in the glass tube. The volume, V, of the air is read directly from the 
scale. It is compressed by using a foot pump to increase the pressure above the oil 
in the reservoir. The pressure, p, of the trapped air is the same as that of the air in 
the oil reservoir. (Whether or not this can be read directly from the Bourdon gauge 
depends on the particular type of gauge being used — see section 10.7.) The 
pressure is increased in stages, allowing a number of pairs of values of pand Vtobe 
taken. Compressing the air warms it slightly — it should be allowed to cool to room 
temperature (indicated by a steady volume reading) before each measurement is 
made. 

A graph of V against 1/p is plotted. Ifthe graph is a straight line through the origin, 
Boyle’s law has been verified for the particular temperature and range of pressures 
investigated. 
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Fig. 14.4 
Boyle's law apparatus 
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Fixed mass of 
dry air 

Pre Strong glass tube 

Scale gives 
volume of Bourdon 

trapped air d 

Air from 
€ foot pump 

14.10 EXPERIMENTAL INVESTIGATION OF CHARLES’ 
LAW 

Fig. 14.5 
Charles’ law apparatus 

The apparatus is shown in Fig. 14.5. A column of air is trapped inside a capillary 

tube by a short thread of concentrated sulphuric acid. The reason for using the acid 

(rather than mercury, say) is that it absorbs any water that might be in the air and so 

allows meaningful results to be obtained. The tube has a uniform bore and 

therefore the volume of the trapped air is proportional to the length of the air 

column. The water is heated and the length, /, of the air column is measured for a 

number of different temperatures, 9. The water should be heated slowly, and 

stirred before each reading, to allow the air to reach the temperature of the water. 

The pressure of the air throughout the experiment is constant (equal to 

atmospheric pressure plus the pressure exerted by the acid thread). 

Capillary tube of 
uniform bore 
(1.5 mm diameter) Tharmnometae 

Short (1cm) 
thread of 
concentrated Water 

sulphuric acid 

Fixed mass 

of dry air 

ttt 
HEAT 

A graph of / against Celsius temperature, 0, is plotted. The graph will be a straight 

line (Fig. 14.6(a)) showing that (for the particular pressure and range of 

temperatures investigated) the volume of a fixed mass of dry air at a constant 

pressure increases uniformly with temperature. This is one form of Charles’ law. 

Alternatively, a graph of / against Kelvin temperature, T, where T = 0+ 273, 

could be plotted (Fig. 14.6(b)). This graph passes through the origin 
and therefore 

verifies that the volume of a fixed mass of gas (dry air) at constant pressure is 

directly proportional to the temperature measured in Kelvins. This is the form of 

Charles’ law given in section 14.1. 
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i ional t I (proportional to Fig. 14.6 I (proportional to (b) popni 
(a) | 

Graphs for Charles’ law ee 
investigation 

Pak we 0 6/°C 0 T/K 

Note Small values of / should be avoided; otherwise the rounded end of the capillary 

tube introduces a significant error into the assumption that the volume of the 

trapped air is proportional to l. 

14.11 EXPERIMENTAL INVESTIGATION OF THE 
PRESSURE LAW 

The apparatus is shown in Fig. 14.7.* It enables the pressure variation with 

temperature of a fixed mass of dry air at constant volume to be investigated. 

Fig. 14.7 < 
Pressure law apparatus — Bourdon gauge 

Short plastic 
tube 

Capillary tubing 

Fixed mass of 
dry air 

Thermometer a 

Water 

Round-bottomed 
flask (500 cm) 

pees 
HEAT 

The water is heated, and the pressure, p, of the air in the flask is recorded 
for a number of different temperatures, 0. (Whether or not the pressure can 
be read directly from the Bourdon gauge depends on the particular type of gauge 
being used—see section 10.7.) The water should be heated slowly, and stirred 
before each reading, to allow the air in the flask to reach the temperature of the 
water. 

The air in the Bourdon gauge and connecting tube is not at the same temperature 
as that in the flask. Using a large flask and capillary tubing reduces the significance 
of the error that this causes. 

*An alternative form of apparatus is shown in Fig. 13.5. 
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Fig. 14.8 
Graphs for pressure law 
investigation 
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A graph of p against Celsius temperature, 0, is plotted. The graph will be a straight 
line (Fig. 14.8(a)) showing that (for the particular volume and range of 
temperatures investigated) the pressure of a fixed mass of dry air at constant 
volume increases uniformly with temperature. This is one form of the pressure 
law. 

(a) (b) 

r 
oa 

S 

a 
a 

1 
—e__... .t......_» a/°C 

=273°0) 3 0 0 
T/K 

Alternatively, a graph of p against Kelvin temperature, T, where T = 0 + 273, 

could be plotted (Fig. 14.8(b)). This graph passes through the origin and therefore 

verifies that the pressure of a fixed mass of gas (dry air) at constant volume is 

directly proportional to the temperature measured in Kelvins. This is the form of 

the pressure law given in section 14.1. 

14.12 VOLUME AND PRESSURE COEFFICIENTS OF 
GASES 

The expansivity of a gas at constant pressure (or volume coefficient) «, is 

defined by 

i.e. 

where 

Vo = volume of gas at 0°C 

V = volume of gas at Celsius temperature 0. 

It follows from equation [14.1] that for an ideal gas at a constant pressure p 

V = nR(273+0)/p and Vo = nR(273)/p 

_ [#R(273 + 0)/p] — [nR(273)/p] 
Por [nR(273)/p]0 

i.e. PREES PH EN EAN ACD 

The coefficient of pressure increase at constant volume (or pressure 

coefficient) «, is defined by 

1.e. 
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` 

where 

po = pressure of gas at 0°C 

p = pressure of gas at Celsius temperature 0. 

It can be shown (by the method used for «,) that 

a= 1/273 Re or’ C) 

14.13 REVERSIBLE PROCESSES 

If, at every stage, a process can be made to go in the reverse direction by an 

infinitesimal change in the conditions which are causing it to take place, it is 

said to be a reversible process. 

It follows that when the state of a system is changed reversibly: 

(i) the system is in thermodynamic equilibrium (i.e. all parts of the system 

are at the same temperature and pressure) at every instant, and 

(ii) atthe completion of the process the system could be returned to its initial 

state by passing through the intermediate states in reverse order, and without 

there being any net change in the rest of the Universe. 

In practice, it is impossible to produce a perfect reversible change. However, 

processes which take place very slowly and which do not involve friction are often 

good approximations to reversible changes. The slow compression of a gas by the 

movement ofa light, frictionless piston in anon-conducting cylinder is an example 

of an approximately reversible process, because a slight decrease in the force on the 

piston would allow the gas to expand and no energy will have been dissipated as 

heat. Other examples include the changes of pressure, volume and temperature 

which are associated with the passage of a sound wave through air, and the 

movement of a pendulum about a frictionless support in a vacuum. 

14.14 EXTERNAL WORK DONE BY AN EXPANDING 
GAS 

Fig. 14.9 
Gas expanding in a 
cylinder 

Consider a gas enclosed in a cylinder by a frictionless piston of cross-sectional area 

A (Fig. 14.9). Suppose that the piston is in equilibrium under the action of the 

force pA exerted by the gas and an external force F. Suppose now, that the gas 

expands and moves the piston outwards through a distance 6x, where 6x is so small 
that p can be considered to be constant. The external work done ôW by the 
expansion is given, by equation [5.1], as 

OW = pAodx 

ic. [ae [14.12] 
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Fig. 14.10 
Indicator diagram for a 
gas 

Notes 
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where ôV is the small increase in volume of the gas. The total work done Wby the 
gas if its volume changes by a finite amount from V; to V3 is therefore given by 

[14.13] 

Equation [14.13] holds no matter what the relationship between p and V. For the 

particular case of an isobaric process (i.e. one in which p is constant) 

V2 V2 

W = | pdV = | dV 
Yi Vi 

ie. W = p(V2=V1) [14.14] 

In the general case, if a plot of p against V is available (known as an indicator 

diagram), the work done can be obtained graphically. Suppose that the pressure 
of a gas varies with volume as shown in Fig. 14.10. The work done W by the gas as 

its volume changes from V; to V2 is given by 

V2 

W = | pdV = Area of shaded region 
Yi 

0 V V, V 

(i) Equation [14.13] also applies when a gas is compressed, in which case work 

is being done on the gas. 

Gi) Strictly, equation [14.13] can be applied only if the change takes place 

reversibly — if it does not, the values of pressure and temperature at any 

instant will be different in different regions of the gas. 

(iii) Equation [14.13] also applies to solids and liquids. In these cases, though, 

the increases in volume are small and therefore the amounts of external work 

done are small compared with increases in internal energy. 

14.15 THE FIRST LAW OF THERMODYNAMICS 

Thermodynamics is the study of the relationship between heat and other forms of 

energy. When the principle of conservation of energy is stated with reference to 

heat and work it is known as the first law of thermodynamics. 

to the increase in the 
AW) by the system 

SAA 

[14.15] 
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The internal energy of a systent is the sum of the kinetic and potential energies of 

the molecules of the system. It follows from equation [14.15] that it may be 

increased by: 

(i) putting heat energy into the system, and/or 

(ii) doing work on the system. 

When the internal energy of a system changes the change depends only on 

the initial and final states of the system, and not on how the change was 

brought about. This is equivalent to saying that the internal energy of a system 

depends only on the state that it is in, and not on how it reached that state. (Note, a 

system is said to have changed ‘state’ if some observable property of the system, 

e.g. its temperature, pressure, or phase, has changed.) 

It is not possible to determine the absolute value of the internal energy of a real 

system*. This is no real problem, though, because we are always concerned with 

changes in internal energy, and these can be determined. To do so we make use of 

equation [14.15] — either directly or indirectly. Either we find the values of AQ and 

AW and use them (directly) in equation [14.15] to calculate AU, or we use the 

measured values of the quantities in an equation which is based on equation 

[14.15] — equation [14.16] for example. 

An isolated system is one which is cut off from any form of external influence. In 

particular, no work can be done on itor byit (i.e. AW = 0), and no heat can enter 

it or leave it (i.e. AQ = 0). It follows from equation [14.15] that AU = 0, and 

therefore that the internal energy of an isolated system is constant. 

When a system undergoes an adiabatic process (see section 14.21) AO = 0, 

and equation [14.15] reduces to AU = —AW. Bearing in mind that AW 

represents work done by the system, (—A W) represents work done on the system. 

Thus, when a system undergoes an adiabatic process the increase in 

internal energy of the system is equal to the work done on it. 

Gi) We stated immediately after equation [14.15] that the internal energy 

of a system is the sum of the kinetic and potential energies of the 

molecules of the system. This should not be taken to imply that we are 

defining internal energy in this way. Absolute values of internal energy are 

not defined at all for real systems; changes in internal energy are defined by 
equation [14.15]. 

(ii) The internal energy of an ideal gas is due entirely to the kinetic energy of 
the molecules. It therefore follows from equation [14.9] that the internal 
energy, U, of one mole of an ideal monatomic gas at kelvin temperature T is 
given by 

The increase in internal energy, AU, due to an increase in temperature, AT, 
is given by 

*It is possible for an ideal gas — see Note (ii). 



GASES 265 

14.16 THE PRINCIPAL MOLAR HEAT CAPACITIES OF A 
GAS 

Note 

-The thobir hear’ capacity ofa ‘substance i is the heat required to produce unit 
_ temperature rise in one e mole of the substance. 

A change in temperature involves a change in pressure and/or volume. With solids 
and liquids such changes are small and are normally ignored. Large changes occur 

with gases, and in order to define the heat capacity of a gas it is necessary to specify 

the particular conditions of pressure and volume. Two cases are of special interest: 

(i) when the pressure is constant, (ii) when the volume is constant. The heat 

capacities measured under these conditions are called the principal heat 

capacities. 

The molar heat capacity of a gas at constant pressure (C,) is the heat 

required to produce unit temperature rise in one mole of the gas when the pressure 

remains constant. 

The molar heat capacity ofa gas at constant volume (C,,) is the heat required 

to produce unit temperature rise in one mole of the gas when the volume remains 

constant. 

When a gas is heated at constant pressure it expands, and therefore some of the 

heat which is supplied to the gas is used: 

(i) to do external work, and (in the case of a real gas) 

Gi) to increase the potential energy of its molecules. 

When a gas is heated at constant volume, on the other hand, all of the heat which is — 

supplied to it is used to increase the temperature. It follows that the amount of heat 

required to raise the temperature of a gas at constant pressure is greater than that 

required to raise its temperature by the same amount at constant volume. In 

particular, C, is greater than C,. 

The principal heat capacities for unit mass of gas are called the principal specific 

heat capacities at constant pressure and constant volume and are denoted by c, and 

Cc, respectively. 

14.17 TO SHOW THAT Cp — Cy = R FOR AN IDEAL GAS 

Suppose that one mole of an ideal gas is heated so that its temperature increases by 

AT at constant volume. It follows from the definition of C, that the heat supplied 

AQ is given by 

AORC AT 

Since there is no change in volume, the external work done AW is zero. From the 

first law of thermodynamics (equation [14.15]) 

AQ = AU+AW 

[14.16] 

where AU is the increase in internal energy of the gas. It is important to note that 

the internal energy of an ideal gas depends only on its temperature, and therefore 
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equation [14.16] holds whenever the temperature of one mole of an ideal gas 

increases by AT, it is not restricted to situations in which the temperature increase 

occurs at constant volume. 

Suppose now that one mole of the same gas is heated so that its temperature 

increases by the same amount AT at constant pressure. It follows from the 

definition of C, that the heat supplied AQ is given by 

AOIG AF = 

The external work done AW by the gas is given (by equation [14.14]) as 

AW = pAV 

where AV is the (non-zero) change in volume and p is the constant pressure. From 

the first law of thermodynamics 

AQ = AU+AW 

CyAT = AU +p AV 

Substituting for AU from equation [14.16] gives 

CoAT, a. Co Ld tp, [14.17] 

Ifthe initial volume and temperature of the gas are Vand T respectively, then since 

we are concerned with one mole of an ideal gas 

pV = RT 

and 

p(V+AV) = R(T+AT) 

Subtracting gives 

PAV SARA 

Substituting for p AV in equation [14.17] gives 

C,AT = C, AT + RAT 

i.e. [14.18] 

14.18 CALCULATION OF C,/C, FOR AN IDEAL 
MONATOMIC GAS 

The internal energy of an ideal gas is entirely kinetic. The moment of inertia of a 
monatomic molecule can be considered to be zero and therefore the kinetic energy 
of such a molecule is associated with its translational motion only*. It follows that 
the average total kinetic energy of a monatomic molecule is given by equation 
[14.9], and that the internal energy U of one mole of such a gas is given by 

Seer 

i.e. U = 3RT 

If the temperature changes by AT, the corresponding change in internal energy 
AU is given by 

AU = 32RAT 

*If the moment of inertia were not zero, the molecule would have additional kinetic energy due to its 
rotational motion. 
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By equation [14.16] 

R= LAT 

C,AT, = RAT 

i.e. C, = 2R 

By equation [14.18] 

CG, CG) = R 

Ca Go 4} R 

Cs — ŻR 

i.e. Cp STENA 
Go 3 

1.e. Cp ANEN GF 

14.19 C,/C, FOR DIATOMIC AND POLYATOMIC GASES 

Molecules which contain more than one atom have non-negligible moments of 

inertia and therefore possess rotational kinetic energy in addition to translational 

kinetic energy. When this is taken into account it can be shown that 

oe Gas ł = 1.40 for a diatomic gas, and 

C J 
E = 4 = 1.33 for a polyatomic gas. 

i 1.33 for a polyatomic gas 

Note C,—C, = Rholds no matter what the atomicity of the gas. 

14.20 ISOTHERMAL PROCESSES 

_ Anisothermal process is a process which takes place at constant temperature. : 

It follows from the ideal gas equation that when a gas expands or contracts 

isothermally 

[14.19] 

The internal energy of an ideal gas depends only on its temperature and therefore, 

for an ideal gas which is involved in an isothermal process, AU = 0 and the first 

law of thermodynamics reduces to AQ = AW. Thus if the gas expands and does 
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external work A W, an amount of heat AQ has to be supplied to the gas in order to 

maitain its temperature. Conversely, if the gas contracts, work is being done on it 

and an amount of heat AQ has to be allowed to leave the gas. 

Any attempt to produce an isothermal change requires that the gas is contained in a 

vessel which has thin, good-conducting walls and which is surrounded by a 

constant temperature reservoir. In addition, the expansion or contraction must 

take place slowly. If these conditions are not fulfilled when, say, a gas expands, then 

the energy used by the gas in doing external work has to be provided at the expense 

of the kinetic energy of its molecules, and the temperature of the gas falls. 

Equation [14.19] can be expressed as 

piv = pV 

where p; and V; are the initial pressure and volume of the gas, and pz and V3 are the 

pressure and volume after the isothermal change has taken place. 

14.21 ADIABATIC PROCESSES 

Notes 

_ An adiabatic process is one which takes place in such a way that no heat enters _ 
or leaves the system during the process. Ae oe 

It can be shown that when an ideal gas undergoes a reversible adiabatic expansion 
or contraction 

[14.20] 

where y is the ratio of the principal heat capacities of the gas. 

Since AO = 0, the first law of thermodynamics reduces to AU = —AW. Thus 
if the gas expands and does external work, its temperature falls. Conversely, an 
adiabatic compression causes the temperature of the gas to rise. 

A truly adiabatic process is an ideal which cannot be realized. However, when a gas 
expands rapidly, the expansion is nearly adiabatic, particularly if the gas is 
contained in a vessel which has thick, badly conducting walls. Two examples of 
approximately adiabatic processes are: 

(i) the rapid escape of air from a burst tyre, 

(ii) the rapid expansions and contractions of air through which a sound wave is 
passing. 

(i) | Equation [14.20] can also be expressed in the form 

[14.21] 

where p; and V; are the initial pressure and volume of the gas, and p> and V3 
are the pressure and volume after the adiabatic change has taken place. 
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Gi) pV = nRT applies to any change of the state of an ideal gas and can be 
expressed as 

PiVi Ph E [14.22] 

Dividing equation [14.21] by equation [14.22] gives 

TO = Ty) 
from which the final temperature T, can be calculated. 

14.22 ISOTHERMAL AND ADIABATIC PROCESSES 

COMPARED | 

Fig. 14.11 illustrates isothermal and adiabatic expansions of an ideal gas which is 

initially at a pressure p; and volume V;. The temperature fall which accompanies 

the adiabatic expansion results in a lower final pressure than that produced by the 

isothermal expansion. Note that the area under the isothermal is greater than that 

under the adiabatic, i.e. more workis done by the isothermal expansion than by the 

adiabatic expansion. Note also that the adiabatic through any point is steeper than 

the isothermal through that point. 

Fig. 14.11 p 

p-V curves for isothermal 

and adiabatic expansions Isothermal 
expansion 
pV = constant 

Pı 

Adiabatic 
expansion 
pV” = constant 

0 V, V2 V 

Fig. 14.12 illustrates the p- V curves ofa gas which is expanded adiabatically from a 

volume V; to a volume V2, and is then compressed isothermally to its original 

volume. 

Fig. 14.12 
p 

p-V curves for adiabatic 

expansion followed by 
ik 

isothermal compression 
ee 

Pi 

| 
1% 

Ps 
Adiabatic expansion 

Isothermal compression 
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Work done by gas in expanding = Area V; pı poV2 

Work done on gas in contracting = Area V; p3p2V2 

Net work done by gas = Area pı p2 p3 

14.23 MEASUREMENT OF y FOR AIR BY CLÉMENT 
AND DESORWIES’ METHOD 

The apparatus is shown in Fig. 14.13. The principal component is a vessel of large 

volume (~10 litres) containing air and a little phosphorus pentoxide to dry it. 

Fig. 14.13 To bicycle Bung 

Clément and Désormes’ pump 
apparatus A 

Valve 

Large vessel 
of volume V, 
containing 
dry air 

Light oil 

Phosphorus 
pentoxide \ 

Mass of air of volume 
V, which remains in 
the vessel after the 
expansion 

Procedure 

(i) Air is pumped into the vessel until the pressure inside it is a little above 
atmospheric. The air is then allowed to cool to room temperature and the 
(now steady) manometer reading h, is recorded. 

Gi) The bung is removed for about one second allowing the air to undergo an 
(approximately) reversible adiabatic expansion. The pressure falls to 
atmospheric and the air cools. 

(iii) The air is now left to regain room temperature and the new (steady) 
` manometer reading / > is recorded. 

Theory 

Suppose that the air which remains in the vessel initially occupied a volume Vj ata 
pressure pı. Immediately after the expansion this same mass of air is at 
atmospheric pressure p and now occupies the whole of the vessel so that its 
volume is V2. Since the expansion is adiabatic 

PAV’ = pV,’ [14.23] 
Suppose that pz is the pressure of the air when it has regained room temperature. 
Thus, a mass of air which initially had volume V, and pressure pı at room 
temperature, now has volume V, and pressure p>, also at room temperature, and 
therefore 

PiVi = pV» [14.24] 
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From equation [14.23] 

(5 vate 
Vi P 

From equation [14.24] 

oe re 
Vi p2 

ia P2 p 

Taking logs gives 

ylog(pı/p2) = log(pı/p) 

jepi asisti 
log(p1/p2) 

If the density of the manometer liquid is p, 

pı = p+hipg 

p2 = pt+hopg 

Measured values of p and p can be used in equations [14.26] to find pı and p2, the 

values of which can then be used in equation [14.25] together with the value of p to 

calculate y. 

i.e. [14.25] 

[14.26] 

When h; pg < p and h, pg < p equation [14.25] reduces to 

hı 
hy = hz 

from which y can be calculated without there being any need to measure p and p. 

VES 

(i) The walls of the vessel act as a source of heat and therefore the expansion is 

not truly adiabatic. The error is reduced by allowing the expansion to take 

place rapidly and by using a vessel of large volume. 

(ii) Rapid expansion requires the bung to be large. Unfortunately, when the 

orifice is large the air oscillates as a result of the expansion, and this makes it 

impossible to know exactly when to replace the bung. A bung of optimum 

size should be used. 

(iii) The apparatus should be shielded from draughts and direct sunlight. 

14.24 REAL GASES 

When real gases are subjected to pressures which are greater than a few 

atmospheres and/or when they are at temperatures near to those at which they 

liquefy, it is found that they no longer conform to the ideal gas equation (nor, 

therefore, to the gas laws). This is not surprising because (as shown in section 14.5) 

that equation is consistent with the kinetic theory of gases which 
assumes: 

(i) that there are no intermolecular forces, and 

(ii) that the volume of the molecules is negligible compared with their separation. 
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An increase in pressure or a decrease in temperature clearly reduces the validity of 

assumption (ii). Assumption (i) also becomes less valid because there is ample 

evidence (see Chapte 9) that the closely packed molecules of solids and liquids do 

exert forces on each other. 

The extent of the departure from ideal gas behaviour varies from gas to gas, but of 

the common gases carbon dioxide shows considerable non-ideal characteristics. 

14.25 ANDREWS’ EXPERIMENTS ON CARBON 
DIOXIDE 

Fig. 14.14 
` Andrew's apparatus 

The apparatus which Andrews used to investigate the behaviour of carbon dioxide 

is shown, schematically, in Fig. 14.14. By tightening the screws, Andrews was able 

to force water into the glass tubes and so increase the pressures and decrease the 

Thick-walled 

glass capillary 
tubes 

Dry i 

carbon Dry nitrogen 
dioxide 

Mercury Mercury 

Water 

Strong water- 
tight casing 

Screws to vary 
the pressure 

volumes of the gases trapped in the upper portions of the tubes. These tubes had 
been calibrated beforehand, so that it was a simple matter for Andrews to read off 
the volumes ofthe trapped gases by noting the positions of the tops of the mercury 
columns. By assuming that the nitrogen obeyed Boyle’s law (a reasonable 
assumption at the pressures and temperatures involved as Andrews knew), he was 
able to calculate the pressure of the nitrogen once he had measured its volume. 
Since both gases were at the same pressure, this gave him the pressure of the 
carbon dioxide as desired. The capillary tubes were surrounded by a water bath, 
the purpose of which was to maintain the gases at a constant temperature. In this 
way then, Andrews measured the volume ofthe carbon dioxide as a function of its 
pressure at a fixed temperature. Altering the water bath temperature allowed him 
to obtain this information for a number of different temperatures. He presented his 
results as a series ofisothermals (i.e. a series of plots of pressure against volume, 
each at a fixed temperature). Some of these curves are shown in Fig. 14.15. 
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Fig. 14.15 
Andrew's isothermals 
(p-V curves) for a fixed 
mass of carbon dioxide 
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The diagram shows the critical nature of the 31.1 °C isothermal. Above 31.1°C 

the carbon dioxide exists as a gas no matter how high the pressure, and the curves 

are approximately hyperbolic (the shape they would be if the carbon dioxide were 

an ideal gas). Below 31.1 °C the carbon dioxide can exist in both the gaseous state 

(as a vapour) and the liquid state. Consider the carbon dioxide to be in the state of 

pressure, volume and temperature that is represented by the point A on the 

21.5 °C isothermal. In this state the carbon dioxide is an unsaturated vapour (see 

section 15.2), and if it is compressed, the p—V curve is very nearly hyperbolic until 

the pressure reaches that represented by B. At B the carbon dioxide begins to 

liquefy. Between B and C the volume decreases as the screws are turned in, but 

there is no increase in pressure. The decrease in volume is due to the fact that in 

moving from B to C more and more liquid forms, so that at C the carbon dioxide is 

entirely liquid. From C to D and beyond, large increases in pressure produce very 

little decrease in volume — as might be expected, since liquds are virtually 

incompressible. 

14.226 TERMINOLOGY 

It is now possible to define some useful terms. 

Critical temperature (T,) is the temperature above which a gas cannot be 

liquefied, no matter how great the pressure. (T, = 31.1°C for carbon dioxide.) 

Critical pressure (p,) is the minimum pressure that will cause liquefaction of a 

gas at its critical temperature. (p. = 73atm for carbon dioxide.) 

Specific critical volume (V..) is the volume occupied by 1 kg of a gas at its critical 

temperature and critical pressure. 

Gas is the term applied to a substance which is in the gaseous phase and is above its 

critical temperature. 

Vapour is the term applied to a substance which is in the gaseous phase and is 

below its critical temperature. 

Thus, a vapour can be liquefied simply by increasing the pressure on it; a gas 

cannot. 
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Oxygen, nitrogen and hydrogen are traditionally called permanent gases, 

since it was originally thought that they could not be liquefied. This 

misconception arose because the early workers had no knowledge of the 

necessity for a gas to be below its critical temperature, and each of these gases 

has a critical temperature which is well below room temperature (—118 °C, 

—146°C and —240 °C respectively). 

It can be seen from the p—V curves of carbon dioxide (Fig. 14.15), for 

example, that when a liquid at its critical temperature (and critical pressure) 

becomes gaseous, then it does so without any change of volume. Under these 

conditions then, the liquid and its saturated vapour have the same density. 

Therefore, if a liquid and its saturated vapour are in equilibrium at their 

critical temperature, there is no meniscus, i.e. no distinction between liquid 

and vapour. 

14.27 CURVES OF pV AGAINST p 

Fig. 14.16 
Plots of pV against p for a 
typical real gas 

A convenient way to show the departure from ideal gas behaviour at some 
temperature, is to plot pV against p at that temperature. For an ideal gas such a plot 
is, of course, a straight line parallel to the p axis, but for a fixed mass of real gas the 
curves typically have the form shown in Fig. 14.16. 
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At the Boyle temperature Tg the isothermal is horizontal at p = 0, and 
therefore very nearly so for other low pressures, i.e. the Boyle temperature 

of a gas is the temperature at which the gas approximates best to an ideal 

gas. 

Kamerlingh Onnes showed that the behaviour of all real gases can be accounted 

for by 

pV = A+Bp+Cp+..* [14.27] 

A, B, C, etc. are called virial coefficients, and for a fixed mass of any particular 

gas have values which depend only on temperature. On the whole,|A| > |B] > IC], 

etc. 

Two particular situations are of interest. 

At p=0O 

When the behaviour of any real gas is extrapolated to zero pressure it is found to 

behave like an ideal gas. Therefore, when p = 0, equation [14.27] must become 

identical with pV = nRT. Thus, 

A+Bp+Cp +- = nRT whenp = 0 

i.e. [14.28] 

Since the virial coefficients are not functions of p, equation [14.28] is true for all 

pressures 

At the Boyle Temperature 

At the Boyle temperature the graph of pV against p is horizontal atp = 0, i.e. 

d(pV) 
dp 

= 0 when p = 0 

Therefore by equation [14.27] 

At Bet +) = 0 whenp = 0 

eke B+2Cp+-::: = 0 when p = 0 

ger i= 0 

* Any function can be represented by an infinite polynom
ial such as equation [14.27], and therefore at 

first sight it might seem to be of little interest. The importance of the equation lies in: 

(i) each term is less significant than the preceding one, and 

(ii) B varies in the same way with temperature for all gases. 
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Thus at the Boyle temperature equation [14.27] becomes 

pV = mRT +Cp? +... 

Since C and the succeeding coefficients are normally less significant than B (and B 

is actually zero here), to a good approximation, pV = nRT at the Boyle 

temperature, as expected. 

14.28 VAN DER WAALS’ EQUATION OF STATE 

Notes 

There have been many attempts to find an equation which accurately represents 

the behaviour of real gases over wide ranges of pressure and temperature. One of 
the most useful is that suggested by van der Waals in 1873. Van der Waals’ 
equation is a modification of the ideal gas equation which takes account of the 
finite size of the molecules and the attractive forces between them. 

Because the molecules of a real gas have a finite size, the volume in which they are 
free to move is less than that of their container. It follows that the volume available 
to the molecules is V — b, where Vis the volume of the container and b is a factor 
which is proportional to the volume of the molecules themselves. Values of b differ 
from gas to gas. 

The molecules ofa real gas exert attractive forces on each other. The effect of this is 
to reduce the force on the walls of the container so that the observed pressure p is 
less than that in the interior of the gas. It can be shown that the pressure in the 
interior (i.e. that which would be observed at the ‘walls if there were no 
intermolecular forces) is given by p+ a/ V?, where a is a constant whose value 
depends on the gas under consideration. 

A little thought should convince the reader that what is meant by ‘pressure’ in the 
context of the ideal gas equation is the pressure that would act at the walls of the 
container if there were no intermolecular forces, and that what is meant by 
‘volume’ is the volume in which the molecules are free to move. The ideal gas 
equation is therefore replaced by 

which is van der Waals’ equation for one mole of gas. At high pressures the 
volume is small, and therefore a/V7 is significant in comparison with p, and 6 is 
significant in comparison with V. 

(i) The values ofa and b for any particular gas can be found by experiment. The 
units of a are Nm* mol ?, the units of b are m° mol}. 

Gi) When the number of moles of gas is n the equation becomes 
(p+ n’a/V*) (V—nb) = nRT. 

(iii) The walls of the container exert attractive forces on the gas molecules, but 
this has no effect on the pressure. The momentum of a molecule which is 
approaching a wall is increased by the force due to the wall, and the wall itself 
acquires a momentum which is equal to that gained by the gas molecule but 
is oppositely directed to it. It follows that the momentum of the wall 
immediately after a gas molecule has collided with it is the same as it would 
have been had there been no attractive force. 
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CONSOLIDATION 

Boyle’s law At constant T, pV = a constant orp x 1/V 

Charles’ law Atconstantp, V/T = a constant or V x T 

Pressure law At constant V, p/T = a constant or p x T 

Anideal gas obeyspV = nRT exactly. The internal energy is entirely kinetic and 

depends only on temperature. 

p= jp 

Average KE of a monatomic molecule = kT = —— T 

Avogadro’s law Equal volumes of all gases at the same temperature and 

pressure contain the same number of molecules. 

Dalton’s law of partial pressures The total pressure of a mixture of gases, 

which do not interact chemically, is equal to the sum of the partial pressures, i.e. to 

the sum of the pressures that each gas would exert if it alone occupied the volume 

containing the mixture. 

A system is in thermodynamic equilibrium if all parts of it are at the same 

temperature and pressure. 

V2 

Warns | pdaV = area under p—V curve 

Vi 

W = p(V2,—V\) at constant pressure 

AQ = AU+AW 

where 

AQ = heat put into system, AU = increase in internal energy of 

system, AW = work done by system. 

NU ves CHAT for one mole of ideal gas 

OS EI } for one mole ofan 
and 

AUS 202 RAE ideal monatomic gas 

For an Ideal Gas 

C 
Cp — Cs = R and fan =y 

where 
1.67 (monatomic) 

y = 1.40 (diatomic) 

yore L33 (polyatomic) 

= II 

Bile, wep V2 for any change of state of an ideal gas 
Tı T> 

p = HV for an isothermal (i.e. constant temperature) change 

bV = pV 
i fet) for an adiabatic (i.e. constant heat) change 

Tı ye- = T2 V 
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VAPOURS _ 

The distinction between a gas and a vapour is given in section 14.26. 

15.1 EVAPORATION 

Evaporation is the process by which a liquid* becomes a vapour. It can take place at 
all temperatures, but occurs at the greatest rate when the liquid is at its boiling 
point. 

The kinetic theory supposes that the molecules of liquids are in continual motion 
and make frequent collisions with each other. Although the average kinetic energy 
of a molecule is constant at any particular temperature, it may gain kinetic energy 
as a result of collisions with other molecules. Ifa molecule which is near the surface 
and is moving towards the surface gains enough energy to overcome the attractive 
forces of the molecules behind it, it escapes from the surface. It follows that the rate 
of evaporation can be increassed by: - 

(i) increasing the area of the liquid surface; 

(ii) increasing the temperature of the liquid (since this increases the average 
kinetic energy of all the molecules without increasing the strength of the 
intermolecular forces of attraction); 

(iii) | causing a draught to remove the vapour molecules before they have a 
chance to return to the liquid; 

(iv) reducing the air pressure above the liquid (since this decreases the 
possibility of a vapour molecule rebounding off an air molecule). 

When a liquid evaporates it loses those of its molecules which have the greatest 
kinetic energies, and therefore when a liquid evaporates it cools. 

15.2 SATURATED AND UNSATURATED VAPOURS 

Suppose that a container is partly filled with a liquid and then sealed. Some 
molecules escape from the liquid by the process of evaporation and exist as a 
vapour in the region above. The vapour molecules move about at random, and 
some of them return to the liquid. The rate of condensation (i.e. the rate at which 
molecules return to the liquid) is determined by the number of molecules in the 
vapour phase. Initially this is low, and the rate of evaporation exceeds the rate of 
condensation. There is, therefore, a net gain of molecules by the vapour, and 
eventually a dynamic equilibrium is established in which the rate at which 

*Solids evaporate but the rate of evaporation of a solid is negligible unless it is close to its melting point. 
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Fig. 15.1 
p-V curve for vapour in a 
sealed container 

Fig. 15.2 
p-9 curve for vapour in a 
sealed container 
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molecules enter the vapour is equal to the rate at which they return to the iquid. 

The region above the iquid is said to be saturated with vapour, for it now contains 

the maximum possible number of molecules which the conditions will allow. (If 

the number of vapour molecules were to increase by some means, the rate of 

condensation would become greater than the rate of evaporation and the 

equilibrium would be re-established.) The pressure exerted by a saturated 
vapour is called the saturated vapour pressure (SVP) and its value depends 
only on temperature. 

If the volume of the space above the liquid is increased, there is a momentary 
decrease in the density of the vapour, in particular, immediately above the liquid 

surface. This decreases the rate of condensation and restores the pressure to its 

previous value, i.e. SVP is independent of volume. If the increase in volume is 

continued, more and more liquid evaporates and eventually there is none left. Any 

further increase in volume causes the vapour to become unsaturated. Once this 

happens the pressure varies with volume in a manner which is approximately 

consistent with Boyle’s law. A plot of pressure against volume at a fixed 

temperature is shown in Fig. 15.1. (Note that Andrews’ isothermals in 
Fig. 14.15 for carbon dioxide at temperatures below its critical temperature are 

also of this form.) 

p Saturated vapour, 
p independent of V 

ia 
Unsaturated vapour, 

p x 1/V 

0 V 

It follows from what has been said so far that a saturated vapour can be defined 

as being a vapour which is in equilibrium with its own liquid. If the 

temperature of such a system is increased there are two distinct consequences. 

(i) The kinetic energy of the vapour molecules increases. 

(ii) The rate of evaporation increases and therefore there is an increase in the 

number of molecules in the vapour phase. 

Ifthe volume of the system is constant, each of these effects produces an increase in 

pressure. The effect of (i) alone would be to give a pressure increase of the form 

predicted by the pressure law (approximately); the additional effect of (ii) means 

that the increase in pressure with increasing temperature is much more rapid than 

this (see Fig. 15.2). 

If the temperature is increased at constant pressure, the volume increases, but 

because of (ii) it increases much more rapidly than required by Charles’ law. 

Unsaturated 
p vapour obeying 

pressure law 

Saturated 
_—<$<$<$>=<$<—$_<—$<—$ 

vapour 

0 6/°C 
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Summary ` 

(i) A saturated vapour is a vapour which is in equilibrium with its own 
liquid. 

(ii) The gas laws refer to fixed masses of gases. Changing the state of a 

saturated vapour involves condensation or evaporation and therefore 

changes its mass. It follows that saturated vapours do not obey the gas 
laws. In particular SVP depends only on temperature. 

(iii) | Unsaturated vapours, like real gases, obey the gas laws approximately. 

In carrying out calculations at this level unsaturated vapours can be 
taken to obey the gas laws exactly. 

15.3 MIXTURES OF GASES AND SATURATED 
VAPOURS 

Dalton’s law of partial pressure applies. The total pressure is that of the gas plus 
that of the vapour. It must be borne in mind that the gas obeys the gas laws, the 
saturated vapour does not (see Example 15.1). 

15.4 SUPERSATURATED VAPOURS 

15.5 BOILING 

If the temperature of a saturated vapour is reduced suddenly, there is a brief 
period* during which the vapour contains more molecules than it should at the 
new temperature. Such a vapour is called a supersaturated vapour and it is not in 
equilibrium with its liquid. 

A liquid boils when its temperature is such that bubbles of vapour form throughout 
its volume. The pressure inside these bubbles is the SVP of the liquid at the 
temperature concerned, and must be at least as big as the pressure outside the 
bubbles otherwise they would collapse. Thus: 

_ The boiling point of a liquid is that temperature at which its SVP is equal to 
_ the external pressures > ere a e 

The external pressure is equal to 

(i) the pressure of the atmosphere above the liquid, plus 

(ii) the hydrostatic pressure due to the liquid itself, plus 

(ili) the pressure due to surface tension effects. 

The last two of these are normally ignored but, in particular, (ii) accounts for the 
lower part of a boiling liquid being hotter than the upper part. 

*If there are no nucleating sites present (e.g. dust), the vapour may remain supersaturated for a long 
time. 
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Fig. 15.3 
Variation of saturated 
vapour pressure of water 
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If the pressure above a boiling liquid is increased, it stops boiling because the 

external pressure is now greater than the SVP. If the temperature of the liquid is 

increased, its SVP rises and eventually becomes equal to the new external 
pressure. Thus the boiling point of a liquid increases with pressure and a plot of 

external pressure against boiling point is identical to a plot of SVP against 

temperature. The SVP of water is shown as a function of temperature in Fig. 15.3. 

SVP of water/mm Hg 

1000 

760 

500 

0 50 100 Temperature/°C 

; Boiling differs from evaporation in that: 

G) boiling occurs throughout the volume ofa liquid, whereas evaporation 

occurs only at the surface, and = 9 

Gi) for any given external pressure a liquid boils at a single temperature _ 

only, whereas evaporation takes place at all temperatures. 

15.6 EXPERIMENTAL DETERMINATION OF SVP BY 

THE DYNAMIC METHOD | 

The apparatus is shown in Fig. 15.4. The pressure above the liquid is reduced to 

some desired value below atmospheric pressure by means of the vacuum pump. 

The liquid is then heated gently and it starts to boil at a temperature which is 

determined by the pressure inside the apparatus. The vapour is condensed and 

returned to the round-bottomed flask, thereby preventing a pressure build-up 

within the apparatus. The thermometer registers the temperature of the saturated 

vapour. The pressure p above the liquid is given by p = (p, — hpg) where p, is 

atmospheric pressure and p is the density of the mercury. Since a liquid boils when 

its temperature is such that its SVP is equal to the external pressure, p is the SVP of 

the liquid at the temperature registered by the thermometer. 

Replacing the vacuum pump by a bicyle pump allows SVPs above atmospheric 

pressure to be determined. 
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Fig. 15.4 
Apparatus for the 
determination of SVP by 
the dynamic method 

EXAMPLE 15.1 | 
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under 
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A closed vessel contains air saturated with water vapour at 77°C. The total 
pressure in the vessel is 1000 mmHg. Calculate the new pressure in the vessel if the 
temperature is reduced to 27 °C. (The SVP of water at 77 °C = 314 mmHg; SVP 
of water at 27 °C = 27 mmHg.) 

Solution 

By Dalton’s law of partial pressures, the pressure of the air at 77°C 
(350K) = 1000 — 314 = 686 mmHg. Treating the air as an ideal gas and 
assuming that its volume is V and is constant, we see that its pressure, p, at 
27°C (300K) is (by equation [14.22]) given by 

686xV pV 

350e ercs200 

re p = 588 mmHg 

The pressure ofthe water at 27 °C = 27 mmHg, and therefore the total pressure at 
27°C = 588 + 27 = 615 mmHg. 
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THERMODYNAMICS 
The first law of thermodynamics is dealt with in Chapter 14. 

16.1 THERMAL EQUILIBRIUM AND THE ZEROTH LAW 
OF THERMODYNAMICS 

Iftwo bodies are in thermal contact and there is no net flow of heat energy between 
them, the bodies are said to be in thermal equilibrium with each other. The 

bodies must possess some property which determines whether they are in thermal 

equilibrium — we call this property temperature. It follows that heat can flow 

from one body to another only if they are at different temperatures. 

Experiment shows that two bodies which are separately in thermal equilibrium 

with a third body are also in thermal equilibrium with each other. This is known as 

the zeroth law of thermodynamics. It is called the zeroth law because although 

the other laws of thermodynamics inherently assume its validity (and therefore 

logically come after it) they had been established for many years before the first 

formal statement of it. The reader may feel that the zeroth law is merely a statement 

of the obvious — maybe it is, but the principle it embodies is fundamental to the 

whole of thermodynamics and therefore needs to be stated formally. 

In order to see how we make use of the zeroth law, suppose we wish to discover 

whether two bodies, A and B, are at the same temperature, i.e. whether they are in 

thermal equilibrium with each other. We do this by first bringing A into thermal 

equilibrium with a third body — a thermometer — and then bringing B into thermal 

equilibrium with the same thermometer. If the thermometer gives the same 

reading in each case, by using the zeroth law we can say that A and B are at the same 

temperature. If, under these circumstances, A and B were not at the same 

temperature, i.e. if the zeroth law were not true, there would be no point in taking 

readings with thermometers. 

16.2 ENTHALPY 

The function U + pV is involved in many applications of thermodynamics; it has 

therefore been found useful to give it a name — enthalpy. Thus the enthalpy, H, of 

a substance is defined by 

Hes U pV 
[16.1] 

where U is the internal energy of the substance (see section 14.15) when it is at a 

pressure p and has a volume V. 
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Note 

SECTION C: THERMAL PROPERTIES OF MATTER 

Many processes which produce changes in enthalpy take place at constant 

pressure (chemical reactions for example), and we shall be concerned only with 

enthalpy changes of this type. Suppose that in some constant pressure process U 

increases to (U + AU) and V increases to (V + AV). If, as a result of this, the 

enthalpy increases by AH to (H + AH), then from equation [16.1] 

H+AH = U+AU+p(V+AVD) [16.2] 

Subtracting equation [16.1] from equation [16.2] gives - 

AH £ AU +p AV (at constant pressure) [16.3] 

Though p is always measured in N m~”, the units in which AH, AU and AV are 

measured depend on the amount of substance involved. For unit mass of 

substance, AH and AU are respectively called the specific enthalpy change and the 

specific internal energy change, and are measured in J kg t. The corresponding 

value of AV is called the specific volume change and is measured in m* kg™!. For 

1 mole of substance AH and AU are measured in J mol~! and AV is measured in 
m*mol~!. When the amount of substance is neither 1 kg nor 1 mol, or is 
unspecified, AH and AU are measured in J and AV is measured in mŽ. 

The term p AV in equation [16.3] is the work done by the substance as it expands 
against the constant pressure p. It therefore follows from the first law of 
thermodynamics (equation [14.15] ) that 

AQ = AU+pAV [16.4] 

where AQ is the heat supplied to the substance. Comparing equations [16.3] and 
[16.4] gives 

\ 

(at constant pressure) [16.5] 

i.e. in a constant pressure process the enthalpy change is equal to the heat 
supplied. 

Chemical reactions in which heat is absorbed are called endothermic reactions; 
those in which heat is given out are called exothermic reactions. It follows from 
equation [16.5] that: 

AH > 0 for an endothermic reaction at constant pressure, 

AH = 0 for an adiabatic process at constant pressure, 

AH < 0 for an exothermic reaction at constant pressure. 

Equation [16.5] provides two other useful relationships. 

where 

Ly = the specific latent heat of vaporization at some pressure and 
temperature 

AHiy = the specific enthalpy change when the substance goes from the 
liquid to the vapour phase at that pressure and temperature 

Ly = the specific latent heat of fusion at some pressure and 
temperature 

AH; = the specific enthalpy change when the substance goes from 
solid to the liquid phase at that pressure and temperature. 
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It follows from equation [16.5] and the definition of molar heat capacity at 
constant pressure, Cp, (section 14.16) that if the temperature of 1 mole of gas 
increases by AT, then its enthalpy increases by AH, where 

AH = C,AT 

For unit mass of gas 

AH ="¢, AT 

where c, is the specific heat capacity of the gas at constant pressure. 

Calculate (a) the increase in enthalpy, (b) the increase in internal energy when 

4.000 kg of water at 100°C and a pressure of 1.013 x 10° Pa is turned into 
steam at the same temperature and pressure. (Specific enthalpy change for the 

conversion of water to steam at 100°C = 2.261 x 10°Jkg~', specific volume of 
water at 100°C = 1.044 x 10° m’ kg“, specific volume of steam at 100°C = 
1.637 m° kg!) 

Solution 

There are 4.000 kg of water, and therefore 

Increase in enthalpy (AH) = 4.000 x 2.261 x 10° 

= 9.044 x 10°J 

The water is vaporized at constant pressure and therefore AH = AU +p AV 
(equation [16.3] applies. Here AH = 9.044 x 10°J, p = 1.013 x 10° Pa and, 

bearing in mind that there are 4.000 kg of water 

AV = 4.000 (1.637 — 1.044 x 10-7) = 6.544m? 

m 9.044 x 10° = AU + (1.013 x 10°) (6.544) 

i.e. AU = 8.381 x 10°J 

iie increase in internal energy = 8.381 x 10°J. 

16.3 HEAT ENGINES 

Consider a heating coil through which an electric current is being passed and 

which is immersed in a flowing liquid. Once a steady state (section 17.2) has been 

attained, the state of the coil does not change in any way, and all of the electrical 

energy goes into heating the liquid. Similarly, when mechanical work is done to 

overcome friction, it too can be done in such a way that all of the mechanical energy 

is converted to heat. In general, the transformation of work (of any kind) into heat 

can be accomplished with 100% efficiency and can be continued indefinitely. 

However, the opposite process, the continual conversion of heat into work, is 

never 100% efficient. A device which converts heat into work is called a heat 

engine (internal combustion engines and steam engines are examples). If it is to 

be useful, the engine must be able to work continuously, and in order to do this it 

must workin a cycle. To illustrate this we shall consider a gas enclosed in a cylinder 

by a piston. If heat is supplied to the gas, it expands and pushes back the piston. 
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Fig. 16.1 
The principle of a heat 
engine 

SECTION C: THERMAL PROPERTIES OF MATTER 

Thus heat has been converted to work. The process stops, however, as soon as the 

pressure of the gas becomes equal to the pressure outside the cylinder. Before there 

can be any further conversion of heat into work, the gas has to be returned to its 

initial (compressed) state. That is, if there is to be a continual conversion of heat 

into work, the gas has to undergo a cycle. Furthermore, the gas can be returned to 

its initial state only if some of the heat it initially absorbed is given up to a sink which 

is at a lower temperature than the source which provided the heat in the first place. 

Thus, in practice we find that all heat engines operate by taking some working 

substance around a cycle, and: 

(i) take in heat at a high termperature, 

(11) do work, 

(iii) reject some of the heat at a lower temperature. 

This is illustrated in Fig. 16.1. Since the engine rejects some of the heat it initially 

takes in, it has converted only part of it into work. This should not be taken to 

mean that the engine has violated the first law of thermodynamics. There has been 

no loss of energy; it is just that some of it is still in the form of heat. 

Hot reservoir 

1 

N . 

oe Heat engine 

l 
/ 

Work = Q,- Q, 

Cold reservoir 

2 

16.4 THERMAL EFFICIENCY OF HEAT ENGINES 

The thermal efficiency 7 of a heat engine is defined by 

Work done in one cycle . 
Heat taken in at the higher temperature _ [16.5] 

— = 

At the completion of the cycle the engine’s working substance is in the same state 
as it was initially, and therefore there can have been no change in its internal 
energy. It follows from the first law of thermodynamics, therefore, that the work 
done is equal to the net quantity of heat absorbed, i.e. 

Work done in one cycle = Q; — Q, 

where 

Qı = the heat taken in at the higher temperature 

Qz = the heat rejected at the lower temperature. 

Therefore by equation [16.6] 

-Q-Q (for both reversible and irreversible engines) [16.7] 
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It can be shown that if the cycle is carried out reversibly (see section 14.13), then 

Tı kan Tə . 4 catia at (for all reversible heat engines) [16.8] 
1 

where Tı and T; are the Kelvin temperatures (as measured on the ideal gas scale*) 
at which the heat is respectively absorbed and rejected. 

(i) Equation [16.8] is valid for all reversible engines, regardless of the 

particular cycle and the particular working substance, as long as the heat 

is taken in entirely at the single temperature T; and is rejected entirely at the 

single temperature T3. 

Gi) It can be shown that no heat engine is more efficient than a reversible one 

working between the same two temperatures, and therefore no heat engine 

can possibly have an efficiency greater than that given by equation [16.8]. 

Gii) It follows from equation [16.8] that the efficiency ofa heat engine can never 

be 100% (i.e. 7 cannot be equal to 1) because the reservoir to which the 
engine rejects heat would have to be at a temperature of zero kelvin (i.e. 

T> = 0K) and this, of course, is impossible. 

(iv) | Equation [16.8] can be rewritten as 7 = 1 — T,/T,, and therefore the 

efficiency is increased by decreasing T>/T,, i.e. the efficiency is 

increased by taking in heat at as high a temperature as possible 

and rejecting heat at as low a temperature as possible. 

(v) The efficiency ofa real heat engine is less than that given by equation [16.8] 

because of losses due to frictional effects, turbulence, etc., and because the 

heat is usually taken in over a range of temperatures and rejected over a 

range of temperatures. 

16.5 THE SECOND LAW OF THERMODYNAMICS 

Though there is nothing in the first law of thermodynamics to prevent it being 

otherwise, it is a matter of common experience that: 

(i) no heat engine that works in a cycle completely converts heat into work, and 

(ii) when a cold body and a hot body are brought into contact with each other, 

heat always flows from the hot body to the cold body — never from the cold 

body to the hot body. 

The second law of thermodynamics is a formal statement of these 

observations. It can be stated in a number of different (but equivalent) ways. 

One such statement is: 

Iris not possible to convert hea 
time transferring some hea 

Thus, whereas the first law tells us of the a of heat and work, the second 

law is concerned with the circumstances in which heat can be converted into work. 

If the second law were not true, it would be possible to run ships on heat extracted 

from the sea. It is not possible to do so, though, because the second Jaw requires 

there to be a reservoir at a lower temperature than the sea into which some of the 

*The significance of specifying the ideal gas scale will become apparent on reading section 16.6. 
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rejected heat can be discharged: There is no such reservoir, except perhaps the 

ship’s cold-store, and this is cold only because refrigeration units are consuming 

energy to keep it so! 

The experience that heat cannot be completely converted into work is associated 

with the fact that heat is fundamentally different from other forms of energy. The 

heat energy possessed by a body is the energy of the random motions of its 

molecules. This is quite distinct from, say, the kinetic energy the body has when it 

is moving. The kinetic energy of a moving body represents the ordered motion 

which its molecules have superimposed on their random motion. When we try to 

convert heat into work we are trying to change the random molecular motion into 

ordered motion. The reason we cannot accomplish this with 100% efficiency is 

that we cannot control the individual motions of the molecules. 

16.6 THE THERMODYNAMIC SCALE OF 
TEMPERATURE 

The efficiency of a reversible heat engine depends only on the temperatures of the 

source and the sink between which it is operating. Kelvin realized that if a 

temperature scale were defined in terms of the efficiency of such an engine, it 

would be independent of the properties of any particular substance — it would 
therefore be an absolute scale. 

Kelvin suggested that the scale (now called the thermodynamic scale) should be 
such that the ratio of any two temperatures on it should be equal to the ratio of the 
quantities of heat taken in and rejected by a reversible heat engine operating 
between the same two temperatures. Thus if we represent temperatures on the 
thermodyanic scale by t, then for a reversible engine taking in heat Qı at 
temperature tı and rejecting heat Q, at a lower temperature t3, 

Sb VIG) [16.9] 
Ti Qı 

The efficiency of such an engine is given by equation [16.7] as 

OOR ; Q2 
n = = Lenny tes= > 

Qı Qı 

Therefore, by equation [16.9] 

T 
il [16.10] 

Tı 

If the temperatures between which the engine is operating had been measured on 
the ideal gas scale (see section 13.2) and had been found to be T; and T; , then 
from what has been said in section 16.4, the efficiency 7 would be given by 

Ti = Tz : Tz ER Eee e =] S25 16.11 = ie r [16.11] 
Comparing equations [16.10] and [16.11] we see that 

"o [16.12] 
T] Tı 

That is to say, any two temperatures on the thermodynamic scale are in the same 
ratio as the same two temperatures measured on the ideal gas scale. Finally, by 
making the temperature of the triple point of water the fixed point of both the 
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thermodynamic scale and the ideal gas scale, and assigning to it the same 
numerical: value (273.16 K) in each case, the two scales become identical. For 
example, if the temperature of the sink to which the engine is discharging heat is 

taken to be the temperature of the triple point of water then t2 = T> = 273.16 K 

and therefore by equation [16.12] 

273.16 213.16 

Ti T; 

i.e. Tı = Ti 

Now we have established that the two scales are identical, there is no longer any 

need to distinguish between them. Therefore from now on the single symbol T 

should be taken to refer to either scale. 

16.7 ENTROPY 

Notes 

The first law of thermodynamics is concerned with energy; the second law is 

concerned with a quantity called entropy. It can be defined by* 

(for a reversible process only) [16.13] 

ôS = the increase in entropy of some system when it undergoes a 

reversible change (JK!) 

ôQ = the heat absorbed by the system, and where 6Q is so small that the 
process can be considered to take place at a constant temperature 

T measured in kelvins. 

For the more general case of a reversible process in which the temperature is not 

necessarily constant and where a system changes from an initial state (1) to some 

other state (2) 

(for a reversible process only) [16.14] 

where AS = the increase in entropy when the system changes reversibly 

from state 1 to state 2 (JK!) 

2 
| de — the sum of the ratios of the quantities of heat absorbed at 

ag each point on the path from state 1 to state 2 to the 

temperatures at those points, i.e. the sum of the terms ôQ/ T 

of equation [16.13]. 

G) Equations [16.13] and [16.14] are valid for reversible processes only. 

Gi) The entropy ofa system depends only on the state of the system. When the 

entropy of a system changes the change depends only on the initial 

and final states of the system, not on the particular process by which 

it was accomplished, nor on whether it was reversible or 

irreversible. At first this statement may seem to contradict note (i), but 

it does not. Though the changes in entropy are the same, J dQ/ T for the 

reversible process is not equal to f dQ/T of the irreversible process. 

*An alternative definition is given later. 
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(iii) 

(iv) 

(v) 

(vi) 

SECTION C: THERMAL PROPERTIES OF MATTER 

Since T cannot be negative, it follows from equation [16.14] that the 

entropy of a system increases when it absorbs heat and decreases 

when it rejects heat. 

For an adiabatic process there is no change in heat content and equation 

[16.14] reduces to 

AS a © (for any reversible adiabatic process) 

Processes which occur without change in entropy are called isentropic 

processes and therefore reversible adiabatic processes are isentropic. 

For a reversible isothermal process equation [16.4] reduces to 

NS = £ (for any reversible isothermal process) [16.15] 

where Q is the heat absorbed at the constant temperature T. 

It follows from note (ii) that when a substance is taken through a complete 

cycle the net change in entropy is zero, i.e. 

AS = 0 fora working substance (for both reversible 
undergoing a complete and irreversible 
cycle processes) 

When the cycle is carried out reversibly the entropy lost by the source is 
equal to that gained by the sink, and therefore the entropy change for the 
whole system (sink, source and working substance) is zero. For an 
irreversible cycle, though, the entropy lost by the source is less than that 
gained by the sink. Therefore even though there is no change in the entropy 
of the working substance, there is an increase in the entropy of the system as 
a whole. 

Calculate the change in entropy of 3.00 kg of water at 100°C when it is con- 
verted to steam at 100°C. (Specific latent heat of vaporization of 
water = 2.26 x 10°] kg™! at 100°C.) 

Solution 

Here 

The process is both isothermal and reversible, in which case the change in entropy, 
AS, is given by equation [16.5] as 

AS OF 

Q = 3.00 x 2.26 x 10° = 6.78 x 10°J 

T = 373K(= 100°C) 
6 Ag — 8:78 X10 

373 
= 1. 82annhotpics 
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EXAMPLE 16.3 W 

Calculate the change in entropy of 5.00 kg of water when it is heated reversibly 
from 0°C to 100°C. (Specific heat capacity of water in the range 0°C to ` 
100°C = 4.20 x 10°J kg! °C"!.) 

Solution 

The change in entropy, A S, is given by equation [16.4] as 

T= 373 Kh dQ 

T=273K 2 

It follows from equation [13.7] thatdQ = mcdT. 

373 3 reer | (5.00) (4.20 x 102) 
273 G 

2LO X TOPJE T l 

as = | 

dT 

| 

= 21.0 x 10? log. (23) 

6.55 x 10° JK! 

EXAMPLE 16.4 

5.00 kg of water are heated from 0°C to 100°C by being placed in contact with a 

body which has a large heat capacity and which is itself at 100°C. Calculate the 

changes in entropy of: (a) the water; (b) the body; (c) the Universe. (Specific heat 

capacity of water in the range 0°C to 100°C = 4.20 x 10° Jkg™! °C™!.) 

Solution 

(a) This is identical to Example 16.3, and therefore 

A Swater = +6.55 x 10 JK 

(b) The body is of very large heat capacity and therefore, to a good 

approximation, we may assume that its temperature is constant at 100°C 

(373 K). The entropy change of the body is therefore given (by equation 

[16.15]) as 

ASe = Bolo 

where Q is the heat lost by the body. This is equal to the heat gained by the 

water, and therefore 

Q = 5.00 x 4.20 x 10° x 100 = 2.10 x 10°J 

2:1010. 

SVE) 

lesed Saiban 

A Sbody = 
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(c) The change in entropy of the Universe is equal to that of the whole system 

(i.e. the water and the body), and therefore 

A Livers =A emer inl Sbody 

6.55 x 10? — 5.63 x 10? 

Le, ASren 920JK™! 

The transfer of heat from the body (at 100°C) to the water (initially at 0°C) is an 

irreversible process, for at no stage could it go in the opposite direction. In 

performing the calculations, though, we have used equations which govern 

reversible processes. We are justified in doing this because entropy changes 

depend only on the initial and final states of the system concerned, and not on the 

manner in which the changes occur. (See Note (ii) on p. 289.) The change in 

entropy of the water is therefore the same as it would be if its temperature were 

increased reversibly to 100°C. Likewise, the entropy lost by the body as a result of 

losing heat is the same as it would be if the heat had been lost reversibly. Note, 

though, that there is an overall increase in entropy (of 920JK~—!) as, of course, 

there must be for an irreversible process. 

16.8 TEMPERATURE — ENTROPY DIAGRAMS (T-S 
DIAGRAMS) 

Fig. 16.2 
To illustrate the 
significance of the area 
under a T-S curve 

These are plots of temperature against entropy and are a useful alternative to p-V 
diagrams. Suppose that during some reversible process the temperature and 
entropy of a substance vary in the arbitrary manner shown in Fig. 16.2. 

T 

0 S 1 S, 

It follows from equation [16.13] that for a reversible process 

6Q = ToS 

The heat absorbed by the substance when its entropy changes from S, to S, is 
therefore given by Q, where 

Q= is TdS 
Sı 

7 (for a reversible process only) [16.16] 

When a substance is taken through a complete cycle it ends up in the same state as 
the one it started in; in particular it has the same temperature and the same 
entropy, and is therefore represented by a closed loop on a T-S diagram. Suppose a 
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Fig. 16.3 
To illustrate the 
significance of the area of 
a closed loop on a T-S 
diagram 

Fig. 16.4 
Carnot cycle of a gas 
represented by (a) a p-V 
curve, (b) a T-S curve 
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substance is taken reversibly through the (arbitrary) cycle shown in Fig. 16.3 from 
A to B and back to A, in the direction AXBYA. 

In going from A to B the entropy is increasing, and therefore heat is being 

absorbed. Heat is rejected in going from B to A. From equation [16.16] 

Heat absorbed = Area under AXB 

Heat rejected = Area under AYB 

Net heat absorbed = Area of shaded region 

At the completion of the cycle the substance is in its original state, and therefore 

there can have been no change in its internal energy, in which case it follows from 

the first law of thermodynamics that the net heat absorbed is equal to the work 

done by the substance, i.e. 

Area of 
3 shaded (for a reversible cycle only) 

In order to illustrate some of these ideas we shall now consider the situation ofa gas 

(not necessarily ideal) undergoing the particularly simple sequence of operations 

known as a Carnot cycle. The cycle is represented in Fig. 16.4 both by a p-V 

curve and by a T-S curve. 

Area of shaded region = Net 
heat absorbed = Net work 
done on gas 

0 

Bearing in mind that AS = Q/T for a reversible isothermal process and that 

A S = 0 for a reversible adiabatic process, we can make the following analysis, in 

which A Sap represents the increase in entropy in going from A to B etc. 

A>B Reversible isothermal expansion An amount of heat Q; is taken in by the 

gas at a constant temperature 7: 

AS Qu) Di 
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B—C Reversible adiabatic expansion: 

A SBC eA 

C>D Reversible isothermal contraction. An amount of heat Q; is rejected by the 

gas at a constant temperature T; : 

AScp = —Q2/T2 | 

D-<A Reversible adiabatic contraction: S 

ASpa r= 0 

Total increase in entropy = — — — 

The thermodynamic scale of temperature (section 16.6) is defined in such a way 

that Q,/T; = Q2/T2, and therefore the total increase in entropy in going around 

the cycle is zero. 

16.9 ENTROPY CHANGES IN IRREVERSIBLE 
PROCESSES 

Note 

_ Whenever a system undergoes an irreversible process, though the entropy of 
some components of the system may decrease, there is an increase in the 
entropy of the system as a whole. 

We shall illustrate this by considering some examples of irreversible processes. 

Thermal Conduction 

The conduction of heat from a hotter body to a colder body is an irreversible 
process because there is a finite temperature difference whilst the heat transfer is 
taking place, and the transfer can take place in one direction only. If the system is 
perfectly lagged, the heat lost by the hotter body will be equal to that gained by the 
cooler body; let it be Q. If the mean temperatures of the hotter and colder bodies 
are T; and T, respectively, then 

Decrease in entropy of hotter body ~ Q/T, 

Increase in entropy of cooler body ~ Q/T>* 

But T2<T, and therefore Q/T,>Q/T,, i.e. there has been a net increase in 
entropy. 

It follows that if heat were to flow from the colder body to the hotter body there 
would be a decrease in entropy, and this would be in violation of the principle of 
increase of entropy (see section 16.10). 

Processes Involving Friction 

If two bodies are rubbed against each other, the mechanical work done in 
overcoming friction generates heat. The bodies absorb this heat and their entropy 
increases. There is no change in the entropy of the agency doing the work because 
it neither loses nor gains heat. There is therefore an overall increase in entropy. 

*A non-approximate method for this type of calculation is given in Example 16.3. 
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Cooling of Food in a Refrigerator 

As the food in a refrigerator cools, its entropy decreases because heat is being 
removed from it. But this heat goes into the surrounding air, and so the entropy of 
the air increases. In addition, electrical energy is being consumed, and this will 
probably have involved the burning of some fuel (coal or oil, for example). The 
entropy of the combustion products (hot gases, smoke, etc.) is greater than that of 
the original fuel. Calculations show that there is a net increase in entropy. 

Irreversible Heat Engines 

The efficiency ofa heat engine, reversible or irreversible, which takes in heat Q} ata 

temperature T, and rejects heat Q, at a temperature T, is (Q, — Q2)/Q, (see 

section 16.4). In the case of a reversible engine 

O as e 

Qisir Tı 

The efficiency of an irreversible engine is less than that of a reversible one, and 

therefore for an irreversible engine 

= ey Qı Or di 2 

Qı Tı 

2 il: 
<ii 

Tho 
Ti Qı 

RA 
TET 

Thus the entropy lost by the source (Q;,/Tı) is less than that gained by the 

sink (Q2/T2). Since the only other component of the system, the working 

substance, undergoes no entropy change in a complete cycle, there has been an 

overall increase in entropy. 

16.10 PRINCIPLE OF INCREASE OF ENTROPY 
(ENTROPY VERSION OF THE SECOND LAW) 

We have seen that when a system undergoes a reversible process there is no change 

in the entropy of the system, and that in an irreversible process there is always an 

increase in entropy. Reversible processes are an ideal that cannot be realized in 

practice, i.e. all real processes are irreversible. It follows that all real processes 

occur in such a way that there is a net increase in entropy. This is called the 

principle of increase of entropy. It is a consequence of the second law of 

thermodynamics, and in fact is one of the many ways in which the second law can 

be stated. 

Every time entropy increases the opportunity to convert some heat into work is 

lost for ever. For example, there is an increase in entropy when hot and cold water 

are mixed. The warm water which results will never separate itself into a hot layer 

and a cold layer. There has been no loss of energy but some of the energy is no 

longer available for conversion into work. We can envisage a (distant) future in 
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which the temperature of the Universe is the same throughout. The entropy of the 

Universe will then have reached its maximum value and all processes will cease — 

the so-called ‘heat death’ of the Universe. 

16.11 THE STATISTICAL SIGNIFICANCE OF -ENTROPY 

Imagine a glass container in which there are a thousand grains of salt, and then 

imagine that a thousand grains of black pepper are carefully placed on top of them. 

If the container is shaken, the mixture will become uniformly grey. Continued 

shaking will keep redistributing the grains at random, but we would not expect that 

the original distribution would ever return. Thus the system has gone from a highly 

organized state with salt at the bottom and pepper on top, into a highly 

disorganized state where there is complete uniformity. The reader should realize 

that if we were to label the grains in some way (by numbering them, say), then the 

chance that any particular distribution would occur (all the odd numbers being on 

top for example) would be just as unlikely as that with all the pepper at the top—no 

matter how we numbered the grains. The point is, of course, that the grains are not 

labelled. The system has gone from a statistically unlikely state (salt and pepper 

separate) to one of a very large number of indistinguishable (uniformly grey) states 
in which there are approximately five hundred grains of salt and five hundred 
grains of pepper in each half of the mixture. 

This has been just one example of the common experience that in all natural 
processes (involving large, and therefore statistically meaningful, numbers) the 
amount of disorder tends to increase up to some maximum value. We saw in 
section 16.10 that whenever some natural process takes place there is an increase 
in entropy. Thus natural processes increase both disorder and entropy. This is no 
coincidence; entropy and disorder are related, and it can be shown that entropy is 
in fact a measure of disorder. This is not too surprising, for we stated in section 
16.5 that when work is converted into heat, ordered motion is being changed into 
disordered motion, and later saw that increases in heat content are brought about 
by increases in entropy. 

16.12 HEAT PUMPS AND REFRIGERATORS 

Both heat pumps and refrigerators (we shall explain the difference in the next 
paragraph) act like heat engines working in reverse, i.e. they take in heat at a low 
temperature and reject heat at a higher temperature. In order that they can do this, 
some external agency (an electric motor for example) has to do work on the 
working substance of the device. Fig. 16.5 compares the action of a heat engine 
operating between temperatures T; and T, with that ofa heat pump or refrigerator 
operating between the same two temperatures. 

The purpose of a refrigerator is to cool whatever is inside it, i.e. to remove heat 
from the low temperature reservoir. The purpose of a heat pump, on the other 
hand, is to supply heat to the high temperature reservoir. For example, a heat 
pump might be used to heat a house in winter by taking heat from a (cold) river 
nearby. The effectiveness of refrigerators and heat pumps is measured by a 
quantity called the coefficient of performance. It is respectively the ratio of the 
heat extracted or supplied, to the work done by the external agency. Thus 
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Coefficient of 

performance of = Qa ss ret Ta sho for a reversible 

a refrigerator W QO Q2 T-T T refrigerator 

Coefficient of ; 

performance of = er a Se Zh ele for a reversible 

a heat pump W 0 0, i= 0; T Tor heat pump 

Heat pumps provide a cheap form of heating, because the heat supplied (Q) is 

greater than the work done by the external agency (Q; — Q2). Suppose that a heat 

pump working reversibly extracts heat from a river at 7 °C (280 K) and delivers it to 

a room at 21 °C (294K). The pump is reversible, and therefore 

ta, aaa pl 
Ope Se en T 

294 
= ——— = 2] 

294 — 280 

Thus the coefficient of performance is 21, i.e. 21 joules of heat would be provided 

with the consumption of only one joule of work! Compare this with a conventional 

electric fire where one joule of electrical energy can (at best) supply one joule of 

heat. 

Fig. 16.5 _ Hotreservoir -Hot reservoir 
(a) The action of a heat (a) G 
engine, compared with Q, 
(b) that of a heat pump or | 
refrigerator Heat engine Reiger 

or nea 

eatin pump 

\ 
T) 

/ 
<—_— 

WwW (= Q; Sd 

Cold reservoir Cold reservoir 
Th 2 

16.13 THE PETROL ENGINE CYCLE (OTTO CYCLE) 

Fig. 16.6(a) shows the p—V curve for the cycle of operations known as an Otto 

cycle. The Otto cycle is an idealized form of the cycle that occurs in a petrol 

engine. Refer also to Fig. 16.6(b). 

A—A’ _ The inlet valve opens and the exhaust valve closes. 

A’>A Induction stroke. A mixture of typically 7% petrol vapour and 93% air 

(by weight) at about 50 °C is drawn into the cylinder (through the inlet 

valve) as the piston moves down. 
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Fig. 16.6 
(a) p-V diagram for 
idealized petrol engine 
cycle, (b) piston and 
cylinder 

Notes 

AtA 

A—>B 

B>C 

C>D 

D>A 
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c Area of shaded region = Work 
done by engine in one cycle 

(a) g D 

Inlet valve ERES _ — Exhaust valve 

(b) Cylinder —_ 

Piston 

The inlet valve closes. 

Compression stroke. The piston moves up, compressing the gas 

adiabatically. The temperature rises to about 300 °C 

A spark ignites the air-petrol mixture at B, supplying heat Q, and 
increasing the pressure at constant volume. The temperature rises to 
about 2000 °C. 

Power stroke. The increased pressure pushes the piston down and the 
gas expands, adiabatically, decreasing both the pressure and tempera- 
ture. ) 

The exhaust valve opens at D, and most of the burnt gas rushes out of the 
cylinder, removing an amount of heat QO >. The pressure and temperature 
of the gas that remains in the cylinder decrease. 

Exhaust stroke. The rest of the burnt gas is expelled as the piston moves 
up. 

The exhaust valve closes and the inlet valve opens. The cycle starts again. 

Each cycle consists of four strokes of the piston: A’ to A (down), A to B (up), 
C to D (down) and A to A’ (up). It is therefore referred to as a four-stroke 
cycle. 

The fuel is burnt inside the cylinder; it is therefore an internal 
combustion engine. 

The expansion (C to D) and compression (A to B) of the gas are adiabatic 
because the piston moves at high speed. 

If the working substance is assumed to be air behaving as an ideal gas, then 
the thermal efficiency 7 can be shown to be given by 

1 
n = 1-— = 16.17 (v/v)? 1 [ ] 

where 

(v2/v,) = the compression ratio of the engine, i.e. the ratio of the 
maximum volume of the gas to its minimum volume (see 
Fig. 16.6(a)). The compression ratio is typically 9:1. 
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y = the ratio of the principal specific heat capacities of the gas — 
approximately 1.4 (see section 14.19). 

It follows from equation [16.17] that increasing the compression ratio 
increases the efficiency of the engine. There is an upper limit to the 
compression ratio that can be achieved in practice because the temperature 
rise that accommpanies the compression (A to B) can become so high that 
the mixture is ignited before it is sparked. This is called pre-ignition and it 
reduces the efficiency because it tends to push the piston back down the 
cylinder before it has completed its stroke. The use of a high-octane fuel 
allows a high compression ratio to be utilized. 

The efficiency ofan actual engine is less than that given by equation [16.17] 
because the working substance is not air, and it does not behave as an ideal 
gas. The efficiency is further reduced by frictional effects, turbulence, loss 
of heat to the cylinder walls and the fact that the exhaust valve takes a finite 

time to open and close. The actual efficiency is typically 28%; the 
theoretical efficiency (y) is typically 58%. 

The p—V curve of an actual petrol engine cycle has rounded ‘corners’. This 

reduces the area enclosed by the curve and so accounts for the reduction in 

the work done per cycle. Also, the actual cycle has A—A’ slightly above 
A’>A. 

16.14 THE DIESEL CYCLE 

Fig. 16.7 
(a) p-V diagram for 
idealized Diesel cycle, 
(b) piston and cylinder 

Fig. 16.7(a) shows the p—V curve of an idealized four-stroke Diesel cycle. Refer 

also to Fig. 16.7(b). 

At A’ 

A’oA 

AtA 

A—>B 

Area of shaded region = Work 
done by engine in one cycle 

D (a) 

Inlet valve Bdeg Exhaust valve 

Cylinder —_ 
(b) 

Piston 

The inlet valve opens and the exhaust valve closes. 

Induction stroke. Air is drawn into the cylinder at atmospheric pressure 

as the piston moves down. 

The inlet valve closes. 

Compression stroke. The air is compressed adiabatically as the piston 

moves up. The temperature of the air rises to about 700 °C and is now hot 

enough to ignite the fuel. 
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Notes 

B>C 

C>D 

D>A 

At A’ 

Gi) 

(iii) 

(iv) 
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First part of power stroke. The fuel (diesel oil) is sprayed into the 

cylinder and is ignited by the hot air. The fuel enters at such a rate that as it 

burns (supplying heat Q1) it forces the piston down at constant pressure. 

Second part of power stroke. The fuel supply is cut off at C and the 

burnt gas expands adiabatically and pushes the piston down. The 

temperature falls. 

The exhaust valve opens at D and most of the burnt gas rushes out of the 
cylinder, removing an amount of heat Q, . The pressure and temperature 

of the gas remaining in the cylinder decrease. 

Exhaust stroke. The rest of the burnt gas is expelled from the cylinder as 

the piston moves up. 

The exhaust valve closes and the inlet valve opens. The cycle starts again. 

Each cycle consists of four strokes of the piston: A’ to A (down), A to B (up), 

B to D (down) and A to A’ (up). It is therefore a four-stroke cycle. 

The fuel is burnt inside the cylinder; it is therefore an internal 
combustion engine. 

There is no fuel in the cylinder during compression (A to B) and therefore 

(unlike the case of the petrol engine) very high compression ratios (typically 

16:1) can be utilized without any risk of pre-ignitiion. This makes Diesel 
engines more efficient than petrol engines. 

Diesel engines have the added advantage of using a cheaper fuel. On the 
other hand, the higher working pressures of Diesel engines makes them 
more expensive to produce and they have lower power/weight ratios than 
petrol engines. The theoretical efficiency is typically 65%, but the efficiency 
of an actual engine is less than this (typically 36%) because of frictional 
effects, etc. (see note (v) of section 16.13). 

Note (vi) of section 16.13 applies here too. 

16.15 THE STEAM ENGINE CYCLE (RANKINE CYCLE) 

Fig. 16.8 
Idealized steam engine 
cycle 

Fig. 16.8 shows the p-V curve for the cycle of operations known as a Rankine cycle. 
The Rankine cycle is an idealized form of the cycle which occurs in a steam 
engine. 

A—>B Water is compressed adiabatically. There is very little change in volume 
and only a slight increase in pressure. 

Area of shaded region = Work 
done by engine in one cycle 
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The water is heated (in the boiler) at constant pressure to its boiling point 

at the pressure of the boiler. As the heating continues the water vaporizes, 

at the same constant pressure, to form steam, which expands into the 
cylinder. 

The steam is now receiving no heat. It expands adiabatically and cools. 

The steam is condensed to water at constant pressure and temperature. 

Steam engines are known as external combustion engines because the 

fuel is burned outside the cylinder. 

The theoretical efficiency is typically 30%; the actual efficiency is much 
less, typically 10%. A major cause of this large difference is the drop in 

pressure that occurs as the stream passes along the pipes leading from the 

boiler to the cylinder. 

The theoretical efficiency is much less than that of both the Otto cycle and 

the Diesel cycle. This reflects the fact that the heat is supplied at a much 

lower temperature (about 250 °C) in the case of the steam engine. 
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HEAT TRANSFER. 

Heat may be transferred from one point to another by conduction, convection or 

radiation. This chapter is concerned mainly with conduction and radiation; 

convection is discussed briefly in sectiion 17.12. 

17.1 THERMAL CONDUCTION 

Conduction is the process by which heat flows from the hotter regions ofa 

substance to the colder regions without there being,any net movement of 

the substance itself. The mechanism by which conduction occurs depends on the 

nature of the material concerned; various mechanisms are described in section 

Way 

17.2 DEFINITION OF THERMAL CONDUCTIVITY (k) 

We shall have cause to refer to steady state conditions. A substance is in steady 
state when the temperatures at all points in it are steady. 

Consider a thin disc of some material of cross-sectional area A and thickness ôx 
(Fig. 17.1). Suppose that the hotter face is maintained at a temperature 0 and that 
the other face is maintained at 0 — 60. 

Fig. 17.1 
Definition of thermal 
conductivity Area = A 

0 (0 — 80) 

302 
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Suppose also that the rate of flow of heat from the hotter face to the colder face is 
6Q/6t. It can be shown by experiment that if there are no heat losses from the 
sides and steady state conditions prevail, then 

òQ 
=m 
ot 

00 

Ox 

With the introduction of a constant of proportionality k this can be written as 

ðQ 
: ot 

60 
kA— 

Ox 

which in the limit as 6x0 becomes 

dQ _ = 

dt 

where 

dQ/dt 

dé. 
~kA : [17.1] 

is the rate of flow of heat from the hotter face to the colder face and 

is at right angles to the faces (unit = W) 

is called the temperature gradient across the section concerned 

(unit = Km`!) 

is a constant whose value depends on the material of the disc. It is 

called the coefficient of thermal conductivity of the material 

(unit = W m`! K- !). Values of k for some common materials are 

given in Table 17.1. 

Notes (i) When heat is flowing in the positive direction of x (as in Fig. 17.1) the 

temperature gradient is negative, and therefore the presence of the minus 

sign in equation [17.1] makes k a positive constant. 

(ii) It is the existence of the temperature gradient which causes the heat to flow. 

If it were not for the fact that the two faces are being maintained at their 

respective temperatures, the effect of the heat flow would be to destroy the 

temperature gradient by warming the cooler regions. 

(iii) | Equation [17.1] is used to define k. Thus: 

The coeffcient of thermal conductivity ofa material is the rate of 

flow of heat per unit area per unit temperature gradient when the heat 

flow is at right angles to the faces of a thin parallel-sided slab of the © 

material under steady state conditions. 

Table 17.1 

Values of k for some 
common substances at _ 

room temperature 

Silver 

Copper 

Aluminum 

Iron 

Lead 

Mercury 

Glass (Pyrex) 

Brick 

Rubber 

Air 
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17.3 TEMPERATURE DISTRIBUTION ALONG A 
UNIFORM BAR 

Fig. 17.2 
Heat flow along a 
uniform bar 

Perfectly Lagged Bar 

Consider two infinitesimally thin sections X and Y of a perfectly lagged bar of 

uniform cross-sectional area A (Fig. 17.2), and suppose that steady state 

conditions have been attained. From equation [17.1] 

a — = — do 1 "2 

> ate ( dt ) i (E), l l 

where ky and ky are the thermal conductivities at X and Y and (d0/dx)x and 

(d0/dx)y are the temperature gradients at X and Y. The bar is perfectly lagged, so 

no heat can escape from the sides, and therefore the rates of flow of heat across X 
and Y are equal, i.e. 

(ar),= (Gr), 
Therefore from equations [17.2] and [17.3] 

d0 d0 ; 
kxyA (E) = kyA (=) [17.4] 

To a very good approximation thermal conductivty is independent of tempera- 
ture, and therefore ky = ky and equation [17.4] reduces to 

dé _ (a0 

Cx J — \dx = 

Thus the temperature gradients at X and Y are equal, and since X and Y are any 
two sections, it follows that: ER 

The temperature gradient is the same at all points along a perfectly lagged 
uniform bar. i TEE 

Unlagged bar 

Consider again sections X and Y, but suppose now that the bar is unlagged. Some 
of the heat which flows through X will flow out of the sides of the bar before 
reaching Y, in which case 

(ar) (a), 



HEAT TRANSFER 

Fig. 17.3 
Temperature distribution 
along a uniform bar 

Fig. 17.4 
Heat flow lines in a 
lagged and an unlagged 
bar 
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Therefore, from equations [17.2] and [17.3] and since kx = ky 

& 3 dé 

days day 

and it follows that: 

Temperature gradient decreases with distance from the hot end of an 
unlagged uniform bar. 

Fig. 17.3 is based on these results and shows the steady state temperature 

distribution of a perfectly lagged uniform bar of length L, together with that of an 

Temperature (6) Lagged, temperature 
gradient constant 

02 

Unlagged, temperature 
gradient decreasing 

0, mi i i i eS ‘u 

Distance from hot end (x) 

identical unlagged bar. Each bar has its hot end maintained at a temperature 02 and 

its cold end at 0,. The situations of the two bars are illustrated in terms of heat flow 

lines in Fig. 17.4. 

a 

ee eee g 

ec fer 
—_ + 

pie TRE MEN ES a > 

Perfectly lagged bar. Unlagged bar. Flow lines 
Flow lines parallel diverge and there are ’ 
and equal numbers more through X than Y 
through X and Y 

Since the temperature gradient of the lagged bar is constant 

do (82 — 61) 
dx £ 

Therefore from equation [17.1] 

( for a perfectly ) 
lagged bar [17.5] 

This s a particularly useful form of equation [17.1], but it is relevant only to the 

case of a perfectly lagged bar. 
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17.4 ANALOGY BETWEEN THERMAL AND 
ELECTRICAL CONDUCTION 

Table 17.2 
Electric quantities and 
their thermal analogues 

EXAMPLE 17.1 

The flow of heat is anlogous to the flow of electrical charge, and it is possible to 

think in terms of a heat current dQ/dt in the same way as we think in terms of 
electrical current J. A heat current flows through a perfectly lagged uniform bar 

whenever there is a temperature difference (02 — 0,) across it. This is equivalent to 

the way in which an electrical current is caused to flow by a potential difference V. 

Equation [17.5] can be rearranged as 

dQ (0, —94;) 
dta p< (LLRA) 

and for an electrical conductor of resistance R 

omer 

Comparing these two equations we see that (L/kA) is equivalent to R, and 

therefore may be thought of as the thermal resistance of the bar. Electrical 

conductivity o and resistivity p are related by o = 1/p (section 36.1), and therefore 

(from equation [36.2]) electrical resistance R is given by R= L/(aA). Since 
thermal resistance is equal to L/ (kA), it follows that kis equivalent to ø. Table 17.2 

summarizes these results. Note also that the temperature gradient is equivalent to 
potential gradient. 

Electrical quantity Analogous thermal quantity 

Electric current Heat current 

Potential difference Temperature difference 

Electrical resistance Thermal resistance 

Electrical conductivity Thermal conductivity 

Potential gradient Temperature gradient 

The analogy is made use of in Example 17.1 

Two perfectly lagged metal bars, X and Y, are arranged (a) in series, (b) in parallel. 
When the bars are in series the ‘hot’ end of X is maintained at 90 °C and the ‘cold’ 
end of Y is mantained at 30°C. When the bars are in parallel the ‘hot’ end of 
each is maintained at 90°C and the ‘cold’ end of each is maintained at 30°C. 
Calculate the ratio of the total rate of flow of heat in the parallel arrangement to that 
in the series arrangement. The length of each bar is L and the cross-sectional area 
of each is A. The thermal conductivity of X is 400 W m~! K~! and that of Y is 
200 Wm! K=!, 
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Solution 

The bars are perfectly lagged, and therefore dQ/dt = kA (02 — 0,)/L applies. 

(i) When the bars are in series the rate of flow of heat is the same through each 

and therefore if the temperature at the juncton of the bars is 0, 

KOA De iaoa L 
L 

a i.e. 0 = 70°C 

Rate of flow of heat = 4004 me F e or 2004 co F 2 

_ 8004 
ste 

Gi) When the bars are in parallel the rates of flow of heat are given by 

dQ 90 — 30 24 000A 
—]}) = 4004 = 
( dt ) L L 

and 

dQ 90 — 30 12 000A 
==) = 200A pbs bos 
( dt ) L L 

Total rate of flow of heat = a 20004 + Be 00. = 20a 
L L L 

The ratio of the rates of heat flow is therefore 

360004/L TE 

80004/L ` 

Alternative Method 

The problem can be solved by making use of the analogy with electrical 

conduction. Suppose that Rx and Ry are the thermal resistances of X and Y 

respectively. Rg = L/400A and Ry = L/200A 

G) 

Gi) 

Ry = 2Rx 

When the bars are in series the total thermal resistance R is given by 

R= Rx + Ry = 3Rx. Therefore, by analogy with V = IR 

dQ Ls EBR (90 - 30) = = (3Rx) 

; dQ 60 
LE di = BRA 

When the bars are in parallel the total thermal resistance R is given by 

1 1 1 1 1 
— z= ——— = a a a es 

R Rx a! Ry Rx 2Rx 

2Rx 
Le. K = 3 
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Therefore, by analogy with V = IR 

d 2R 
90-30 — 22 ( =) 

dt 3 

wA dQ nS 60 x 3 

dt 2Rx 

The ratio of the rates of flow of heat is therefore 

60 x 3 60 _ 45 

2Rx 3Rx 

17.5 CONDUCTION MECHANISMS 

The temperature of a substance is a manifestation of the kinetic energies of its 

molecules, and where there are free electrons (i.e. in metals), of the kinetic 

energies of the electrons. Bearing this in mind, we can account for the way in which 

heat is conducted. 

Gases 

Collisions between gas molecules, and the resulting energy transfer, tend to 

redistribute the energy in such a way that all regions eventually contain (on 

average) equally energetic molecules. There is, therefore, a flow of heat from 

regions at high temperature to those at low temperature. (The process may be 

compared with the way in which two initially separate gases eventually each occupy 
the whole of the space available to them.) 

Non-metallic Solids and Liquids 

In solids and liquids the molecules are, in comparison with those in gases, locked 
in postion in the lattice. Conduction occurs as a result of the energetic movements 
of the molecules in the high-temperature regions being transmitted, by way of 
collisions with intervening molecules, to the cooler regions. 

Metals 

In metals there are electrons which are free to move about the whole of the lattice, 
in which sense they behave like the molecules in a gas. They are therefore able to 
transfer energy in a similar manner to the molecules of a gas. The electrons, 
however, move about a thousand times faster than gas molecules, and this 
accounts for the high thermal conductivities of metals. Though the molecules also 
play a part in the conduction process, the role of the electrons greatly 
predominates. 

The Wiedemann-Franz law expresses the observation that the ratio k /o is 
nearly the same for all metals. This is a reflection of thermal conduction in metals 
being largely due to the movement of the same free electrons as those which are 
responsible for electrical conduction in metals. 
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17.6 EXPERIMENTAL DETERMINATION OF THERMAL 
CONDUCTIVITY 

The methods which are about to be described make use of equation [17.5]. This 

equation is valid only if steady state conditions hold and the lines of heat flow 

through the specimen are parallel. In addition, it is necessary that both the rate of 

flow of heat and the temperature gradient are large enough to be measured with a 

reasonable degree of accuracy. For a good conductor the conditions are satisfied 

when the specimen is in the form ofa long thin bar. (A typical bar is 20 cm long and 

has a diameter of 4cm.) Specimens of poorly conducting materials should be in 

the form of a thin disc. (A typical disc is 2 mm thick and has a diameter of 10 cm.) 

Good Conductor (Searle’s Bar) 

The apparatus is shown in Fig. 17.5. The heater is switched on and water is passed 

through the copper coil at a constant rate. If the bar is assumed to be perfectly 

lagged, then at steady state (i.e. when all four thermometers give steady readings) 

the rate of flow of heat between X and Y is given (by equation [17.5]) as 

d 0—0 aiam pA” 
dt x 

where & is the thermal conductivity of the material of the bar. Since the bar is 

assumed to be perfectly lagged and none of the heat is being used to increase its 

temperature (steady state), all of the heat which flows along the bar is being used to 

increase the temperature of the water. Therefore 

d 
n = mc (04 — 03) 

where m is the mass of water flowing per unit time and cis the specific heat capacity 

of water. Equating the right-hand sides of these equations gives 

02 — 0; 
kA = mc (04 = 03) 

hence k. 

Fig. 17.5 n AYCA 
Ý 

old water 
Searle's bar pam 

Electrical constant 
heating head device 
coil 7 

< 

Cross-sectional Lagging 
area of bar 
under test = A 
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Note 

Fig. 17.6 
Lee’s disc: (a) full 
apparatus, (b) disc 
cooling, (c) cooling curve 

SECTION C: THERMAL PROPERTIES OF MATTER 

The holes at X and Y contain.oil to ensure good thermal contact between the 

thermometers and the bar. If thermocouples are used there is no need to have such 

large holes and there is less disturbance of the ideal flow pattern. 

Poor Conductor (Lees’ Disc) 

The apparatus is shown in Fig. 17.6(a). The sample (e.g. cardboard) is in the form 

of a thin disc and is sandwiched between the thick base X of a steam chest and a 

thick brass slab Y. The arrangement is suspended on three strings which are 

attached to Y. 

Steam is passed through the chest and the apparatus is left to reach steady state. 

The sample is thin and therefore, to a good approximation, no heat is lost from its 

sides. It follows that at steady state: (i) equation [17.5] holds, and (ii) the rate at 

which heat is flowing through the sample is equal to the rate at which Y is losing 

heat to the surroundings. If the latter is dQ/dt, then 

eit ee 
dt x 

where kis the thermal conductivty of the sample and A is the area of one ofits faces. 

At this stage the sample is removed so that Y comes into direct contact with X and 

is heated by it. When the temperature of Y has risen by about 10 °C, X is removed 

and the sample is put back on top of Y (Fig. 17.6(b)). Since X is no longer present, 

Y cools and its temperature 0 is recorded at one-minute intervals until it has 

dropped to about 10°C below its steady state temperature 0}. A graph of 

temperature against time is plotted (Fig. 17.6(c)). If m and c are respectively the 

<“@— Steam 

Sample under 
investigation 

Gradient at 
0 = ð, is a/b 

(c) 
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mass and specific heat capacity of Y, then the rate at which it is losing heat to the 
surroundings when its temperature is 0; is given by mc(a/b), where a/b is the 
gradient of the graph (i.e. the rate of fall of temperature at 041). The conditions 
under which Y is losing heat are the same as those at steady state, and therefore 

(02 =: 01) a 
kA——— = mc— 

x b 

from which k can be determined. 

G) The upper and lower surfaces of the sample should be smeared with 

petroleum jelly (Vaseline) to give good thermal contact with X and Y. 

(ii) The thermometers actually register the temperatures of X and Y, but since 

these are good conductors, the temperature gradients across them are small 

and therefore (02 — 6,) is, to a good approximation, the temperature 

difference across the sample. 

17.7 THERMAL RADIATION 

We shall describe thermal radiation as being electromagnetic radiation emitted 

by a body solely on account of its temperature. The radiation spans a continuous 

range of wavelengths and the distribution of energy amongst these wavelengths 

depends on the temperature of the emitter. At temperatures below about 1000 °C 

the energy is associated almost entirely with infrared wavelengths; at higher 

temperatures visible and ultraviolet wavelengths are also involved. (These aspects 

are discussed more fully in section 17.10). Thermal radiation has all the general 

properties of electromagnetic waves. It can be reflected; its speed in a vacuum is 

3 x 10m s7}; it cannot be deflected by electric and magnetic fields; the intensity | 

of the radiation produced by a point source falls off as the inverse square of the 

distance from the source; etc. 

When thermal radiation is incident on a body some of the radiation may be 

reflected, some transmitted, and some may be absorbed and produce a heating 

effect. A substance which transmits the thermal radiation incident on it is said to be 

diathermanous, one which absorbs the radiation is said to be adiathermanous. 

(Equivalent respectively to substances which are transparent and substances whch 

are opaque to visible light.) The absorption of electromagnetic radiation of any 

wavelength may produce a heating effect. Thus, though X-radiation, for example, 

is not normally thought of as thermal radiation, heat is produced when X-rays are 

absorbed. 

17.8 PREVOST’S THEORY OF EXCHANGES 

According to this theory a body emits radiation at arate which is determined 

only by the nature of its surface and its temperature, and absorbs radiation at 

arate which is determined byi me nature "n its e and the temperature of- 

i its s surroundings. vee a 

Suppose that a body is suspended by a non-conductng thread inside an evacuated 

enclosure whose walls are maintained at a constant temperature T. Since the 

enclosure is evacuated, there is no possibility of conduction and convection and 
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events are controlled only by radiative processes, i.e. Prévosts’s theory applies. If 

the temperature of the body is greater than that of the surroundings, the body emits 

radiation at a greater rate than it absorbs it and its temperature falls, eventually 

becoming equal to T. Conversely, if the initial temperature of the body is less than 

that of the enclosure, the temperature of the body increases until it becomes equal 

to T. Itis important to note that emission and absorption do not cease at this stage; 

instead there is a dynamic equilibrium in which the rate of emission is equal to the 

rate of absorption. 3 

It follows that if the surface ofa body is such that the body is a good absorber 

of radiation, it must be an equally good emitter, otherwise its temperature 

would rise above that of its surroundings. It also follows that a good emitter is a 

good absorber. These conclusions are confirmed by simple experiments (e.g. 

Leslie’s cube). In particular, matt black surfaces are the best absorbers and 

the best emitters of radiation; highly polished silver surfaces are both poor 

emitters and poor absorbers. 

17.9 THE BLACK BODY 

Fig. 17.7 
Approximate realization 
of a black body 

Ablack body is a body which absorbs all the radiation which is incident on it. 

The concept is an idealized one, but it can be very nearly realized in practice — 

Fig. 17.7 illustrates how. The inner wall of the enclosure is matt black so that most 

of any radiation which enters through the small hole is absorbed on reaching the 
wall. The small amount of radiation which is reflected has very little chance of 
escaping through the hole before it too is absorbed in a subsequent encounter with 
the wall. 

Small hole 
acts asa 

SA black body 

Matt black 
therefore very 
little reflection 

Small cone prevents 
radiation which 
enters along the 
axis being reflected 
out immediately 

A black body radiator (or cavity radiator) is one which emits radiation 
which is characteristic of its temperature and, in particular, which does not 
depend on the nature of its surfaces. 

A black body radiator can be made by surrounding the enclosure of Fig. 17.7 witha 
heating coil. The radiation which is emitted by any section of the wall is involved in 
many reflections before it eventually emerges from the hole. Any section which is a 
poor emitter absorbs very little of the radiation which is incident on it, and those 
sections which are good emitters absorb most of the radiation incident on them. 
This has the effect of mixing the radiations before they emerge, and of making the 
temperature the same at all points on the inner surface of the enclosure. 



i 
HEAT TRANSFER 313 

17.10 ENERGY DISTRIBUTION IN THE SPECTRUM OF A 
BLACK BODY 

Fig. 17.8 illustrates the way in which the energy radiated by a black body is 
distributed amongst the various wavelengths. E; is such that E,64 represents the 

energy radiated per unit time per unit surface area of the black body in the 

wavelength interval A to A + ô4. It follows that the area under any particular curve is 

the total energy radiated per unit time per unit surface area at the corresponding 
temperature. 

Fig. 17.8 E, x 10° °Wm? 
Energy distribution of a 
black body 70 

60 + | Locus of 

Amax 

50 \ 

i 1400K 

40 

30 

1200 K 

20 

© a \ 1000 K 
[e] 

wb 5 £ \ 
or 
i A 
leil 
| 

0 1 2 3 4 5 vx 108/m 

The curves embody two important laws. 

Wien’s Displacement Law 

The wavelength Amax at which the maximum amount of energy is radiated 

decreases with temperature and is such that 

[17.6] 

where T'is the temperature of the black body in kelvins. Equation [17.6] is known 

as Wien’s displacement law. The value of the constant is found by experiment to 

be 2.9 x 10° mK. 

The curves illustrate the well known observation that the colour of a body whch is 

hot enough to be emitting visible light depends on its temperature. At about 

1200 K the visible wavelengths which are emitted lie predominately at the red end 

of the spectrum and a body at this temperature is said to be red-hot. At higher 

temperatures the proportions of the other spectral colours increase so that 
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increasing temperatures cause. the overall colour to change from red through 

yellow to white. The intensity distribution of the wavelengths emitted by the Sun is 

the same as that of a black body at about 6000 K, i.e. the temperature of the Sun’s 

surface is about 6000 K. Some stars are much hotter than the Sun and appear blue. 

Stefan’s Law 

The total energy radiated per unit time per unit surface area of a black 
body is proportional to the fourth power of the temperature of the body 

_ expressed in kelvins. i ; 

Thus 

[17.7] 

where 

o = aconstant of proportionality known as Stefan’s constant. Its value 

is 5.67 x 10° Wm?’ KE 

Note that the value of any temperature T is equal to the area under the 

corresponding curve, i.e. E = [J E,da. 

If a black body whose temperature is Tis in an enclosure at a temperature To, the 

rate at which unit surface area of the black body is receiving radiation from the 

enclosure is ¢T9*. The net rate of loss of energy by the black body is therefore given 
by Enet where 

[17.8] 

In the case of a non-black body equations [17.7] and [17.8] are replaced by 

E =e" 

and 

Ene eol TaN oA 

where ¢ is called the total emissivity of the body. Its value depends on the nature 
of the surface of the body and lies between 0 and 1. 

EXAMPLE 17.2 

A 100 W electric light bulb has a filament which is 0.60 m long and has a diameter 
of 8.0 x 10° m. Estimate the working temperature of the filament if its total 
emissivity is 0.70. (Stefan’s constant = 5.7 x 1078 W m~? K4.) 

Solution 

The surface area of the filament is that of a cylinder of diameter 8.0 x 10-> m and 
length 0.60 m and is therefore z x 8.0 x 10° x 0.60 = 1.51 x 10-4 m2. 

The bulb is rated at 100 W and therefore E, the energy radiated per unit time per 
unit surface area of the filament, is given by 

100 
E= 151 x104 =X 10° W m`? 
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But 

Pe fo] * 

6.62 x 10° = 0.70 x 5.7 x 10-8 x T4 

te. T* = 16.6 x 10!2 

Tf = 2018K = 2.0 10°K 

17.11 THE THERMOPILE 

Fig. 17.9 
Thermopile 

The essential features of a simple thermopile are shown in Fig. 17.9. 

ye 
Highly polished 
surface 

Shield to prevent 
radiation reaching B 

The device detects the presence of thermal radiation and consists of a number of 

thermocouples connected in series. (Thermocouples are described in section 

13.4.) One set of thermocouple junctions (A) is exposed to the radiation and is 

heated by it; the other set (B) is shielded from the radiation. A highly polished 

metal cone concentrates the radiation on the exposed junctions; these junctions 

are coated with lamp-black to enhance the efficiency with which the radiation is 

absorbed. 

More sensitive forms of the instrument have large numbers of junctions and often 

employ antimony and bismuth as the thermocouple materials. 

17.12 CONVECTION 

If a beaker containing a liqud is heated from underneath, the liquid at the bottom 

becomes warmer than that above it. If, like most liquids, it expands on heating, it is 

now less dense than the liquid above it. It therefore rises to the top, and cooler 
liquid from above moves downwards to take its place. On reaching the bottom this 
liquid also becomes heated and so it too moves upwards, and the process 

continues. The circulating current of liquid established in this way is called a 

convection current. The process itself is called convection, and though it can occur 

in both liquids and gases, it obviously cannot occur in solids. We can summarize by 

saying that convection is the process in which heat is transferred through a fluid by 

movement of the fluid itself. 
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Most fluids expand on heating, and are therefore heated from below but cooled 

from above — refrigerators have the freezing compartment at the top! The best 

known example of a fluid that contracts on heating is that of water between 0 eE 

and 4°C — the so-called anomalous expansion of water. If the air temperature 

above a pond is below 4°C, convection occurs until the temperature of all the 

water in the pond has fallen to 4°C. Convection then ceases because any further 

cooling of the water in contact with the air causes it to expand and remain at the 

surface. : 

17.13 U-VALUES 

Table 17.3 
Typical U-values of some 
structures 

U-values provide architects and building engineers with a simple means of 

estimating heat losses from buildings. They take account not only of heat lost by 

conduction, but of any lost by convection and/or radiation. 

The U-value of a structure (e.g. a cavity wall or a window) is defined as the 
heat transferred per unit time through unit area of the structure when there is 

unit temperature difference across it. 

Thus 

Rate of ‘transfer of heat = UAAT : [17.9] 

where 

U = U-value (Wm~’K"') 

A = area of structure (m°) 

AT = temperature difference across structure (K). 

The U-values of the various types of wall, window, roof, etc. that are commonly 

used in buildings are based on data obtained by experiment and are listed in tables. 

Some typical values are given in Table 17.3. (The table used by an architect would 

be much more detailed. The U-value of a cavity wall, for example, depends on the 

type and thickness of brick, the width of the cavity, the wind conditions on the 
outside of the wall, etc.) 

Single brick wall 

Brick wall with air cavity 

Brick wall with foam-filled cavity 

Single window 

Double-glazed window 

Tiled roof 

Tiled roof with insulation 

The reader may be wondering why architects use U-values rather than coefficients 
of thermal conductivity when calculating heat losses from buildings. In order to 
answer we shall calculate: (a) on a U-value basis, and (b) on a thermal conductivity 
basis, the rate at which heat is lost from a room through a window (single-glazed) of 
area 2.0 m° in which the glass is 10mm thick, and where the air temperatures 
inside and outside the room are 20°C and 0°C respectively. We shall take the 
U-value of the window to be 5.5W m~? K~! and the coeffcient of thermal 
conductivity of glass to. be 1.1 W m~! K£. 
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(a) Rate of loss of heat UA AT (equation [17.9]) 

TSD A 2 ero) 

ADVAN 

(02 — 01) 
1E 

Pelee? O20) 

10 x 1073 

= 44x10 W 

The thermal conductivity calculation has given a rate of loss of heat which is twenty 
times greater than the U-value calculation! The U-value estimate is reasonable; the 
thermal conductivity estimate (4.4 kW) is ridiculously high. The error has arisen 
because the inner surface of the glass is at a lower temperature than the air inside 
the room, and the outer surface is at a higher temperature than the air outside. The 
U-value calculation takes account of this; the thermal conductivity calculation 
does not. Itis as if there is an insulating layer of air a few millimetres in thickness in 
contact with each surface of the glass. The window should therefore be regarded 

not as just a single piece of glass, but as a composite structure — a sheet of glass 

sandwiched between two layers of air. In the U-value calculation AT represents 
the temperature difference across the structure, and this is 20 °C. In the thermal 

conductivity calculation (0, — 01) represents the temperature difference across the 
glass, and we should not have taken its value to be 20 °C. 

(b) Rate of loss of heat = kA (equation [17.5]) 

Architects base their calculations on U-values rather than on coefficients of 

thermal conductvity because they are concerned with the air temperatures inside 

and outside a room, not with the temperatures on the surfaces ofa piece of glass, or 
of a wall, etc. 

The reader may now be wondering why the surface of a window pane is not at the 

same temperature as the air a few millimetres away. The transfer of heat from the 

interior of a room to a window is due primarily to convection, as is that from the 

outer surface to the air outside. Convection causes air to move past the window, 

but because air is a viscous fluid, the air within a few millimetres of the window 

pane moves much more slowly than that which is further away. Indeed, the air in 

immediate contact with the glass is stationary. Heat transfer through this region is 

therefore governed more by conduction than it is by convection (Fig 17.10). Since 

air is a poor conductor of heat, there is a relatively large temperature change across 

the layer, and the surface of the glass is at a different temperature from that of the 

bulk of the air around it. U-values are based on data from Pen that take 

account of these insulating layers of air. 

‘Insulating’ layers of 
air a few millimetres 
in width 

a 
Approximately uniform 

| temperature of 0°C 
| outside the room 

Approximately uniform 
temperature of 20°C 
inside the room 

GB 581C 
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Fig. 17.11 
To calculate thermal 
resistance coefficient of a 
composite structure 
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It is possible to estimate the temperatures on the surfaces of the window pane in 

our example (see later in this section). Such an estimate gives 6.8 °C for the inner 

surface and 5.8°C for the outer surface. There is therefore a temperature 

difference of 1°C across the glass. The reader should not be surprised by this value 

— it is one twentieth of the value we used in our original calculation, and that gave 

an estimate of the heat flow rate which was twenty times too high! 

Thermal Resistance Coefficient 

The thermal resistance coefficient of a material is the thermal resistance of unit 

area of the material and is defined by 

oa [17.10] 

where 

X = thermal resistance coefficient (m° K W~!) 

L = thickness of material (m) 

k = coefficient of thermal conductivity (W m~! K~!). 

The thermal resistance coefficient of a structure which consists of a number of 

different components in series is the sum of the thermal resistance coefficients of 

the individual components. In Fig. 17.11, for example, the thermal resistance 

coefficient, X; , of the structure (for heat transfer between the outer surfaces of A 

and C is given by 

Xs = Xa + Xpt+ Xc \ 

where X,, Xg and Xe are respectively the thermal resistance coefficients of A, B 
and C. The thermal resistance coefficient, Xw, of the window in Fig. 17.10 is 
given by 

Xy = Xj ar Xz T Xo 

where X, is the thermal resistance coefficient of the glass and is calculated on the 
basis of equation [17.10], and X; and X, are respectively the effective thermal 
resistance coefficients of the ‘layers’ of air on the inner and outer surfaces of the 
glass. Equation [17.10] cannot be used to calculate these, but it is found by 
experiment that X; = 0.120 m? K W~! and X, = 0.053 m°’ K W-!. The U-value of 
the window is the reciprocal of its thermal resistance coefficient, i.e. 

ge | 
a 

We are now in a position to show how we estimated the temperatures on the 
surfaces of the glass in the window. Equation [17.5] can be rewritten as 

dQ _ A 
dies od aX 

U 

(92 — 61) 
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The rate of flow of heat (dQ/dz) through the window has already been found to be 
2.2 x 107 W, and its area (A) is 2.0 m°. If the temperature on the inner surface of 
the glass is taken to be 0, then considering the heat flow across the inner layer of air 
gives 

a 2.0 
2.2 x 10° = — (20 -0 i.e. = 0120 ——( 0) 1e o 6.8°C 

We leave it as an exercise for the reader to show that the temperature on the outer 
surface of the glass is approximately 5.8 °C. 

CONSOLIDATION 

A substance is in steady state when the temperatures at all points in it are steady. 

d dé 
“ =A FE at steady state 

dQ kA(02—0ı) at steady state when there are no 
ban. oe A heat losses from the sides 

d 0—0 V 
= (LRA) is analogous to J = R 

y Rate of flow | Temperature difference 

zii of heat = Thermal resistance 

is analogous to 

Rate of flow Potential difference 

of charge ~ Electrical resistance 
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QUESTIONS ON SECTION C 

THERMOMETRY (Chapter 13) 

C1 

C2 

C3 

C4 

C5 

A bath of oil is maintained at a steady 

temperature of about 180°C, which is 

measured both with a platinum resistance 

thermometer and a mercury-in-glass thermo- 

meter. Explain why you would expect the 

temperatures indicated by the two thermo- 

meters to be different. At what temperatures 

would the two thermometers show the same 
value? [J] 

Explain why two thermometers, using differ- 

ent thermometric properties and calibrated at 

two fixed points, would not necessarily show 

the same termperature except at the fixed 

points. 

Why is the constant volume gas thermometer 

chosen as a standard? 

What type of thermometer is recommended 

to measure accurately a temperature of 

(a) about 15K, and (b) 2000 K? (No details 

required.) [W] 

(a) Explain how a temperature scale is 

defined. 

(b) Discuss the relative merits of (i) a mer- 
cury-in-glass thermometer, (ii) a plati- 

num resistance thermometer, (iii) a 

thermocouple, for measuring the tem- 

perature ofan oven which is maintained at 

about 300°C. [J] 

The resistance of the element in a platinum 

resistance thermometer is 6.750 Q at the triple 

point of water and 7.166 Q at room tempera- 

ture. What is the temperature of the room on 

the scale of the resistance thermometer? The 

triple point of water is 273.16 K. State one 

assumption you have made. [L] 

Describe the structure of a simple constant 

volume gas thermometer. Discuss how it would 

be used to establish a scale of temperature. 

C6 

Explain why the same temperature measured 

on two different scales need not have the same 

value. 

Discuss the circumstances in which: (a) a gas 

thermometer, and (b) a thermocouple might 

be used. 

Why is it generally not sensible to use a ` 

thermoelectric EMF as the physical property 

used to define a scale of temperature? [L] 

The graph below shows the variation in 

resistance of a piece of platinum wire with 

the temperature being measured on the ideal 

gas scale. 

Resistance/Q 

60 300 340 380 

Temperature/K 

What is the Celstus temperature corresponding 
to a resistance of 17Q on 

(a) the ideal gas scale, and 

(b) the platinum resistance scale? [L] 

Resistance of 

resistance 

thermometer 

Pressure recorded 

by constant volume 

gas thermometer 

Steam point 

100°C 

Ice point 

0°C 

Room 

temperature 

75.000 Q 1.10 x 107 N m~? 

63.000 Q 8.00 x 10°Nm~? 

64.9920 8.51 x 10°Nm~ 

Using the above data, which refer to the 
observations of a particular room tempera- 
ture using two types of thermometer, calculate 
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C8 

c9 

the room temperature on the scale of the 
resistance thermometer and on the scale of the 
constant volume gas thermometer. 

Why do these values differ slightly? [L] 

The value of the property X of a certain 
substance is given by 

Da e 0.5084 (2.0 x 10-*)2?, 

where ¢ is the temperature in degrees Celsius 

measured on a gas thermometer scale. What 

would be the Celsius temperature defined by 

the property X which corresponds to a 

temperature of 50 °C on this gas thermometer 
scale? [L] 

(a) What is meant by a thermometric 

property? What qualities make a par- 

ticular property suitable for use in a 

practical thermometer? 

A Celsius temperature scale may be 

defined in terms of a thermometric 

property X by the following equation: 

EARE g zag Oe 
X09 — Xo 

x 100°C (1) 

where Xo is the value of the property at the 

ice point, Xjo9 at the steam point, and Xat 

some intermediate temperature. If X is 

plotted against 0 a straight line always 

results no matter what thermometric 

property is chosen. Explain this. 

(b) On the graph, line A shows how X varies 

with 0 (following equation (1) above), line 

B shows how a second thermometric 

property Q varies with 0, the temperature 

measured on the X scale. 

H 
H 
mp 
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(i) Describe, in principle, how you 

would conduct an experiment to 

obtain line B. 

(ii) If 0 = 40°C recorded by an X-scale 

thermometer, what temperature 

would be recorded by a Q-scale 

thermometer? 

(iii) At what two temperatures will the X 

and Q scales coincide? 

(c) The ideal gas scale of temperature is one 

based on the properties of an ideal gas. 
What is the particular virtue of this scale? 

Describe very briefly how readings on 

such a scale can be obtained using a 

thermometer containing a real gas. [L] 

C10 A temperature T can be defined by 
T = T;(X/X;), where Tç is the assigned 

temperature of a fixed point and X and Xç 

are the values of a thermometric property of a 

substance at T and 7; respectively. On the 

ideal-gas scale, the fixed point is the triple 

point of water and 7; = 273.16K. 

(a) List four thermometric properties which 

are used in thermometry. Explain why 

certain thermometric properties of a gas 

are taken as standard. 

(b) Explain what is meant by a fixed point and 

by the triple point of water. 

(c) Sketch and label the simple form of 

constant-volume gas thermometer found 

in school laboratories, and describe how it 

is used to determine the boiling point of a 

liquid on the ideal-gas scale. 

(d) For a thermometer which is not based on 

the properties of gases, explain how you 

would calibrate it in terms of the ideal-gas 

scale. ; 

(e) Compare the advantages and disadvan- 

tages of the constant-volume gas thermo- 

meter with those of any two other types of 

thermometers. 

(£) The pressures recorded in a certain 

constant-volume gas thermometer at the 

triple point of water and at the boiling 

point of a liquid were 600 mm of Hg and 

800 mm of Hg respectively. What is the 

apparent temperature of the boiling 

point? However, it was found that the 

volume of the thermometer increased by 

1% between the two temperatures. 

Obtain a more accurate value of the 
boiling point. [W] 
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CALORIMETRY (Chapter 13) 

C11 

C12 

C13 

Describe how you might measure, by an 

electrical method, the specific heat capacity 

of copper provided in the form of a cylinder 

4cm long and 1 cm in diameter. 

Describe the procedure you would use to 

make an allowance for heat loss and explain 

how you would derive the specific heat 

capacity from your measurements. 

When a metal cylinder of mass 2.0 x 107? kg 
and specific heat capacity 500Jkg !K™! is 
heated byan electrical heater working at constant 

power, the initial rate of rise of temperature is 

3.0 K min !. After a time the heater is switched 
off and the initial rate of fall of temperature is 

0.3K min~!. What is the rate at which the 
cylinder gains heat energy immediately before 

the heater is switched off? [J] 

Define specific heat capacity of a substance. 

Describe in detail a method for the determina- 

tion of this quantity for a liquid and explain 

how the result is calculated from the observa- 

tions. 

What are the particular advantages of a 

continuous flow method? A copper block has 

a conical hole bored in it into which a conical 

copper plug just fits. The mass of the block is 

376g and that of the plug is 18g. The block 

and plug are initially at room temperature 

10°C and almost completely surrounded by a 

layer of insulating material. The plug is 

removed from the block, cooled to a tempera- 

ture of —196°C and then quickly inserted into 

the block again. The temperature of the block 

falls to 3°C and then slowly rises. Calculate the 

value of the mean specific heat capacity of 

copper (in the range —196°C to 3°C) 

obtained by ignoring heat flow into the block 

from the surroundings. 

Suggest how the experiment could be im- 

proved so as to minimize the error arising from 

this heat flow from the surroundings into the 
block. 

(Assume that the mean specific heat capacity 

of copper in the temperature range 3°C to 

10°C is 380Jkg-! K"!.) [L] 

In a constant flow calorimeter, being used for 

measuring the specific heat capacity of a 

liquid, a PD of 4.0V was applied to the 

` 

C14 

C15 

C16 
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heating coil. The rate of flow of liquid was 

now doubled and, by adjusting the applied 

PD, the same inlet and outlet temperatures 

were obtained. Assuming heat losses to be 

negligible calculate the new value of the 

applied PD. [L] 

In an electrical constant flow experiment to 

determine the specific heat capacity ofa liquid, 

heat is supplied to the liquid at a rate of 12 W. 

When the rate of flow is 0.060 kg min™! the 
temperature rise along the flow is 2.0K. Use 

these figures to calculate a value for the specific 

heat capacity of the liquid. 
If the true value of the specific heat capacity is 

5400Jkg!K~!, estimate the percentage of 
heat lost in the apparatus. Explain briefly how 

in practice you would reduce or make 

allowance for this heat loss. [L] 

When water was passed through a continuous- 

flow calorimeter the rise in temperature was 

from 16.0 to 20.0°C, the mass of water 

flowing was 100 g in one minute, the potential 

difference across the heating coil was 20 V and 

the current was 1:5A. Another liquid at 

16.0°C was then passed through the calori- 

meter and to get the same change in tempera- 

ture the potential difference was changed to 

13 V, the current to 1.2 A and the rate of flow 

to 120 g in one minute. Calculate the specific 

heat of the liquid if the specific heat of water is 

assumed to be 4.2 x 10°?Jkg-? °C". 

State two advantages of the continuous flow 

method of calorimetry. [J] 

(a) Describe how you would determine the 

specific heat capacity of a liquid by the 
continuous flow method. 

(b) What are the chief advantages and dis- 

advantages of this method? 

(c) What special difficulties would you expect 

to meet in attempting to use this method 

for (i) saturated brine and (ii) glycerol? 
(d) With a certain liquid, the inflow and 

outflow temperatures were maintained 
at 25.20°C and 26.51°C respectively. 
For a PD of 12.0V and current 1.50A, 
the rate of flow was 90 g per minute; with 
16.0V and 2.00A, the rate of flow was 
310g per minute. Find the specific heat 
capacity of the liquid, and also the power 
lost to the surroundings. [O] 
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In a constant flow calorimeter experiment to 
find the specific heat capacity of a liquid, the 
potential difference across the heating coil is 
doubled. By what factor must the rate of flow 
of liquid be changed if the inlet and outlet 
temperatures are to remain the same? Neglect 
heat losses in the calculation. 

When this experiment is performed what 
purpose ig served by making the mean 
temperature of the liquid the same on the 
two occasions? [AEB, ’79] 

(a) When bodies are in thermal equilibrium, 
their temperatures are the same. Explain 
in energy terms the condition for two 

bodies to be in thermal equilibrium with 
one another. 

The temperature of a beaker of water is to 

be measured using a mercury-in-glass 

thermometer. 

(i) Why is it necessary to wait before 

taking the reading? 

Explain briefly how you might 

estimate the heat capacity (energy 

required per unit temperature rise) 

of a mercury-in-glass thermometer. 

If the beaker contains 120 g of water 

at 60°C, what temperature would be 

recorded by the mercury-in-glass 

thermometer if it was initially at 

18°C and had a heat capacity of 

30JK!? 

(Assume the specific heat capacity of 

water to be 4200Jkg-! K`! and 
ignore the heat losses to the beaker 

and surroundings while the tem- 

perature is being taken.) 

Why, if a more accurate value of the 

temperature were required in this 

case, might you use a thermocouple? 

Describe. briefly how you would 

calibrate a thermocouple and use it 

to measure the temperature of the 

water. Show how you would calcu- 

late the temperature of the water 

from your readings. [L] 

(b) 

(ii) 

Gii) 

(iv) 

(v) 

Define specific heat capacity, and specific latent 

heat. 

lkg of vegetables, having a specific heat 

capacity 2200Jkg!'K~', at a temperature 

373K, are plunged into a mixture of ice and 

water at 273 K. How much ice is melted? 

C20 

C21 

C22 
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(Specific latent heat of fusion of ice = 
3.3 x 10° Jkg7!.) [S] 

3kg of molten lead (melting point 600K) is 

allowed to cool down until it has solidified. It is 

found that the temperature of the lead falls 

from 605 K to 600 K in 10s, remains constant 

at 600 K for 300s, and then falls to 595 K in a 

further 8.4 s. Assuming that the rate of loss of 

energy remains constant, and that the specific 

heat capacity of solid lead is 140Jkg-!K“}, 
calculate: 

(a) the rate of loss of energy from the lead, 

(b) the specific latent heat of fusion of lead, 

(c) the specific heat capacity of liquid lead. 

[S] 

0.020 kg of ice and 0.10 kg of water at 0 °C are 

in a container. Steam at 100°C is passed in 

until all the ice is just melted. How much water 
is now in the container? 

(Specific latent heat of steam = 
2.3 x 10°J kg"!. 
Specific latent heat of ice = 3.4 x 10° Jkg~!. 
Specific heat capacity of water = 4.2 x 

10°J kg! K-!.) [L] 

(a) In terms of the kinetic theory of matter 

explain why energy must be supplied to a 

liquid in order to vaporize it. 

Describe, with the aid of a labelled 

diagram, an electrical method for the 

determination of the specific latent heat 

of vaporization of a liquid. Explain how 

the result is derived from the readings 

taken. 

When a piece of ice of mass 
6.00 x 10 *kg at a temperature of 272 K 
is dropped into liquid nitrogen boiling at 

77 Kina vacuum flask, 8.00 x 10-4 m° of 
nitrogen, measured at 294K and 0.75m 

of mercury pressure, are produced. Cal- 

culate the mean specific heat capacity of 

ice between 272 K and 77 K. Assume that 

the specific latent heat of vaporization of 

the nitrogen is 2.13 x 10° Jkg~! and that 
the density of nitrogen at STP is 

1.25 kom <. [J] 

(b) 

(c) 

Wet clothing at a temperature of 0°C is hung 

out to dry when the air temperature is 0 °C and 

there is a dry wind blowing. After some time, it 

is found that some of the water has evaporated 

and the remainder has frozen. What is the 
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source of the energy required to evaporate the 

water? Estimate the proportion of the water 

originally in the clothing which remains as ice. 

State any assumptions you make. 

(Specific latent heat of fusion of ice at 

273 K = 333 kJ kg !; specific latent heat of 
vaporizationofwaterat273 K = 2500 kJ kg '.) 

[S] 

Describe with the aid of a labelled diagram a 

method of measuring the latent heat of 

vaporization of a liquid. 

In a factory heating system water enters the 

radiators at 60°C and leaves at 38°C. The 

system is replaced by one in which steam at 

100°C is condensed in the radiators, the 

condensed steam leaving at 82 °C. What mass 

of steam will supply the same heat as 1.00 kg of 

hot water in the first instance? 

(The latent heat of vaporization of water is 

2.260 x 10°Jkg~! at 100 °C. The specific heat 
of water is 4.2 x 10° Jkg~! °C7!.) [J] 

Describe how you would determine the 

specific latent heat of vaporization of a liquid 

by the continuous flow method. 

What becomes of the energy used to change a 

liquid into a vapour at the same temperature? 

A beaker containing ether at a temperature of 

13°C is placed in a large vessel in which the 

pressure can be reduced so that the ether boils; 

this results in a cooling of the remaining ether. 

What proportion of the ether has evaporated 

when the temperature of the remainder has 

been reduced to 0°C? (Assume no inter- 

change of heat between the ether and its 

surroundings.) 

(Mean specific heat capacity of ether over 

the temperature range 0-13°C = 2.4 x 

Grp ke ARK 

Mean specific latent heat of vaporization of 

ether in temperature range 0-13 °C = 3.9 x 

10°Jkg-!.) [S] 

A domestic kettle is marked 250 V, 2.3 kW and 

the manufacturer claims that it will heat a pint 

of water to boiling point in 94s. 

(a) Test this claim by calculation and state 

any simplifying assumptions you make. 

C27 
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(b) Ifthe kettle is left switched on after it boils, 

how long will it take to boil away halfa pint 

of water measured from when it first boils? 

Estimate the work done against an atmos- 

pheric pressure of 100 kPa when 1 cm? of 

water evaporates at 100°C, producing 

1600cm? of steam. Express this as a 

percentage of the total energy required 

to evaporate 1 cm? of water at 100°C. 

(Specific heat capacity of water = 4.2 x 

10° Jkg ! K !, specific latent heat of vaporisa- 

tion of water = 2.3 x 10°Jkg-!, density of 
water = 1.0gcm~3, 1 pint = 570cm’.) 

[J, °92] 

(c) 

The graph refers to an experiment in which an 

initially solid specimen of nitrogen absorbs 

heat at a constant rate. Nitrogen melts at 63 K, 

and the specific heat capacity of solid nitrogen 

is 1.6 x 10°Jkg K 

N w 

Temperature/K 

O Ww 

600 
Time/s 

Calculate the specific latent heat of fusion of 

nitrogen. 

Calculate the specific heat capacity of liquid 
nitrogen. [S] 

(a) In an espresso coffee machine, steam at 

100°C is passed into milk to heat it. 
Calculate 

(i) the energy required to heat 150g of 

milk from room temperature (20 °C) 
to 80°C, 

(ii) the mass of steam condensed. 

(b) A student measures the temperature of 

the hot coffee as it cools. The results are 
given below: 

0 2 4 6 8 

78 66 56 48 41 

A friend suggests that the rate of cooling is 
exponential. 

(i) Show quantitatively whether this 
suggestion is valid. 

Time/min 
Temp/°C 
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(ii) Estimate the temperature of the 
coffee after a total of 12 min. 

(Specific heat capacity of milk = 
4.0kJ kg! K!, specific heat capacity of 
water = 4.2kJkg-'K~!, specific latent 
heat of steam = 2.2 MJ kg™!.) 

[O & C, 91] 

GASES AND VAPOURS 
(Chapters 14 and 15) 

C29 

C30 

C31 
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A uniform capillary tube, closed at one end, 

contained air trapped by a thread of mercury 

85 mm long. When the tube was held horizon- 

tally the length of the air column was 50 mm; 

when it was held vertically with the closed end 

downwards, the length was 45 mm. Find the 

atmospheric pressure. 

(Take g=10ms?; density of mercury = 
14 x 10 ?kgm~>.) [C(O)] 

A uniform, vertical glass tube, open at the 

lower end and sealed at the upper end, is 

lowered into sea-water, thus trapping the air in 

the tube. It is observed that when the tube is 

submerged to a depth of 10 m, the sea-water 

has entered the lower half of the tube. To what 

depth must the tube be lowered so that the sea- 

water fills three-quarters of the tube? 

(The length of the glass tube is negligible 

compared with the depth to which it is 

submerged. The vapour pressure of sea-water 

may be neglected.) [S] 

A mercury barometer tube, with a scale 

attached, has a little air above the mercury. 

The top of the tube is 1.00 m above the level of 

the mercury in the reservoir. When the tube is 

vertical the height of the mercury column is 

700mm. When the tube is inclined at 60° to 
the vertical the reading of the mercury level on 

the scale is 950 mm. To what height would the 

mercury have risen in the vertical tube had 

there not been any air in it? [L] 

(a) Explain briefly what is meant by the term 

ideal gas. 

(b) A volume of 0.23 m° contains nitrogen at 

a pressure of 0.50 x 10° Pa and tempera- 

ture 300K. Assuming that the gas 

behaves ideally, calculate the amount in 

mol of nitrogen present. 

C33 

C34 

C35 

C36 
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(c) Calculate the root mean square speed of 

nitrogen molecules at a temperature of 

300K 

(Molar mass of nitrogen = 

0.028kg mol`!, molar gas constant = 
23 JK mol"!.) [O & C, °92] 

Two vessels A, B of equal volume are 

connected by a narrow tube of negligible 

internal volume. Initially, the whole system is 

Gn) 
A B 

filled with 3 g of dry air at a pressure of 10° Pa 

and temperature 300 K. The temperature of 

the vessel B is now raised to 600K, the 

temperature of A remaining 300 K. What is: 

(a) the new pressure in the system, 

(b) the mass of air in A and in B? [S] 

An industrial firm supplies compressed air 

cylinders of volume 0.25 m’ filled to a pressure 

of 20 MPa at 17°C. 

Calculate the contents of the cylinder expressed 

in: (a) moles (mol), (b) kilograms (kg). 

(Take the gas constant R as 8.3JK™! mol"! 
and the molar mass of air as 0.029 kg mol7!.) 

[O, °91] 

A bicycle tyre has a volume of 1.2 x 10-3 m’ 

when fully inflated. The barrel of a bicycle 

pump has a working volume of 9 x 10° mo 

How many strokes of this pump are needed to 

inflate the completely flat tyre (i.e. zero air in 

it) to a total pressure of 3.0 x 10° Pa, the 

atmospheric pressure being 1.0 x 10° Pa? 

(Assume the air is pumped in slowly, so that 

its temperature does not change.) 

Explain why the barrel of the bicycle pump 

becomes hot when the tyre is being inflated 

quickly. [S] 

(a) The equation relating pressure p, volume 

V and thermodynamic temperature T of 

an ideal gas is 

ea a bl 

Identify the terms 7 and R. 

(b) Nitrogen gas under an initial pressure of 

5.0 x 10°Pa at 15°C is contained in a 

cylinder of volume 0.040m’*. After a 
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C38 

C39 
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period of three years the pressure has 

fallen to 2.0 x 10°Pa at the same tem- 

perature because of leakage. 

(Assume molar mass of nitrogen = 

0.028kg-mol“!, R= 8.3Jmol!K"}, 
Avogadro constant = 6.0 x 107’ mol"!.) 

Calculate: 
(i) the mass of gas originally present in 

the cylinder, 

(ii) the mass of gas which escaped from 

the cylinder in three years, 

(iii) the average number of nitrogen 

molecules which escaped from the 

cylinder per second. 

(Take one year to be equal to 

3.2 & 10" 3.) [O, 792] 

A cylinder containing 19 kg of compressed air 

at a pressure 9.5 times that of the atmosphere 

is kept in a store at 7 °C. When it is moved to a 

workshop where the temperature is 27°C a 

safety valve on the cylinder operates, releasing 

some of the air. If the valve allows air to escape 

when its pressure exceeds 10 times that of the 

atmosphere, calculate the mass of air that 

escapes. [L] 

A mole ofan ideal gas at 300 K is subjected to a 

pressure of 10° Pa and its volume is 0.025 m°. 

Calculate: 

(a) the molar gas constant R, 

(b) the Boltzmann constant k, 

(c) the average translational kinetic energy of 

a molecule of the gas. 

(Na = 6.0 x 107? mole.) [W, 90] 

A vessel of volume 1.0 x 10-3 m? contains 
helium gas at a pressure of 2.0 x 10° Pa when 

the temperature is 300K. 

(a) What is the mass of helium in the vessel? 

(b) How many helium atoms are there in the 
vessel? 

(c) Calculate the r.m.s. speed of the helium 
atoms. 

(Relative atomic mass of helium = 4, the 

Avogadro constant = 6.0 x 107? mol~!, the 
molar gas constant R = 8.3 J mol`! K"!.) 

[W, °92] 

Use a simple treatment of the kinetic theory of 

gases, stating any assumptions made, to derive 

the expression c? = 3p/p for the mean square 

speed of the molecules in terms of the density 
and pressure of the gas. 

SECTION C: THERMAL PROPERTIES OF MATTER 

` What would be the total kinetic energy of the 

C41 

C42 

C43 

atoms of 1kg of neon gas at a pressure of 

10° Pa and temperature 293 K, given that the 

density of neon under these conditions is 

828gm. What would be the total kinetic 
energy of the atoms of 1 kg of neon gas at 

300K? Hence determine the specific heat 

capacity of neon at constant volume. [S] 

(a) State Avogadro’s law. 

(b) The pressure p of an ideal gas is given by: 

p = tnm<c> 

where n is the number of molecules per 

unit volume, m is the mass of one 

molecule and <c*> is the mean square 
speed of the gas molecules. 

Use the above equation to deduce 

` Avogadro’s law. [W, °91] 

State the assumptions made in the kinetic 

theory of gases and prove p = tpe, in the 

usual notation. Hence derive (i) Boyle’s 

law, and (ii) the perfect gas law, assum- 

ing that the average kinetic energy of a 

molecule is proportional to the absolute 

temperature. 
Consider whether the assumptions of the 
kinetic theory are likely to be true for real 

gases. tii 
(c) At room temperature, Ve of a gas 

molecule is typically about 10?ms7!. 
Explain why, if a gas is released at one 

side of a room, it may be several minutes 

before it can be detected on the other side 
of the room. 

At a certain instant of time, ten molecules 

have the following speeds: 100, 300, 400, 

400, 500, 600, 600, 600, 700, 900 m s7! 
respectively. Calculate ve : [W] 

(b) 

(d) 

One mole ofan ideal gas at pressure p and 

Celsius temperature 0 occupies a volume 

V. Sketch a graph showing how the 

product pV varies with 0. What informa- 

tion can you obtain from the gradient of 

the graph and the intercept on the 
temperature axis? 
Some helium (molar mass of which = 
0.004kg mol!) is contained in a vessel 
of volume 8.0 x 1074 m? at a temperature 
of 300K. The pressure of the gas is 
200 kPa. Calculate 

(b) 
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(i) the mass of helium present 
(ii) the internal energy (the translational 

kinetic energy of the gas molecules). 
(Molar gas constant = 8.3J K=! mol~!.) 

[O & C, 90] 

A cubical container of volume 0.10 m° con- 
tains uranium hexafluoride gas at a pressure of 
1.0 x 10°Paanda temperature of 300 K. 
(a) Assuming that the gas is ideal determine: 

(i) the number of moles of gas present, 

given that the universal gas constant, 

R=8.3] K-' mol"; 
the mass of gas present, given that its 

relative molecular mass is 352, 

(iii) the density of the gas, 

(iv) the r.m.s. speed of the molecules. 

A student suggests that since the mole- 

cules are so massive, the density of the gas 

at the bottom of the container would be 

significantly greater than the density at the 

top. Explain whether you agree or dis- 

agree. [AEB, ’86] 

(ii) 

(b) 

Explain what is meant by the root mean square 

speed of the molecules of a gas. 

State four assumptions which are made in the 

simple kinetic theory of an ideal gas. Derive an 

expression for the pressure, p, of an ideal gas in 

terms of its density, p, and the mean square 

speed of its molecules. 

How is temperature interpreted in terms of the 

theory? 

at? Show 
p 

that the speed of sound in air is of the same 

order of magntidue as the root mean square 

speed of the air molecules. Explain in physical 

terms why you consider this to be a reasonable 

result. [L] 

The speed of sound in air is 

The graph illustrates the distribution of 

molecular speeds in oxygen at room tempera- 

ture. 
(a) Copy this graph and show on it a second 

curve to show the effect of increasing the 

temperature of the gas on the distribution 

of molecular speeds. Label the second 

curve A. 

(b) A sealed vessel has a volume of 1.5 x 

10-3 m° and contains oxygen at a pressure 

of 1.0 x 10*Pa and a temperature of 

300K. 
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Number of 
molecules 

C47 

C48 

Molecular 
speed 

Given that the molar gas constant, 

R=8.3Jmol!K"!, the Avogadro 
constant, Na = 6.0 x 107?mol~!, and 
the molar mass of oxygen = 32 x 

107° kg mol“!, determine: 
(i) the number of moles of oxygen in 

the vessel, 

(ii) the number of molecules in the 

vessel, 

(iii) the root mean square speed of the 

molecules in the vessel. [AEB, ’89] 

Helium gas is contained in a cylinder by a gas- 

tight piston which can be assumed to move 

without friction. The gas occupies a volume of 

1.0 x 107° m? at a temperature of 300 K anda 
pressure of 1.0 x 10° Pa. 
(a) Calculate 

(i) the number of helium atoms in the 

container, 

(ii) the total kinetic energy of the helium 

atoms. 

Energy is now supplied to the gas in sucha 

way that the gas expands and the tem- 

perature remains constant at 300K. 

(b) 

State and explain what changes, if any, 

will have occurred in the following 

quantities: 

(i) the internal energy of the gas, 

(ii) the r.m.s. speed of the helium 

atoms, 
(iii) the density of the gas. 

(The Boltzmann constant = 1.4 x 10-7 JK!) 

[J, 90] 

The kinetic theory of gases leads to the 

equation 

p= 3pe 
where p is the pressure, p is the density and c? is 

the mean square molecular speed. Explain the 

meaning of the terms in italics and list the 

simplifying assumptions necessary to derive 

this result. Discuss how this equation is related 

to Boyle’s Law. 
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Air may be taken to consist of 80% nitrogen 

molecules and 20% oxygen molecules of 

relative molecular masses 28 and 32 respec- 

tively. Calculate: 

(a) 

(b) 

(c) 

the ratio- of the root mean square speed of 

nitrogen molecules to that of oxygen 

molecules in air, 

the ratio of the partial pressures of 

nitrogen and oxygen molecules in air, and 

the ratio of the root mean square speed of 

nitrogen molecules in air at 10°C to that 

at 100°C. [O & C] 

C49 Show that, for an ideal gas, the coefficient of 

pressure increase at constant volume and the 

coefficient of cubic expansivity at constant 

pressure are equal in value. 

C50 (a) 

(b) 

C51 (a) 

(b) 

[AEB, ’79] 

A flask is filled with water vapour at 30°C 

and sealed. The velocity of any particular 

water vapour molecule in the flask may 

vary randomly in two different ways. 

What are these two ways? 

Describe, with the aid of a diagram, how 

the motion of one of the water vapour 

molecules could change during a time 

interval in which it has six collisions with 

other molecules. 

Explain why a small increase in pressure 

will do more work on a gas than on a 

liquid. [L, 91] 

(i) Write down the equation which 

defines a temperature on the Kelvin 

scale in terms of the properties of an 

ideal gas. Explain the symbols you 

use. 
(ii) A simple form of gas thermometer 

consists of a capillary tube sealed at 

one end and containing a thread of 

mercury which traps a mass of dry 

air. Describe how you would cali- 

brate it on the gas scale and use it to 

determine the boiling point of a 

liquid known to be about 350K. 

Explain how the temperature is 

calculated from the readings and 

state any assumptions you make. 
A cylinder fitted with a piston which can 

move without friction contains 0.050 mol 

of a monatomic ideal gas at a temperature 

of 27°C and a pressure of 1.0 x 10° Pa. 
Calculate: 

(c) 

SECTION C: THERMAL PROPERTIES OF MATTER 

(i) the volume, 
(ii) the internal energy of the gas. 

The temperature of the gas in (b) is raised 

to 77°C, the pressure remaining constant. 

Calculate: 

(i) the change in internal energy, 

(ii) the external work done, 

(iii) the total heat energy supplied. 

(Molar gas constant = 8.3J mol"! K'.) 

[J] 

C52 At a temperature of 100°C and a pressure of 

1.01 x 10° Pa, 1.00kg of steam occupies 

1.67 m? but the same mass of water occupies 

only 1.04 x 10-?m*. The specific latent 
heat of vaporization of water at 100°C is 

2.26 x 10°Jkg~!. For a system consisting of 
1.00 kg of water changing to steam at 100°C 

(a) 
and 1.01 x 10° Pa, find: 

the heat supplied to the system, 

(b) the work done by the system, 

(c) the increase in internal energy of the 

system. [C] 

C53 (a) State the first law of thermodynamics. 

(b) Give one practical‘example of each of the 

following: 

(i) a process in which heat is supplied to 

a system without causing an increase 

in temperature, 

(ii) a process in which no heat enters or 

leaves a system but the temperature 

changes. [C] 

C54 Some gas, assumed to behave ideally, is 

contained within a cylinder which is sur- 

rounded by insulation to prevent loss of heat, 

as shown below. 

Insulation 

Initially the volume of gas is 2.9 x 10>? m’, its 
pressure is 1.04 x 10° Pa and its temperature 
is 314K. 
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(a) Use the equation ofstate for an ideal gas to 
find the amount, in moles, of gas in the 
cylinder. 

` (b) The gas is then compressed to a volume of 

C55 

p/10* Pa 

2.9 x 107" m? and its temperature rises to 
790K. Calculate the pressure of the gas 
after this compression. 

(c) The work done on the gas during the 
compression is 91 J. Use the first law of 
thermodynamics to find the increase in 
the internal energy of the gas during the 
compression. 

(d) Explain the meaning of internal energy, as 
applied to this system, and use your result 
in (c) to explain why a rise in the 
temperature of the gas takes place during 
the compression. 

(Molar gas constant = 8.3J K~! mol"!.) 

The diagram shows curves (not to scale) 

relating pressure, p, and volume, V, for a 

fixed mass of an ideal monatomic gas at 300 K 

and 500 K. The gas is in a container fitted with 

a piston which can move with negligible friction. 

5.00 

V/10 3m? 0 1.00 

(a) Give the equation of state for n moles ofan 

ideal gas, defining the symbols used. 

Show by calculation that: 

(i) the number of moles of gas in the 

container is 2.01 x 10°?, 
(ii) the volume of the gas at B on the 

graph is 1.67 x 10-? m’. 
Molar gas constant, R = 8.31 Jmol"! K~! 

(b) The kinetic theory gives the equation 

P= +p c? where p is the density of the 

gas. ÉD 
(i) Explain what is meant by c?. 

(ii) Use the equation to derive an expres- 

sion for the total internal energy of 
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one mole of an ideal monatomic gas 

at kelvin temperature T. 

Calculate the total internal energy of 

the gas in the container at point A on 
the graph. 

(c) State the first law of thermodynamics 

as applied to a fixed mass of an ideal 

gas when heat energy is supplied to it so 

that its temperature rises and it is 

allowed to expand. Define any symbols 
used. 

(d) Explain how the first law of thermody- 

namics applies to the changes represented 

on the graph by (i) A to C and (ii) A to B. 

Calculate the heat energy absorbed in 

each case. [J, °89] 

C56 (a) The first law of thermodynamics is 
represented by the equation 

Q = AU+W 

Explain each term in this equation. 

(b) An engine (shown below) burns a mixture © 

of petrol vapour and air. When the engine 

is running it makes 25 power strokes per 

second and develops a mean power of 
18kW. 

0.090 m 

Cross-sectional area 
2 0.0050 m? = 

Piston 

Neglecting losses in the engine due to 

friction and other causes, calculate the 

work done in each power stroke. 

(c) The burning starts when the piston is at 

the top of its stroke and the resulting high 

pressure drives the piston downwards 

through a distance of 0.090m. The 

cylinder has a cross-sectional area of 

0.0050 m°. 
Calculate: 
(i) the mean force on the piston head 

during the power stroke; 

(ii) the mean pressure of the hot gas. 

[O, *92] 
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C57 Why is the energy needed to raise the C60 What happens to the energy added to an ideal 

temperature of a given mass of gas by a 

certain amount greater if the pressure is kept 

constant than if the volume is kept constant? 

[L] 

C58 (a) Define the molar heat capacity of a gas at 

(i) constant volume (Cy, molar)» 

(ii) constant pressure (Cy, molar): 

(b) C, is greater than C,. Explain carefully 

why this is so. 

(c) Show that for an ideal gas 

(2) the volume of air after burning 

the fuel, 

(3) the work done by the air during 

this expansion, 

(4) the change in the internal energy 

of the air during this expansion. 
(Molar gas constant = 8.31 J K~! mol"!.) 

gas when it is heated (a) at constant volume, 

and (b) at constant pressure? 

Show from this that a gas can have anumber of 

values of specific heat capacity. Deduce an 

expression for the difference between the 

specific heat capacities „of a gas at constant 

pressure and at constant volume. 

If the ratio of the principal specific heat 

capacities of a certain gas is 1.40 and its 

density at STP is 0.090kgm~> calculate the 
values of the specific heat capacity at constant 

C EO = R pressure and at constant volume. 
'p, molar v, molar DE 

hemi is tho molar pas conet (Standard atmospheric pressure = 1.01 x 

W 99] 10° N m~.) [L] 
3 

C61 What are the two principal specific heat 

C59 (a) Explain what is meant by the terms capacities of a gas, and why are they differ- 

internal energy and molar heat capacity. ent? Show that the difference between these 

(b) Explain why the molar heat capacity of a specific heat capacities is given by 

gas at constant pressure is different from 6; — Cy = pip LE where: ‘Pips eI aare tiie 

the molar heat capacity at constant pressure, density and temperature respec- 

volume. Which of these is the larger? tively. 

Explain your answer. as Sock pe 1 f 1 

(c) What additional fact may be stated about 2 Pi ign Seer: An PE 
Ae Hiterial entre of Search Fis 2.2 x 1074 m`” contains 4.0 x 10°“ kg of a gas 

‘deal? at a pressure of 1.0 x 10° Pa and temperature 

(d) (i) A quantity of 0.200 mol of air enters Stites an e aA sive 
a icsi Beil CORES prestie ef 6.48 x 10*°J of energy, which raises the 

OWNS OP Hand at Frewipeedtire pressure instantaneously to 1.0 x 10° Pa. 
of 297K Asouming thatair behaves Assuming no loss of heat to the vessel, and 

as an ideal gas find the volume of this ideak gan eien oe 4 
Gilantinuo hair. (a) the maximum temperature attained, 

Cy ihe naruto E e (b) the two principal specific heat capacities 

twentieth of this volume, the pres- oe a at é f 
a A AT S What is the velocity of sound in this gas at a 

Find the new temperature. tempsrajure Oho [S] 
(iii) Heating of the air then takes place by 

burning a small quantity of fuel in it C62 Explain why an ideal gas can have an infinite 

to supply 6150J. This is done at a number of molar heat capacities and define the 

constant pressure of 6.89 x 10° Pa principal values. 

as the volume of air increases and . > y 
cacvempeneicetiiedind DAK; What is meant by (a) an isothermal change, 

Find (b) an adiabatic change? [AEB, 779] 

(1) the molar heat capacity of air at 
constant pressure, C63 Derive an expression for the difference 

between the molar heat capacities of a perfect 
gas at constant pressure and at constant 
volume. 

A thermally-insulated tube through which a 
gas may be passed at constant pressure 
contains an electric heater and thermometers 
for measuring the temperature of the gas as it 
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C64 

C65 

C66 

enters and as it leaves the tube. 3.0 x 1073 m? 
of gas of density 1.8 kg m~? flows into the tube 
in 90s and, when electrical power is supplied 

to the heater at a rate of 0.16W, the 

temperature difference between the outlet 
and inlet is 2.5K. 

(a) Calculate a value for the specific heat 

capacity of the gas at constant pressure. 

(b) In what way would your result have been 

different if the viscous drag on the gas had 
been significant? 

(c) What features of the constant-flow 

method make it particularly suitable for 

the accurate determination of the specific 

heat capacities of fluids? [C] 

Explain clearly and concisely why, for a fixed 

mass of perfect gas: 

(a) the internal energy remains constant 

when the gas expands isothermally, 

(b) the heat capacity at constant pressure is 

greater than the heat capacity at constant 

volume. [W] 

(a) State the first law of thermodynamics. 

Explain in simple kinetic theory terms 

what happens to the energy that enters the 

substance as heat in each of the following 

cases: 
(i) an ideal gas maintained at constant 

volume, 

(ii) an ideal gas maintained at constant 

pressure, 
(iii) a crystalline solid at a temperature 

remote from its melting point, 

(iv) a crystalline solid at its melting 

point. 
Show that, for an ideal monatomic 

gas, the ratio y = C,/C, of the two 
principal molar heat capacities 

should be equal to 5/3. 
(ii) Describe one experimental method 

for determining the value of y for air. 

[O] 

(b) G) 

What is meant by (a) an adiabatic and (b) an 

isothermal change of state of a gas? 

A gas is contained in a thin-walled metal 

cylinder and compressed by a piston moving 

with constant velocity. Explain why the change 

is approximately adiabatic or isothermal 

according as the piston moves with a high or 

low velocity. [J] 
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C67 Airis contained in a cylinder by a frictionless 

gas-tight piston. 

(a) Find the work done by the gas as it 

expands from a volume of 0.015 m° to a 

volume of 0.027 m? at a constant pressure 

of 2.0 x 10° Pa. 
(b) Find the final pressure if, starting from 

the same initial conditions as in (a), 

and expanding by the same amount, 

the change occurs (i) isothermally, 

(ii) adiabatically. 

(y for air = 1.40) [W, 791] 

C68 (a) Prove that the work done by a gas in 

expanding through a small volume 6V at 

pressure p is poV. Show that for large 

changes in volume, the work done is given 

by the area under the p—V curve. 

(b) (i) Write down an expression for the 

first law of thermodynamics, defin- 

ing each term in it. 

(ii) How does the expression written 

down in (i) become modified in the 

case of 

(I) an adiabatic change, 

(II) an isothermal change, in the 

case of an ideal gas? 

(iii) Briefly describe how such condi- 

tions are achieved in practice. 

(c) In a particular automated process, an 

action by a piston R is transferred by 

means of moving air to a second piston S 

which is maintained in equilibrium by a 

variable force F as shown below: 

Ai 
ir e 

R 

q—F 

Area of piston R = 10? m? 
Area of piston S = 2 X 10 3m? 

After being at rest for a long time, the 

volume and pressure of the air between R 

and S are 1074 m° and 2 x 10° Pa respec- 
tively. Piston R is then moved a distance 

of 50 mm towards S, and this causes S to 

move a distance of 10 mm. 

(i) Calculate the force exerted on S by 

the gas before R is moved. 
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c69 

C70 

C71 

(ii) Calculate the value of F after R is 

moved, assuming that the change 

has taken place isothermally. 

(iii) Calculate the value of F after R is 

moved assuming that the change has 

taken place adiabatically 

(The value of y for air is 1.4.) [W, 92] 

(a) Explain what is meant by an isothermal 

change and by an adiabatic change, giving, 

in each case for an ideal gas, the equation 

relating the initial and final pressures and 

volumes. Explain qualitatively why the 

temperature of an ideal gas decreases 

during an adiabatic expansion. 

(b) A fixed mass of gas is in an initial state A 

given by pı, vı» Tı. The gas expands 

adiabatically to a state B given by p2, v2, 

T>. Itis then heated up at constant volume 

until it reaches the initial temperature, i.e. 

state C given by p3, v2, Tı. 

(i) Ona graph ofp against v, sketch the 

isothermals for temperatures T; and 

T>. 
(ii) On the same graph draw lines 

showing the transition from state 

A, via state B, to state C. 

(iii) If Tı = 300K and U = Av), find 

the value of T2; assume that y, the 

ratio of the principal molar heat 
capacities of the gas, is 1.5. 

(iv) Show that y is given by (p;/p3)’ = 

(pi/P2). 
(c) It is generally stated that an adiabatic 

change must be carried out ‘rapidly’. 

What is meant by ‘rapidly’ in this context? 

[W] 

A vessel of volume 1.0 x 107? m? contains an 
ideal gas at a temperature of 300K and 

pressure 1.5 x 10° Pa. Calculate the mass of 
gas, given that the density of the gas at 

temperature 285 K and pressure 1.0 x 10° Pa 
is L2 kemi 

750 J of heat energy is suddenly released in the 

gas, causing an instantaneous rise of pressure 

to 1.8 x 10° Pa. Assuming ideal gas beha- 

viour, and no loss of heat to the containing 

vessel, calculate the temperature rise, and 

hence the specific heat capacity at constant 

volume of the gas. [S] 

(a) Define (i) the Avogadro constant, (ii) the 

atomic mass unit. If the numerical value of 

SECTION C: THERMAL PROPERTIES OF MATTER 

the Avogadro constant is y and that of the 
atomic mass unit expressed in grams is x, 

show that yx = 1. 

(b) Use the following data to calculate the 

root-mean-square speed of helium mole- 

cules at 2000 °C. 

Mass of one mole of helium = 4.00 g. 

Molar gas constant = 8.31 Jmol! K+. 
[J] 

C72 The cylinder in Figure 1 holds a volume 

V, = 1000 cm° of air at an initial pressure 

pı = 1.10 x 10?Pa and temperature 7; = 
300 K. Assume that air behaves like an ideal 

gas. 

Piston 

Fig. 2 

Figure 2 shows a sequence of changes imposed 
on the air in the cylinder. 
(a) AB -the air is heated to 375 K at constant 

pressure. Calculate the new volume, V3. 
(b) BC - the air is compressed isothermally to 

volume Vj. Calculate the new pressure, 

P2. 
(c) CA - the air cools at constant volume to 

pressure pı. State how a value for the work 
done on the air during the full sequence of 
changes may be found from the graph in 
Figure 2. [L] 
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C73 What is an adiabatic change? 

A vessel of volume 8.00 x 107? m? contains an 

ideal gas at a pressure of 1.14 x 10° Pa. A 

stopcock in the vessel is opened and the gas 
expands adiabatically, expelling some of its 

original mass, until its pressure is equal to that 

outside the vessel (1.01 x 10° Pa). The stop- 
cock is then closed and the vessel is allowed to 

stand until the temperature returns to its 

original value; in this equilibrium state, the 

pressure is 1.06 x 10° Pa. 
(a) Explain why there was a temperature 

change as a result of the adiabatic expan- 
sion. 

(b) Find the volume which the mass of gas 

finally left in the vessel occupied. under the 

original conditions. 

(c) Sketch a graph showing the way in which 

the pressure and volume of the mass of gas 

finally left in the vessel changed during the 

operations described above. (It is not 

necessary to plot exact numerical values 

ofp and V.) 

(d) What is the value of y, the ratio of the 

principal heat capacities of the gas? 

(e) What can you deduce about the mole- 

cules of the gas? Give your reasons. [C] 

C74 (a) (i) Prove the work done by a gas in 

expanding through ôV at pressure p 

is pôV and show that for large 

changes in volume the work is the 

area under the p—V curve. 

(ii) State the first law of thermo- 

dynamics. 

(iii) Deduce the relationship C, — C, = 

R for the difference between the 

principal molar heat capacities (C, 

and C,) for an ideal gas. 
(b) The diagram represents an energy cycle 

whereby a mole of an ideal gas is firstly 

p/Nm~ 

2.10° 

10° 

V/m? 
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cooled at constant pressure (A—B) then 

heated at constant volume (B—C) and 

then returned to its original state (CA). 

(i) Calculate the temperature of the gas 

at A, at B, and at C. 

(ii) Calculate the heat given out by the 

gas in the process AB. 

(iii) Calculate the heat absorbed in the 

process B-C. 

(iv) Calculate the net amount of work 

done in the cycle. 

(v) Calculate the net amount of heat 
transferred in the cycle. 

(R83 Jmol" Ket; Creo R) [W] 

C75 State the first law of thermodynamics and 

explain what is meant by the internal energy of a 

system. What constitutes the internal energy 

of an ideal gas? Starting from the expression 

P = 4 pe, show that the internal energy of an 
ideal monatomic gas is PV, and discuss the 
interpretation of temperature in the kinetic 

theory. 

Explain the following observations: 

(a) when pumping up a bicycle tyre the pump 

barrel gets warm, and 

(b) when a gas at high pressure in a container 

is suddenly released, the container cools. 

os 
Two bulbs, A of volume 100 cm? and B of 

volume 50cm’, are connected to-a three way 

tap T which enables them to be filled with gas 
or evacuated. The volume of the tubes may be 

neglected. 
(c) Initially bulb A is filled with an ideal gas at 

10°C to a pressure of 3.0 x 10° Pa. Bulb 
B is filled with an ideal gas at 100°C toa 

pressure of 1.0 x 10° Pa. The two bulbs 
are connected with A maintained at 10°C 

and B at 100 °C. Calculate the pressure at 

equilibrium. 

(d) Bulb A, filled at 10°C to a pressure of 
3.0 x 10° Pa, is connected to a vacuum 
pump with a cylinder of volume 20 cm. 
Calculate the pressure in A after one inlet 

stroke of the pump. The air in the pump 
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C76 

C77 

C78 

is now expelled into the atmosphere. 

Calculate the pressure in A after the 

second inlet stroke. Calculate the num- 

ber of strokes of the pump to reduce the 

pressure in A to 1.0 x 10? Pa. The whole 
system is maintained at 10 °C throughout 

the process [O & C] 

The specific latent heat of vaporization of a 

particular liquid at 130°C and a pressure of 

2.60 x 10° Pa is 1.84 x 10°Jkg~!. The speci- 
fic volume ofthe liquid under these conditions 

is 2.00 x 10-3? m° kg`!, and that of the vapour 
is 5.66 x 107! m° kg™!. Calculate: 
(a) the work done, and 

(b) the increase in internal energy when 

1.00 kg of the vapour is formed from the 

liquid under these conditions. 

(a) 

(b) 

Explain what is meant by a reversible 

change. 

State the first law of thermodynamics, and 

discuss the experimental observations on 

which it is based. 

A mass of 0.35 kg of ethanol is vaporized 

at its boiling point of 78 °C and a pressure 

of 1.0 x 10° Pa. At this temperature, the 
specific latent heat of vaporization of 

ethanol is 0.95 x 10°Jkg~!, and the 
densities of the liquid and vapour are 

790kgm~? and 1.6kgm~? respectively. 
Calculate: 

(i) the work done by the system; 

(ii) the change in internal energy of the 

system. 

Explain in molecular terms what happens 
to the heat supplied to the system. [O] 

(c) 

(a) State four of the basic assumptions made 

in developing the simple kinetic theory for 
an ideal gas. 

The theory derives the formula p = 1 c? 
where p is the pressure of the gas, p is the 

density of the gas and c? is the mean 

square speed of the molecules. Explain 

more fully what is meant by c? and explain 
its significance in relation to the tempera- 
ture of a gas. 

Describe briefly the experiments which 
Andrews performed on carbon dioxide. 

(A detailed description of the apparatus is 
not required.) 

(i) Draw graphs to show the pressure— 

volume relationship which Andrews 

(b) 

(c) 

C79 

C80 
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obtained for various temperatures. 

Indicate on your diagram the various 

states of the carbon dioxide. 
Use your graphs to explain the mean- 

ing of critical temperature. What is its 

significance in connection with the 

liquefaction of gases? [AEB, ’79] 

(ii) 

The model of a gas as a large number of elastic 

bodies moving about in a random manner is 

the basic idea of the kinetic theory of gases. In 

terms of this model, explain: 

(a) what is meant by an ideal gas, 

(b) howa gas exerts a pressure when enclosed 

in a container, 

(c) why the atmospheric pressure decreases 

with height, 
(d) how the atmosphere, which is not in a 

container, exerts a pressure at all. 

Which of the assumptions made to develop a 

quantitative expression for the pressure of an 

ideal gas require to be modified to explain the 

behaviour of a real gas? Illustrate your answer 

by considering a p—V isothermal for an ideal 

gas and a p—V isothermal for a real gas at a 

temperature below its critical value. 

A series of experiments was performed by 

Andrews to obtain p—V isothermals for carbon 

dioxide. Sketch a set of p-V isothermals for 

water, noting particularly any dissimilarities 

between the curves for water and carbon 

dioxide. [L} 

Explain what is meant by the critical tempera- 
ture of a real gas (such as carbon dioxide), and 
describe, with the aid of pressure-volume 
diagrams, the behaviour of a real gas at a 
temperature (a) above the critical tempera- 
ture, (b) equal to the critical temperature, 
(c) below the critical temperature. 

Either: Describe, with the aid of a diagram, an 
experiment by which the departure ofa real gas 
from ideal gas behaviour may be studied. 

Or: Explain how van der Waals attempted to 
produce an equation which would describe the 
behaviour of a real gas. [S] 

What are the conditions under which the 
equation pV = RT gives a reasonable descrip- 
tion ofthe relationship between the pressure Ds 
the volume V and the temperature T of a real 
gas? 
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Sketch p-V isothermals for the gas-liquid 
states and indicate the region in which 
pV =RT applies. Indicate the state of the 

substance in the various regions of the p-V 

diagram. Mark and explain the significance of 

the critical isothermal. 

Discuss a way in which the equation pV = RT 

may be modified so that it can be applied more 

generally. Explain and justify on a molecular 

basis the additional terms introduced. Discuss 

the success of this modification. [L] 

(a) State the conditions under which the 

behaviour of a real gas will deviate 

significantly from that expected of an 

ideal gas. 3 

(b) (G) Ona pV against p diagram sketch an 

isotherm for a real gas at the Boyle 

temperature. On the same set of axes 

sketch isotherms for temperatures 

just above and just below the Boyle 

temperature, labelling the isotherms 

clearly. 

(ii) Explain how the properties of the 

atoms or molecules of a gas give rise 

to the shape of the isotherm you have 
drawn below the Boyle temperature. 

(c) Aquantity of oxygen gas occupies 0.20 m’ 

at a temperature of 27 °C and pressure of 

10 atmospheres. If it were to be liquefied, 

what volume of liquid oxygen, density 

1.1 x 10°kgm™, would be produced? 
The oxygen gas in its initial state may be 

considered to behave as an ideal gas. 

What condition must be met before the 

gas can be liquefied by the increase of 

pressure alone? 

(1 atmosphere = 1.0 x 10° Pa, relative 
molecular mass of oxygen = 32, molar 

gas constant = 8.3Jmol!K™'.) [J, ’89] 

C83 The equation of state for one mole ofa real gas 

l (p+) V -b) = RT 

where p is the pressure of the gas, V is the 

volume and T is the absolute temperature of 

the gas. Determine the dimensions of (i) a, 

(ii) b, Gii) R. [W, °90] 

C84 (a) Write down van der Waals’ equation of 

state for a real gas and explain how the 

(b) 

(c) 

(d) 

C85 (a) 

(b) 

(c) 

(d) 
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assumptions of the simple kinetic theory 

of gases are modified in the derivation of 

the equation. 

Carbon dioxide has a density of 344 kg m~? 
at its critical pressure 7.5 x 10° Pa and 
critical temperature 304 K. 

(i) By considering the mass of 1 mol of 

CO, show that the value of the critical 

volume is 1.28 x 1074 m°. 
(ii) Hence calculate the van der Waals’ 

constants a and b given that the 

critical volume V, = 3b. 

(Molar mass of CO, = 4.4 x 107? kg, 
molar mass constant = 8.3 J mol`! K“!.) 

Sketch, on the same axes, P-V isotherms 

for a fixed mass of CO, at 

(i) the critical temperature, 

(ii) a temperature below the critical 

temperature. 
Mark on the same axes points corre- 

sponding to the critical volume and 

critical pressure. 

For the isotherm you have drawn in 

(c) (il) give the state (or states) of the CO, 

when 

(i) it has the critical volume, 

(ii) it is at the critical pressure. [J, 91] 

Which two assumptions of the kinetic 

theory of ideal gases are unlikely to be 

valid for real gases at high pressure? 

The equation of state for one mole of an 

ideal gas is pV = RT. 

(i) Write down Van der Waals’ equation 

for one mole of a real gas. 

(ii) Explain the reasons for the modifica- 

tions made. 
The following data refer to nitrogen gas. 

Critical pressure = 3.4 x 10° Pa 
Critical volume = 9.0 x 107° m° mol"! 
Van der Waals’ constant, 

a= 1.4 x 107! Pam® mol? 
Van der Waals’ constant, 

b = 3.9 x 10 m? mol"! 
(i) Use the given data to calculate the 

critical temperature of nitrogen. 

(ii) Calculate the temperature of an ideal 

gas with the same pressure and 

volume per mole as given in the data. 

Sketch a graph of pV against p for 1 mole 
of nitrogen at its critical temperature. On 

the same axes, sketch the graph for 1 mole 

of an ideal gas at the temperature calcu- 

lated in (c) (ii). 



C87 (a) (i) 

Calculate the values of the intercept of 

each graph on the pV axis. 

(Molar gas constant, R = 8.3 Jmol! K+.) 

[J] 

C86 (a) The pressure exerted by an ideal gas can 

be written in the form 

p = (m/M)RT/V 
Summarize briefly the large-scale proper- 

ties of a fixed mass of such a gas. 

(b) The pressure exerted by an ideal gas can 

also be expressed in the form 

p= tp 
Summarize briefly the assumptions made 

about an ideal gas when deriving this 

result. 

(c) A cylinder of volume 0.080 m? contains 

oxygen at a temperature of 280K and a 

pressure of 90 kPa. Calculate: 

(i) ' the mass of oxygen in the cylinder, 

(ii) the number of oxygen molecules in 

the cylinder, 

(iii) the RMS speed of the oxygen 

molecules. 

(The Avogadro constant, Na = 6.0 x 

10° mol-!; molar gas constant, R= 
8.3JK-!mol!; molar mass of oxygen, 
M = 0.032 kg mol"!.) 

(d) In practice real gases deviate in behaviour 

from an ideal gas. 

(i) Under what conditions does a real 

gas behave much like an ideal gas? 

(ii) By reference to Andrews’ experi- 

ments with carbon dioxide describe 

briefly the ways in which that gas 

differs in behaviour from an ideal gas. 

[L] 

Explain how the molecules of a gas 
cause pressure. 

(ii) When a fixed mass of gas at constant 

volume is heated its pressure rises. 

Give the reasons for this, in terms of 

the behaviour of gas molecules. 

State the two principal assumptions 

made in the simple kinetic theory of 
gases. 

(ii) Explain how the equation of state for 

an ideal gas can be modified for a real 

gas in conditions where the above 

assumptions are not valid. 
(c) A quantity of ideal gas whose ratio of 

principal molar heat capacities is 5/3 has 

(b) G) 
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temperature 300 K, volume 64 x 107? m’, 
and pressure 243 kPa. 

It is made to undergo the following three 

changes in order: 

A: reversible adiabatic compression to a 

volume 27 x 10° m?, 
B: reversible isothermal expansion back 

to 64 x 10°? m’, 
C: areturn to its original state. 

(i) Calculate the pressure on com- 

pletion of process A. 
(ii) Calculate the temperature at which 

process B occurs. 

(iii) Describe process C. 

(iv) Show on a sketch graph of pressure 

(y-axis) against volume the changes 

described. [S] 

C88 Give an account of how the behaviour of real 

c89 

gases differs from that of an ideal gas, 

illustrating your answer with sketch graphs 

relating pressure, volume and temperature. 

Explain what is meant by critical temperature 

and critical pressure. 

State van der Waals’ equation and explain the 
physical significance of the various terms. 

Sketch and discuss the general nature of the 

p-V relation predicted by van der Waals’ 

equation at a temperature (a) above and 

(b) below the critical temperature. 

Outline a method of liquefying oxygen 

(critical temperature 155 K; critical pressure 

50 atmospheres). [W] 

(a) In his experiments on carbon dioxide how 

did Andrews measure the pressure and 

volume of the carbon dioxide at high 
pressure? 

(b) Measurements of the pressure p and the 
volume V ofa fixed mass of gas over a wide 
range of pressures were obtained for 
different temperatures. On the same axes 
sketch graphs to illustrate the relation 
between pV and p for a real gas under 
isothermal conditions. 
(i) at a temperature below its critical 

temperature, 
(ii) at its critical temperature and 
(iii) at a temperature above its critical 

temperature. 
On the same axes sketch a graph to 
illustrate the relation for an ideal gas at 
one temperature. 



Water bath, P sF 

QUESTIONS ON SECTION Ċ 

(c) Explain why some of the assumptions of 

the kinetic theory ofan ideal gas may have 

to be modified for real gases. Hence 

explain why a real gas may deviate from 

Boyle’s law. [J] 

C90 (a) The partly labelled diagram below shows 

the apparatus used by Andrews in his 

experiments on carbon dioxide. 

State what A is and explain its purpose. 

Explain why each of the water baths, P, Q 

and R were used during the experiment. 

Capillary tube containing 
carbon dioxide 

_— Water bath, Q 

_— Water bath, R 

(b) State the meanings of critical temperature 

and critical pressure. 

(c) Some carbon dioxide initially at a tem- 

perature above its critical temperature is 

subjected to the following changes. 

(i) It is compressed isothermally to a 

pressure above its critical pressure. 

(ii) Then at this pressure it is cooled 

at constant pressure until the tem- 

perature is well below its critical 

temperature. 

(iii) Then at this temperature it is 

expanded isothermally until all the 

carbon dioxide is again a gas. 

Sketch a graph of pressure against volume 

to illustrate these changes, and discuss the 

associated changes of state. [J] 

C91 

c92 

C93 
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(a) In terms of simple kinetic theory, explain 

qualitatively how a gas exerts a pressure. If 

the pressure of an ideal gas is given by 

p=4pc? where p is the density of the 
gas and c? is the mean square speed of the 

molecules, explain any change in the 

pressure that may occur if the gas is: 

(i) allowed to expand while the tem- 

perature is kept constant, 

(ii) heated while the volume is kept 

constant. 
(b) Sketch isothermal curves to show how the 

pressure of a fixed mass of substance (e.g. 

carbon dioxide) varies with volume over a 

wide range of temperature and pressure. 

Indicate on your sketch the regions where 

the substance is in the liquid phase, the 

saturated vapour phase, the unsaturated 

vapour phase and the gas phase. 

(c) An unsaturated vapour of mass 5 x 

10-4 kg and at a temperature of 20°C is 
compressed isothermally until, at a 

volume V; = 9 x 10-> m° and a pressure 
6 x 10°Pa, the vapour first becomes 
saturated. Further compression of the 

vapour causes the formation of liquid 

until, when the volume is V2, the sub- 

stance is changed completely to liquid. If 

V2 is negligible compared with V; and the 

temperature remains constant through- 

out the process, calculate: 

(i) the work that must be performed 

during the compression from V; to 

V2, 

(ii) the amount of thermal energy that 

must be supplied to, or removed 

from, the substance during the same 

compression. 

(Assume that the specific latent heat of 

vaporization of the liquid at 20°C is 

1.2 x 10° J kg™!.) [AEB, ’79] 

Sketch a graph to show how the saturated 

vapour pressure of a liquid varies with 

temperature. Give a qualitative explanation 

of the shape of the graph. [C] 

In terms of the kinetic theory of matter explain: 

(a) what is meant by saturated vapour and 

saturation vapour pressure, 
(b) how the saturation vapour pressure varies 

with temperature. 

Describe an experiment to measure the 

saturation vapour pressure of water vapour at 

300 K (27 °C). Discuss one practical difficulty 
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in using the apparatus you describe to measure 

the saturation vapour pressure of water vapour 

at275. Ke(2°G); 

State, with reasons, two advantages of using 

mercury in a barometer. [J] 

State the relation between pressure and 

volume at constant temperature for (a) an 

ideal gas, (b) a saturated vapour. 

A 

Sos 

A long uniform horizontal capillary tube, 

sealed at one end, and open to the air at the 

other, contains air trapped behind a short 

column of water A. The length L of the 

trapped air column at temperatures 300K 

and 360K is 10cm and 30cm respectively. 

Given that the vapour pressures of water at 

the same temperatures are 4kPa and 62kPa 

respectively, calculate the atmospheric pressure. 

[S] 

A closed space contains a very small quantity 

of a liquid and its vapour. Describe what 

happens and illustrate by sketch graphs how 

the pressure in the space changes when: 

(a) the volume of the space is slowly increased 

at constant temperature, 

(b) the temperature is slowly raised at con- 

stant volume. [J] 

A sealed vessel contains a mixture of air and 

water vapour in contact with water. The total 

pressures in the vessel at 27°C and 60°C are 

respectively 1.0 x 10° Pa and 1.3 x 10° Pa. If 
the saturated vapour pressure of water at 60 °C 

is 2.0 x 104 Pa what is its value at 27 °C? 
(UP a = IN D [L] 

State the relation between pressure and 

volume at constant temperature for (a) an 
ideal gas, (b) a saturated vapour. 

The saturation vapour pressure of water is- 
6 x 10*Nm~”? at temperature 360K and 
0.3 x 10*Nm~? at temperature 300K. A 
vessel contains only water vapour at a 
temperature of 360K and pressure 

` 
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2x10*Nm™”. It may be assumed that 
unsaturated water vapour behaves like an 

ideal gas. If the vapour were to remain 

unsaturated what would be the pressure in 

the vessel at 300 K? What is the actual pressure 

at this temperature, and what fraction, if any, 

of the vapour has condensed? [S] 

Show by sketch graphs the dependence on 

temperature of: 

(a) the volume of an ideal gas, the pressure 

remaining constant, 

(b) the pressure of a saturated vapour. ~ 
(Ge M 

A long uniform capillary tube, sealed at one 

end and open to the air at the other, contains 

air trapped behind a short column of water A. 

Show by a sketch graph how the length of the 
air column depends on the temperature of the 

system, paying particular attention to the form 
of the curve where the temperature is 

(i) low enough for the vapour pressure of 
water to be negligible, 

approaching the boiling point of water. 

[S] 
(ii) 

Describe an experiment to determine the 

saturation vapour pressure of water at 

various temperatures in the range 75 °C to 

110°C. Sketch a graph showing the 
results which would be obtained from 

the experiment. 

[SVP of water at 75 °C = 38 kPa (kN m7”); 
standard atmospheric pressure = 101 kPa 

(kN m~°).] 
By considering the effect of temperature 
on the SVP of water vapour, explain why it 
is essential to have a safety valve on the 
water boiler of a central heating system. 
In a Boyle’s law experiment using damp 
air, the following results were obtained: 
Initial pressure (air unsaturated) = 8.5 kPa 
(KN m~?) 
Pressure when volume reduced to 
initial volume = 16.0 kPa (kN m~?) 
Pressure when volume reduced to 
initial volume = 23.0 kPa (kN m~?). 
(i) Show that the vapour exerts its 

saturation pressure when the volume 
is reduced to half its initial value. 

(b) 

(c) 

of 
to} 

wj 
of 
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(ii) Calculate the saturation vapour 

pressure at the temperature of the 
experiment. 

(iii) Calculate the initial pressure of the 

water vapour. [AEB, ’79] 

C100 (a) (i) Explain what is meant by a saturated 
vapour. 

(ii) State Dalton’s law of partial pres- 

sures. 

(b) Suggest an experiment to investigate the 

variation with temperature of the satu- 

rated vapour pressure of water vapour 
over the range of 0°C to 100°C. Sketch 

the apparatus you would use, list the 

measurements you would make, and 

describe how the results would be 

obtained. 

(c) The saturated vapour pressure of water 

at 20 °C is 18 mmHg (= 2.4 kPa). Draw 

sketch-graphs showing how the pres- 

sure, p, of 1 m° of water vapour (with a 

small amount of water present through- 

out) will vary when: 

(i) the vapour is compressed isother- 

mally to a volume of 0.2m’, 

(ii) the vapour (and the water) are 

heated at constant volume to the 

boiling point of water (100 °C). 

In each case, show on your graph the 

final vapour pressure exerted by the 

water vapour. 
(d) In pure atmospheric air it may be 

assumed that 80% of the molecules 

present are nitrogen (molar mass = 

0.028kg) and that 20% are oxygen 

(molar mass = 0.032 kg). 
(Take atmospheric pressure as 100 kPa, 

temperature to be 17 °C, and the molar 

gas constant to be 8.3J K~! mol.) 

Showing all stages in your working, 

calculate: i 

(i) the partial pressure exerted by each 

gas, 

(ii) the density of the oxygen present, 

(iii) the density of the air. [O] 

C101 In an experiment to determine the specific 

latent heat of vaporization of benzene, it was 

found that when the electrical power input to 

the heater was 82 W, 10.0 g of benzene was 

evaporated in 1 minute; when the power input 

was reduced to 30 W, the rate of evaporation 

was 2.0g per minute. Calculate the specific 

latent heat of vaporization of benzene. 
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The saturation vapour pressure of benzene is 

1.0 x 10° Pa at a temperature of 80 °C; at the 

same temperature, the saturation vapour pres- 

sure of acetone (propanone) is 1.8 x 10° Pa. 
Which of these two compounds has the 

higher boiling point, and why? 
(Atmospheric pressure = 1.0 x 10° Pa.) [S] 

THERMODYNAMICS 
(Chapter 16) 

C102 

C103 

C104 

C105 

(a) Explain what is meant by the statement 

that two bodies are in thermal equili- 

brium. 

(b) State the zeroth law of thermodynamics. 

Explain why it is so called and its 

relevance in the use of a thermometer 

to measure temperature. 

The specific latent heat of vaporization of a 

particular liquid at 30°C and 1.20 x 10° Pa 
is 3.20 x 10° Jkg !. Under the same condi- 
tions of temperature and pressure the 

specific volume of the liquid is 

1.00 x 10-3 m° kg~!, and that of its vapour 
is 4.51 x 107! m?’kg!. If 5.00kg of the 
liquid is vaporized at 30°C and 

1.20 x 10° Pa, what is: 
(a) the increase in enthalpy? 

(b) the increase in internal energy? 

What is the maximum theoretical efficiency 

of a heat engine which takes in heat at 25.0 °C 

and rejects it at 10.0 °C? 

(a) When a system is taken from A to C via B 

it absorbs 180J of heat and does 130J of 

work. How much heat does the system 

absorb in going from A to C via D, if it 

performs 40J of work in doing so? 
(b) The decrease in internal energy in going 

from D to A is 30J. Calculate the heat 

absorbed by the system in going from: 

(i) AtoD, 
(ii) D to C. 
P 
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Calculate the change in entropy of 1.00 kg of 

ice at 0 °C when it is melted and converted to 
water at 0 °C. (Specific latent heat of fusion of 

ice at 0°C = 3.34 x 10° Jkg !.) 

An electrical resistor which is consuming 

energy at 200W is kept at a constant 

temperature of 27 °C by a stream of cooling 

water. In a time interval of 1 minute what is 

the increase in entropy of 

(a) the resistor, 

(b) the cooling water? 

(a) Distinguish between the operation of a 

heat engine and a heat pump. 

(b) The maximum efficiency, Emax, of a 

heat engine is given by 

Ty = Te Te 
Ta or Ta 

where Ty is the temperature of the heat 

reservoir and Tc is the tempeature of the 

heat sink. 

(i) Write down an expression for the 

efficiency of a heat engine in terms 

of heat transfer into and out of the 
engine. 

Use one of the above expressions 

and your answer to (i) to show that, 

in the ideal case, the total entropy 

change is zero. 

A heat engine uses a heat sink which is at 

a temperature of 27°C and steam at 

normal atmospheric pressure as the 
source. 

} FTR 

(ii) 

(c) 

Determine the maximum efficiency of 

the engine. [AEB, ’90] 

The graph relates the pressure and volume of 

a fixed mass of an ideal gas which is first 

compressed isothermally from A to B and 

then allowed to expand adiabatically from B 
toC 

Pressure 

Volume 

C110 
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For each of the changes shown on the 

graph, state and explain whether: 

(i) the temperature of the gas changes, 

(ii) there is heat transfer to or from the 

gas, 
(iii) work is done on or by the gas. 

What single process will bring the gas 

back to its initial condition? 
Sketch the corresponding entropy— 

temperature graph for the changes A to 
B and B to C. [AEB, ’87] 

(b) 

(c) 

The diagram shows the T-S curve of a gas 

undergoing a reversible cyclic process. Cal- 

culate the heat absorbed by the gas in going 

from: 
(a) AtoB 

(b) BtoC. 

T/K 

O roo SE Le 

S/JK ' 
Orf-—-—-+-----+---S 

If the net work done by the gas in one cycle is 

1200 J, what is 

(c) the heat absorbed by the gas in going 

from C to A? (Do not attempt to 

measure the area under the graph — it is 

not to scale.) 

THERMAL CONDUCTION 
(Chapter 17) 

C111 Explain what is meant by temperature gradient. 

An ideally lagged compound bar 25 cm long 

consists of a copper bar 15 cm long joined to 

an aluminium bar 10cm long and of equal 
cross-sectional area. The free end of the 
copper is maintained at 100°C and the free 
end of the aluminium at 0 °C. Calculate the 
temperature gradient in each bar when 
steady state conditions have been reached. 
(Thermal conductivity of copper 
= 390Wm!°C"!. 

Thermal conductivity of aluminium 
= 210.W mE) [J] 
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If a copper kettle has a base of thickness 

2.0mm and area 3.0 x 10°? m°, estimate the 
steady difference in temperature between 

inner and outer surfaces of the base which 

must be maintained to enable enough heat to 

pass through so that the temperature of 

1.000kg of water rises at the rate of 

0.25Ks~!. Assume that there are no heat 

losses, the thermal conductivity of copper = 

3.8 x 107 W m`! K~! and the specific heat 
capacity of water = 4.2 x 10° Jkg~! K"!. 

After reaching the temperature of 373 K the 

water is allowed to boil under the same 

conditions for 120 seconds and the mass of 

water remaining in the kettle is 0.948kg. 

Deduce a value for the specific latent heat 

of vaporization of water (neglecting con- 

densation of the steam in the kettle). [J] 

A cubical container full of hot water at a 

temperature of 90°C is completely lagged 

with an insulating material of thermal 

conductivity 6.4 x 10°7Wm=!°C"!. The 
edges of the container are 1.0m long and 

the thickness of the lagging is 1.0cm. 

Estimate the rate of flow of heat through 

the lagging if the external temperature of 
the lagging is 40°C. Mention any assump- 

tions you make in deriving your result. 

Discuss qualitatively how your result will be 
affected if the thickness of the lagging is 

increased considerably assuming that the 

temperature of the surrounding air is 18 °C. 

[J] 

A thin-walled hot-water tank, having a 

total surface area 5m”, contains 0.8 m° of 

water at a temperature of 350 K. It is lagged 

with a 50mm thick layer of material of 

thermal conductivity 4 x 102? W m`! K. 

The temperature of the outside surface 

of the lagging is 290K. What electrical 

power must be supplied to an immersion 

heater to maintain the temperature of the 

water at 350K? (Assume the thickness 

of the copper walls of the tank to be 

negligible.) 

What is the justification for the assumption 

that the thickness of the copper walls of the 

tank may be neglected? (Thermal conduc- 

tivity of copper = 400 W m7! K™!.) 

C115 

Stirrer 
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If the heater were switched off, how long 

would it take for the temperature of the hot 
water to fall 1 K? 

(Density of water = 1000kgm~?; specific 
heat capacity of water = 4170 J kg™! K“!.) 

[S] 

The diagram shows a lagged copper bar 

acting as a thermal link between a bath of 

boiling water and an ice—water mixture. 

Stirrer 

Copper bar 

lce-water 
mixture at 0°C 

C116 

Boiling water 
at 100°C 

Calculate the energy flow per second through 

the bar. Hence calculate the mass of ice 

which should melt during a 15s period. 

Write down one important assumption that 

you make. 
In practice the amount of ice that melts per 

second is likely to be different from the 

calculated amount. Give a reason why the 

calculated amount might be 

(a) higher, and 
(b) lower than the amount melted in prac- 

tice. (Thermal conductivity of copper = 

385W m~! K~!, area of cross-section of 
copper bar = 1.50 cm?, specific latent 

heat (specific enthalpy change) of fusion 

of ice = 3.34 x 10° Jkg™!.) [L, 91] 

Describe and contrast convection and 

conduction as mechanisms of heat 

transfer. 
In many experiments in physics it is 

necessary to reduce the rate of transfer 

of thermal energy between the sample 

under investigation and any surround- 

ing container as much as possible. Give a 

brief account of the ways in which this 

may be achieved. 
Define thermal conductivity and show 

that it has an SI unit W m~! K~!. 
A small greenhouse consists of 34 m’ 

of glass of thickness 3.0 mm and 9.0 m? 

of concrete wall of thickness 0.080 m. 

On a sunny day, the interior of the 

(a) 

(b) 

(c) 

(d) 
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greenhouse receives a steady 25 kW of 

solar radiation. Estimate the difference 

in temperature between the inside and 

outside of the greenhouse. The tem- 

peratures inside and outside may be 

assumed uniform and heat transfer 

downwards into the ground inside the 

greenhouse may be neglected. 

(Thermal conductivity of glass = 

0.85 Wm K !, thermal conductivity 
of concrete = 1.5W m~! K !.) 

[O & C, ’92] 

Sketch graphs to illustrate the temperature 

distribution along a metal bar heated at one 

end when the bar is (a) lagged, and 

(b) unlagged. In each case assume that 

temperature equilibrium has been reached. 

Explain the difference between the two 

graphs. 

By considering the relative increase in sur- 

face area explain why asbestos lagging of 

thickness 20mm will be more effective in 

reducing the total heat losses from a copper 

pipe carrying stream at 100 °C if the pipe has 

a diameter of about 60 mm than if the pipe 

has a much smaller diameter. 

A window pane consists of a sheet of glass of 

area 2.0m” and thickness 5.0mm. If the 

surface temperatures are maintained at 0 °C 

and 20°C calculate the rate of flow of heat 

through the pane assuming a steady state is 

maintained. The window is now double- 

glazed by adding a similar sheet of glass so 

that a layer of air 10mm thick is trapped 

between the two panes. Assuming that the air 

is still, calculate the ratio of the rate of flow of 

heat through the window in the first case to 
that in the second. 

Why in practice, would the ratio be much 
smaller than this? 

- (Conductivity of glass = 0.80 W m~! K~!. 
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Conductivity of air = 0.025 W m7! K~! [L] 

Certain special glasses have been developed 

for use in the manufacture of oven-to-table 

utensils. Discuss whether high or low values 

of thermal conductivity, expansivity and 

specific heat capacity are desirable for these 

glasses. [C] 
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If a bar of copper of uniform area of cross- 

section is well lagged and its ends maintained 

at different temperatures, the temperature 

gradient along the bar is uniform. Explain 

why this is so. 

Discuss the effect on the temperature 

gradient if the cross-sectional area of the 

bar had not been uniform but had increased 

uniformly, being greater at the hot end of the 

bar. Illustrate your answer with a graph. [L] 

(a) Explain what is meant by temperature 

gradient. 

The ends of a perfectly lagged bar of 

uniform cross-section are maintained at 

steady temperatures 6, and 0. Sketch a 

graph showing how the temperature 

varies along the bar and account for its 

shape. 

Describe an experimental arrangement 

which attempts to fulfil the conditions 

given in (b) and outline the measure- 

ments you would make in order to 

determine the thermal conductivity of 

the material of the bar. Show how to 

calculate the thermal conductivity from 
your measurements. 

An iron pan containing water boiling 

steadily at 100°C stands on a hot-plate 

and heat conducted through the base of 
the pan evaporates 0.090 kg of water per 

minute. If the base of the pan has an area 

of 0.04m? and a uniform thickness of 
2.0 x 107° m, calculate the surface tem- 

perature of the underside of the pan. 

(The thermal conductivity of iron = 

66 Wm! K~}, and the specific latent heat of 
vaporization of water at 100°C = 2.2 x 

10° J kg.) [J 

(b) 

(c) 

(d) 

(a) A sheet of glass has an area of 2.0 m? and 
a thickness 8.0 x 10-7 m. The glass has a 
thermal conductivity of 0.80 W m~! K-!, 
Calculate the rate of heat transfer 
through the glass when there is a 
temperature difference of 20 K between 
its faces. 

(b) A room in a house is heated to a 
temperature 20K above that outside. 
The room has 2 m? of windows of glass 
similar to the type used in (a). Suggest 
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why the rate of heat transfer through the 

glass is much less than the value 
calculated above. 

(c) Explain why two sheets of similar glass 

insulate much more effectively when 

separated by a thin layer of air than 

when they are in contact. [AEB, ’86] 

A double-glazed window consists of two 

panes of glass each 4mm thick separated by 

a 10mm layer of air. Assuming the thermal 

conductivity of glass to be 50 times greater 

than that of air calculate the ratios: 

(a) temperature gradient in the glass to 

temperature gradient in the air gap, 

(b) temperature difference across one pane 

of the glass to temperature difference 

across the air gap. 

Sketch a graph showing how the temperature 
changes between the surface of the glass in 

the room and the surface of the glass outside, 

i.e. across the double-glazed window, if there 

is a large temperature difference between the 

room and the outside. 

Explain why, in practice, the value of the ratio 

calculated in (a) is too high. [L] 

Outline an experiment to measure the 

thermal conductivity of a solid which is a 

poor conductor, showing how the result is 

calculated from the measurements. 

Calculate the theoretical percentage change 

in heat loss by conduction achieved by 

replacing a single glass window by a double 

window consisting of two sheets of glass 

separated by 10mm of air. In each case the 

glass is 2mm thick. (The ratio of the thermal 

conductivities of glass and air is 3: 1.) 

Suggest why, in practice, the change would 

be much less than that calculated. [L] 

(a) Explain what is meant by a temperature 

gradient. Write down an expression for 

the rate of heat flow along a cylinder in 

terms of the temperature gradient and 

the constants of the cylinder, defining 

the constants. 

C125 

C126 

343 

In measuring the thermal conductivity 

of a good conductor, the specimen is 

normally long and the sides are heavily 

lagged. For a poor conductor, the 

specimen is usually very thin and there 

is often no lagging. What are the reasons 
for this? 

(b) The two ends of a metal bar are main- 

tained at different constant temperatures. 

On a single graph, sketch curves to show 

the variation of temperature along the 

bar when its surface is (i) perfectly 

lagged and (ii) unlagged. Explain the 

shapes of the two curves. [W] 

Describe how you would measure the 

thermal conductivity of a metal. 

The two ends ofan iron bar of uniform cross- 

section are maintained at temperatures of 

100°C and 20°C respectively. Sketch, and 

explain, the variation of temperature along 

the bar: 

(a) if it is lagged so that no heat can escape 

through the side, 

(b) ifit is not lagged. 

Explain how aluminium, which is a good 

conductor of heat, can be used for heat 

insulation provided it is very thin, crumpled, 

and polished. [S] 

(a) The. thermal conductivity, 4, of a 

material may be defined by reference to 

the expression 

t “Ax 

State the two conditions that must be 

satisfied before this expression may be 

applied. 
The thermal conductivities of glass and 

copper, when measured at room tem- 

perature, are found to be 0.6 W m~! K~! 

and 400W m`! K~}, respectively. Ac- 
count for the large differences in these 

values in terms of the mechanisms of 

thermal conduction. 
You have been asked to design some 

apparatus to determine the thermal con- 

ductivity of copper. Describe the shape 

you would choose for the specimen of 

copper, giving reasons for your choice. 

(b) 

(c) 
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C127 At low temperatures, the thermal conductiv- 

C128 

ity k of aluminium varies with temperature as 

illustrated. If heat flows steadily along a 

lagged aluminium bar of uniform cross 

section, how does the temperature 0 vary 

with the distance s? Answer by means of a 

carefully drawn graph of 0 against s. 

Give your reasoning. 

| 
k | 

| 
| | 

0; 0, 0 

6> (Hot) 6, (Cold) 
ri 

A 

SE [S] 

(a) A well-lagged solid copper cylinder of 

cross section 5.0 cm” has one of its ends 
maintained at a constant temperature 

well above room temperature. Graph P 

in the diagram shows how the tempera- 

ture, 0, of the cylinder varies along part 

ofits length when steady state conditions 

are reached. Graph Q shows how the 

temperature changes in an identical 
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unlagged cylinder in the same con- 

ditions. 

(i) Explain why the temperature 

gradient is constant along the 

well-lagged cylinder. Draw a dia- 

gram, suitably labelled, showing 

the lines of heat flow in this 

cylinder. - 

(ii) Use graph P to calculate the 

temperature gradient along the 

well-lagged cylinder. Assuming 

the thermal conductivity of cop- 

per to be 390 W m~! K~}, calculate 
the rate of heat flow along the 

cylinder. 

(iii) Describe how the temperature 
gradient changes along the un- 

lagged cylinder by referring to 

graph Q. Account for the change. 

Where, along the unlagged cylin- 

der, is the temperature gradient 

equal to that along the lagged 

cylinder? 

Draw a fully labelled diagram of the 

apparatus you would use to measure the 

thermal conductivity of a poor conductor 

and list the measurements that you 

would make. L] 

Explain what is meant by temperature 
gradient. 

: f 
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(b) The diagram shows a perfectly lagged 

composite bar PQR, both components 

having the same cross-sectional area. 
The material of QR has twice the 
thermal conductivity of PQ. Assuming 
that there is a steady flow of heat along 
the bar and that the ends P and R are at 
temperatures 0, and 6 respectively 
(0; > 02), sketch a graph showing the 
variation of temperature along the 
length PR and account for its shape. 
Calculate the temperature midway 
between Q and R when 0; = 100°C 
and 0z = OCC. 
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(c) (i) For a thermal conductor along 

which heat is flowing at a steady 

rate, the thermal resistance, Rọ, can 

be defined in a similar way to the 

electrical resistance of an electrical 

conductor carrying a steady cur- 

rent. By comparing the equations 

for heat and current flow, show that 

the thermal resistance of a conduc- 

tor of length /, cross-sectional area 

A and thermal conductivity k is 

given by 

l 
Rọ = — 

uray e 
(ii) Calculate the thermal resistance of 

a pane of window glass 6 mm thick 

and of area 2.0 m°. Determine the 

heat flow rate through the glass 

when there is a temperature differ- 

ence of 3.0 °C between its surfaces. 

A second identical pane of glass is 

now added to the first to make a 

double-glazed window with a 

12mm air gap between the glass 

panes. Calculate the new heat flow 

rate due to conduction for the same 

temperature difference between the 

outer surfaces. 

(Thermal conductivity of glass 

=10Wm!K", 
Thermal conductivity of air 

= 0.02Wm!K1,) [J] 

C130 Ice is forming on the surface ofa pond. When 

C131 

it is 4.6cm thick, the temperature of the 

surface of the ice in contact with the air is 

260 K, whilst the surface in contact with the 

water is at temperature 273 K. Calculate the 

rate of loss of heat per unit area from the 

water. 

Hence determine the rate at which the 

thickness of the ice is increasing. 

(Thermal conductivity of ice = 

2.3Wm!K}, 

Density of water = 1000 kgm~’, 

Specific latent heat of fusion on ice = 

3.25 x 10° J kg™!.) [S] 

The rate of flow of heat energy through a 

perfectly lagged metal bar of area of cross- 

section X, length d, and thermal conductivity 

k, may be considered to be analogous to the 
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rate of flow of charge through an electrical 

conductor of area of cross-section A, length J, 

and resistivity p. Show that the ‘thermal 

resistance’ of the metal bar which corre- 

sponds to the electrical resistance of the 

conductor is d/kX. Extending the analogy 
to thermal conductors in series show that the 

effective thermal conductivity K of a com- 

posite wall consisting of two parallel-sided 

layers of material of thickness d, and d, and 

thermal conductivities kı and kz respectively 

is given by the expression 

dtd +d, 

TETE A dy 

Res hhz 

K = [AEB, ’83] 

(a) Why is a good conductor of heat also a 

good conductor of electricity? 

(b) Explain how heat is conducted through 

(i) agood conductor, 

(ii) a poor conductor. 

(c) Write down equations for 

(i) the rate of flow of charge (current) 

through a conductor, 

(ii) the rate of flow of heat through a 

substance. 
Name the symbols in these equations. 

By comparing the equations in part (c), 

find an expression for the quantity which 

is the thermal equivalent of electrical 

resistance. 
(e) Using this idea of ‘thermal’ resistance, 

or otherwise, calculate the heat passing 

per second through 1 m° of glass of 

thickness 2mm when its faces are 

maintained at 20°C and 5°C respec- 

tively. 
(Thermal conductivity of ccd 

=12Wm!K'},) 
Two such sheets of glass are now 

placed 4mm apart and sealed so as to 

trap air in the space between them 

forming a ‘sandwich’ of thickness 

8mm. Given that the thermal conduc- 

tivity of air is 0.024W m~“! K}, calcu- 
late the rate of heat conduction per m? 

when the outside faces of the glass are 

again maintained at 20°C and 5°C 

respectively. 
Give one application ofsuch a ‘sandwich’ 

and briefly explain why, in practice, the 

rate ofheat transfer will be different from 

that calculated. [W, 91] 

(d) 

(£) 

(g) 
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C133 The rate of thermal energy transfer dQ/dt 
perpendicular to the faces of a well-insulated 

rectangular slab is given by 

Co dé 
= —kA 

dt dx 

where k is the thermal conductivity of the 

slab, A is its cross sectional area and d0/dx 
is the temperature gradient. 

(a) (i) What are the analogous quantities 

to Q, k and d@/dx in the electrical 
conductivity equation? 

(ii) Write down an equation for the 

thermal resistance in terms of k, A, 

and L, the thickness of the con- 

ductor. 

(b) The diagram shows a furnace wall which 

is constructed of two types of brick. The 

temperatures of the inner and outer 

surfaces of the wall are 600°C and 
460°C respectively, as shown in the 

diagram. The value of the thermal con- 

ductivity, kı, for the inner layer of the 

furnace wall is 0.8 W m~! K~! and that 
of the outer layer, k2, is 1.6 Wm! K~!. 

Inner layer Outer layer 
(k,) | (ka) 

Geen EAREN 

600°C 1 460°C 

10cm 10cm 

(i) Explain why, in the steady state, 

the rate of thermal energy transfer 

must be the same in both layers. 

(ii) Determine the temperature at the 
interface, I, between the layers. 

(iii) Sketch and label a graph which 

shows the variation of temperature 

with distance across the wall. 

[AEB, 791} 

THERMAL RADIATION 
(Chapter 17) 

C134 State Prévost’s theory of exchanges. 

An enclosure contains a black body A which 
is in equilibrium with it. A second black body 

C135 

C136 

C137 
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B, ata higher temperature than A, is then also 

placed in the enclosure. If the enclosure is 

maintained at constant temperature and all 

heat exchange is by radiation state and 

explain how the temperatures of A and B 

will change with time. 

Describe an electrical instrument which can 

be used to detect heat radiation and explain 

its action. 

A solid copper sphere, of diameter 10 mm, is 

cooled to a temperature of 150 K and is then 

placed in an enclosure maintained at 290 K. 

Assuming that all interchange of heat is by 

radiation, calculate the initial rate of rise of 

temperature of the sphere. The sphere may 

be treated as a black body. 

(Density of copper = 8.93 x 10° kgm™?, 
specific heat capacity of copper = 3.70 x 

10*Jkg 1 K-~!, the Stefan constant = 5.70 x 
10; 3.War Ks) [L] 

Sketch graphs showing the distribution of 

energy in the spectrum of black body 

radiation at three temperatures, indicating 

which curve corresponds to the highest 

temperature. If such a set of graphs were 

obtained experimentally, how would you use 

information from them to attempt to illus- 

trate Stefan’s Law? [L] 

Draw a graph showing the distribution of 

energy in the spectrum of a black body. 

Explain what quantity is plotted against the 
wavelength. 

By considering how this energy distribution 

varies with temperature explain the colour 
changes which occur when a piece of iron is 
heated from cold to near its melting point. 

[L] 

As the temperature ofa black body rises what 
changes take place in (a) the total energy 
radiated from it and (b) the energy distribu- 
tion amongst the wavelengths radiated? 
Illustrate (b) by suitable graphs and explain 
how the information required in (a) could be 
obtained from these graphs. 

Use your graphs to explain how the appear- 
ance of the body changes as its temperature 
rises and discuss whether or not it is possible 
for a black body to radiate white light. 
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C140 

The element of an electric fire, with an out- 

put of 1.0 kW, is a cylinder 25cm long and 

1.5cm in diameter. Calculate its tempera- 

ture when in use, if it behaves as a black body. 

(Stefan’s constant = 5.7 x 1078 Wm? K-4,) 

[L] 

The silica cylinder of a radiant wall heater is 

0.6m long and has a radius of 5mm. If it is 

rated at 1:5kW estimate its temperature 

when operating. State two assumptions you 

have made in making your estimate. 

(Stefan’s constant, o = 6 x 

OSW AK) [L] 

Explain what is meant by black body radiation. 

State Stefan’s law, and draw graphs to show 

how the energy depends on wavelength in the 

spectra of the radiation emitted by a black 

body at two different temperatures. Indicate 

which of your two graphs corresponds to the 

higher temperature. 

A blackened metal sphere of diameter 10 mm 

is placed at the focus of a concave mirror of 

diameter 0.5 m directed towards the Sun. If 

the solar power incident on the mirror is 

1600 W m~?, calculate the maximum tem- 
perature which the sphere can attain. State 

the assumptions you make. 

(Stefan’s constant = 6 x 1078 W m~? K~+.) 

[S] 

(a) The temperature of a piece of wire is 

gradually increased. Discuss the varia- 

tion in character of the radiation 

emitted. Sketch graphs to illustrate this 

variation. (Assume that the wire behaves 

like a black body.) 

Suggest how you might investigate 

experimentally the variation in the total 

radiation emitted by the wire at the 

various temperatures. In what way 

would this total radiation be related to 

the graphs already sketched? 

(b) If the mean equilibrium temperature of 

the Earth’s surface is T and the total rate 

of energy emission by the Sun is E show 

that 

E 

1607 R? 

where ø is the Stefan constant and R is 

the radius of the Earth’s orbit around the 

[= 
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Sun. (Assume that the Earth behaves 

like a black body.) [L] 

C141 An unlagged, thin-walled copper pipe of 

diameter 2.0 cm carries water at a tempera- 

ture of 40 K above that of the surrounding 

air. Estimate the power loss per unit length of 

the pipe if the temperature of the surround- 

ings is 300K and the Stefan constant, a, is 

SOT 10° Wall R E 

State two important assumptions you have 

made. [L] 

C142 (a) (i) Give the meaning of the term black 

body radiation. 

(ii) State Stefan’s law of black body 

radiation. 

(iii) A simple solar heating panel is made 

from a central heating radiator 

which has been given a dull black 

surface. Water is pumped slowly 

through the panel. Discuss the 

possibility of raising the water 

temperature significantly above 

the temperature of the surround- 

ings. Physical reasons should be 

given for any conclusions that you 

draw. 

(b) Two kinds of material are available to a 

householder for insulating the loft of the 

house. One material is in the form of 
loose chippings, the other in the form of 

a roll of matting. Both should be laid to 

the. same thickness. Devise a simple 

experiment to test in a laboratory which 

should be the more effective. [S*] 

C143 The diagram shows how E}, the energy 
radiated per unit area per second per unit 
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C144 

wavelength interval, varies with wavelength 4 

for radiation from the Sun’s surface. 

Calculate the wavelengths Amax at which the 

corresponding curves peak for: 

(a) radiation inthe Sun’s core where the tem- 

perature is approximately 15 x 10°K, 
and 

(b) radiation in interstellar space which corre- 

sponds to a temperature of approxi- 

mately 2.7K 

€Youramay use ‘they -relation® Aga x T = 

constant.) 

Name the part of the electromagnetic 

spectrum to which the calculated wave- 

length belongs in each case. [L] 

Describe the structure of a thermopile. 

A thermopile was connected to a centre-zero 

microammeter and it was found that, when a 

can of hot water was placed near, the 

microammeter deflected to the right. After 

SECTION C: THERMAL PROPERTIES OF MATTER 

removing the hot water the meter was 

allowed to return to zero and a can contain- 

ing water and ice was brought near. The 

microammeter now deflected to the left. 

Explain this. 

If a thermopile fitted with a horn is placed 

near a radiator of large surface area and then 

gradually moved away, the microammeter 

readings change very little until a certain 

distance is reached and, beyond this, the 

readings begin to fall. Explain this. 

The solar radiation falling normally on the 

surface of the Earth has an intensity 

1.40kW m~. If this radiation fell normally 
on one side of a thin, freely suspended 

blackened metal plate and the temperature 

of the surroundings was 300K, calculate 

the equilibrium temperature of the plate. 

Assume that all heat interchange is by 

radiation. 

(Stefan’s constant = 5.67 x 

103° Wim73 KA) [L] 
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REFRACTION 

18.1 THE LAWS OF REFRACTION 

(i) The incident ray, the refracted ray and the normal at the point of 

incidence are all in the same plane (Fig. 18.1). 

Gi) Atthe boundary between any two given materials, the ratio of the sine of 

the angle of incidence to the sine of the angle of refraction is constant for 
rays of any particular wavelength (Fig. 18.1). This is known as Snell’s 
law. 

Fig. 18.1 Normal 

Refraction at a plane 
surface Incident 

ray Material of (absolute) 
refractive index n, 
(e.g. air) 

Boundary 

_ Material of (absolute) 
refractive index m 
(e.g. glass) 

6, = angle of incidence Refracted 
` ray 

@ = angle of refraction 

18.2 REFRACTIVE INDEX 

It follows from the second law of refraction that in Fig. 18.1 

sin 0, 
: = a constant 

sin 0, 

The constant is known as the refractive index of material (2) with respect to 
material (1), ;72*, and Snell’s law can be written as 

[18.1] 

*Refractive index values depend on the wavelength (colour) of the light — see section 18.7. 
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It can be shown (see section 24.4) that 

oe Velocity of light in mat
erial (a) 

’ Velocity of light in material (2) [18.2] 

Note When light is travelling from material (2) to material (1) we use the refractive index 

of (1) with respect to (2), 27. It follows from equation [18.2] that 

Oe oe 

EXAMPLE 18.1 

Find the angle of refraction: (a) when a ray of light is travelling from air to glass at 

an angle of incidence of 40°, (b) when a ray of light is travelling from glass to air 

at an angle of incidence of 20°. (Refractive index of glass with respect to 

air = 1.50.) 

Solution 

(a) By Snell’s law 

sind; ae 

sin 02 ae 

The angle of incidence (0) is 40° and therefore 

3 ol A510) 
sin 0, 

sin 40° 
inb = = 0.4285 

ams 1.50 

0 S25 

(b) The angle of incidence (0,) is 20°. In this case light is travelling from glass 

to air and therefore we require the refractive index of air with respect to 

glass. This is the reciprocal of the refractive index of glass with respect to 

air and therefore 

sin 20° fx 1 

sin, 1.50 

sin, = 1.50sin20° = 0.5130 

0, = 30.9° 

It is convenient to define the absolute refractive index, n, of a material as 

By analogy, the absolute refractive index n, of material (1) is given by 

Velocity of light in vacuum 

vt ig Velocity of light in material (1) 
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and the absolute refractive index nz of material (2) is given by 

__ Velocity of light in vacuum 

"2 = Velocity of light in material (2) 
Therefore 

nı Velocity of light in material (1) 

nı Velocity of light in material (2) 

ie. Ta = in (by equation [18.2]) 
nioo 

It is now possible to write equation [18.1] in terms of absolute refractive indices, 

bee 
sin 0 1 n2 

sin 02 nı 

i.e. [18.3] 

The absolute refractive index of vacuum is, by definition, equal to 1, and that of air 

at normal atmospheric pressure and 20°C is 1.0003. This difference is so slight 

that it is normally ignored. 

It follows from equation [18.3] that if n2 >n, (i.e. if material (2) has a greater 

optical density than material (1)), then 0 < 0,. Thus, when light travels froma 

material into one which has a greater absolute refractive index (i.e. a 

greater optical density), it bends towards the normal (Fig. 18.2). 

Fig. 18.2 HIME sa Tidrotore the 3 > m, and therefore 
as by a glass ray bends towards the 

oc normal as it enters the 
glass and away from 
the normal as it leaves 

Air (n 

Glass (ny) is 

Air (m) 
This ray is parallel to the 
original direction because 
the block has parallel sides 

EXAMPLE 18.2 (233 ee ee 

A ray of light is incident in glass on a glass—water boundary. The angle of incidence 
is 50°. Calculate the angle of refraction. (Refractive index of glass = 1.50, 
refractive index of water = 1.33.) 

Solution 

nı sin 0; = M2 sin 02 

1.50 sin 50° = 1.33 sin 8, 

= 1.33 sin50° = 0.8640 
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Note We have worked with absolute refractive indices. If we had been given the 
refractive indices of glass and of water with respect to air, we could have proceeded 
as follows. 

nı sin; = m sin 0, 

ny . mo. 
— sin 4 = — sin 0, 
Na Na 

where n, is the (absolute) refractive index of air. It follows that 

anı sin 0; = am sin 02 ete: 

where n; is the refractive index of glass with respect to air and „nz is the refractive 

index of water with respect to air. 

18.3 TOTAL INTERNAL REFLECTION AND CRITICAL 
ANGLE 

When light travels from an optically more dense material to an optically less dense 

material (e.g. from glass to air) it is possible for the angle of incidence to be such 

that the angle of refraction is 90° (Fig. 18.3(b)). 

The angle of incidence at which this happens is called the critical angle, c. From 

equation [18.3] 

nı sin90° = nz sinc 

Therefore, since sin 90° = 1 

sno = = ——  (m > m) [18.4] 

Fig. 18.3 
Three possibilities when 
light travels towards a 
less dense medium 

Weak partially Weak partially 
reflected ray reflected ray 

05 < C 0 See 

(a) (b) 

Totally internally 
reflected ray 

6. > C 

(c) 
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If 0, <c, the light is refracted in the normal way (Fig. 18.3(a)). If 02 > c, the light is 

totally reflected back into material (2) (Fig. 18.3(c)) — this is known as total 

internal reflection. Total internal reflection cannot occur when the light is 

travelling towards an optically more dense material. 

QUESTIONS 18A 

1. A ray of light is incident in air on the surface of a 

glass block. The angle of incidence is 60°. 

Calculate the angle of refraction. 

(Refractive index of glass with respect to 

aif =, 1.50.) 

A ray of light is incident in water: (a) on a plane 

water—air boundary at an angle of incidence of 

45°, (b) on a plane water—glass boundary at an 

angle of incidence of 30°. Calculate the angle of 

refraction in each case. 

(Refractive index of glass = 1.50, refractive 

index of water = 1.33.) . 

The refractive index of diamond with respect to 

air is 2.42. Calculate the critical angle for a 

diamond-—air boundary. 

18.4 TOTALLY REFLECTING PRISMS 

Fig. 

The critical angle for a glass/air boundary is about 42°. Thus, whenever light 
which is travelling in glass is incident on such a boundary at an angle of more than 

42°, it undergoes total internal reflection (Fig. 18.4). Totally reflecting prisms find 
applications in optical instruments and are superior to silvered glass mirrors in two 
respects. 

(i) Mirrors absorb some of the incident light, whereas all the incident light is 
reflected when total internal reflection occurs. 

Gi) In order that the silvered surface does not tarnish, glass mirrors are usually 
silvered on the back — the finite thickness of glass in front of the reflecting 
surface produces ghost images (Fig. 18.5). 

18.4 
Totally reflecting prisms 

Eye sees | 

inverted image 

The angle of incidence 
is greater than 42°, 
and therefore total 
internal reflection 
occurs 

The angles of incidence 
at A, B, C and D are 
greater than 42°, and 
therefore total internal 
reflection occurs 
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Fig. 18.5 
Production of a ghost ray 

Silvering 

\N———_ Ghost ray 

Total internal reflection is made use of in optical fibres (light pipes) — see page 874, 
and is also responsible for the formation of mirages. 

18.5 THE MEASUREMENT OF REFRACTIVE INDEX 

Ray Tracing 

The refractive index of a solid, in the form of a rectangular block, can be 

determined by passing a ray of light (from air) into the block and measuring the 

angle ofincidence (01) and the angle of refraction (02). Then, from equation [18.3] 

where 72 is the required absolute refractive index, and n (the refractive index of 

air) can be taken to be unity. 

Real and Apparent Depth Method 

This method can be used for a solid in the form of a rectangular block or for a liquid. 

Fig. 18.6 Travelling 
Real and apparent depth ~~ microscope 
method of measuring 
refractive index . 

Air of 
refractive 
index n, 

Glass of 
refractive 
index m 

In Fig. 18.6, light from O is refracted on emerging from the glass block at N so that 

it appears to have come from I. From equation [18.3] 

nı sin 0, = m sin 02 

By simple geometry 

MIN = 6, and MON = 0, 

i.e. — = ——_ 
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Fig. 18.7 
Air cell method of 
measuring refractive 
index 

SECTION D: GEOMETRICAL OPTICS 

The rays which enter the travelling microscope are confined to a narrow cone, in 

which case ON ~ OM and IN w IM and therefore 

m OM 

m M 
Since n; is the refractive index of air, it is equal to unity, and therefore 

_ OM 
nm = TM x 

ie m ‘gabe ae [18.5] 
3 Apparent depth 

Procedure 

(i) Focus the travelling microscope on O (say a mark on apiece of paper) before 

the block has been placed over it. Suppose that the scale position is (a). 

Gi) Put the block in position and move the travelling microscope upwards so 

that it is focused on I, in which case the mark will once again be in focus. 

Suppose that the scale position is now (b). 

(iii) Move the travelling microscope upwards again until the top of the block (M) 

is in focus. Suppose that the scale position is now (c). 

Since OM = (c—a) and IM = (c-— b), equation [18.5] gives 

c—a 

c—b 

The refractive index ofa liquid can be found by focusing on, say, a grain of sand on 

the bottom, inside surface of some suitable, empty container (a). Some of the 

liquid is then put into the container, and the travelling microscope is refocused on 

the sand (b). Finally the travelling microscope is focused on the liquid surface (c). 

nz = 

The Air Cell Method 

The refractive index of a liquid can be determined by using an air cell (i.e. two 

parallel-sided glass plates cemented so as to enclose a thin layer of air). The 

experimental arrangement, as seen from above, is shown in Fig. 18.7. 

Ray of light 
from ray box 

Glass-sided tank 
containing the liquid 
whose refractive 
index is required 
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Fig. 18.8 
Critical angle in an air cell 
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When the air cell is in the orientation shown, the light from the ray box passes 
straight through to the observer. If the air cell is turned through a small angle, 
about an axis through O and perpendicular to the paper, the slit in the ray box 
appears to be displaced but is still visible to the observer. If the angle of rotation of 
the air cell is increased, there comes a point when the image of the slit suddenly 
disappears. This happens when the light is incident on the cell at such an angle that 
the light in the glass wall of the cell (Fig. 18.8) is incident on the glass /air boundary 
te E ier angle and therefore does not pass through the air film to the other side 
of the cell. 

Ray from 
ray box 

Applying equation [18.3] to the liquid/glass boundary gives 

nı sinf; = m sin bz 

Applying the same equation to the glass/air boundary gives 

m sin 2 = nsin 90° 

nı sin; = m sin 90° 

But n, = 1 (the refractive index of air) and sin 90° = 1, therefore 

1 

sin 0; 
ny = 

Thus, n, the required refractive index, can be determined by measuring 0,. There 

is, of course, a cut-off position on each side of the normal. In practice, the cell is 

turned from one of these positions to the other, and the angle turned through (20) 

is measured. 

The Spectrometer Method 

See section 21.12. 

18.6 DEVIATION BY A PRISM 

The deviation produced by a prism depends on the angle at which the light is 

incident on the prism. It can be shown, both theoretically and by experiment, that 

the deviation is aminimum when the light passes symmetrically through the prism. 

This situation is shown in Fig. 18.9, where D is the minimum deviation. 
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Fig. 18.9 
Minimum deviation in a 

prism 
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Note that the 
internal ray is 
parallel to the 
base of the prism 

In AXYZ 

D = ZXY+ZYX 

D = (i-r)+(i-r) 

i.e D = 2i—2r [18.6] 

In AWXY 

180° = AT WXY + WYX 

180° = A + (90° — r) + (90° — r) 

ee. Ai = or [18.7] 

Adding equations [18.6] and [18.7] leads to 

AD 
p = 

2 

From equation [18.7] = 

aes A 

2 

From equation [18.3] 

ny sini = n2sinr 

. A+D : 
nı sin = ny sin — 

2 

If the light is incident from air, nı = 1, and therefore 

[18.8] 

where nz is the refractive index of the material of the prism. 

18.7 DISPERSION 

When a narrow beam of white light is refracted by a prism the light spreads into a 
band of colours — the spectrum of the light. The effect was first explained by 
Newton. He identified the colours as ranging from red at one side of the band, 
through orange, yellow, green, blue and indigo, to violet at the other. When 
Newton isolated any one of the colours and passed it through a second prism there 
was no further colour change. He concluded that the colours had not been 
introduced by the prism, but that they were components of the white light — the 
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Fig. 18.10 
Dispersion due to a prism 
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prism had merely separated them from each other. The separation of the white 
light into its component colours in this way is called dispersion. 

Fig. 18.10 illustrates the effect for a single ray of white light. For clarity only the 
extreme rays, red and violet, are shown and their angular separation is 
exaggerated. The red and violet rays, as components of the white light, are 
incident on the prism at the same angle. On entering the prism the violet ray is 
refracted through a larger angle than the red ray. It follows, therefore, that the 
refractive index of the prism material is greater for violet light than it is for red light. 
The difference is about 1% for glass, but depends on the type of glass. 

Orange 

M Yellow 
Green 

a Blue 
Indigo 

We now know that the spectrum of white light covers a continuous range of 

wavelengths. What Newton identified as red is in fact a range of different reds 

corresponding to the band of wavelengths which we see as red; what he identified 

as blue is a range of different blues corresponding to another band of wavelengths, 

and so on. The various wavelengths corresponding to any one colour are refracted 

by different amounts. It follows that for an accurate measurement of refractive 

index to be meaningful, it is necessary to know the wavelength at which it has been 

measured. 

In a vacuum (and to a good approximation in air) all electromagnetic waves travel 

at the same speed. In particular, then, red light and violet light travel at the same 

speed in a vacuum. In glass, however, they travel at different speeds, and this is why 

the refractive index of glass for violet light is different from that for red light. In 

section 18.2 we defined the absolute refractive index n of a material by 

_ Velocity of light in vacuum 

“i Velocity of light in material ~ 

It follows that the absolute refractive index of glass for violet light my is given by 

_. Velocity of light in vacuum 

N ~ Velocity of violet light in glass 

and the absolute refractive index of glass for red light ng is given by 

_ Velocity of light in vacuum 

"R ~ Velocity of red light in glass 

Since ng is less than ny, it follows that the velocity of red light in glass is greater than 

that of violet light in glass. Neither red light nor violet light (nor any other colour) 

suffers a change in frequency on entering glass; their reduced velocities are due to 

their wavelengths being less in glass than they are in vacuum. It follows that 

Wavelength of violet light in vacuum 

ANE Wavelength of violet light in glass 

and 

Wavelength of red light in vacuum 

Wavelength of red light in glass 
Ly = 
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CONSOLIDATION °O@2 32°22 = ae 

Light bends towards the normal when it travels from an optically less dense 

material to an optically more dense material, i.e. towards a material which has a 

greater refractive index. 

Velocity of light in (1) 
Refractive index of (2) w.r.t. (1) = ım = Velocity of Light in (2) 

Absolute refractive index = n = ery of ligai 1o vacua 
Velocity of light in material 

sin 0; 
- Z (For light going from (1) to (2)) 

sin 02 

nı sin 0, = M2 sin 02 

Total internal reflection can occur only when light travels from an optically 

more dense material towards an optically less dense material (e.g. glass to air). 

The critical angle (c) is the angle of incidence which causes the angle ofrefraction 

to be 90°. 

1 i nı 
sinc = — = — (m = nı) 

n2 12 

When light crosses the boundary between materials which have different refractive 

indices there is a change in velocity and in wavelength, but not in frequency. 

\ 
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LENSES 

19.1 BASIC PROPERTIES OF LENSES 

Fig. 19.1 
(a) Converging lenses 
(thicker in middle). 
(b) Diverging lenses 
(thinner in middle) 

Fig. 19.2 
Focal point of a 
converging lens 

Lenses may be either converging or diverging. Examples of each type are shown in 

Fig. 19.1. A converging lens is so called because it causes rays of light incident on it 

to converge more (or diverge less) after refraction. A diverging lens does the 

opposite. 

Bi-convex Equi-convex Plano-convex Converging 
meniscus 

(a) 

Bi-concave Equi-concave Plano-concave Diverging 
? meniscus 

(b) 

| hie
 cal tet

 % 

ae th
e ai 

= Optical OF = focal length centre (O) 

Principal 

axis 

Focal point 
(principal focus) 

Rays parallel Converging 
and close to lens 
principal axis 
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Fig. 19.3 
Focal point of a diverging 
lens 

Note 

19.2 IMAGES 

SECTION D: GEOMETRICAL OPTICS 

The principal axis of a lens (either converging or diverging) is the line 

which passes through the centres of curvature of the lens surfaces (Figs. 19.2 

and 19.3). 

Rays parallel Diverging 
and close to lens 
principal 
axis 

Optical 
centre (O) 

Principal 

axis 

Focal point 
(principal focus) OF = focal length 

The focal point (principal focus) of a diverging lens is that point, on the 
principal axis of the lens, from which rays of light which are parallel and close 

to the axis appear to diverge after refraction at the surfaces of the lens (Fig. 
2). 

The power of a lens is defined by 

Unit = metre~!. (This is sometimes called the dioptre, but the name has not 
been adopted by SI.) 

The power of a converging lens is positive; that of a diverging lens is 
negative. A converging lens of focal length 25 cm therefore has a power of 4m7!;a 
diverging lens of focal length 20 cm has a power of —5 m~}. 

Refraction actually takes place at the surfaces of a lens but it is normal practice 
when drawing ray diagrams (section 19.3) to treat it as occurring at the middle line 
— a reasonable approximation in the case of a thin lens. 

Each type of lens can be used to produce both real and virtual images. (In order to 
obtain a real image with a diverging lens it is necessary to use a virtual object — see 
section 19.8.) 

A real image is one through which rays of light actually pass, and it can 
therefore be formed on a screen. A virtual image is one from which rays of 
light only appear to have come, and it therefore cannot be formed on ascreen. 

Whenever we ‘look at an object through a lens’, the rays of light that enter our eyes 
do not come directly from the object but come (or appear to have come) from its 
image (Fig. 19.4). 
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Fig. 19.4 
Viewing an image 
produced by (a) a 
converging lens, 
(b) a diverging lens 

Notes 
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Real 
image 

Point Rays which enter 
object the eye have 

come from the 
(a) image 

; Virtual 
Point image 

(b) 

Rays which enter the eye 
appear to have come 
from the image 

(ij) When alens (of either type) forms an image, the image is on the opposite side 

to the object if both object and image are real or both are virtual. 

(ii) The object and image are on the same side of the lens if one is real and the 

other is virtual. 

19.3 IMPORTANT RAY PATHS 

All the rays of light that leave a single point on an object and go into making up an 

image pass through (or appear to have come from) a single point on the image. It 

follows that if the paths of any two rays from a single point on an object are known, 

the position of its image can be located. For each type of lens, there are three rays 

(Fig. 19.5) whose paths can be determined, and any two of them can be used. 

In each case: 

(i) ray I, through the optical centre (O) of the lens, is undeviated; 

(ii) ray II, parallel to the principal axis, passes through (or appears to have come 

from) F; 

(iii) ray III, through (or heading towards) F’, emerges parallel to the principal 

axis. 

Rays of light which are incident on a lens and which are parallel to each other but 

not to the principal axis, converge to (or appear to diverge from) a point in the 

focal plane (Fig. 19.6) of the lens. The position of this point is located by 

recognizing that any ray which is incident on the optical centre of a lens passes 

through without deviation. 



364 

Fig. 19.5 
Ray paths through 
(a) a converging lens, 
(b) a diverging lens 

Fig. 19.6 
Focal plane of 
(a) a converging lens, 
(b) a diverging lens 

SECTION D: GEOMETRICAL OPTICS 

(a) n 

Refraction assumed to 
take place at this line 

Object 

F = (1st) principal focus 

F' = (2nd) principal focus 

OF = OF' = focal length 

Virtual 
image 

F = (1st) principal focus Refraction assumed to 
F' = (2nd) principal focus take place at this line 

OF = OF' = focal length 

Parallel 
rays 

(a) 

Parallel 

Prs Image Focal 

(b) 
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Note 

Fig. 19.7 
Action of a converging 
lens on the cone of light 
from a point 

365 

Rays which are parallel to each other have effectively come from a single point at 
infinity and therefore pass through (or appear to have come from) a single image 
point. 

Fig. 19.7 shows the action of a lens on the cone of light incident on the lens from a 
single point on an object. Two of the rays which can be used to locate the image are 
also shown. 

19.4 THE LENS FORMULA 

Fig. 19.8 
To illustrate the 
meanings of u, v and f 

[19.1] 

where 

u = object distance 

v = image distance (see Fig. 19.8) 

f = focal length of lens 

Optical 
centre 

ot 

Object Image 

In order to distinguish between real and virtual images, and between converging 

and diverging lenses, it is necessary to employ a sign convention. This book uses 

the Real is Positive convention, in which: 

(i) the focal lengths of converging lenses are positive, those of diverging lenses 

are negative; 

(ii) distances from lenses to real objects and real images are positive, whereas 

distances to virtual objects and virtual images are negative. 
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EXAMPLE 19.1 | | SUTEA 

An object is placed 20 cm from a converging lens of focal length 30 cm. Calculate 

the position of the image. 

Solution X 

u = +20cm (real object) 

v=o 

f = +30cm (converging lens) 

eN 
u v hii 

1 1 

BO feo 30 

l pdt 9 2 3d. 
u 30 20 60 60 

1.€. v = —60 cm 

Since the image distance has turned out to be negative, the image is virtual. The 

image is therefore 60 cm from the lens and on the same side as the object. 

19A QUESTIONS 

1. Calculate the distance ofthe image from the lens in the following situations. In each case state whether the 
image is real or virtual. 

Object distance/cm Focal length/cm Type of lens 

(a) 30.0 40.0 Converging 

(b) 40.0 20.0 Diverging 

(c) 15.0 20.0 Diverging 

(d) 25.0 20.0 Converging 
(e) 50.0 20.0 Converging 

19.5 TWO THIN LENSES IN CONTACT 

The images produced by lenses are often coloured at the edges as a result of 
dispersion (section 18.7). The defect is called chromatic aberration, and it can 
be reduced by using a lens which is a combination of two lenses made from 
different types of glass and cemented together (section 19.10). The focal length of 
the combination is related to the focal lengths of the component lenses. 

Consider two thin lenses which are in contact with each other. Suppose that their 
focal lengths are f; and fọ and that that of the combination is f (Fig. 19.9). It is 
assumed throughout that since the lenses are thin, CC, and CC, are not significant 
in comparison with u, v and v’. 
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Fig. 19.9 Lens (1) Lens (2) 
Effect of two converging focal focal 
lenses in contact ek proti 4 

Iflens (2) were not present, lens (1) would produce an image of an object at O at T. 

Therefore for lens (1) 

+ aia [19.2] 
Ties E ; 

Lens (2) produces an image, at I, of light which is originally converging to I’, i.e. a 

virtual object at I’ gives rise to a real image at I. Bearing in mind that virtual object 

distances are negative, we have for lens (2) 

so edulas gh [19.3] 
CARETO h 

Adding equations [19.2] and [19.3] leads to 

De k 1 

u. U fal tp 

But, for the combination, 

[19.4] 

19.6 THE PRINCIPLE OF REVERSIBILITY 

According to the principle of reversibility, a ray of light which travels along any 

particular path from some point A to another point B, travels by the same path 

when going from B to A. Thus, if a ray of light were to leave O (Fig. 19.10) and 

travel to I, then a ray could travel from I to O along the same path. If I is the 

position of the image of an object which is at O, then every ray which leaves O and 

passes through the lens must also pass through I. Since each of these rays could 

make the journey in the opposite direction, it follows that an object at I would give 

rise to an image at O. This result applies to any object and its image, i.e. whenever 

an object at some point A gives rise to an image at some other point B, an object at B 

would give rise to an image at A. 
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Fig. 19.10 
Principle of reversibility 

SECTION D: GEOMETRICAL OPTICS 

19.7 EXPERIMENTAL DETERMINATIONS OF FOCAL 
LENGTHS OF CONVERGING LENSES 

Fig. 19.11 
Graph to determine ffor a 
converging lens 

Distant Object Method 

A rough estimate of the focal length of a converging lens can be made by 

positioning the lens so that it produces a sharply focused image of a distant window 

on a screen. To a reasonable approximation, the rays incident on the lens from the 

window are parallel rays and therefore the distance between the lens and the screen 

can be taken to be the focal length of the lens. (Estimate the error in the case of a 

lens of focal length 20 cm when using a window which is 5 m from the lens.) 

Lens Formula Method 

By using an illuminated object and a screen, it is possible to obtain a number of 

values of u and the corresponding values of v. The best estimate of the focal length 

of the lens is the average of the values obtained by substituting each pair of values of 

u and v into the lens formula (equation [19.1]). Alternatively, a graph of 1/u 

against 1 /v could be plotted (Fig. 19.11). Each intercept of such a graph is equal to 
1/f, hence f. 

1/u 

A no-parallax technique (see section 20.3) with two pins can be used instead of the 
object and screen. If this is done, virtual image positions can be located in addition 
to those of real images. 

Plane Mirror Method (Self-conjugate Foci) 

Consider a converging lens resting on a plane mirror (Fig. 19.12) and suppose that 
there is an object at the focal point (F) of the lens. Since the object is at the focal 
point, rays of light from it are parallel to the principal axis when they emerge from 
the lens. As a consequence, rays strike the mirror at 90° to its face and are reflected 
back along their original paths to F. Thus, the location of the focal point of the lens 
can be found by discovering the position at which some object is coincident with its 
own image. Once the position of the focal point has been found, its distance from 
the optical centre of the lens can be measured in order to obtain the focal length. 
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Fig. 19.12 Object at 
Use of a mirror to focal point (F) 

determine f for a 
converging lens 

Plane 

mirror 

In practice, the position of a pin suspended above the lens is adjusted so that there 

is no parallax between the tip of the pin and its image. Alternatively, an illuminated 

object (e.g. a cross-hair) set in a screen can be used. 

The Displacement Method 

In Fig. 19.13, a converging lens at L} produces an image at I of an object at O. It 

follows from the principle of reversibility (section 19.6) that an object at I would 

give rise to an image at O, i.e. an object at a distance v from the lens would give rise 

to an image whose distance from the lens is u. This situation could be achieved by 

keeping the object at O and moving the lens to L3. 

Fig. 19.13 miter anael o> og oS oer i a Se 
Displacement method to 
determine f for a 
converging lens 

aS a ars cea? | 

Li L2 

(0) 

| 
| 

| 
| 
| 
bear teh eres 

eth oa RE ee, \j<— _  —— 

From Fig. 19.13 

ee Bt : DDd 
2u- EDE . “w= ae 

am op D-d Beane Da 
v= +u == a 7 £ = 7 

Substituting these values of u and v into the lens formula (equation [19.1]) leads to 

2 2 1 
— + —— = — 

D-d D+d f 

2D + 2d + 2D — 2d me 1 

(D — d)(D + d) ie 

EDiremh ish: 

D2 —d2n00f 

D2 — d? i 

Le = —___ 19.5] ‘is: ie AD 
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Equation [19.5] provides a convenient method of determining the focal length of a 

lens. Itis particularly useful in the case of an inaccessible lens because, unlike many 

methods, there is no necessity to make measurements to the optical centre of the 

lens. 

It can be shown that the minimum distance between a real object and its real 

image is 4f, and that at this separation the object and image are equi-distant from 

the lens. Thus, if D = 4f, the two lens positions coincide and the displacement, 

d, 1s zero. 

19.8 EXPERIMENTAL DETERMINATIONS OF FOCAL 
LENGTHS OF DIVERGING LENSES 

Fig. 19.14 
Use of a converging lens 
to determine f for a 
diverging lens 

Lens Formula Method 

A diverging lens cannot produce a real image of a real object, and therefore it is not 

possible to use the simple arrangement: real object, lens, screen. There are, 

however, two other methods of obtaining pairs of values of u and v. 

Method 1 

A pin acts as an object for the diverging lens, and a second pin is used to locate the 

image position by the no-parallax technique. 

Method 2 

A converging lens (Fig. 19.14) is used to produce, on a screen, a real image (I,) of 

an illuminated object (O). The position of this image is recorded. The diverging 

lens, whose focal length is required, is placed between the converging lens and the 

screen so that I, acts as a virtual object for the diverging lens. If the position of the 

diverging lens is taken to be A, u = —AI,. The screen is moved away from the 

lens until it is at I and there is once again a properly focused image on it. This 

position is recorded, and v is found from v = AI. 

The best estimate of the focal length of the diverging lens is the average 
of the values obtained by substituting each pair of values of u and v (from 
either method) into the lens formula (equation [19.1]). Alternatively, a graph 
of 1/u against 1/v could be plotted (Fig. 19.15). Each intercept is equal to 
1/f, hence f. 
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Fig. 19.15 
Graph to determine ffor a 
diverging lens 
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Converging Lens in Contact 

The diverging lens, whose focal length is required, is placed in contact with a 

converging lens. If the converging lens is the more powerful of the two (i.e. if it has 

a shorter focal length), the combination acts as a converging lens. The focal length, 

f, of the combination is found by using any of the methods of section 19.7. The 

diverging lens is then removed, and the focal length, fı, of the converging lens 

acting alone is determined. The focal length, f2, of the diverging lens is given by 

equation [19.4] as 

19.9 LATERAL (TRANSVERSE) MAGNIFICATION 

Fig. 19.16 
To illustrate lateral 

(transverse) 
magnification 

Lateral magnification, m, is defined by 

[19.6] 
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Yy gg 

Therefore from equation [19.6] ` 

[19.7] 

Notes (i) Both u and v are taken to be positive when using equation [19.7]; they 

represent the lengths OB and BI respectively. 

(ii) Both equation [19.6] and equation [19.7] also apply in the case of diverging 

lenses, and mirrors. 

EXAMPLE 19.2 

An object of height 3.0 cm is placed 20 cm from a diverging lens of focal length 

30 cm. Calculate the height of the image. 

Solution 

u = +20cm (real object) 

Ops zy 

f = —30 cm (diverging lens) 

pòt bg 
PT ep 
rg 1 i 
20° 30 
1 lt 2R 
ms 530% 20 a 60 60 
v = —12cm 

hi y U 

(ida 
hi _ 12 (Note that the minus sign in 
3.0 20 v = —12cmhas been ignored) 

h; = L8&em 

be. Height of image = 1.8cm 

QUESTIONS 19B 

1. Find the magnification produced when an 3. How far from a converging lens of focal length 
object is placed: (a) 30cm from a converging 45 cm must an object be placed if the image is to 
lens of focal length 20cm, (b) 10cm from a be three times as big as the object 
diverging lens of focal length 15 cm. (a) if the image is real, 

(b) if the image is virtual? 
2. A particular lens produces a magnification of 

3x when an object is placed 20cm from it. 

(a) How far from the lens is the image? 

(b) Find both possible focal lengths of the lens. 
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19.10 CHROMATIC ABERRATION 

Fig. 9.17 

An achromatic doublet 

CONSOLIDATION | 

Because of dispersion (section 18.7) a simple (single-component) lens has slightly 
different focal lengths for the various colours which make up white light. It follows 
that when green light (say) is in focus the other colours are slightly out of focus and 
the edges of the image are coloured. The defect, which is called chromatic 
aberration, can be reduced by using an achromatic doublet. This is a 
combination of two lenses made from different types of glass and cemented 
together with Canada balsam. A common type is shown in Fig. 19.17. The crown 

glass component of the doublet is a converging lens and the deviation it produces is 
in the opposite direction to that produced by the flint glass, diverging lens. Each 

component deviates violet light more than red light and because the deviation 
produced by one component is in the opposite direction to that produced by the 
other, it is possible to arrange that the dispersion between red and violet produced 
by one component cancels that produced by the other. For any given deviation, 

crown glass produces less dispersion than flint glass. In order for the dispersions to 

cancel, the crown glass component has to produce more deviation than the flint 

glass component, and therefore since the crown glass lens is converging, the 

overall combination is also converging. 

Concave-meniscus 
component of flint 
glass produces 
less deviation than 
the crown glass 
component but the 
same dispersion 

Equi-convex 
component of 
crown glass 

Canada 
balsam 

Although an achromatic doublet has the same focal length for red light as it does 

for violet light, its focal lengths for the other spectral colours are slightly different. 

These differences though, are considerably less than for a single-component lens 

and the doublet produces very little chromatic aberration. 

Converging lenses are thick in the middle and have positive focal lengths. 

Diverging lenses are thin in the middle and have negative focal lengths. ‘They 

cannot produce real images of real objects. 

1 
: (Unit = m`! or dioptre.) 

Focal length in metres 
Power ofalens = 

Power is positive for converging lenses, negative for diverging lenses. 

Arealimage is one through which rays of light actually pass. It can be formed ona 

screen. 
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A virtual image is one from which rays of light only appear to have come. It 

cannot be formed on a screen. 

A virtual object is one towards which rays of light are heading but which are 

intercepted by a lens (or mirror). 

Lens Calculations 

1 1 1 S 
-+ 

uu i 

u is negative for virtual objects 

v is negative for virtual images 

fis negative for diverging lenses 

Minus signs are ignored when using this equation — magnification cannot be 

negative. 
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MIRRORS 

20.1 THE LAWS OF REFLECTION 

G) The reflected ray is in the same plane as the incident ray and the normal 
to the reflecting surface at the point of incidence. 

Gi) The angle of reflection is equal to the angle of incidence. 

The situation is illustrated in Fig. 20.1. It follows from the first law that since the 

incident ray and the normal are in the plane of the paper, then so too is the reflected 

ray. It follows from the second law that z = r. 

Fig. 20.1 
Reflection 

The normal (i.e. 

Incident the perpendicular Reflected 
ray to the reflecting ray 

surface) 

i = Angle of incidence Note. The angles are measured 
to the normal, not to the 
reflecting surface = Il Angle of reflection 

Note The laws apply whenever light is reflected, regardless of whether the reflecting 

surface is a plane mirror, a curved mirror or a diffuse reflector such as a piece of 

paper. 

20.2 IMAGES PRODUCED BY PLANE MIRRORS 

Fig. 20.2 illustrates the formation of an image by a plane mirror. Rays of light from 

a (real) point object at O are reflected by the mirror and enter the eye in such a way 

that they appear to have come from I. It follows that the image of the object is at I, 

and that it is a virtual (see section 19.2) image. 

The straight line (not shown) joining the object and image is perpendicular 

to the mirror. Furthermore, the image is as far behind the mirror as the object 

is in front of it. These two statements are easily proved (see next page). 

Alternatively, their validity can be demonstrated by experiment (see, for 

example, section 20.3). 

375 
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Fig. 20.2 
Image of a point object in 
a plane mirror 

Fig. 20.3 
To show that ONI is 
perpendicular to the 
mirror and that NO = NI 

SECTION D: GEOMETRICAL OPTICS 

Plane mirror 

To Show that the Line Joining a Point Object and 
its Image is Perpendicular to the Mirror 

Refer to Fig. 20.3 in which I is the image of O, and ON is perpendicular to the 

mirror. 

Plane mirror 

C 

It follows from the second law that a ray incident along ON must be reflected back 

along NO. Since this reflected ray must appear to have come from the image (1), it 
follows that ONI is a straight line and therefore OI is perpendicular to the mirror, 
i.e. the line joining object and image is perpendicular to the mirror. 

To Show that the Image is as Far Behind the 
Mirror as the Object is in Front 

Refer to Fig. 20.3. 

NOA = OAB (alternate angles) 

OAB = CAB (second law) 

CAB = NIA (corresponding angles) 

NOA = NIA 

tanNOA = tan NIA 

NA NA 

NO NI 
NO = NI 

The image is therefore as far behind the mirror as the object is in front. 
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Fig. 20.4 
lmage of a finite-sized 
object in a plane mirror 

Fig. 20.5 
Plane mirror producing a 
real image of a virtual 

object 

3/7 

Fig. 20.4 shows a finite-sized object, AB, in front of a plane mirror. 

A aa , Tena l Front surface 

| | of image 

| Plane mirror 

Front surface 

l 
| 

: : | Pte ops of object 
| 

From what has been said about the images of point objects, the image of A is at A’ 

and that of B is at B’, where AA’ and BB’ are at right angles to the mirror. It follows 

that A’B’ = AB, i.e. the image, A'B’, is the same size as the object, AB. 

A person at X looking at the object would see the arrowhead on the left. However, if 

the same person were to look at the image, he or she would see the arrowhead on 

the right. This is known as lateral inversion — F appears as 4. Note that although 

left becomes right (and vice versa), top does not become bottom — why? 

Summary 

(i) The image ofa real object is virtual. 

Gi) A line joining a point on the object to the corresponding point on the 
image is perpendicular to the mirror. 

(iii) The image is as far behind the mirror as the object is in front. 

(iv) The image is the same size as the object. 

(v) The image is laterally inverted. 

We have seen that a plane mirror produces a virtual image ofa real object. It follows 

from the principle of reversibility (section 19.6) that a plane mirror must produce a 

real image of a virtual object — see Fig. 20.5. 

A Virtual object 

a A 

Plane mirror 

— Real image 

Rays (produced by a converging lens, for example) 

converging towards a point behind the mirror 
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20.3 IMAGE LOCATION BY NO PARALLAX 

Fig. 20.6 
Image location by no 
parallax 

Fig. 20.7 
(a) Parallax between P 
and I. (b) No parallax 
between P and | 

The method of no parallax can be used to locate the positions of both real and 

virtual images. The illuminated object and screen method (see, for example, 

section 19.7) can be used for real images only. In order to illustrate the no-parallax 

technique, we shall describe how it is used to locate the position of a real object 

produced by a plane mirror. 

An object pin, O, is stood in front of a vertical plane mirror (Fig. 20.6). 

4 
Plane 

mirror 

A second pin, P, is now placed behind the mirror. This pin should be large enough 

for the observer to see part of it over the top of the mirror. The observer looks at 

both P and the image, I, of O and then moves P until it appears to coincide with I. If 

P and I are merely in the observer’s line of sight, rather than actually in the same 

place, they appear to move relative to each other when the observer moves his or 

her head from side to side (see Fig. 20.7(a)). There is said to be parallax between 

P and I. 

(a) 

—a=m = @ = =® 

— 

Plane 

LLL LEN LLL LLL mirror 

l 

| 
P appears to be | P appears to be 
to the left of | : | to the right of | 

l 
I 

from here from here 

P and | appear to be 
coincident but are 
merely in the 
observer's line of 
sight 

(b) P and | are coincident 

\ HESS 

LLLP LLL Le 4 

jie 

P and | appear to be 
coincident no matter 
where the observer's 
eye is and therefore 
really are coincident 
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Fig. 20.8 
Relative positions of 
object, observer and lens 
or mirror when obtaining 
image positions by no 
parallax 
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The observer continues to move P until a position is found in which P and I move 
together on moving the head from side to side (Fig. 20.7(b)). There is now 
no parallax between P and I, i.e. they are coincident and P is at the position of the 
image. The image postion has therefore been found. 

The no-parallax method can be used to locate the positions of images produced by 
curved murrors and by lenses. The observer must always be in a position to see the 
image and therefore must be on the same side as the (real) object in the case of a 
mirror, but on the opposite side to the object in the case of a lens. The observer 
must also be able to see at least part of the locating pin. Some situations are 
illustrated in Fig. 20.8. 

e o 

Real Real 
object object 

e e 

Virtual Real $ s ; 
image object The locating pin 

must be big enough 
to be seen over the 
top of the lens 

e e 

Real Virtual 
object image* 

Real Real y 
object image* 

e e 

Real f Virtual 

object : image | The locating pin 
must be big enough 
to be seen over the 
top of the mirror 

e e 

Real Virtual 
object image 

The locating pin is placed at the site of the image (real or virtual) in every case 

*Take care not to confuse the image of the locating pin with that of the object pin 

20.4 SPHERICAL MIRRORS. DEFINITIONS 

Spherical mirrors may be concave (converging) or convex (diverging). The basic 

features of each type of mirror are illustrated by Fig. 20.9. 

In each case: 

(i) | Cis the centre of curvature of the mirror; it is the centre of the sphere of 

which the mirror’s surface forms part; 

(ii) P is the pole of the mirror; 
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Fig. 20.9 
Spherical mirrors: 
(a) converging, 
(b) diverging 

SECTION D: GEOMETRICAL OPTICS 

The normal to 

AES it cl a, 

Principal 

axis 

(a) B 

The normal to 
the mirror’s 

surface 

Principal 

axis 

B 

(iii) CP is the radius of curvature, r, of the mirror; ` 

(iv) the line through CP is the principal axis of the mirror; 

(v) AB isthe aperture of the mirror. 

A ray of light which is parallel and close to the principal axis of a concave mirror 

(e.g. MN in Fig. 20.9(a)) is reflected through the principal focus (focal point), 

F, of the mirror. 

A ray of light which is parallel and close to the principal axis of a convex mirror (e.g. 

MN in Fig. 20.9(b)) is reflected in such a way that it appears to have come from the 

principal focus (focal point), F, of the mirror. 

In each case FP is the focal length, f, of the mirror, and 

f= Es 2 | [20.1] 

20.55 IMPORTANT RAY PATHS 

Notes 

As with lenses (section 19.3), if the paths of any two rays from a single point on an 
object are known, its image position can be located. For each type of mirror, there 
are three rays (Fig. 20.10) whose paths can be determined, and any two of them 
can be used. 

(i) Reflection is treated as ifit takes place at the line which passes through P and 
is perpendicular to CP. 

(i) Since f = r/2 (equation [20.1]), F is the mid-point of CP. 
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Fig. 20.10 
Ray paths for (a) a 
concave, (b) a convex 
mirror 

Real 
object 

(b) Ad 

Gii) In each case: 

(a) the incident ray (1) parallel to the principal axis is reflected through 

(or appears to have come from) F; 

(b) the incident ray (II) passing through (or travelling towards) F is 

reflected back parallel to the principal axis; 

(c) the incident ray (III) passing through (or travelling sages C is 

reflected back along its original path. 

20.6 THE MIRROR FORMULA 

[20.2] 

where 
u = object distance 

v = image distance All distances are measured to 

f = focal length the pole of the mirror. 

r I radius of curvature 
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In order to distinguish between real and virtual images, and the two types of 

spherical mirror, it is necessary to employ a sign convention. This book uses the 

Real is Positive convention, in which: 

(i) the focal lengths and radii of curvature of concave mirrors are positive, and 

those of convex mirrors are negative; 

(ii) distances from mirrors to real objects and real images are positive, whereas 

distances to virtual objects and virtual images are negative. 

EXAMPLE 20.1 

A convex mirror whose radius of curvature is 30 cm forms an image ofa real object 

which has been placed 20 cm from the mirror. Calculate the position of the image 

and the magnification produced. 

Solution 

u = +20cm (real object) 

4) 

r = —30cm_ (convex mirror) 

From equation [20.2] 

Bos ae 
Pp 
Le Wert 2 
DOG gn 50 

Lice = a l DON ai S 

Ma ipep eo P 

==" = —8.6cm 

Since the image distance has turned out to be negative, the image is virtual. The 

image is therefore 8.6 cm behind the mirror. 

Equation [19.7] applies, and therefore the magnification, m, is given by 

oa: OUT 3 

2 ghee Salting | 

Note The minus sign in v = —60/7 cm has been ignored — see note (i) in section 19.9. 
Thus, the magnification is 3, i.e. the image is three-sevenths the size of the object. 

QUESTIONS 20A 

1. A concave mirror with a radius of curvature of 2. (a) What is the focal length of a mirror which 
40 cm forms an image of a real object which has forms a 4x magnified real image of an 
been placed 25 cm from the mirror. (a) What is object which has been placed 20 cm from 
the focal length of the mirror? (b) Calculate the the mirror? 
distance of the image from the mirror and state (b) State whether the mirror is concave or 
whether it is real or virtual. convex. 
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20.7 THE CAUSTIC CURVE AND PARABOLOIDAL 
MIRRORS 

Fig. 20.11 
Caustic curve produced 
by a spherical concave 
mirror 

If rays of light are incident on a spherical concave mirror and are parallel to the 
principal axis of the mirror, those rays which are not close to the axis are reflected in 
such a way that they subsequently cross the axis at points which are closer to the 
mirror than its principal focus. (The discussion, so far, has assumed that the 
mirrors have been of small aperture, in which case it is a sufficiently good 
approximation to ignore this.) Because of this effect, the light is reflected into a 
region which is bounded by a surface known as the caustic (Fig. 20.11). The two- 

dimensional version of this surface, known as the caustic-curve, can often be 

seen on the surfaces of liquids contained in vessels of circular cross-section (e.g. on 

a cup of tea). 

Caustic 

A paraboloidal concave mirror, on the other hand, focuses all rays which are 

parallel to its principal axis at its focus, no matter how wide the beam. It follows 

from the principle of reversibility that if a lamp is situated at the focus of such a 

mirror, an accurately parallel beam will be reflected from it. Paraboloidal mirrors 

therefore find application as search-light reflectors. 

20.8 EXPERIMENTAL DETERMINATIONS OF FOCAL 

LENGTHS OF MIRRORS 

Spherometer Method 

A spherometer can be used to determine the radii of curvature, r, of both concave 

and convex mirrors. The focal lengths, f, are then found from f = r/2 (equation 

[20.1]). 
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CONSOLIDATION —— 
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Mirror Formula Method 

Concave Mirrors 

Concave mirrors behave like converging lenses in that they can produce both real 

and virtual images of real objects. Consequently, the techniques described in the 

‘Lens Formula Method’ of section 19.7 can be used to determine the focal lengths 

of concave mirrors. 

Convex Mirrors 

When convex mirrors are used with real objects the images that result are virtual. 

The techniques of Method 1 in section 19.8 are suitable. 

The Laws of Reflection — see page 375 

Plane Mirrors — see summary on page 377 

Curved Mirrors 

Concave mirrors are converging and have positive focal lengths and positive radii 

of curvature. 

Convex mirrors are diverging and have negative focal lengths and negative radii of 

curvature. They cannot produce real images of real objects. 

i | 1 2 

uo o eT, 

u is negative for virtual objects 

v is negative for virtual images. 

If an object and image move relative to each other when an observer moves his/her 
head from side to side, there is said to be parallax between them — they are in 
different positions. 

If an object and image move together when an observer moves his/her head from 
side to side, there is said to be no parallax between them — they are in the same 
position as each other. 
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21.1 THE VISUAL ANGLE AND ANGULAR 
MAGNIFICATION 

Fig. 21.1 
Image formation by the 
eye 

The size that an object appears to be is determined by the size, b, of its image on the 

retina (Fig. 21.1). For small angles 

b= 200 

where a is the length of the eyeball and 0 is the angle subtended at the eye by the 

object (i.e. the visual angle). Since a is constant, the size of the image on the 

retina (and therefore the apparent size of the object) is proportional to the 

visual angle. For example, a penny held at arm’s length subtends a larger angle at 

the eye than the Moon does, and therefore can block it from view. Thus, although 

the penny is smaller than the Moon, it appears to be bigger because it is subtending 

a larger angle at the eye. 

Retina 

Lateral magnification has been defined (section 19.9) as the ratio of the height of 

an image to the height of its object. There are occasions, however, when this can be 

misleading. For example, it is possible for an image to be bigger than its object, yet 

to appear smaller because it is farther away and subtends a smaller angle at the eye 

than does the object. Thus, lateral magnification does not necessarily provide a 

measure of the ratio of the apparent size of an image to that of the object. A far more 

useful concept is that of angular magnification. 

The angular magnification (also known as magnifying power), M, of an 

optical instrument is defined by 

[21.1] 

B = the angle subtended at the eye by the image 

a = the angle subtended at the unaided eye by the object. 

385 
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In order to determine «, it is necessary to specify the position of the object. 

Microscopes are used to view objects which are close by, and which, therefore, are 

seen to the best advantage by the naked eye when they are at the near point (see 

section 21.2). It is meaningful in the case of microscopes, therefore, to specify « as 

being the angle subtended by the object when it is at the near point. Those objects 

which are observed with telescopes are at large distances, in which case « is simply 

the angle subtended by the object wherever it happens to be. 

21.2 THE NEAR POINT 

The position at which an object (or an image which is acting as an object for the lens 

of the eye) is seen most clearly is called the near point. The near point varies from 

one individual to another but (by convention) is taken to be a distance of 25cm 

from the eye. This distance is known as the least distance of distinct vision (D). 

An object whose distance from the eye is less than D appears blurred; one which is 

farther away appears smaller than when at the near point. 

21.3 THE MAGNIFYING GLASS (SIMPLE 
MICROSCOPE) 

Fig. 21.2 
Magnifying glass with 
image at near point 

When a converging lens is caused to produce a virtual, upright and enlarged image 

it is being used as a magnifying glass. The position of the image depends on the 

position of the object relative to that of the lens. Two: (limiting) situations are 
examined. 

Image at the Near Point 

This arrangement (Fig. 21.2) produces the greatest angular magnification. 

hy _ A 
(for small 8) 

ANN 

— D 
The eye would 
be much closer 
to the lens than 
shown 

Enlarged, virtual Object closer Converging 
image at than focal lens 
near point point 

The angular magnification, M, of a microscope (see section 21. 1) is given by 

M == 
a 
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Fig. 21.3 
Angle subtended by an 
object at the near point 

387 

where 

P = the angle subtended at the eye by the image 

a = the angle subtended at the unaided eye by the object when it is at the 
near point. 

From Fig. 21.2 

hi 
a 

(This assumes that f is a small angle and that the eye is close to the lens.)* 

a= we (for small a) 

If the object were at the near point, it would subtend the small angle h,/D 

(Fig. 21.3), in which case 

a= ho 
D 

Therefore, since M = B/a 

h;,/D 

ee ey, 7) 
; hi 
1.68s M = = 

But h;/h, is, by definition, the lateral magnification, m, and therefore, in this 

case 

M 7 =N = 7 

It is possible to derive an alternative expression for M. Again, we shall assume that 

the angles are small and that the eye is close to the lens. From Fig. 21.2 

ho 
É ian 

From Fig. 21.3 

pois 
pied 

Therefore, since M = B/a 

ho /u 

ne ha/D 

D 
CARMES [21.2] 

* (© Ifthe eye is close to the lens, the angle subtended at the eye ( f) is a good approximation to the 

angle subtended at the lens and therefore B is as shown in Fig. 21.2. 

Gi) Strictly,tanf = h;/D, butif Bis small, = tan fis a good approximation and therefore we 

may put f = h;/D. 
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Fig. 21.4 
Magnifying glass with 
image at infinity 

SECTION D: GEOMETRICAL OPTICS 

In the usual notation 

deh = 3 (equation [19.1]) 
uv J 

Here u = uand v = —D (the image is virtual and therefore v = —25 cm), in 

which case 

Legend 1 - 

UDF y 

Multiplying by (—D) leads to 

SN 
unaa 

Therefore, from equation [21.2] 

M = (F+ 1) [21.3] 
ji 

where 

D =F25 Ccm 

f = the focal length of the lens. 

Image at Infinity 

This arrangement (Fig. 21.4) produces a smaller angular magnification than when 

the image is at the near point, but has the advantage that the eye is relaxed 

(unaccommodated). 

h, =~ Virtual image p= F (for small 8) 
~~. atinfinity 

f 

Object at The eye would 
focal point be much closer 

to the lens than 
shown 

As with the image at the near point we shall assume that the angles are small. From 
Fig. 21.4 

(There is no need for the eye to be close to the lens — the image is at infinity and 
therefore subtends the same angle at the eye as it does at the eyepiece lens in any 
case.) 

From Fig. 21.3 
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Therefore, since M = B/a 

M =ê ho/f 

h,/D 

D 
l.e. M = — 3 [21.4] 

where 

D = +25 cm 

f = the focal length of the lens. 

It follows from both equation [21.3] and equation [21.4] that a lens of short focal 
length is required if the angular magnification is to be high. The surfaces of such a 
lens need to be highly curved. This sets an upper limit to the angular magnification 
that can be achieved using a single lens, because the extent to which images are 
distorted increases with curvature. 

21.4 THE COMPOUND MICROSCOPE 

Fig. 21.5 
Compound microscope 
with image at near point 

Because it makes use of two lenses, the magnifying power of the compound 

microscope is much greater than that of the magnifying glass. The objective lens 

forms a real image of the object. This (intermediate) image acts as an object for the 

eyepiece lens which, behaving as a magnifying glass, produces an enlarged, 

virtual image ofit. The focal length ofeach lens should be small in order to produce 

a high overall angular magnification. (Magnifying powers of 500x are not 

uncommon.) 

Final Image at the Near Point 

This arrangement (Fig. 21.5) produces the greatest angular magnification. The 

separation of the lenses is such that the intermediate image is formed inside F! so 
that the eyepiece lens acts as a magnifying glass. 

Final Objective lens Intermediate Eyepiece lens 
virtual f= real image f= f. 
image 

Object 
outside F, 

h; 

The eye would 
be much closer 
to the lens than 
shown 
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The angular magnification, M, of a microscope (see section 21.1) is given by 

mM == 
OL 

where 

B = the angle subtended at the eye by the image 

= the angle subtended at the unaided eye by the-object when it is at the 

near point. 

From Fig. 21.5 

hi 
aio 

(This assumes that f is a small angle and that the eye is close to the lens.)* If the 

object were at the near point, it would subtend the small angle h,/D (see Fig. 21.3), 

in which case 

ho 
a> — 

D 

Therefore, since M = f/a 

M = h;,/D 

h,/D 

i.e ae 
the: ~ ho 

But h;/h, is, by definition, the lateral magnification, m, and therefore, as for the 

magnifying glass with the image at the near point (section 21.3), 

hi 
M = = — m he 

Note M hi hi h 

ho h a alo 

‘i.e. angular magnification = lateral magnification produced by eyepiece x lateral 
magnification produced by objective. 

Image at Infinity 

This arrangement (Fig. 21.6) produces a smaller angular magnification than when 

the image is at the near point, but has the advantage that the eye is relaxed 

(unaccommodated). The separation of the lenses is such that the intermediate 
image is formed at the focal point (F’) of the eyepiece lens. 

EXAMPLE 21.1 © au ee ee a 

A compound microscope consists of two thin converging lenses. The focal length 
of the objective lens is 10 mm and that of the eyepiece lens is 20 mm. If an object is 
placed 11mm from the objective lens, the instrument produces an image at 
infinity. Calculate the separation of the lenses and the magnifying power of the 
instrument. 

* See footnote on page 387. 
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Fig. 21.6 
Compound microscope 
with image at infinity 

Fig. 21.7 
Diagram for Example 
21.1 
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Object Objective Intermediate Eyepiece lens 
outside F; lensf = f real image f=f e 

Final inverted 
image at infinity 

Solution 

Since the final image is at infinity, the intermediate image must be at the focal point 

ofthe eyepiece lens. The situation is therefore as shown in Fig. 21.7. Itis clear from 

Fig. 21.7 that the lens separation can be found once v, the distance of the 

intermediate image from the objective lens, is known. For this lens, employing the 

usual notation we have 

u = lLmm 

vV =v 

f = 10mm 

Intermediate image 
at focal point of 
eyepiece lens 

Objective lens Eyepiece lens 
f = 10mm f = 20mm 

v 20 = 

Final image 
at infinity 

Substituting these values into the lens formula (equation [19.1]) leads to 

eae | 1 

danii. 
i.e. v = 110mm 
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Therefore, from Fig. 21.7, the lens separation is 110+ 20 = 130mm. 

The magnifying power, M, is given by 

B 
x 

Mi= 

where 

B = the angle subtended at the eye by the image ~ 

a = the angle subtended at the unaided eye by the object when it is at the | 

near point. 

Since the final image is at infinity, the angle subtended at the eye is the same as that 

subtended at the eyepiece lens and therefore f is as shown in Fig. 21.7, in which 

case, taking f to be a small angle we have 

h 

P= 30 
For a microscope « = h,/D and, since this calculation is being worked in mm, 

D = 250mm. Therefore 

E20 
Therefore, since M = B/a 

h/20 h 
=0]2 5 

ha /250 he 

But, AQPR is similar to ATSR, and therefore 

oS ne ee 
ho 11 11 

Therefore 

MPSS 

21.5 THE ASTRONOMICAL (REFRACTING) TELESCOPE 

This consists of two converging lenses. The objective lens produces a real image 
of the object being viewed. This (intermediate) image acts as an object for the 
eyepiece lens which, behaving as a magnifying glass, produces a virtual image of 
it. If the magnifying power of the instrument is to be high, the focal length of the 
objective lens must be large and that of the eyepiece must be small. 

Telescopes are used to view objects which are at great distances, and in each of the 
situations discussed here it will be assumed that the object is at infinity. Because 
the diameter of the objective lens is small compared with the distance of the object 
from the lens, all the rays reaching the lens from a single point on the object can be 
taken to be parallel to each other. 

Final Image at Infinity (i.e. Normal Adjustment) 

The arrangement is shown in Fig. 21.8. The object is at infinity, and therefore the 
intermediate image is in the focal plane of the objective lens. The separation of the 
lenses is such that their focal planes coincide, and therefore the eyepiece lens, 
acting as a magnifying glass, produces a final image which is at infinity. The eye is is 
relaxed (unaccommodated). 
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Fig. 21.8 
Astronomical telescope 
in normal adjustment 
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Objective Eyepiece lens 

Intermediate rea! f e 
image in focal 
plane of each lens 

lens f = f, 

5 Ray from a point at 
the top of the object 

7 

J fina inverted 
image at infinity 

The angular magnification, M, of a telescope (see section 21.1) is given by 

B 
a 

where 

B = the angle subtended at the eye by the image 

a = the angle subtended at the unaided eye by the object. 

Since both the object and the final image are at infinity, the angles they subtend at 

the eye are the same as those they subtend at the objective and at the eyepiece 

respectively. It follows that a and f are as shown in Fig. 21.8, from which 

h h 
= — and (= 

i fe fo 

(This assumes that « and f are small, in which case, to a good approximation, 

a = tana and f = tan $.) 

Therefore, since M = B/a 

_ fe 
hfe 

ra Sy [21.5] 

Itis clear from this equation that, as stated previously, telescopes require long focal 

length objectives and short focal length eyepieces. 
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Fig. 21.9 
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Final Image at the Near Point 

The arrangement is shown in Fig. 21.9. The separation of the lenses is less 

than when the final image is formed at infinity. The intermediate image, though 

still in the focal plane of the objective lens, is now inside the focal point 

(F!) of the eyepiece lens and in such a position that the final image is at the near 

point. 

Astronomical telescope 
with image at near point 

QUESTIONS 21A W 

1. 

Objective lens Intermediate Eyepiece lens 
real image f=f, 

he 
at F, 

> 

An astronomical telescope in normal adjust- 

ment has a total length of 78 cm and produces 

an angular magnification of 12. What is the focal 
length of the objective? 

An astronomical telescope has an objective of 

focal length 80.0cm and an eyepiece of focal 

length 5.0cm. The telescope is in normal 

adjustment and a distant object subtends an 

angle of 5.0 x 107° radians at the objective. 

Find: (a) the length of the instrument, (b) the 

angular magnification it produces, (c) the size 
of the intermediate image. 

Ray from a point at 
the top of the object 

= 

3. A compound microscope has an objective of 
focal length 12.0 mm and an eyepiece of focal 
length 50.0 mm. The lenses have a separation of 
90.0mm and an object of height 0.30 mm is 
placed 15.0 mm from the objective. Calculate: 
(a) the distance of the intermediate image from 
the objective; (b) the distance of the final image 
from (i) the eyepiece, (ii) the objective; (c) the 
size of the intermediate image; (d) the angular 
magnification. 
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21.6 THE OBJECTIVE LENSES OF TELESCOPES 

Ideally, the objective lens of a telescope should have a large diameter. There are 
two reasons for this. 

G) A telescope with a large diameter objective lens can resolve fine detail (see 

section 26.9). 

Gi) The amount of light gathered by a telescope is proportional to the square of 
A the diameter of its objective lens. This is a major consideration when the 

telescope is being used to view stars, which, because they are at great 

distances, appear dim. 

The difficulties involved in obtaining large pieces of optical quality glass, and in 

supporting the lens, set an upper limit to this diameter — the world’s largest 

refracting telescope has a 100 cm diameter objective. 

The objective should be an achromatic doublet to reduce chromatic 

aberration (see section 19.10). In order that the image suffers the minimum 

possible spherical aberration (distortion) the deviations produced by each 

surface of the lens should be approximately the same. This is achieved when using 
a plano-convex lens by having the curved surface facing the object (Fig. 21.10). 

Fig. 21.10 
Telescope objective 

Bi-convex Plano-concave 
component component of 
of glass A glass B 

The lens surfaces are ‘bloomed’ (see section 25.8) to cut down reflections at the 

surfaces of the lens which would reduce the brightness of the final image. 

21.7 THE TERRESTRIAL TELESCOPE 

This uses one more lens that the astronomical refracting telescope (Fig. 21.11). 

The purpose of this (erecting) lens is to invert the intermediate image, and so make 

the final image erect. 

Since the minimum separation of Ixand Iy is 4 fx (see page 370), the introduction 

of the extra lens means that the length of the instrument exceeds that of the 

equivalent astronomical telescope by at least four times the focal length of the 

erecting lens. In order to keep this increase in length to the minimum, Ix and Iy 

have to be equi-distant from the erecting lens and are therefore the same size as 

each other. It follows that when the final image is at infinity the angular 

magnification is fə/fe as in section 21.5. A further disadvantage of the erecting 

lens is that the extra reflections which occur at its surfaces decrease the intensity of 

the final image. 
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Fig. 21.11 Final erect virtual 

Terrestrial telescope in yo. at infinity 

normal adjustment Hat 
~ 

~ ~ F 
Objective RASNI ~ aw yoping ; 

lens f = h aa ensf = hk 

~ 
~ 

21.8 THE GALILEAN TELESCOPE 

This uses a concave eyepiece lens in order to produce an erect final image without 

having to resort to the additional lens required by the terrestrial telescope. Fig. 

21.12 shows a Galilean telescope in normal adjustment. 

Ix acts as a virtual object for the concave eyepiece lens. Since Ix is at the focal point, 

FL, of the eyepiece, the final image is at infinity. 
x 

Fig. 21.12 Objective Concave svap 
Galilean telescope in lens f = f ao 
normal adjustment Final virtual 

erect image 
at infinity n 

Advantages 

Gi) The final image is erect. 

Gi) The telescope is shorter than both the astronomical telescope and the 
terrestrial telescope. 

Disadvantages 

G)  Ithasa small field of view. 

(ii) Itis impossible to place the eye in such a position that it collects all the light 
which has passed through the objective lens. 

(iii) Telescopes often incorporate a cross-hair. This needs to be at the site of the 
intermediate image so that there is no parallax between the image of the 
cross-hair and the final image of the object being viewed. In the case of a 
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Galilean telescope it is impossible to meet this requirement, and therefore 

Galilean telescopes cannot be used to make precise determinations of the 

angular positions of the objects being viewed. 

21.9 THE REFLECTING TELESCOPE 

The purpose of the objective lens of a refracting telescope is to produce an image 

` which can be examined by the eyepiece. In the reflecting telescope a concave 

mirror is used to the same end. Mirrors have a number of advantages over lenses. 

(i) The diameter of a mirror can be much greater than that of a lens because a 

mirror can be supported over the whole of its non-reflecting surface. As a 

consequence, the world’s largest telescopes (i.e. those that can be used to 

look at very faint objects and resolve very fine detail) are reflecting 

telescopes. The largest is the Russian telescope on Mt. Pastukhov — its 

mirror has a diameter of 6 m. 

(ii) The glass which is used to make a mirror need only be free of air bubbles — 

there is no necessity for it to be homogeneous. 

(iii) Mirrors cannot produce chromatic aberration. 

(iv) A paraboloidal mirror is likely to produce less spherical aberration than a 

lens. 

(v) There is only one surface to be ground. 

In the Cassegrain reflecting telescope (Fig. 21.13) the intermediate image (1;) 

formed by the concave objective acts as a virtual object for the (small) convex 

mirror. This produces a second intermediate image (Iz) in a convenient position to 

be magnified by the eyepiece. 

Fig. 21.13 J Converging lens 
Cassegrain reflecting acting as a 

telescope Ray a magnifying glass 
and producing an 
enlarged image 
of l; 

Intermediate ` 
image of 
distant object 

a and b are parallel rays 
from a distant point a 

on the axis of the instrument Paraboloidal 
concave objective 

Auxiliary convex mirror (in practice this is 

very much smaller than the objective) 

The size of |, (and that of the final image) is proportional 

to the focal length of the objective — hence a long focus 

objective is required 
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A Newtonian reflector is shown in Fig. 21.14. 

Fig. 21.14 
Newtonian reflecting 
telescope 

Plane mirror 
at 45°to =F 
the axis 

21.10 THE EYE-RING (EXIT-PUPIL) 

The eye-ring of a telescope is a washer-like disc, positioned so that its circular 

aperture coincides with the image of the objective lens formed by the eyepiece lens 
(Fig. 21.15). Because of its position and because its aperture has the same 
diameter as this image, the eye-ring defines the smallest region through which 
passes all the light that has been refracted by both lenses. If an observer places his 
eye at the eye-ring, the maximum amount of light will enter his eye. The position 
of the eye-ring is therefore the best position for the observer’s eye. 

Fig. 21.15 —p— Rays from top of object 
The location of the 
eye-ring of a telescope —>>—__ Rays from bottom of object 

Eye-ring (note that 
its position is where 
rays from the centre 
of the objective 

PRP. cross the axis) 
Objective Eyepiece 
lens 

lens 

Intermediate 
real image of 
object 

Image of 
objective formed 
by eyepiece lens 

(i) | Both rays from A pass through A‘ therefore image of A is at A’ 

(ii) A'B' is the smallest region through which all the light passes 

(iii) XY represents the pupil of the observer's eye. Most of the light 
fails to enter the pupil when it is in the position shown. All the 
light enters the pupil when it is at A'B' 
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The diameter, De, of the eye-ring is equal to that of the image of the objective lens 
formed by the eye-piece lens. In normal adjustment the separation of these lenses 
is Jo +fe (where f, and f are the respective focal lengths). Therefore, if v is the 
distance from the eyepiece lens to the image of the objective, and D, is the diameter 
of the objective lens, then since by equation [19.7] i 

Object size _ Object distance 

Image size Image distance 

Do hti D. — [21.6] 

Employing the usual notation, u = f +f. v = v and f = f. Substituting 

these values into the lens formula (equation [19.1]) leads to 

TEATA, 
iiia he debi 

Multiplying by (f> + fə) gives 

Dki eres 
fe 

Therefore, from equation [21.6] 

D» (6) € i+ —.= fo + Se 
D: f 

ie: Da = fo 
D 

In normal adjustment the angular magnification, M, is given by M = f,/f., and 

therefore 

3 SN 3 D, s 

e 

21.11 THE SPECTROMETER 

The spectrometer is an instrument which can be used to make accurate 

measurements of the deviation of a parallel beam of light which has passed 

through a prism or a diffraction grating. As such, the instrument provides a means 

of studying optical spectra. When used with a prism the spectrometer allows an 

accurate determination of refractive index to be made (see section 21.12). The use 

of a spectrometer with a diffraction grating is discussed in section 26.6. 

The essential features of a spectrometer are shown in Fig. 21.16. The collimator is 

fixed, but the table and the telescope can each be rotated about a common 

(vertical) axis which passes through the centre of the table and is perpendicular to 

it. The instrument embodies a vernier scale arrangement so that the angles 

through which the table and the telescope have been turned can be measured to an 

accuracy of 1’ of arc. The collimator can be adjusted to provide a parallel beam of 

light when the slit is being illuminated. The collimator lens and the objective lens 

of the telescope are achromatic (see section 19.10). 
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Fig. 21.16 
Spectrometer 

SECTION D: GEOMETRICAL OPTICS 

i Table 

Light source 

Collimator 

Bme 

j Levelling Cross-hair 
SATY aa, 

21.12 MEASUREMENT OF REFRACTIVE INDEX BY 
USING A SPECTROMETER 

If the refracting angle A of a prism and the minimum deviation D produced by it 

are measured, the refractive index of the material of the prism can be found by 

making use of equation [18.8]. A spectrometer provides an accurate means of 

measuring A and D. Suppose that the refractive index of glass at the wavelength of 
sodium light is to be measured. 

Adjusting the Spectrometer Š. 

(i) The telescope eyepiece is adjusted so that the cross-hairs are in sharp focus. 

Gi) The telescope is focused on a distant object (by changing the position of the 
telescope objective relative to the eyepiece and the cross-hairs) in such a way 
that there is no parallax between the image and the cross-hairs. The 
significance of using a distant object is that, from now on, any parallel light 
which enters the telescope will be brought to a focus on the cross-hairs. 

Gii) The collimator slit is illuminated with sodium light, and the telescope is 
turned so that it is in direct line with the slit. The slit is moved in or out of the 
collimator tube until the image of the slit, as seen through the telescope, is in 
sharp focus. Since the telescope has been set to focus parallel light, the 
collimator must now be providing parallel light. At this stage the width of the 
slit is optimized. 

(iv) The prism is placed on the table in such a way that one face, XY say, is 
perpendicular to the line joining two of the levelling screws, Q and R say. 
The telescope is turned through 90° (by reference to the scale) and then the 
table is turned until XY reflects light into the telescope. The situation is now 
as shown in Fig. 21.17. If the plane of XY is not vertical, the centre of the 
image of the slit will be above or below the centre of the cross-hairs. If this is 
the case, Q is adjusted until the image is in the centre of the field of view. It is 
still possible that the other faces of the prism are not vertical and therefore, 
without moving the telescope, the table is turned so that XZ reflects light 
into the telescope. Levelling screw P is adjusted (if necessary) so that the 
image of the slit once more occupies the centre of the field of view. (The only 
effect on XY of adjusting P is to cause XY to move in its own plane and 
therefore leaves XY vertical.) The prism table is now level and the 
spectrometer is ready for use. 
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Fig. 21.17 
Prism reflecting light 
from the collimator of the 
spectrometer into the 
telescope 

Fig. 21.18 
Measurement of angle A 

Fig. 21.19 
Measurement of angle D 
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<p 
Collimator 

Telescope 

Measurement of A 

The table is turned so that angle A faces the collimator and light is reflected by XY 

and XZ simultaneously (Fig. 21.18). The telescope is turned to Tı so that an 

image of the slit (produced by reflection at XY) is centred on the cross-hairs. The 

position of T, is noted and the telescope is swung round to T, to receive light 

reflected from XZ. From simple geometry, the angle turned through in moving 

from T; to T3 is equal to 2(a+ f) = 2A; hence A. 

Collimator 

Measurement of D 

The telescope and the table are rotated so that the telescope is receiving light which 

has passed approximately symmetrically through the prism (Fig. 21.19). The table 

is slowly rotated and, at the same time, the telescope is moved in such a way that the 

Collimator 

Ts 
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image remains centred on the cross-hairs. If the table is being rotated in the correct 

sense, a point is reached at which the image starts to move in the opposite direction 

to that in which it has been moving- this is the position of minimum deviation. The 

telescope position, T3, is noted. The prism is removed and the telescope is turned 

to T; to receive the undeviated beam. The angle between T; and T; is D. 

21.13 THE CAMERA 

Fig. 21.20 
Camera 

A simple camera is shown in Fig. 21.20. The lens can be moved in and out relative 

to the film so that light from objects at different distances may be focused on the 
film. The diameter, d, of the aperture can be altered by means of the diaphragm 

adjusting ring. When the camera is operated the shutter opens, for a 

predetermined time, and exposes the film to the light which has entered through 

the lens. 

Diaphragm 
adjusting 

gng Shutter 

L 
ii Film 

Stop (iris 
diaphragm) 

Note: In many 
cameras the lens 
consists of several 
elements with the 
stop situated 
between two of them 

When the object being photographed is moving quickly, the exposure time has to 
be very short and therefore the diameter of the aperture has to be large in order that 
the amount of light which falls on the film is sufficient to expose it by the proper 
amount. When a slow-moving object is photographed, a long exposure can be 
used and the diameter of the aperture can be reduced. Using a small aperture has 
two advantages: (i) it reduces spherical aberration because the light which reaches 
the film has passed only through the centrel region of the lens, and (ii) it increases 
the depth of field. 

f-number 

The amount of light that reaches the film is proportional to the area of the aperture, 
i.e. to d°. A camera is normally used to photograph objects whose distances from 
the lens are large compared with its focal length, f. It can be shown that the image 
of such an object covers an area which is approximately proportional to f°. It 
follows that the amount of light per unit area of image is proportional to d? /f ? and 
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Fig. 21.21 
To illustrate depth of field 
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that the required exposure time is proportional to f? /d*. f/d is called the 
f-number (or relative aperture). For a typical camera the available (number 
settings are 2, 2.8, 4, 5.6, 8, 11, 16, 22. These numbers are such that the square ofa 
number is (approximately) twice that of the number which precedes it. It follows 
that decreasing the number by one setting halves the exposure time. 

Depth of Field 

A camera is often required to photograph, simultaneously, objects which are at 
different distances from the lens. In Fig. 21.21(a) light from a point object at O is 
being brought to a focus at I on the tilm. Light from O; is out of focus and covers an 

area whose diameter is XY and which is known as a circle of confusion. Fig. 

21.21(b) illustrates the effect of reducing the diameter of the aperture — the 

diameter X’Y’ of the circle of confusion is reduced and the photograph is clearer. 

The range of object distances for which the circles of confusion are so small that 

they are seen by the eye as points is called the depth of field. Thus, decreasing the 

aperture increases the depth of field. 

X'Y' < XY 

QUESTIONS 21B Ea aa A as es 

1. A camera has an fnumber of 5.6. When the 2. When a camera is focused on an object 40.0 cm 

camera is focused at infinity the centre of the away the lens is 5.7 cm from the film. (a) What 

lens is 4.9cm from the film. What is the is the focal length of the lens? (b) How far 

diameter of the lens? would the lens need to be moved in order to 

focus the camera on an object at infinity? 

21.14 THE EYE 

Normal Eye 

An eye (Fig. 21.22) produces a real, inverted image of the object being viewed. 

The image is produced on the retina — the light-sensitive region at the back of the 

eye. The shape, and therefore the focal length, of the eye lens can be altered by the 

action of the ciliary muscles attached to it. This makes it possible for light from 
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Fig. 21.22 
Section through an eye 

Note 

SECTION D: GEOMETRICAL OPTICS 

Ciliary S Sclera 
ligaments 

Choroid 

Aqueous 
humour 

Vitreous 

humour 

Retina 

Ciliary 
muscle 

When the ciliary muscle contracts 
it reduces the tension in the 
ligaments and allows the lens to 
become more convex 

objects which are at different distances from the eye to be brought to a focus on the 

retina even though it is at a fixed distance from the lens. This ability of the eye is 

known as its power of accommodation. (Compare with this with the action of a 

camera, where objects at different distances are focused-by altering the distance 

between the lens and the film.) 

The closest point at which an eye can focus (comfortably) is called its near point; 

the most distant point is called the far point. For a normal eye these are at 25 cm 

and infinity, respectively. Light from an object close to the eye has to be deviated 

more than that from a more distant object. This requires a more powerful, and 

therefore more highly curved, lens. The lens is therefore at its most highly curved 

when focusing on the near point. An eye focused on infinity is relaxed and is said to 
be unaccommodated. 

The refractive index of the lens is not very different from that of the aqueous 
humour or that of the vitreous humour. Consequently light undergoes very 
little deviation as a result of passing through the lens itself. The main function 
of the lens is to produce slight changes in deviation rather than large amounts 
of it. Most of the deviation occurs at the boundary between the air and the 
cornea. 

Short Sight (Myopia) 

A short-sighted person can see near objects clearly but not distant ones, i.e. 
his or her far point is closer than infinity (Fig. 21.23(a) and (b)). Light from a 
distant object is brought to a focus in front of the retina. Either the eyeball is too 
long or the eye, with the lens at its weakest, is too strong. The condition is corrected 
by using a suitable diverging lens to make parallel rays of light appear to have come 
from the (uncorrected) far point of the eye (Fig. 21.23(c)). It follows that the 
diverging lens must have a focal length which is equal to the uncorrected far point 
distance. i 
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Fig. 21.23 
(a) and (b) Short sight; 
(c) correction of short 
sight. (The eye lens is at 
its weakest in every case.) 

Fig. 21.24 
(a) and (b) Long sight; 
(c) correction of long 
sight. (The eye lens is at 
its strongest in every 
case.) 
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(b) 

Uncorrected 
far point 

Long Sight (Hypermetropia) 

A long-sighted person can see distant objects Clearly but not those close by, i.e. his 

or her near point is greater than 25 cm from the eye (Fig. 21.24(a) and (b)). Light 

from a nearby object heads towards a focus behind the retina. Either the eyeball is 

too short or the eye, with the lens at its strongest, is too weak. The condition is 

corrected by using a suitable converging lens. The lens must produce a virtual 

image at the (uncorrected) near point of the eye of an object which is 25 cm from 

the eye (Fig. 21.24(c)). The focal length of the correcting lens is easily calculated. 

Suppose a long-sighted person has a near point distance of 150 cm. We see from 

Fig. 21.24(c) that an object 25 cm from the lens must give rise to a virtual image 

which is 150 cm from the lens, i.e. u = 25cm,v = —150cm and therefore by 

1/u+1/v = 1/f, f = 30cm. Thus a converging lens of focal length 30 cm is 

required. 

\1 (a) 

<— 25 cm —> 

(b) 

= 
Uncorrected 
near point 

— 
—_ a = 

a me 
——_— 
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EXAMPLE 21.2 — 

Note 

v is minus 25.0cm 

because it is a virtual 
image distance; f is 
minus 200cm because 
the lens is diverging. 

QUESTIONS 21C ` 

SECTION D: GEOMETRICAL OPTICS 

A man with a normal near point distance of 25.0cm wears spectacles with 

diverging lenses of focal length 200 cm in order to correct his far point distance to 

infinity. What is his near point distance when wearing the spectacles? 

Solution 

The closest point on which the eye can focus whilst the spectacles are being worn is 

such that light from it appears to have come from a point 25.0 cm from the eye after 

refraction by the spectacle lens. Thus we need to find the object distance, u, for 

which the spectacle lens produces a virtual image distance of 25.0 cm. By 

Let al 
u Of 
1 Lael 
u 350. S 

1 1 1  -14+8 | 47 
u æ 250 W 200 

u = = 28.6cm 

i.e. the near point distance with the spectacles is 28.6 cm. 

1. A girl can see clearly only those objects which length of the spectacle lens that would allow her 
are greater than 250 cm from her eyes. (a) What to see objects 25cm from her eyes? (d) What 
defect of vision does she have? (b) What type of would her far point distance be when wearing 
lens (converging or diverging) would be used to the spectacles? 
correct the defect? (c) What would be the focal 

CONSOLIDATION © 

The visual angle is the angle subtended at the eye by an object. 

The near point is the position at which an object (or image) can be seen most 
clearly. An object (or image) closer than the near point appears blurred, one which 
is further away appears smaller than when at the near point. 

Magnifying Glass (Simple Microscope) 
A Angle subtended at eye by image 

Angle subtended at eye by object at the near point 

The lens must have a short focal length for high angular magnification. 

When the image is at the near point the angular magnification is at its largest 
and is equal to the lateral magnification. Also 

hi D 
M=—=—+1 

ho Mf 
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When the image is at infinity the eye is relaxed (unaccommodated). Also 

Lg geet 
‘i 

Compound Microscope 

4 Angle subtended at eye by image 

Angle subtended at eye by object at near point 

Each lens must have a short focal length for high angular magnification. 

The objective produces a real image which acts as an object for the eyepiece. The 

eyepiece acts as a magnifying glass and produces a virtual image. 

When the final image is at the near point the angular magnification is at its 

largest and is equal to the lateral magnification. 

When the final image is at infinity the eye is relaxed (unaccommodated). 

Astronomical Telescope 

A large objective can: 

(i) collecta lot of light and so produce a bright image, 

(ii) resolve fine detail. 

Angle subtended at eye by image 
M = 

Angle subtended at eye by object wherever it happens to be 

Requires f, large and fẹ small for high angular magnification. 

The objective produces a real image which acts as an object for the eyepiece. The 

eyepiece acts as a magnifying glass and produces a virtual image. 

When the final image is at infinity the telescope is in normal adjustment. 

Also f 

Deriving Expressions for Angular Magnification 

(i) Itis necessary to specify that angles are small so that the approximations 

a = tanaandf = tan f may be used. 

(ii) Except when the object or image is at infinity, it is necessary to specify that 

the eye is close to the lens concerned so that to a good approximation the 

angle subtended at the eye is equal to the angle subtended at the lens. 

Short sight — nearby objects can be seen clearly, distant ones cannot. Corrected 

by using a diverging lens. 

Long sight- distant objects can be seen clearly, nearby ones cannot. Corrected by 

using a converging lens. 
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EXPERIMENTAL — 

DETERMINATION OF THE 
VELOCITY OF LIGHT 

22.1 AN OUTLINE OF ROMER’S ASTRONOMICAL 
METHOD 

There have been many determinations of the velocity of light. The first of these was 

that of a Danish astronomer, Römer, in 1676. (Galileo had made an unsuccessful 

attempt in 1600.) 

One effect of the Earth’s motion about the Sun‘is to cause it to spend about six 

months of each year moving away from the planet Jupiter, and the remaining time 

moving towards it. Römer had noticed that the time intervals between Jupiter 

eclipsing one of its moons became progressively longer as the Earth moved away 
from the planet, and then progressively shorter as the earth moved back again.He 
reasoned that the eclipses actually take place at constant intervals, and that when 
the time intervals were increasing it was because the Earth was moving away from 
Jupiter and so the light had to travel a little farther each time. Knowing the 
diameter of the Earth’s orbit about the Sun he was able to obtain a value for the 
velocity of light. 

22.2 MICHELSON’S METHOD 

In 1926 Michelson made use of an apparatus which involved a rotating octagonal 
steel prism (Fig. 22.1). 

When the prism is stationary the light follows the path shown and an image of the 
source can be seen through the telescope. If the prism is rotated slowly, the image 
disappears because either face X is not in a suitable position to direct the outgoing 
beam to C, or face Y is unable to send the incoming beam to the telescope. 
However, if the speed of the prism is increased so that it turns through exactly one- 
eighth ofa revolution in the same time that it takes light to travel from X to Y, then 
an image of the source is seen through the telescope. Michelson adjusted the speed 
of rotation until he was able to observe a stationary image of the source. This 
occurred when the prism was rotating at 530 revs~!. The experiment was carried 
out on Mt. Wilson (USA) and the concave reflector (C) was on another mountain 
35 km away. 

408 
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Fig. 22.1 
Michelson’s method for 
determining the velocity Telescope 

of light. (Note that the AA 
optical system used by (~ 35km CS 
Michelson was more from the 
complex than that shown Prism) Blane imnirror Polished 
here.) at focus of C steel 

prism 

Ray of light from 
a very bright 
source 

The figures given here are approximate but can be used to indicate the procedure 

adopted by Michelson. Thus, 

Light path 

Time taken 

2 ase Le 

~ (1/8)(1/530) 
x 3x 108ms"! 

Speed of light (c) = 

Michelson made a correction to take account of the fact that the light was travelling 

through air (rather than vacuum) and obtained a final value which was accurate to 

better than one part in 10°. 
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QUESTIONS ON SECTION D 

REFRACTION (Chapter 18) 

D1 

D2 

D3 

D4 

D5 

D6 

D7 

A ray of light is incident in air on the surface of 

a glass block. The angle of incidence is 30°. 

Calculate: 

(a) the angle of refraction, 

(b) the amount by which the ray is deviated on 

entering the glass. 

(Refractive index of glass with respect to 

air = 1.5.) 

A ray of light is incident in glass on a plane 

glass—air boundary and makes an angle of 30° 

with the normal to the boundary. Calculate the 

angle through which the ray is deviated on 

entering the air. 

(Refractive index of glass with respect to 
ait= 1.5.) 

A ray of light is incident in air at an angle of 40° 

to the normal to one face of a 60° glass prism. 

Calculate the angle through which the ray has 

been deviated by the time it emerges from the 
prism. 

(Refractive index of glass with respect to 
air = 1.50.) 

A ray of light is incident in water on a plane 

water-glass boundary. The angle of incidence 

is 30°. Calculate the angle of refraction. 

(Refractive index of glass with respect to 

air = 3/2, refractive index of water with 
respect to air = 4/3.) 

Ablock of glass measures 5 cm x 5cm x 8cm. 

When the block is stood on one of its smaller 

faces and viewed from directly above it appears 

to be a cube. Calculate the refractive index of 
the glass. 

Calculate the critical angle for a glass—air 

surface if a ray of light which is incident in air 

on the surface is deviated through 15.5° when 

its angle of incidence is 40.0°. 

A narrow parallel pencil of monochromatic 
light is incident on a plane boundary between 
air and glass. Describe the phenomena which 

D8 

occur as the angle of incidence of the light is 

progressively increased from 0° to 90°, (a) in 

the air, (b) in the glass. [J] 

How would you use an air-cell to determine 

the refractive index of a liquid for sodium 

light? Point out the essential features of the 

structure of the cell, and give the theory of the 

method. 

State and explain the difficulty encountered if 

white light is used in such an experiment. 

A ray of monochromatic light is incident on 

one face of a prism of refracting angle 60°, 

made of glass of refractive index 1.50. Calculate 

the least angle of incidence for the ray to be 

transmitted through the second face. [J] 

D9 (a) For light travelling in a medium of 
refractive index nı and incident on the 

boundary with a medium of refractive 

index n2, explain what is meant by total 

internal reflection and state the circum- 

stances in which it occurs. 

(b ̀ A cube of glass of refractive index 1.500 is 
placed on a horizontal surface separated 
from the lower face of the cube by a film of 
liquid, as shown in the diagram. A ray of 
light from outside and in a vertical plane 
parallel to one face of the cube strikes 
another vertical face of the cube at an 
angle of incidence of i = 48° 27’ and, 
after refraction, is totally reflected at the 
critical angle at the glass-liquid interface. 
Calculate (i) the critical angle at the glass— 
liquid interface and (ii) the angle of 
emergence of the ray from the cube. [J] 
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D10 

D11 

D12 

D13 

A plane mirror lies at the bottom of a long flat 
dish containing water, the mirror making an 
angle of 10° with the horizontal, as shown in 
the figure below. 

A narrow beam of monochromatic light falls 

on the surface of the. water at an angle of 

incidence 0. If the refractive index of water is 

4/3, determine the maximum value of 0 for 
which light, after reflection from the mirror, 

would emerge from the upper surface of the 

water. [AEB, ’79] 

Calculate the minimum deviation produced 

by a 60° glass prism if the refractive index of the 

glass is 1.50. What is the angle of incidence at 

which minimum deviation occurs? 

A ray of light strikes face AB of a triangular 

glass prism of section ABC, enters the prism 

and next strikes face AC. Angle BAC is 62.00°. 

What is the minimum angle of incidence on 

face AB which will allow light to emerge from 
face AC if the refractive index of the glass is 

1.520? 

What is the minimum deviation which this 

prism can cause for light entering face AB and 

leaving via face AC? [S] 

The diagram shows a narrow parallel horizon- 

tal beam of monochromatic light from a laser 

directed towards the point A on a vertical wall. 

A semicircular glass block G is placed 

symmetrically across the path of the light and 

with its straight edge vertical. The path of the 

light is unchanged. 

The glass block is rotated about the centre, O, 

of its straight edge and the bright spot where 

the beam strikes the wall moves down from A 

to B and then disappears. 

OA = 1.50m AB = 1.68m 
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D14 

(a) Account for the disappearance of the spot 

of light when it reaches B. 

(b) Find the refractive index of the material of 

the glass block G for light from the laser. 

(c) Explain whether AB would be longer or 

shorter if a block of glass of higher 

refractive index was used. [L] 

Calculate the angular separation of the red and 

violet rays which emerge from a 60° glass 

prism when a ray of white light is incident on 

the prism at an angle of 45°. The glass hag a 

refractive index of 1.64 for red light and 1.66 

for violet light. 

LENSES (Chapter 19) 

D15 

D16 

D17 

A real object which is 3.0cm high is placed 

60cm from (a) a converging lens of focal 

length 20cm, (b) a diverging lens of focal 
length 30 cm. Calculate the size and position 

of the image formed in each case. 

Draw ray diagrams to illustrate the formation 

of the images. 

A convering lens forms a real image of a real 

object. If the image is twice the size of the 

object and 90cm from it, calculate the focal 

length of the lens. 

How far from the lens would the object have to 

be placed for the image to be the same size as 

the object? 

An object 3cm high is placed 3cm from a 

diverging lens of focal length 4cm. The 

bottom of the object is on the principal axis 

of the lens. A converging lens of focal length 

3 cm is placed coaxial with the diverging lens 

and 4cm from it on the side remote from the 
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D18 

D19 

D20 

D21 

object. Draw a scale diagram showing the 

paths through the system of two rays from the 

top of the object. Make it clear which lines in 

your diagram represent the paths of real rays, 

which represent virtual rays and which are 

construction lines. Measure the size of the 

final image. 

When an object is placed 50cm from a thin 

converging lens a real image is formed at a 

distance of 33 + cm from the lens. When a thin 

diverging lens is placed in contact with the first 

lens the image distance increases to 50cm. 

What is the focal length of the diverging lens? 

An opaque disc P, 3mm diameter, lies at the 

bottom of a glass beaker, and is illuminated 

from below by a source S. A converging lens L 

of focal length 10 cm, situated 15 cm above the 

disc, forms an image of this at Q. Where is Q 

situated, and what is the size of the image? 

zm Q 

xs 

Explain qualitatively how the position and size 

of the image of the disc is changed when the 

beaker is filled with water. [S] 

A camera is fitted with a lens of focal length 

50 mm. Ifa distant building subtends an angle 

of 0.1 rad at the camera, what is the size of its 

image on the film? 

Over what distance must it be possible to move 

the lens so as to be able to focus sharply objects 

at distances between infinity and 550 mm? 

If a disc of diameter 250 mm is photographed 

when placed 550 mm from the camera, what is 
the size of its image on the film? [S] 

Describe how you would determine the focal 

length (about 20 cm) ofa diverging lens, being 

provided with a converging lens whose focal 

D22 

D23 

D24 

D25 

SECTION D: GEOMETRICAL OPTICS 

length is about 20 cm. Explain (a) the purpose 

of the converging lens, (b) why the two lenses 

are separated in the experiment. 

Trace the paths of two rays from a point source 

off the axis of the arrangement you describe, 

marking on your diagram the positions of the 

principal foci, and distirīguishing between rays 

and construction lines. 

A point source is placed on the axis of, and 

60cm from, a thin converging lens of focal 

length 20cm. A thin diverging lens of focal 

length 20 cm is placed on the opposite side of 

the converging lens and.5 cm from it. Calcu- 

late the position of the final image, and com- 
ment on the significance of the result with 

reference to the experiment you have described. 

(At the beginning of your calculation state the 

sign convention you are using.) [J] 

Explain what is meant by (a) a virtual image, 

(b) a virtual object, in geometrical optics. 

Illustrate your answer by describing the 

formation of (i) a virtual image of a real 

object by a thin converging lens, (ii) a real 

image of a virtual object by a thin diverging 

lens. In each instance draw a ray diagram 

showing the passage of two rays through the 

lens for a non-axial object point. [J] 

A certain camera has a single converging lens 

of focal length 50 mm. What range of move- 

ment of the lens is necessary to produce a clear 
image of an object at any distance from the 

camera between 1.0m and infinity? [C(O)] 

A slide projector is required to produce a real 
image 684mm wide from an object 36mm 

wide. If the distance of the object from the 

screen is to be 2000 mm, calculate: 

(a) the distance of the lens from the object, 

(b) the focal length of the lens required. 

[AEB, ’79] 

An object is placed 0.15m in front of a 
converging lens of focal length 0.10 m. It is 

required to produce an image on a screen 

0.40 m from the lens on the opposite side to 

the object. This is to be achieved by placing a 
second lens midway between the first lens and 
the screen. What type and of what focal length 
should this lens be? Sketch a diagram showing 
two rays from a non-axial point on the object to 
the final image. [L] 
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D26 (a) A student performs an experiment to 
measure the focal length of a converging 
lens. In the experiment a series of object 
and image distances (u and v) is obtained 
and then a graph is drawn of uv against 
(u + v). This graph is shown. 

PREECE EEE Eee 

10 20 30 40 

(u + v)/em 

(i) Show that the slope of such a graph is 

equal to the focal length of the lens. 

(ii) From the graph, obtain a value for 

this focal length. 
(b) Explain why the images produced by this 

lens may be slightly coloured. [S] 

MIRRORS (Chapter 20) 

D27 

D28 

D29 

A child is 1.4m tall and her eyes are 10cm 
below the top ofher head. She wishes to see the 

whole length of her body in a vertical plane 

mirror whilst she herself is standing vertically. 

(a) What is the minimum length of mirror 

that makes this possible? 

(b) How far above the ground is the top of the 

mirror? 

When a plane mirror is turned through an 

angle « the reflected ray turns through an angle 

B. Derive the relationship between « and $. 

Two plane mirrors are parallel to, and facing, 

each other with a separation x. A point object 

lies between the mirrors at a distance y from 

one of them. What is the distance from the 

object of the image produced by two reflec- 

tions in each mirror? 

D30 

D31 

D32 
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A small luminous object is on the principal axis 

of a converging lens of focal length 40 cm. The 

object is 50cm from the lens. Light from the 

object passes through the lens and is then 

reflected by a plane mirror. The mirror is 

150 cm from the lens and perpendicular to its 

principal axis. 

(a) What is the nature of the image produced 

by the mirror? 

(b) How far from the lens is this image? 

An object is placed 4cm from (a) a concave 

mirror which has a radius of curvature of 

24 cm, (b) a convex mirror which has a radius 

of curvature of 40cm. Calculate the position 

of each image and the magnification produced 

in each case. 

Draw ray diagrams to illustrate the formation 

of the images. 

A rod which is 10 cm long is placed along the 

principal axis of a concave mirror such that the 

mid-point of the rod is 35 cm from the pole of 

the mirror. Calculate the radius of curvature of 

the mirror if it forms a real image of the rod 

which is 20 cm long. 

OPTICAL INSTRUMENTS 
(Chapter 21) 

D33 

D34 

D35 

A thin converging lens of focal length 50 mm is 

to be used as a magnifying glass with the 

observer’s eye close to the lens. If the observer 

can see images clearly anywhere between 

250 mm from the lens and infinity, determine: 

(a) the range of possible object distances, 

(b) the corresponding range of magnifying 

powers. [J] 

Explain what is meant by the magnifying 

power of a magnifying glass. Derive expres- 

sions for the magnifying power ofa magnifying 

glass when the image is (a) 25 cm from the eye 

and (b) at infinity. In each case draw the 

appropriate ray diagram. [J] 

Draw a ray diagram to illustrate the action of a 

thin lens used as a magnifying glass, the image 

being at the near point of the eye and the eye 

being close to the lens. 

Distinguish clearly between the magnification 

of the image and the magnifying power of the 

lens. Explain why, in the case shown in your 
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D36 

D37 

D38 

ray diagram, these quantities are numerically 

equal and derive an expression giving the 

magnifying power of the lens in terms of its 

focal length f and the nearest distance of 

distinct vision D. [J] 

A point object is placed on the axis of, and 

3.6cm from, a thin converging lens of focal 

length 3.0 cm. A second thin converging lens 

of focal length 16.0 cm is placed coaxial with 

the first and 26.0 cm from it on the side remote 

from the object. Find the position of the final 

image produced by the two lenses. 

Why is this not a suitable arrangement for a 

compound microscope used by an observer 

with normal eyesight? For such an observer 

wishing to use the two lenses as a compound 

microscope with the eye close to the second 

lens decide, by means ofa suitable calculation, 

where the second lens must be placed relative 

to the first. [J] 

The diagram shows two converging lenses 

arranged as a compound microscope giving a 

final virtual image 250 mm from the eye lens. 

The cross wires appear to the observer to be 

coincident with this image. 

50mm 
focal length 

(a) Calculate y. 

(b) Calculate the magnifying power of the 

instrument. 

(c) Calculate x. 

(Note. The diagram is not drawn to scale.) 

[S] 

The diagram shows the paths of two rays of 

light from the tip of an object B through the 

objective, O, and the eyelens, E, of a com- 

pound microscope. The final image is at the 

near point of an observer’s eye when the eye is 

close to E. F, and Fj are the principal foci of O 

and Fx is one of the principal foci of E. The 

diagram is not drawn to scale. 

focal length 

D39 
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(a) Explain why: 

(i) the object is placed just to the left of 

(ii) the eyepiece is adjusted so that the 

intermediate image is to the right of 

Fr. 
(b) Inthis arrangement, the focal lengths of O 

and E are 10 mm and 60 mm respectively. 

If Bis 12 mm from O and the final image 

is 300 mm from E, calculate the distance 

apart of O and E. [J] 

Explain what is meant by the least distance of 

distinct vision and define the magnifying power 

(angular magnification) of a microscope. 

Describe what is meant by (a) a simple 

microscope or magnifying lens and (b) a 

compound microscope. For each type of 

microscope, draw a ray diagram to show the 

passage through the microscope of two rays 

from a non-axial point object to produce an 

image at the least distance of distinct vision, 

and derive an expression for the magnifying 
power. 

It is generally assumed that the eye can see 

clearly two points at the least distance of 

distinct vision when they are at least 107° m ` 

apart. Suggest suitable values for the focal 

lengths of the lenses and for their separation in 

a compound microsope which has just suffi- 

cient magnifying power for an observer to see 

particles which are 5 x 1076 m apart. Assume 

that the least distance of distinct vision is 

0.25 m. [W] 

D40 (a) A thin converging lens can be used to 
form a real image or a virtual image of a 
small extended object at right angles to its 
principal axis. State how the nature of the 
image, and also the magnification (de- 
fined as length of image/length of object) 
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D41 

D42 

D43 

depend on the position of the object 

relative to the principal focus on the 
object side. 

Defining the magnifying power of a 
simple magnifying glass to be 

Angle subtended at the eye by 
image in its actual situation 

Angle subtended at the unaided 

eye by object if it were placed 
at the eye’s near point 

show that the magnifying power of a 

magnifying glass of focal length f can 
range from d/f when the image is formed 

at infinity to (1 + d/f) when the image is 
formed at the near-point distance d. 

A compound microscope consists of two 

thin lenses, an objective of focal length 

20mm and an eyepiece of focal length 

50mm, placed 220 mm apart. If the final 

image is viewed at infinity, calculate the 

distance of the object from the objective 

and also the magnifying power of the 

system when it is used by a man whose 

near-point distance is 250 mm. 

Draw a ray-trace diagram (not to scale) 

illustrating the passage of light through 

the microscope, showing rays starting from 

a non-axial point on the object. [O] 

(b) 

(c) 

(d) 

A telescope is used to view a distant object, the 

final image being at infinity. Show on a 

diagram the paths through the telescope of 

two rays of light from each of two points on the 

object. Mark on your diagram the best 

position for the eye to be placed. [S] 

A telescope consists of two converging lenses: 

an objective lens of focal length 500 mm and 

an eyepiece lens of focal length 50 mm. When 

the telescope is in normal adjustment: 

(a) what is the separation of the lenses, 

(b) where is the final image located, 

(c) is the image erect or inverted, 

(d) what is the magnifying power, 

(e) where should the pupil of the eye be 

placed to obtain the best view through 

the telescope? [S] 

Explain the term angular magnification as 

related to an optical instrument. 

Describe, with the aid of a ray diagram, the 

structure and action of an astronomical 

telescope. Derive an expression for its angular 

D44 

D45 

D46 
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magnification when used so that the final 

image is at infinity. With such an instrument 

what is the best position for the observer’s eye? 

Why is this the best position? 

Even if the lenses in such an instrument are 

perfect it may not be possible to produce clear 

separate images of two points which are close 

together. Explain why this is so. Keeping the 

focal lengths of the lenses the same, what could 

be changed in order to make the separation of 

the images more possible? [L] 

Define the angular magnification (or magnify- 

ing power) of a telescope. A telescope consists 

of two converging lenses. When in normal- 

adjustment, so that the image of a distant 

object is formed at infinity, the lenses are 

450 mm apart, and the angular magnification 

is 8. What are the focal lengths of the two 

lenses? Is the image erect or inverted? [S] 

(a) What is meant by normal adjustment for an 

astronomical telescope? Why is it used in 

this way? 

(b) An astronomical telescope in normal 

adjustment is required to have an angular 

magnification of 15. An objective lens of 

focal length 900 mm is available. Calcu- 

late the focal length of the eyepiece 

required and draw a ray diagram, not to 

scale, to show how the lenses should be 

arranged. The diagram should show three 

rays passing through the telescope from a 

non-axial point on a distant object. State 

the position of the final image, and 

whether or not it is inverted. [J, 789] 

Define magnifying power of an optical tele- 

scope. : 

Draw a ray diagram for an astronomical 

refracting telescope in normal adjustment, 

showing the paths through the instrument of 

three rays from a non-axial distant point 

object. Derive an expression for the magnify- 

ing power. 

The magnifying power of an astronomical 

telescope in normal adjustment is 10. The 

real image of the olyective lens produced by the 

eye lens has a diameter 0.40 cm. What is the 
diameter of the objective lens? 

Discuss briefly the significance of the diameter 

of the objective lens on the optical perfor- 

mance of a telescope. [J] 
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D48 

D49 

State what is meant by the normal adjustment in 

the case of an astronomical telescope. 

Trace the paths of three rays from a distant 

non-axial point source through an astronom- 

ical telescope in normal adjustment. 

Define the magnifying power of the instrument, 

and by reference to your diagram, derive an 

expression for its magnitude. 

A telescope consists of two thin converging 

lenses of focal lengths 100cm and 10cm 

respectively. It is used to view an object 

2000cm from the objective. What is the 

separation of the lenses if the final image is 

25cm from the eye-lens? Determine the 

magnifying power for an observer whose eye 

is close to the eye-lens. [J] 

Draw a ray diagram showing the action of an 

astronomical telescope, consisting of two thin 

converging lenses, in normal adjustment, 

when forming separate images of two stars. 

Explain why the images of the two stars formed 

on the retina of the eye will have a greater 

separation if the stars are viewed through the 

telescope than if they are viewed by the 

unaided eye. 

The objective of an astronomical telescope in 

normal adjustment has a diameter of 150 mm 

and a focal length of 4.00 m. The eyepiece has 

a focal length of 25.0 mm. Calculate: 

(a) the magnifying power of the telescope, 

(b) the position of the eye ring (that is, the 

position of the image of the objective 

formed by the eyepiece), 
(c) the diameter of the eye ring. 

Give one advantage of placing the eye at the 

eye ring. [L] 

(a) Gi) What is meant by the magnifying 

power M of an astronomical tele- 
scope? 

Such a telescope can be made from 

two converging lenses. With the aid 

of a sketch, derive an expression for 

M in terms of the focal length of these 

lenses. Assume that the telescope is 

in normal adjustment. 

Explain the significance of the eye- 
ring of a telescope. 

The diameters of eye-rings seldom 

exceed 4mm. Suggest a reason why. 

(ii) 

(b) (Gi) 

(ii) 

SECTION D: GEOMETRICAL OPTICS 

(c) A telescope objective lens (of focal length 

2.00 m) is used to photograph the Moon, 

which subtends an angle of 9.2 mrad 

(= 0.53°) at the Earth. The photographic 
film is placed in the principal focal plane 

of the lens, at right-angles to its principal 

axis. : 

(i) Calculate the diameter of the image 

of the Moon formed on the photo- 

graphic film. 

(ii) Suggest a reason why the complete 

telescope in normal adjustment is 
not used for taking the photograph. 

[O, ’92*] 

D50 Draw a ray diagram to show how a converging 

D51 

D52 

lens produces an image of finite size of the 

Moon clearly focused ona screen. If the Moon 

subtends an angle of 9.1 x 10~? radian at the 

centre of the lens, which has a focal length of 

20 cm, calculate the diameter of this image. 

With the screen removed, a second converging 

lens of focal length 5.0cm is placed coaxial 

with the first and 24cm from it on the side 

remote from the Moon. Find the position, 

nature and size of the final image. [J] 

A refracting telescope has an objective of focal 

length 1.0m and an eyepiece of focal length 

2.0cm. A real image of the Sun, 10cm in 

diameter, is formed on a screen 24cm from 

the eyepiece. What angle does the Sun 

subtend at the objective? [L] 

Define magnifying power of a telescope. Show 

that, if a telescope is used to view a distant 

object and is adjusted so that the final image is 

at infinity, the magnifying power is given by 

the ratio of the focal lengths of the objective 
and eyepiece. 

An astronomer has the choice of two tele- 
scopes of equal magnifying power but of 
different apertures. Explain what advantages 
he could obtain by choosing one rather than 
the other. 

A telescope has two lenses of focal lengths 
1.0 m and 0.10 m and it is adjusted to produce ` 
an image of a distant object on a screen. The 
object subtends an angle of 0.30° at the 
telescope objective. Calculate: (a) the linear 
size of the image formed on the screen 0.5m 
from the eyepiece, and (b) the distance 
between the two lenses. Draw a diagram of 
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D53 

D54 

the optical arrangement showing the paths of 

two rays through the lens system which come 

from a point on the object not on the axis. [L] 

Draw a ray diagram to show how the eye views 

the image formed by a convex lens when used 

as a magnifying lens. Define the magnifying 

power of a magnifying lens, and derive an 

expression for it when the image, seen by the 
eye, is at infinity. 

Describe the optical system ofan astronomical 

telescope and draw a ray diagram to show how 

the eye receives rays from a distant non-axial 

point, the final image being at infinity. Define 

the angular magnification of a telescope, and 

find an expression for it under the above 

conditions. ; 

A surveyor looks through the telescope of a 

levelling instrument and would like to see the 

measuring stick, which is 0.6 km away, in the 

same detail as when he looks at it directly from 

a distance of 6m. Determine the required 

angular magnification, and suggest suitable 

values for the focal lengths of the objective and 

eyepiece. [W] 

(a) Draw a ray diagram to show how a thin 

converging lens can form a magnified 

virtual image of an object. 

What is meant by the term angular 

magnification and what is its value in this 

case? 
Explain why the image appears magnified 

when both object and image subtend the 

same angle at the lens. 

A telescope is made from two lenses of 

focal lengths 100cm and 5cm. The 

instrument is adjusted so that a virtual 

image of the Moon is formed 25 cm from 

the more powerful lens. 

(i) Draw a ray diagram of this arrange- 

ment. 

Calculate the distance between the 

lenses and the angular magnifica- 

tion produced by the instrument. 

Explain where the observer should 

position his eye in order to get the 

greatest field of view when using the 

telescope. 

(c) The above telescope is now adjusted to 

form a real image of the Moon 20 cm from 

the more powerful lens. 

(b) 

(ii) 

(iti) 
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(i) Calculate the distance between the 

lenses. 

(ii) Suggest a possible use for a telescope 

adjusted in this manner. [S] 

D55 A distant object subtending an angle of 0.10 

minute of arc is viewed with a reflecting 
telecope whose objective is a concave mirror 

of focal length 1000 cm. The reflected light is 
intercepted by a convex mirror placed 950 cm 

from the pole of the concave mirror and a real 

image is formed in the vicinity of the pole of the 

concave mirror where there is a hole. This 

image is viewed with a convex lens of focal 

length 5cm used as a magnifying glass and 

producing a final image at infinity. Draw a ray 

diagram (not to scale) for this arrangement 

using two rays from a non-axial point on the 

distant object which strike the objective at a 

small angle with the principal axis of the 

system. 

Calculate: 
(a) the size of the real image that would have 

been formed at the focus of the concave 

mirror, 

(b) the size of the image formed by the convex 

mirror, 

(c) the angle subtended by the final image at 

the optic centre of the convex lens. 

Give two advantges of reflecting telescopes 

over refracting telescopes. (1 minute of 

arc = 2.9 x 1074 radians.) [J] 

D56 What is the function of a collimator in a 

D57 

spectrometer? Sketch the arrangement of the 

optical components of the collimator. [C] 

Define the refractive index of a medium, and 

state Snell’s law. 

Describe the construction and adjustment ofa 

spectrometer. Explain, including the deriva- 

tion of any equation used, how you would 

determine the refractive index of the material 

of a prism for light from a monochromatic 

source. 

It has been suggested that the variation of 

refractive index n with wavelength 4 is given by 

n = A+ B/A, where A and Bare constants for 

a given material. Using a graphical method, or 

otherwise, investigate whether the following 

data fit this equation. 
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D58 

D59 

D60 

D61 

45x 10 m 

5.0x107m 

5.5 x 10"m 
6.0 x 107m 

6.5 x 107m [W] 

A camera has a lens with a focal length of 

50 mm. 

(a) When the camera is focused on a distant 

object, state 

(i) the distance from the lens to the film, 

(ii) three properties of the image formed 

by the lens. 

The camera is refocused on a near object 

which is 1000 mm from the lens. Calcu- 

late how far and in what direction the lens 

has been moved in order to produce an 

image at the film. [J, °90] 

(b) 

Under certain light conditions a suitable 

setting for a camera is: 

exposure time 1/125 second, aperture f/5.6. 

If the aperture is changed to f/16 what would 

the new exposure time be in order to achieve 

the same film image density? What other effect 

would this change in fnumber produce? [L] 

(a) Describe an experiment to determine the 

focal length of a thin converging lens. 

Describe the structure and operation of a 

simple camera. Discuss the advantages of 

a variable aperture lens in a camera. 

A camera is fitted with a lens having an f- 

number of 2.8. When the camera is 

focused at infinity the centre of the lens 

is 4.9cm from the film. Calculate the 
effective diameter of the lens. 

(b) 

(c) 

With the aperture fully open, the correct 

exposure for certain lighting conditions is 

(=4,) s. What would be the fnumber 
corresponding to + of the full aperture 

and what would be the corresponding 

exposure time in order to obtain the same 

image brightness? ~ [AEB, ’79] 

A convex camera lens is used to form an image 

of an object 1.00m away from it on a film 

0.050 m from the lens. What is the focal length 
of the lens? 

D62 

D63 

D64 

D65 

D66 

D67 
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If the camera is used to photograph a distant 

object, how far from the film would the clear 

image be formed? What type of lens should be 

placed close to the first lens in order to enable 

the distant object to be focused on the film if 

the separation of the first lens and film cannot 

be changed in this camera? What is the focal 
length of this added lens? [L] 

A particular person cannot see objects clearly 

if they are more than 200cm away. What 

spectacles are required to allow him to see 

distant objects clearly? , 

An old lady has a near point of 150 cm. What 

spectacles does she need if she is to see objects 

which are only 25 cm from her eyes? 

A man wear spectacles whose lenses have a 

power of +2.5 m~! in order to correct his near 

point to 25 cm. What is his near point distance 
when he is not wearing the spectacles? 

A boy has a near point of 40 cm and a far point 

of 400 cm. 

(a) What spectacles are required to make his 
far point infinity? 

(b) What is his range of vision when wearing 
the spectacles? 

A girl can see objects clearly only if they are 

between 60cm and 600 cm away. 

(a) What spectacles are required to allow her 

to see objects that are only 25 cm away? 

(b) What is the most distant point on which 

she can focus whilst wearing the specta- 
cles? 

(a) Using a labelled ray diagram in each case 
(i) explain what is meant by short sight, 
(ii) show how it is corrected. 
A man can see clearly only objects which 
lie between 0.50m and 0.18m from his 
eye. 
(i) What is the power of the lens which 

when placed close to the eye would 
enable him to see distant objects 
clearly? 

(ii) Calculate his least distance of distinct 
vision when using this lens. [J, ’91] 

(b) 
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D68 (a) 

(b) 

Explain with the aid of a ray diagram the 
action of a spectacle lens in correcting the 
far point of an eye from 200 cm in front of 
the eye to infinity. Repeat the procedure 
for correcting the near point of an eye 
from 50 cm to 25 cm. 

In each case calculate the focal length of 

the spectacle lens, ignoring the separation 

of lens and eye. [J] 

VELOCITY OF LIGHT 
(Chapter 22) 

D69 (a) 

(b) 

In an experiment to determine the speed 

of light in air, light from a point source is 

reflected from one face of a sixteen-sided 

mirror M, travels a distance d to a 

stationary mirror from which it returns 

and, after a second reflection at M, forms 

an image of the source on a screen. When 

Mis rotated at certain speeds, the image is 

still seen in the same position. Explain 

how this can occur and show that, if the 

lowest speed of rotation for which the 

image remains in the same position is n (in 

revolutions per second), the speed of 

light, c, is given by 

Ca— 32nd. 

Using the above arrangement, an image is 

seen on the screen when the speed of 

rotation is 900 revolutions per second. 

419 

The speed of rotation is gradually in- 

creased until at 1200 revolutions per 

second the image is again seen. If 

c= 3.00 x 10°8ms~!, calculate a value 
for d consistent with these figures. What 

is the lowest speed of rotation for which an 

image will be seen on the screen? [J] 

D70 Describe a terrestrial method of measuring the 

D71 

speed of light. Explain precisely what observa- 

tions are made, and how the speed is 

calculated from them. 

How can the method you describe be adapted 

to show qualitatively that the speed of light is 

less in water than in air? Why would it be 

difficult to make a precise measurement of the 

speed of light in water? 

What is the evidence that the speed of red and 

blue light is the same in vacuum, but that red 

light travels faster than blue light in water? 

[S] 

A plane mirror rotating at 35 revs”! reflects a 

narrow beam of light to a stationary mirror 200 

metres away. The stationary mirror reflects the 

light normally so that it is again reflected from 

the rotating mirror. The light now makes an 

angle of 2.0 minutes of arc with the path it 

would travel if both mirrors were stationary. 

Calculate the velocity of light. 

Give two reasons why it is important that an 

accurate value of the velocity of light should be 

known. ` : [J] 
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BASIC PROPERTIES OF WAVES 

23.1 INTRODUCTION AND DEFINITIONS 

Fig. 23.1 
Displacement against 
distance for particles in a 
simple harmonic wave 

A wave motion isa means of transferring energy from one point to another without 

there being any transfer of matter between the points. Waves may be classified as 

being either mechanical or electromagnetic. Mechanical waves (e.g. water waves, 

sound waves, waves in stretched strings) require a material medium for their 

propagation. Electromagnetic waves (e.g. light, radio, X-rays — see Chapter 28) 

can travel through a vacuum; their progress is impeded, to some extent, by the 
presence of matter. 

When a mechanical wave travels from some point A to some other point B, it is 

because a disturbance of some kind at A has caused the particle there to become 
displaced. This particle drags its neighbour with it, so that it too becomes displaced 

and has a similar effect on the next particle, and so on until the disturbance reaches 

B. If the material is elastic, the particles oscillate about their rest positions. The 
motions of any pair of particles are the same, but that of the particle which is farther 
from the source occurs somewhat later and with reduced amplitude. If the 
disturbance at the source is of a repetitive nature, the wave is maintained. If it is 
not, the amplitude of vibration of each particle becomes progressively smaller and 
eventually the wave ceases to exist. 

If the disturbance at the source is simple harmonic, a plot of the displacements of 
the particles at a single instant in time, as a function of distance from the source is 
sinusoidal (Fig. 23.1). 

Displacement 
from 
equilibrium 
position 

Amplitude 

Distance 

from source 

A 

(Wavelength) 

Trough 

422 



b 

BASIC PROPERTIES OF WAVES 

Fig. 23.2 
Displacement against 
time for a particle in a 
simple harmonic wave 

Notes 

423 

If, instead of considering the whole of the wave at one point in time, the 
displacement of a single particle is plotted as a function of time, the situation is as 
shown in Fig. 23.2. 

G) 

Gi) 

Displacement 
from 

equilibrium 
position 

Amplitude 

J Se 

(period) 

Fig. 23.1 and Fig. 23.2 apply to both transverse waves (i.e. waves in which 

the displacements are perpendicular to the direction of travel) and to 

longitudinal waves (i.e. waves in which the displacements are parallel to the 
direction of travel). In the latter case it is necessary to adopt some (arbitrary) 

convention. For example, displacements to the right might be plotted above 

the axis. 

The amplitude of vibration of a single particle is also the amplitude of the 

wave. 

The wavelength Ai is the distance bowen any particle and het neare one = 

which is at the same stage of its motion. In particular, it is r separation o = 
two adjacent crests Or troughs. 

The amplitude (a) of the wave is the greatest displacement ofe any panicle a 
from its equilibrium position. 

‘The period ( Ti is the time ae for any oe to ee a compete 

oscillation. It is also the time taken for the wave to travel one wavelength. 

The frequency (f) is the number of oe that any particle undergoes i in is 

one second. It is also the number of wavelengths that pass a a fixed pointin one 

second. (Unit = = hertz, symbol Hz.) 4 

Derivation of v = fi 3 

Whenever the source of a wave motion undergoes one cycle the wave moves 

forward by one wavelength (4). Since there are fsuch cycles each second, the wave 

progresses by fA in this time, and therefore the velocity (v) of the wave is given by 

[23.1] 
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It follows from the definitions of period and frequency that 

J - l [23.2] 
T 

(This is easily seen by considering a numerical campie, If f = 10 Hz, 10 cycles 

occur in one second and therefore the period, T, is 75 +; second. ) 

Equations [23.1] and [23.2] hold for all wave motions. ‘Equation [23.2] also 

applies to any oscillatory motion. 

An electromagnetic wave (see section 28.1) consists of a time-varying electric field 

accompanied by a time-varying magnetic field. The amplitude of such a wave is 

usually taken to be the maximum electric field strength associated with the wave. 

By plotting the electric field strength on the y-axes, we can use graphs of the kinds 

shown in Figs. 23.1 and 23.2 to represent electromagnetic waves. 

23.2 THE PRINCIPLE OF SUPERPOSITION 

Fig. 23.3 
To illustrate the principle 
of superposition 

The Siineateh has e EA in prodig Fig. 23.3, which represents two waves 

(A and B) of different amplitudes and frequencies being propagated along a single 
string. 

Displacement 

Resultant wave, A + B 

Wave B 

Distance aa 

Whenever two waves are not travelling along the same line but merely cross at 
some point, they each emerge from the crossing point in the same form as they 
entered it. The principle of superposition applies at the point where they cross. 

The phenomena of interference, diffraction, beats and stationary waves are 
consequences of the superposition of waves. 
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23.3 PHASE DIFFERENCE 

Before proceeding the reader should compare Fig. 23.1 with a plot of sin @ against 
0 in order to appreciate that one wavelength corresponds to 27 radians, and that 
half a wavelength corresponds to r radians, etc. 

When the crests of two waves of equal wavelength are together the waves are said to 
be in phase (i.e. they have a phase difference of zero). If a crest and a trough are 
together, the waves are completely out of phase (i.e. they have a phase difference 
of m radians). This occurs whenever one wave leads the other by half a wavelength 
(or, since a phase difference of n x 21, where n is an integer, is effectively a phase 
difference of zero, whenever one wave leads the other by an odd number of half- 
wavelengths). ne 

23A QUESTIONS 

1. What is the phase difference between two (c) 9cm, (d) 12cm, (e) 14cm, (f) 18cm, 

waves, each of wavelength 12cm, when one (g) 36cm, (h) 39cm. 

leads the other by: (a) 6cm, (b) 3cm, 

23.4 THE EQUATION OF A PROGRESSIVE WAVE 

The displacement, y, at some time, t, of a particle which is oscillating with simple 

harmonic motion of frequency, f, can be represented by 

Y = sin 254 f [23.3] 

Note that this requires that y = 0 whenz = 0. 

Fig. 23.4 
Sinusoidal wave 

mee Profile at t = 0 of 
a progressive wave 
moving to the right 
i.e. in the positive 
direction of x 

Fig. 23.4 shows a sinusoidal wave motion of wavelength 4 and frequency f. Since it 

is a sinusoidal wave, all the particles contributing to it are oscillating sinusoidally. If 

we assume that Fig. 23.4 represents the situation at t = 0, then the particle at the 

origin (O) has y = Owhent = 0 and therefore its motion is represented by 

equation [23.3]. Since the wave is moving to the right, the motion of the particle at 
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P will lag behind that of the particle at O by (x/A)T, where T'is the period of the 

motion. The displacement at P is therefore given by replacing t in equation [23.3] 

by (t — (x/A)T). Thus, the displacement, y, at any point, x, is given by 

y= asin[2ar (1-5) 

But T = 1/f. Therefore ‘ 

2 [23.4] 
L n ae 

where y is the displacement at time ¢ and at a distance x from the origin, of a 

sinusoidal wave of frequency ftravelling in the positive direction of the x-axis, and 

whose wavelength, /, is given by k = 27/4. 
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HUYGENS’ CONSTRUCTION 

24.1 WAVEFRONTS AND RAYS 

Fig. 24.1 
Wavefronts and rays 

A wavefront i isa ine or surface, in the path of a wave motion, on which the: i 
disturbances at every point have the same phase. 

If a point source generates two-dimensional waves in an isotropic medium (i.e. a 

medium in which the waves travel with the same speed in all directions), the 
wavefronts are circles centred on the source (Fig. 24.1). Wavefronts of this type 

can be seen when, for example, a small stone is thrown into a pond. The wavefronts 

associated with two-dimensional waves produced by a line source (e.g. a straight 

vibrator in a ripple tank) are straight lines. At large distances from a source of any 

kind which is producing two-dimensional waves, the wavefronts are straight lines 

(Fig. 24.1). 

Plane wavefronts at 
large distances from the R 

Ray 

Point 
source 

Circular 
wavefronts 

Ifa point source in an isotropic medium is sending out waves in three dimensions, 

the wavefronts are spheres centred on the source. A point source of light produces 

wavefronts ofthis type. At large distances from such a source the wavefronts are the 

surfaces of spheres of large rge radii, and therefore limited sections of them are 

essentially plane wavefronts. Indeed, at large distances from a source of any kind 

which is generating three-dimensional waves, the wavefronts are plane. 

a A - y isa jiga which: Feens he direction of travel of. a wave; it is at at right 

g ; wavefronts (Fig. 24. D. a 

427 
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24.2 THE BASIS OF HUYGENS’ CONSTRUCTION 

If the present position of a wavefront is known, then Huygens’ construction 

enables us to determine what its position will be at some later time. It can be used 

for all types of wave motion but finds particular application in solving problems in 

physical optics. In geometrical optics the location of image positions, etc. can 

usually be accomplished more easily by making use of ray diagrams. 

Huygens postulated that each point on a wavefront could be regarded as being a 

secondary source of spherical wavelets and that the new wavefront is the surface 

which touches all of these secondary wavelets. 

Fig. 24.2 illustrates how the construction is used to determine some subsequent 

position of a circular wavefront. 

Fig. 24.2 
Huygens’ construction A 

peop ea Sh 
sources 

Secondary 
wavelets 

Direction 

of travel 

vAt 

Original 
wavefron 

New wavefront; the 
common tangent to 

the secondary wavelets 

Notes (i) Whenever the construction is used, it is necessary to assume that the 

amplitude of the secondary wavelets is zero in the backward direction. This 

is done to prevent the construction predicting the existence of an additional 

wavefront behind the original one, since such a prediction would be contrary 
to observation. 

(ii) Since it is a two-dimensional wave that is being considered, the secondary 
wavelets should be circular rather than spherical, and on account of (i) are 
shown as semicircles. 

According to Huygens, every point on the original wavefront can be regarded as a 
secondary source; A, B, C and D have been arbitrarily chosen as four such points. The 
position of the wavefront at some time Az later is found by constructing secondary 
wavelets centred on these points and of radius vAz (where v is the velocity of the 
wave motion). The new wavefront is the common tangent to these wavelets. Thus, 
in this case at least, Huygens’ construction provides a result that is consistent with 
observation, i.e. that a circular wavefront continues as a circular wavefront. 

24.3 HUYGENS’ CONSTRUCTION APPLIED TO 
REFLECTION 

Consider a parallel beam of light incident on a reflecting surface, XY, such that its 
direction of travel makes an angle 7 with the normal to the surface (Fig. 24.3). 
Consider also, that side A of an associated (plane) wavefront, AB, has just reached 
the surface. In the time that light from the other side, B, of the beam proceeds to C, 
a secondary wavelet of radius BC will be generated by A. Because XY isa reflecting 
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Fig. 24.3 
Huygens’ construction 
for reflection at a plane 
surface 

429 

Secondary 
wavelet 
from A 

Incident 
rays 

Reflected 
rays 

surface, this secondary wavelet must be emitted into the region above XY, and is 

shown here as a semicircle. The new wavefront will be a tangent to this and must 

contain C, and (anticipating that it will be a plane wavefront) it will therefore be 

along CE as shown. The reflected beam must be at right angles to this wavefront 
and will be bounded by rays AD and CF as illustrated (where D is the point at 

which the tangent touches the semicircle and CF is parallel to AD). 

In AABC and AADC, AC is common to each and 

BC = sAD (construction) 

ABC = ADC (right angles) 

The two triangles are therefore congruent (RHS), and in particular 

BCA = DAC 

(90° — i) = (90° —r) 

i.e. i ER, 

TE: Angle of incidence = Angle of reflection 

This is the second law of reflection. 

Thus, Huygens’ construction predicts that light is reflected in a manner which is 

consistent with observation. Although this result has been obtained by considering 

the behaviour of light, no properties which are specifically associated with light 

have been assumed and therefore it applies to any wave motion. 

24.4 HUYGENS’ CONSTRUCTION APPLIED TO 
REFRACTION 

Consider a parallel beam of light incident on a refracting surface, XY, such that its 

direction of travel makes an angle 6, with the normal to the surface (Fig. 24.4). 

Consider also, that side A of an associated wavefront, AB, has just reached the 

surface. If light from the other side, B, of the beam subsequently travels to C in 

time t, then BC = c;t (where c; is the velocity of light in the medium above XY). If 

Co is the velocity of light in the region below XY, then, in the same time, A will emit 

a secondary wavelet of radius czt. It is shown here as a semicircle centred on A. The 

new wavefront will be a tangent to this and must contain C, and (anticipating that it 

will be a plane wavefront) it will therefore be along CE as shown. The refracted 

beam must be at right-angles to this wavefront and will be bounded by rays AD and 

CF as illustrated (where D is the point at which the tangent touches the semicircle 

and CF is parallel to AD). 
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Fig. 24.4 
Huygens’ construction 
for refraction at a plane 
surface 
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` 

Incident 

rays 

oa Velocity of 
> ~ / light = c; 

Y 

Velocity of 
light = & 

N (Cc < c) 

N 

Secondary A ha F 
wavelet \ Re fracted 
from A vA \ rays ` 

E A 

Referring to AABC and A ADC, we see that 

sinCAB _ BC/AC _ BC _ at a [24.1] 
sn ACD AD/AC AAD at o 

But i 

CAB+BAM = 90° and 6;+BAM = 90° .. CAB = 0; 

and 

ACD +CAD = 90° and 6,+CAD = 90° .’ ACD = @, 

Therefore, from equation [24.1] 

[24.2] 

Since (for any given wavelength) c, and cz are constants, equation [24.2] is 
consistent with Snell’s law (section 18.1), i.e. Huygens’ construction produces a 
result which is consistent with observation. 

In the mid-seventeenth century there were two views as to the nature of light. 
According to Huygens light was a wave motion; according to Isaac Newton light 
rays were streams of particles — corpuscles. We have seen that Huygens’ theory 
accounts for the laws of reflection and refraction — Newton’s theory also accounts 
for these laws. The wave theory, on the basis of equation [24.2], predicts that light 
bends towards the normal when it enters a material in which its velocity is smaller 
(i.e. 02 < 0; when cz < cı). Newton’s corpuscular theory, on the other hand, 
predicts that the opposite happens, i.e. that light bends away from the normal on 
moving into a region in which its velocity is smaller. 

In 1882, almost two centuries after the rival theories had first been proposed, 
Foucault measured the velocity of light in air and in water. He found that the 
velocity of light in water is less than it is in air. Since observation shows that light 
bends towards the normal in going from air to water, Foucault’s result confirmed 
the prediction of the wave theory. 

Equation [24.2] is valid for all wave motions. Water waves, for example, are 
refracted towards the normal when they enter a region in which they have reduced — 
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Fig. 24.5 
Refraction of water 
waves 

a 

431 

velocity. The effect can be observed by making use of a ripple tank, in one section 
of which the water is less deep than it is in the rest of the tank. (This can be achieved 
by putting a glass plate on part of the base of the tank.) Since water waves travel 
more slowly in the shallower water, they are refracted towards the normal as they 
enter the shallow region (Fig. 24.5). 

Incident 
crests 

Deep region 

V1 > v 

Refracted 
crests 

Shallow region 

24.5 HUYGENS’ CONSTRUCTION APPLIED TO TOTAL 
INTERNAL REFLECTION 

Fig. 24.6 
Huygens’ construction 
applied to total internal 
reflection 

Consider a parallel beam of light incident on the boundary, XY, between two 

media, such that its direction of travel makes an angle 0 to the normal to XY (Fig. 

24.6). Consider also, that side A of the beam has just reached XY. If light from 

the other side, B, of the beam subsequently travels to C in time t, then BC = cot 

(where c3 is the velocity of light in the medium below XY). If c; is the velocity of 

light in the medium above XY, then, in the same time, A will emit a secondary 

wavelet of radius c,t into the region above XY. If c1>c3 (i.e. if the light is travelling 

towards an optically less dense medium), there is the possibility that cz is greater 

than AC. This would produce a secondary wavelet such as S. If this happens, 

refraction cannot occur because it is not possible to find a wavefront which is 

tangential to S and which passes through C. The only alternative is that the 

secondary wavelet from A remains in the region below XY, in which case its 

radius is cyt. This leads to total internal reflection, and the usual Huygens’ 

construction for reflection at a plane surface (section 24.3) then applies. 

medium light = c 

Optically A 

less dense \ Velocity of 

X 

Optically 7 y 

more dense yz 7BC = ot Velocity of 

medium 
light = c 

C < Cy 

Rays incident ed 
from an optically 
more dense medium 
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Thus, total internal reflection occurs if cyt > AC, i.e. if 

BC 
CID a 

sin CAB 

But 

BC = ct and CAB=80 

Therefore, total internal reflection occurs if 

Cot 
GLRA 
: sin 0 

b C2 
sin 0 > — 

c1 

Therefore, the maximum value of 0 for which total internal reflection does not 

occur (i.e. the critical angle c) is given by 

: C2 nı 
sin c = — = — 

Cj nz 

where 7, and n, are the refractive indices of the regions above and below XY 

respectively (n< n2). 

24.6 SECONDARY WAVELET TREATMENT OF 
YOUNG’S FRINGES 

Fig. 24.7 
Secondary wavelet 
treatment of Young’s 
fringes 

Young’s fringes are discussed in section 25.3. Fig. 24.7 illustrates the secondary 

wavelet treatment of the formation of the fringes. S; and S, act as sources which are 

supposed to be emitting in phase with each other. Bright fringes occur in those 

Crests of 
waves from S, Screen 

SZZ 
L2 

Tu S2 

from S, 
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directions in which the light from S, interferes constructively with that from S3, 
i.e. in those directions where crests are together. It is normal practice to consider 
that the fringes are equally spaced; they do not appear to be even approximately 
equally spaced here because the diagram is not to scale. 

24.7 SECONDARY WAVELET TREATMENT OF 
LLOYD’S MIRROR 

Fig. 24.8 
Secondary wavelet treat- 
ment of Lloyd’s mirror 

Lloyd’s mirror is discussed in section 25.5. In Fig. 24.8 crests from a point source 

S are shown incident on a screen. Those sections of wavefronts which have been 

reflected undergo a phase change of z radians on reflection. The reflected rays 

appear to come from S’ and, because of the phase change, at points where crests 

from S meet the reflector there are troughs from S’. Destructive interference 

occurs where crests and troughs are together. 

Screen 

Crests from S 

« Dark fringes 

i Nh 

\ \ ie 

\ 
© Troughs (apparently) 
/ from S' 

S' (the image of S) 

Point 
source S 

m/e 
Reflecting 
surface 
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24.8 SECONDARY WAVELET TREATMENT OF THE 
DIFFRACTION GRATING 

The diffraction grating is discussed in section 26.5. A secondary wavelet treatment 

is given in Fig. 24.9. 

Fig. 24.9 
Secondary wavelet Second order wavefront 
treatment of a diffraction 
grating 

Zero order wavefront 

7 First order wavefronts 

Incident 

plane wavefronts 

Crests of secondary wavelets 

Section of grating 

24.9 DIFFRACTION OF WATER WAVES AT A GAP 

Diffraction is discussed in detail in Chapter 26. The phenomenon can be 
demonstrated using water waves in a ripple tank. Fig. 24.10 illustrates what 
happens when plane waves (produced by a straight vibrator) are incident on a gap 
in a barrier. In Fig. 24.10(a) the width of the gap is small compared with the 
wavelength of the waves and there is considerable sideways spreading, i.e. 
considerable ‘diffraction. In Fig. 24.10(b) the gap is much larger than the 
wavelength and there is very little diffraction — most of the energy associated with 
the waves is propagated in the same direction as the incident waves. Thus, the 
greater the ratio of wavelength to gap width, the greater the spreading. 

Huygens’ construction can be used to predict the shapes of the wavefronts. Fig. 
24.10(c) illustrates this for the case of Fig. 24.10(b). Note that though the 
construction accounts for the shape of the wavefronts, it does not account for the 
reduced amplitude in directions other than the straight through direction. 
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Fig. 24.10 (a) (b) 
Diffraction of water Wavelength 
waves (a) at a narrow Ep 
gap, (b) at a wide gap. 
(c) Huygens’ construction 
for (b) 
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Be a amplitude 
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25 
INTERFERENCE OF LIGHT 

WAVES 

25.1 INTRODUCTION 

If two waves are in the same place at the same time, they produce an effect which is 

equal to the combined effects of the two waves in accordance with the principle of 

superposition (section 23.2). The phenomenon is known as interference, and 

the two waves are said to interfere with each other. Interference occurs whenever 

two waves come together, but certain conditions need to be fulfilled if the effects of 
the interference are to be capable of being observed. 

25.2 THE CONDITIONS FOR TWO SOURCES OF LIGHT 
TO PRODUCE OBSERVABLE INTERFERENCE 

_ @) The sources must be coherent, i.e. there must be a constant phase 
= difference between them and therefore they must have the same 
_ frequency. (This phase difference may be zero but does not have to be.) _ 

_ Gi) The waves that are interfering must have approximately the same : 
= amplitude. (Otherwise the resulting interference pattern lacks con- 

= trast.) i ; ee ET 

When light is emitted by a source it is as a result of electron transitions within the 
individual atoms of the source. These transitions occur randomly, and each gives 
rise to a short burst of radiation (a photon) that lasts, typically, for 10~° s. (This is 
not true in the case of laser light.) Thus, since there must be a constant phase 
difference in order for interference to be observed, the two waves that are 
producing the interference must, in practice, have come from the same point on 
the same source, and must have done so within 10~° s of each other. (Note. If this 
is not done, the interference pattern changes so rapidly that the impression is one 
of uniform illumination — nevertheless, the interference still occurs.) 

436 
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25.3 YOUNG'S DOUBLE-SLIT EXPERIMENT * 

The first demonstration of optical interference that was recognized as such, was 
provided by Thomas Young in 1801. The experiment gave strong support to the 
wave theory of light. The arrangement used by Young was similar to that shown in 
Fig. 25.1, a major difference being that Young used a white light source. 

Fig. 25.1 Monochromatic Interference occurs 
Young's demonstration light source where light from S, 
of interference z s sodium overlaps that from S, 

amp 

S; 
Interference 
fringes are 

e's ) formed on 
| this section 

of the 
S screen 

2 

Single Double 
slit slit Screen 

Note. The diagram 
is not to scale — 
the separation of 
the slits is greatly 
exaggerated 

S, S; and S, are narrow slits which are parallel to each other. Because S is narrow, it 

diffracts (see Chapter 26) the light that falls on it and so illuminates both S, and S3. 

Diffraction also takes place at S; and S,, and interference occurs in the region 

where the light from S, overlaps that from Sz. Because S is narrow the light which 

emerges from S, comes from the same point as that which emerges from Sp. 

Furthermore, as long as the path difference is short, any two waves which interfere 

with each other will have left S within 10~° s of each other. (The significance of this 

is explained in section 25.2.) Thus, Sı and Sz are coherent sources and the 

interference they produce is observable. 

VAN 
Fig. 25.2 Intensity of 

Variation of intensity light on 
screen 

across Young's fringes 

Distance 
along screen 

Seen by the Seen by the 

eye as being eye as being 

uniformly bright, uniformly dark, 

i.e. a bright i.e. a dark 

fringe fringe 

*A secondary wavelet treatment is given in section 24.6. 



Fig. 25.3 
Optical geometry in 
production of Young's 
fringes 

SECTION E: WAVES AND THE WAVE PROPERTIES OF LIGHT 

A series of alternately bright and dark bands (interference fringes), which are 

equally spaced and parallel to the slits, can be observed on a screen placed 

anywhere in the region of overlap. (Note. The actual variation in light intensity 

along the screen has the form shown in Fig. 25.2.) 

Calculation of Fringe Separation 

Fig. 25.3 represents the relative positions of the coherent sources, S; and Sz, anda 

point P on the screen. The perpendicular distance, D, from the plane of the slits to 

the screen is very much greater than the slit separation, a (typically, D = 20cm, 

a = 0.1 cm). The path difference (S,P — S,;P) between waves reaching P from S3 

and S, can be found by applying Pythagoras’ theorem to AS,NP and AS,MP. 

Thus, 

S,P? —S,;P? = [S,N? + NP*] — [S1 M? + MP?) 

= NP? — MP? 

= [NP + MP] [NP — MP] 

=(e+3)+ @glile+)eGas 
= [2x] [a] 

SP-SP = sy SP 
Since a < D, (S2P + S;P) can be taken to be equal to 2D (as long as P is close to 
O). Therefore, 

SPesip-= = [25.1] 
- 

if a crest leaves S; at the same time as a crest leaves S,,* there will be a bright fringe 
wherever the path difference (SP —S,P) is equal to a whole number of 
wavelengths, i.e. for light of wavelength 4 there is brightness if 

S,P — SP SRA (n = ONINI) 

* Though this is unlikely to occur in practice, it does not invalidate the analysis which follows. 
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Therefore, from equation [25.1] 

N 
a 

: AD 
Le. x = yero [25.2] 

Therefore, since n = 0, 1, 2,3,... there are bright fringes at 

; AD 2AD 34D 
x 0 3 o] 3 gree 

a a a 

Thus the difference in the values of x for any pair of adjacent bright fringes in 

À D/a, i.e. the fringes are equally spaced with a separation of 1 D/a. 

At the sites of dark fringes the path differences are equal to odd numbers of half- 

wavelengths and a similar procedure reveals that the separation of these fringes is 

also equal to AD/a. Thus 

(For fringes close to O and a < D) [25.3] 

where 

y = the separation of adjacent bright (or dark) fringes 

Typically, 

Dae). er) = «0.2m 

a= aie =i Pecan, 

Aor 16Cx 0-7 m 

Therefore, from equation [25.3] 

Va boo m= 012mm 

Measurement of Wavelength 

If a, yand D are measured, the wavelength of the light being used can be found 

from equation [25.3]. In practice the screen is replaced by a travelling microscope, 

and yis found by traversing about twenty bright fringes and making use of the fact 

that they are equally spaced. In order to locate the plane on which the microscope 

is focused (i.e. the plane of the fringes), a pin is moved around in front of the 

microscope until it is in sharp focus. The value of D can then be found by using a 

metre rule to measure the distance of the pin from the plane of the slits. The 

travelling microscope is also used to measure a. 

The following points should be observed in the experiment. 

(i) The separation of the fringes is increased by increasing D. (This follows 

from equation [25.3].) This decreases the error involved in measuring y 

but also reduces the intensity of the fringes. 

(ii) | The separation of the fringes is increased by decreasing a. (This follows 

from equation [25.3].) 

(iii) Increasing the width of any of the three slits increases the intensity of the 

pattern but the fringes become more blurred. 

(iv) | Moving S closer to S; and S2 increases the intensity of the fringes but does 

not affect their separation. 
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White Light Pattern 

If white light is used, the fringes are coloured. The colour at any particular point is 

determined by the degree to which the various wavelengths are being destroyed at 

that point. Each wavelength produces its own fringe system. At O (Fig. 25.3), the 

path difference is zero for every wavelength and therefore each fringe system has a 

bright band at O. Since all of these bands are being produced in the same place, the 

central band is white. There is no other point where every wavelength produces 

constructive interference. On each side of this central band there is a region which 

gives the impression of being dark. Next to each of these dark bands there is a 

coloured band. In each case, the colour varies in spectral sequence from being 

predominantly blue nearest the central band to predominantly red. The pattern 

repeats, but the colours become less pronounced away from the centre and the 

impression is that of white light. 

QUESTIONS 25A — 

1. The distance between the Ist bright fringe and 3. For each of the situations (a) to (e) state which 

the 21st bright fringe in a Young’s double-slit 

arrangement was found to be 2.7 mm. The slit 

separation was 1.0mm and the distance from 

the slits to the plane of the fringes was 25 cm. 
What was the wavelength of the light? 

two of A to G would occur. The notation is that 
of Fig. 25.3. 

(a) A filter is placed in front of S, so that it 

transmits only half the light intensity of S3. 
(b) The width of both S, and S, is halved. 

(c) The wavelength of the light is reduced. 
(d) D is increased. ` 

2. In a Young’s double-slit experiment a total of pea ees 
23 bright fringes occupying a distance of 

3.9mm were visible in the travelling micro- 

scope. The microscope was focused on a plane 

which was 31 cm from the double slit and the 

wavelength of the light being used was 5.5 x 

10-7 m. What was the separation of the double 
slit? 

The bright fringes become darker. 

The dark fringes become brighter. 

The fringe separation increases. 

The fringe separation decreases. 

The sharpness of the fringes increases. 

The sharpness of the fringes decreases. 

The bright fringes change colour. ANmMdoAOw> 

25.4 DIVISION OF WAVEFRONT, DIVISION OF 
AMPLITUDE 

In the double-slit experiment, the two waves that interfere with each other 
originate at different parts of the wavefront emitted by the source. This method of 
producing two coherent sources from a single source is known as division of 
wavefront. The arrangement known as Lloyd’s mirror (section 25.5) also makes 
use of this class of interference. 

Newton’s rings (section 25.7) and the interference effects produced by the air 
wedge (section 25.6) and the parallel-sided thin film (section 25.8) are ali 
examples of interference effects produced by division of amplitude. In this type 
of interference, the two waves that interfere originate at the same point on the 
wavefront produced by the source, each wave having part of the amplitude of the 
original. An extended (large) source, rather than a slit or pin-hole, can be used and 
this leads to easily observed interference effects. 
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25.5 LLOYD'S MIRROR* 

The arrangement is shown in Fig. 25.4. S is an illuminated slit which is parallel to 
both the glass plate and the screen, and is very close to the plane of the plate. Light 
waves diffracted by S travel to a point such as P on the screen either directly (i.e. 
along SP) or after being reflected by the mirror (i.e. along SAP). Though S is the 

source of the ‘direct’ waves, the reflected waves appear to come from S’ (the virtual 
image of S), and therefore the interference can be thought of as being due to 

‘ coherent sources at S and S’. Since SA = S'A, the path difference between the two 
sets of waves reaching P is (S'P — SP). There is no (geometrical) path difference 

between waves arriving at N, and therefore N might be expected to be the site of a 

bright fringe. However, light undergoes a phase change of n radians 

whenever it is reflected at a more dense medium (as is the case here), and 

therefore the fringe at N is dark. Thus, there are dark fringes where the geometrical 

path difference is a whole number of wavelengths and bright fringes where the 

geometrical path difference is an odd number of half-wavelengths. 

Fig. 25.4 
Lloyd’s mirror Crain at Screen 

Monochromatic diffracted — 
light source from S 
(e.g. a sodium 
lamp) 

Interference 

ls AE occurs in 
e the shaded 
í region 

X- = 
\ 

= ae 
ee 

= —_ 

-i Glass plate provides 
v a reflecting surface 

S' (the image 

of S) Note. The diagram 
exaggerates the angles 
at which light is incident 
on the glass plate 

Calculation of Fringe Separation 

The situation is equivalent to that of the double-slit experiment (section 25.3). 

The fringes are therefore equally spaced and the separation, y, of adjacent bright 

(or dark) fringes is given by equation [25.3] as 

aD VS 

a 

where 

À = the wavelength of the light being used 

D= XN 

ai= iSS 

*A secondary wavelet treatment is given in section 24.7. 
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` 

25.6 THE AIR WEDGE 

Fig. 25.5 
Air wedge 

An air wedge is a wedge-shaped film of air, such as could be produced by placing 

the edge ofa razor blade or a piece of thin foil between two microscope slides at one 

end only (Fig. 25.5). 

Travelling 
microscope 

Glass plate at 
45° to horizontal 

Sodium Air 
lamp wedge 

~ Bottom of 
top slide 

Top of 
bottom slide 

X 

(0) E e 

yy Ř—_{ 

Note. The diagram greatly 
exaggerates the angle of 
the wedge. ¢ is typically 
<1 

Some of the light which is incident on X from above is reflected at X, whereas some 
ofit crosses the air gap to Y, and is reflected at Y. Thus, waves travel upwards, from 
both X and Y, and since both sets of waves originate at X, X and Y act as two 
coherent sources which have been produced by division of amplitude. There is a 
geometrical path difference of 2t between the waves from X and those from Y. The 
waves which are reflected at Y are being reflected at a more dense medium and 
therefore undergo a phase change of z radians (see section 25.5). Waves reflected 
at X suffer no such phase change. Therefore there is darkness when 2ris equal toa 
whole number of wavelengths and brightness when 2ris equal to an odd number of 
half-wavelengths. Thus: 

darkness if at = NA = Ud, 252...) [25.4] 

brightness if 22 = (n+3)A (nm = 0,1,2,...) [25.5] 
The view through the microscope is of alternately bright and dark bands 
(interference fringes) which are equally spaced and parallel to the line along 
which the microscope slides make contact. In view of the phase change, the fringe 
at O is dark. 

Calculation of Fringe Separation 

Putting n = 0,1, 2,... in equation [25.4] reveals that there are dark fringes if 

ot. = 10, S 

A 2A. 
i.e. t = 0,—,—.,... ENIRA 
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Fig. 25.6 

Wedge angle and foil 
thickness (not to scale) 

Notes 
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But, from Fig. 25.5, t = x tan ġ, and therefore there are dark fringes if 

E ee 
rano 2 tan o 

Thus, the fringes are equally spaced and the separation, y, of adjacent dark (or 
bright) fringes is given by 

A 
-2 tan ¢ [25.6] Y= 

Determination of the Angle of the Wedge 

The fringe separation, y, can be measured by traversing about twenty bright 

fringes with a travelling microscope and making use of the fact that the fringes are 

equally spaced. If 2 is known, it is then possible to determine the angle, ¢, of the air 

wedge by using equation [25.6]. 

Once the value of ¢ is known, it is possible to determine the thickness of the foil 

that is producing the wedge. 

Thus, in Fig. 25.6 

C= stan? 

where 

L = the length of the wedge. This can be measured with a metre rule. 

- S Mi D $ Wee aaa Y 
S |) 

Foil 

(1) The travelling microscope (or the eye) must be focused close to the upper 

surface of the air wedge because that is where the fringes are localized. The 

explanation of this is beyond the scope of this book, but it is associated with 

the fact that the interference is being produced by an extended source. 

(ii) The angle, h, of the wedge has to be small (typically 107° rad) in order that 

the fringes are sufficiently far apart to be observable. This follows from 

equation [25.6]. 

(iii) The fringes are clearer at the apex than at the thick end of the wedge. This is 

because the path differences near the thick end are many wavelengths in 

length, in which case the spread in wavelength of the light being used 

becomes significant. For example, suppose that the yellow light from a 

sodium lamp is being used to illuminate the air wedge. The light is not truly 

monochromatic — it consists of two wavelengths which, though close 

enough to allow the light to be considered to be monochromatic when small 

path differences are being employed, leads to blurring when the path 

differences are large. The two wavelengths are 5.890 x 1077m and 

5.896 x 10-7 m. A path difference which is equal to 500 of the longer 



444 

Fig. 25.7 
Transmission fringes 

SECTION E: WAVES AND THE WAVE PROPERTIES OF LIGHT 

wavelengths is 500.5 of the shorter wavelengths. Therefore, where one 

component is producing a bright fringe, the other is producing a dark 

fringe, and vice versa. 

Fringes Produced by Transmission 

Fringes can also be viewed by transmission (Fig. 25.7). Waye B is reflected at both 

X and Y, and therefore it undergoes reflection at a more dense medium on two 

occasions. The second phase change that occurs cancels the effect of the first. 

Wave A does not undergo a phase change. Therefore the fringes are 

complementary to those produced by reflection, i.e. equation [25.4] gives the 

condition for brightness and equation [25.5] gives the condition for darkness. 

Wave A is considerably stronger than the twice reflected wave B, and therefore the 

fringes have much less contrast than those seen by reflected light. 

The lateral Bottom of 

separation of > top slide 

X and Y has been ost 

exaggerated in 
order to distinguish 
A and B 

bottom slide 

25.7 NEWTON’S RINGS 

Fig. 25.8 
Apparatus to 
demonstrate Newton’s 
rings 

\ 

The interference effect known as Newton’s rings was first studied, as the name 

suggests, by Isaac Newton. His explanation of their formation was based on the 

corpuscular theory of light. The effect was first correctly accounted for by Thomas 

Young on the basis of the wave theory. An arrangement for producing and viewing 

the rings is shown in Fig. 25.8. 

ter Travelling 
microscope 

Glass plate at 
45° to horizontal 

Sodium 
lamp 

Lens with large 
radius of 
curvature 

Glass 
block 

Not to scale 

A convex lens of large radius of curvature (~ 100 cm) rests on an optically flat glass 
block illuminated from above. The interference is produced by division of 
amplitude and therefore an extended (large) source of light can be used. 
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The layer of air between the lens and the block acts as an air wedge (section 25.6). 
Light reflected from a point such as X on the lower surface of the lens, interferes 
with that reflected from a point (Y) vertically below it on the upper surface of the 
block. The ‘fringes’ take the form of concentric bright and dark rings centred on O. 
The reflection at Y produces a phase change of n radians (section 25.5), and the 
conditions for brightness and darkness are the same as those which produce 
fringes by reflection with an air wedge (section 25.6). Thus: 

darkness if 2b. = HA (ee Od 2, ovat [25.7] 

brightness if 22 = (n+3)A...(n = 0,1,2,...) [25.8] 

Since a phase change of z radians occurs when light is reflected at the glass block, 

the central spot (for which t = 0) is dark. Young verified the phase change of z 

radians by placing an oil between the lens and the block. The oil was optically less 

dense than the block but more dense than the lens. Both reflections now took place 

at more dense media and therefore two phase changes occurred. The effect of one 

cancelled that of the other and the central spot became bright. 

Newton’s rings can be used to test the accuracy with which a lens has been ground 

— the rings are not circular if the surface of the lens is not spherical (or the block is 

not flat). 

Measurement of Wavelength 

The effect can be used to determine the wavelength, /, ofa light source if the radius 

of curvature, R, of the lower surface of the lens is known. 

From Fig. 25.9 and the theorem of intersecting chords (see Appendix A3.11) 

(2R—a)t = Ry 

where R, = the radius of the nth ring. 

Fig. 25.9 r ia =~ R, = Radius of 
Newton’s rings — p N nth ring 
geometry / N 

N 

I ye | 

Top of glass 
block 

] 

R = Radius of curvature 

of this surface of 
lens 

Since t < R, this reduces to 

Rta NR; 

2 

i.e. OR = [25.9] 

where 

D, = the diameter of the nth ring. 

But, by equation [25.7], at the sites of dark rings 

2t = na (nasa 0, Dagens) 
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Substituting in equation [25.9] leads to 

D,? 
See 

s 4 
i.e. for dark rings 

D,? = 4RAn (nits (Oy 2 yz) ; [25.10] 

Similarly, from equations [25.8] and [25.9], for bright rings 

D, = 4Ri (n+ 1) (n = 0,1,2,...) 

The diameters, D,,, of, say, the 5th, 10th, 15th,..., 30th dark rings are measured 

with a travelling microscope. It follows from equation [25.10] that if D,,” is plotted 

against n, the graph is a straight line of gradient 4RA (Fig. 25.10). The value of R, 

the radius of curvature of the lens, can be measured with a spherometer and this 

value is used, together with that of the gradient, to calculate 4. 

= 2 

Fig. 25.10 D; 
Plot to determine 4 from 
measurements on 

Newton's rings If bright rings are 
used, the graph has Gradient 
the same gradient = 4Rr 
but does not pass 
through the origin 

X 

0 10 20 30 n (ring number) 

Notes (i) The diameters of the rings are used rather than their radii because it is 

difficult to locate the exact centre of the central spot. 

Gi) A lens with a large radius of curvature is used so that the rings are 

sufficiently far apart to be observable. (This follows from equation 
[25.10].) 

(iii) Note (i) of section 25.6 applies. Note (iii) also applies, but with obvious 

modifications. 

25.8 PARALLEL-SIDED THIN FILMS 

Consider waves incident in air at an angle 7 on a parallel-sided thin film of material 
(e.g. a soap film) of refractive index n (Fig. 25.11). 

Fig. 25.11 oC ae E 
Multiple reflection in a 
thin film 

Air 

- Parallel-sided_ 
thin film of 

refractive index m, 

Air 
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If7is small (i.e. nearly normal incidence), the geometrical path difference between 
rayA and ray B can be considered to be 22, where ris the thickness of the film. The 
geometrical path differences between B and C, C and D, and «and f are also equal 
to 2t. The effects due to the transmitted light (rays «, f, ),...) will be considered 
separately from those of the reflected light (rays A, B, C,...). 

Transmitted Light 

K If the geometrical path difference between adjacent rays is equal to a whole 

number of wavelengths, all the rays («, $, y, . . . ) are in phase with each other and 

therefore interfere constructively if they are brought to a focus by a lens (e.g. that of 

the eye). Ifthe geometrical path difference between adjacent rays is equal to an odd 

number of half-wavelengths, pairs of adjacent rays destroy each other. Thus: 

brightness if Qh yess MAy EST 12,28) 125.21} 

darkness if 20S AMES A (re 2: -) (2512) 

where 

A, = the wavelength of the light in the film. 

It can be shown (see section 18.7) that A; = A/m, where / is the wavelength of the 

light in air. Equations [25.11] and [25.12] can therefore be rewritten in terms of Å. 

Thus there is: 

brightness if (ERO Le 25.08) 

darkness if (ree Ot N) 

Reflected Light 

Ray A is reflected at a more dense medium and therefore undergoes a phase 

change of z radians. Therefore when 27t = nd, B, C, D, .. . are in phase with each 

other, but out of phase with A. It can be shown that the total intensity of B, C, 

D,... is equal to that of A, and therefore there is 

darkness if (nev O12 238) 

If 2mt is equal to an odd number of half-wavelengths, the two strongest rays (A 

Fi PR are in phase with each other. Those which are out of phase with them (C, 

..) are incapable of porous them. BE oe there is 

brightness if 2 tye (n = 0-4) 214.0) 

Blooming 

When a lens is used to form an image, some of the incident light is reflected at the 

surfaces of the lens. This is undesirable because: 

(i) it produces a background of unfocused light which reduces the contrast of 

the image, and 

(ii) it reduces the brightness of the image. 

If the lens is coated with a thin film of transparent material (magnesium fluoride is 

often used), it is possible to make the surfaces appreciably non-reflecting (Fig. 

25.12). The process is known as ‘blooming’. Magnesium fluoride is optically more 
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Fig. 25.12 
Principle of blooming 

Fig. 25.13 
Production of colours 

SECTION E: WAVES AND THE WAVE PROPERTIES OF LIGHT 

Thin film of magnesium 
fluoride of refractive 
index p; 

oe 

Glass (lens) 

dense than air but optically less dense than glass. Therefore ray A undergoes a 

phase change of z radians on being reflected at X, and ray B suffers a similar phase 

change at Y. The effect of one phase change cancels that of the other, and therefore 

the two rays interfere destructively if the thickness, t, of the film is such that the 

optical path difference between the rays is equal to half a wavelength. For light 

which is incident at near normal incidence and has a wavelength in air of /, this 

occurs when 2n¢t-= 4/2 where ng is the refractive index of magnesium fluoride. 

Lenses, of course, are usually illuminated by white light. This cannot be 

completely extinguished because destructive interference cannot occur for all 

the wavelengths of which the light is composed. However, if 2n¢t = 1/2 holds for 

the average wavelength present (i.e. green), an appreciable amount of destructive 

interference occurs. This accounts for the purple appearance of bloomed lenses. 

Colours in Thin Films 

In Fig. 25.13, light from an extended source is incident on a parallel-sided thin 

film. If the angles of incidence of X and Y are large, the light that enters the eye 

from A has travelled a significantly greater distance in the film than that from B. If 

Rays from an 
extended source 
of light 

Rays due to 
multiple 
reflections 
at B 

Parallel-sided | © 
thin film 

the incident light is white, the colours that reinforce each other in the light from A 
are unlikely to be the same as those which reinforce in the light from B. The light 
from A is brought to a focus at a different point on the retina from that coming from 
B, and therefore the eye sees the two regions as being different colours. (Note. The 
eye is focused on infinity because the rays from each region are parallel to each 
other.) The colours seen in thin films of oil on water and in soap bubbles are 
produced in this way. | 
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25.9 VERTICAL SOAP FILMS 

If a soap film is held with its plane vertical, it drains and becomes thicker at the 
bottom, forming an approximately wedge-shaped film. When such a film is 

illuminated by white light a series of horizontal coloured bands can be seen. 

(Reflected light gives greater contrast than transmitted light.) As the film 

continues to drain, the bands move downwards. The top of the wedge becomes 

thinner, and eventually the film breaks. Ifit is being viewed by reflection, the top of 

x the film appears black just before it breaks. This is because the top of the film is so 
thin that there is effectively no geometrical path difference between the light 

coming from the two surfaces of the film, in which case the phase difference is due 

only to the phase change of z radians suffered by the light reflected at the front 
surface. 

CONSOLIDATION 

Two sources of waves are coherent if they have a constant phase difference. Since 

they must have a constant phase difference, they must have the same frequency. 

(Note. The phase difference may be zero, but it does not have to be.) 

Light undergoes a phase change of z radians whenever it is reflected at a more 

dense medium. 

Fringes produced by transmission are bright where fringes produced by reflection 

are dark, and vice versa. 
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DIFFRACTION OF LIGHT 

WAVES 

26.1 INTRODUCTION 

If a slit is placed in the path of a parallel beam of light, most of the light passes 

through the slit without changing direction, i.e. in a manner which is consistent 

with the idea that light travels in straight lines. However, careful observation of the 

situation reveals that some of the light spreads into regions which would be in 

shadow if light travelled only in straight lines. If the slit is wide, the spreading is so 

slight that it can normally be ignored. But if the width of the slit is comparable with 

the wavelength of the light, the effect is quite pronounced. The spreading of light 

in this way is called diffraction. Another example of the effect occurs when light 

falls on a small opaque disc. Light bends around the disc and produces brightness 

at the centre of its geometrical shadow. All types of wave motion exhibit diffraction 

effects. It is a common experience, for example, that sound waves spread round 
corners. 

Diffraction can be accounted for on the basis of Huygens’ construction. In 

Chapter 24 we accounted for the propagation of wavefronts by considering that 

every point on a wavefront emits secondary wavelets and by regarding the new 
position of the wavefront as being along the line which is the common tangent 
to all these secondary wavelets. The justification for choosing this line, rather 
than any other, is that each wavefront dealt with in Chapter 24 is an extensive 
wavefront, in which case it can be shown that this is the only line along which 
superposition of the secondary wavelets does not cause them to destroy each other. 
However, if a wavefront is limited in some way, there are additional lines where 
complete destruction does not occur. These lines also represent the positions of 
wavefronts. These additional wavefronts account for the spreading that occurs 
when an extended wavefront meets an obstruction and becomes a limited 
wavefront. 

We now give a formal definition of diffraction. 

Diffraction occurs as a resul of the superposition of ee ne fom: 
a continuous section of wavefront that has been Umited ne an oo or 
opaque object. ae 

450 
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26.2 FRAUNHOFER DIFFRACTION 

There are two general classes of diffraction — Fraunhofer diffraction and Fresnel 
diffraction. This book is concerned only with Fraunhofer diffraction, i.e. 
diffraction in which the wavefronts incident on a diffracting obstacle are plane, 
and give rise to diffracted wavefronts which are also plane. A distant source can be 
used to provide the incident wavefronts, but it is often more convenient to use a 

: source which is at the focal point of a converging lens. Fig. 26.1 shows a practical 
arrangement for producing the Fraunhofer diffraction pattern of a single slit. An 
alternative arrangement omits L, and has the screen at a large distance from the 
diffracting slit. 

Fig. 26.1 Light source e.g. 
x 3 4 One of the 

Fraunhofer diffraction filament or illuminated diffracted 
slit at focal point 

‘Straight 
through’ 
beam 

Screen in A! 
focal plane 

Lz of Lə 

Diffracting 
slit (0.1mm is a 
suitable width) 

26.3 AN IMPORTANT RESULT 

It can be shown that iflight from a point is brought to a focus at some other point by 

means of a lens, then each of the ray paths involved contains the same number of 

wavelengths (and therefore the optical path length of each ray is the same). Thus 

in Fig. 26.2(a), there are the same number of wavelengths along OBB’ I as there are 

along the geometrically shorter path, OAA’I. This is made possible by the fact that 

light has a shorter wavelength in glass than in air, and ray X travels farther in the 

glass than does ray Y. Fig. 26.2(b) shows spherical wavefronts and the way in 

which they are modified by the presence of a lens. 
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Fig. 26.2 
(a) Optical paths of rays 
through a lens. (b) Action 
of lens on wavefronts 

Fig. 26.3 ` 
Plane wavefront incident 

on a lens 
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N i Light brought 
Point source to a focus at 
of light this point 

; ) ( | 

; PRA 
The result also holds, of course, for the particular case of a plane wavefront 

incidenton alens. Thus in Fig. 26.3, each of the ray paths shown contains the same 

number of wavelengths, and therefore the presence of the lens does not affect the 

phase relationship ofthe light travelling to P from Y with that ofthe light reaching P 

from X. 

Plane wavefront 

26.4 DIFFRACTION AT A SINGLE SLIT 

A typical single slit diffraction pattern, such as that which might be produced by 
the arrangement of Fig. 26.1, is shown in Fig. 26.4(a). The intensity distribution is 
shown in Fig. 26.4(b). The pattern can be accounted for by considering the 
superposition of the secondary wavelets which are imagined to be emitted by each 
point on the wavefront between A and B (Fig. 26.1). A complete analysis of the 
situation is beyond the scope of this book, but we shall (i) derive an expression 
which gives the angular positions of the minima (e.g. X and Y in Fig. 26.4(b)), and 
(ii) account for the central maximum. 
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Fig. 26.4 
(a) Diffraction pattern 
from a single slit. 
(b) Corresponding 
variation of intensity 

Fig. 26.5 
Diffraction at a single slit 

453 

(a) 

Pe Intensity (I) 

The width of the 

central maximum 
is twice that of 
the rest 

The Minima 

In Fig. 26.5, AB is a slit of width a. Consider the slit to be split into 2” (where 

n = 1,2,3,...) equal sections of width a/2n. Let these sections be AC, CD, DE, 
EF, etc. Consider some direction 0 to the normal, and suppose that / is the 

wavelength of the light being used. If @ is such that AN = 4/2, the wave from A will 

be completely out of phase with that from C. Thus the waves from A and C will 

destroy each other when they come together, at P, on the screen. (The presence of 

Converging lens 
Diffracting in this plane 
slit s focuses light Screen 

at P | 

A 

21 PQ 
2 Aare 

D | 
E 

F 

(] 

í ' l 
t l 
I I (] 

| | 

Phone wavefronts 
incident on slit 



454 

Notes 

Fig. 26.6 
Formation of the central 

maximum 

SECTION E: WAVES AND WAVE PROPERTIES OF LIGHT 

the lens does not affect the phase relationship of A and C — see section 26.3.) 

Similarly, light from each point between A and C will be destroyed by that from the 

corresponding point between C and D. 

The same is true of every other pair of sections, such as DE and EF. Therefore, 

there is no diffracted light in those directions 0 which are such that 

A 
AN = 5 > 

N| >=> 
i.e. AC sin ACN = 

From simple geometry, ACN = 90, and therefore 

A 
AC sin 0 = — sin A 

a À 
Le; — sind = — ie 3, Sip 5 

i.e. the angular positions, 0, of the minima are given by 

asin =ni (n= 1,2,3,...) [26.1] 

(i) It follows from equation [26.1] that the minima are not equally spaced. 

However, for values of 0 which are less than about 10° (i.e. sin 0 & 0) it is 
often a sufficiently good approximation to consider that the minima are 

equally spaced. 

(ii) The values of 0 given by equation [26.1] apply to each side of the normal. 

Gii) It follows from equation [26.1] that at the edges of the central band 

sin 0 = 1/a (see Fig. 26.4(b)). Therefore if a >> /, sin 0 is small and we may 

put sin 0 = 0, in which case 0 = A/a. 

The Central Maximum 

In Fig. 26.6, all the waves arriving at O, at any one time, will have left the various 

points on the wavefront at AB at the same time as each other. Since all these waves 

are in phase with each other when they leave AB, they are still in phase when they 

reach O. (In making this statement we are again relying on the fact that the 

presence of the lens does not affect the phase relationships involved.) Thus, at O, 

the radiation from each point on AB enhances that from every other, and therefore 
there is brightness at O. 

Plane wavefronts 
incident on slit 

Diffracting Screen 
slit Converging lens 

focuses light 
at O 

y 
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The positions of the other maxima (i.e. the subsidiary maxima) are difficult to 
determine, but the points listed below are worthy of note. 

(i) The subsidiary maxima are much less intense than the central maximum 
because O is the only point at which waves from each point on the wavefront 
interfere constructively with those from every other. 

Gi) The subsidiary maxima lie approximately mid-way between the minima. 

(iii) The width of the central maximum is twice that of each subsidiary 
maximum. 

26.5 THE DIFFRACTION GRATING*« 

A diffraction grating is an arrangement of identical, equally-spaced diffracting 

elements. Normally, it consists of a large number of parallel lines of equal width 

ruled on glass (a transmission grating) or metal (a reflection grating). In each case 

the diffracting elements are the clear spaces between the rulings. There are, 

typically, 600 lines per millimetre. Diffraction gratings are used to produce optical 

spectra. 

Fig. 26.7 represents a section of a (transmission) diffraction grating which is being 

illuminated normally by light of wavelength 4. 

Fig. 26.7 
Section of a diffraction 

grating 

Section 

of grating Light diffracted 
at 0 to normal 

Each of the clear spaces (A, B, C, etc.) acts like a very narrow slit and diffracts the 

incident light to an appreciable extent in all the forward directions. Consider that 

light which is diffracted at some angle 0 to the normal. The slits are equally spaced 

and therefore if 0 is such that light from A is in phase with that from B, it is also in 

phase with that from every other slit, and it follows that light from each slit is in 

phase with that from every other. This happens whenever 

AN = nd (jt = sO nl a2, e) 

i.e. ON 2 E) [26.2] 

*A secondary wavelet treatment is given in section 24.8. 
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Fig. 26.8 
Different orders of 
images produced by a 
diffraction grating 

Note 

SECTION E: WAVES AND WAVE PROPERTIES OF LIGHT 

Thus, if the light from all the slits is brought to a common focus (e.g. by the eye, or 

the telescope of a spectrometer), that from each slit interferes constructively with 

that from every other at those values of 0 given by equation [26.2]. The effect of the 

grating, therefore, is to produce a series of bright images, known as principal 

maxima, the angular positions, 0, of which are given by equation [26.2]. Each 

value of 0 applies to either side of the normal. 

It can be shown that a grating which has a large number of slits produces what can 

be considered to be completely destructive interference in all directions other than 

those given by equation [26.2], and therefore gives rise to very sharp principal 

maxima. 

The zero order principal maximum (i.e. that for which n = 0 in equation [26.2]) is 

given by equation [26.2] as having an angular position, 0, of zero for all values of d 

and J (i.e. for any grating illuminated by light of any wavelength). The positions of 

the first order (n = 1), second order (n = 2), etc. principal maxima, however, 

depend on both d and J. A typical grating has a grating spacing, d, of 

1/600 000 m (corresponding to 600 lines per millimetre, i.e. 600 000 lines per 

metre). If such a grating is illuminated by light whose wavelength, /, is 6 x 10°’ m, 

we find, by substituting these values in equation [26.2], that 

iets he ed a 

and 

ifm: =- 925 6 = 46.1° 

But, when n = 3, equation [26.2] gives sin 0 = 1.08 (which is impossible) and 

therefore this particular grating cannot produce a third order image when 

illuminated by light of this particular wavelength (see Fig. 26.8). 

Parallel beam 
of monochromatic 
light incident on 
grating 

Grating 

Note. If the grating is turned 
so that the angle it makes 
with the incident beam 
changes, the positions of the 
first and second order 
maxima shift but that of the 
zero order maximum does 
not. (Why?) 

It follows from equation [26.2] that the number of orders of principal maxima that 

can be produced can be increased by increasing d (i.e. reducing the number of lines 

per metre). Reducing the total number of lines decreases the sharpness of the 

principal maxima and also gives rise to faint images, subsidiary maxima, in the 

regions between the principal maxima. (See section 26.8.) 
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EXAMPLE 26.1 

When a grating with 300 lines per millimetre is illuminated normally with a parallel 
beam of monochromatic light a second order principal maximum is observed at 
18.9" to the straight through direction. Find the wavelength of the light. 

Solution 

300 lines per millimetre = 3.00 x 10° lines per metre and therefore the grating 

spacing, d, is given by d = 1/3.00 x 10? m. Since we are dealing with a second 

order maximum, = 2 and therefore by 

nì = d sin 0 

1 
2h = a ay X o = í =O 300x 105 sin 18.9 1.080 x 10 

E n O E on 

EXAMPLE 26.2 =m 

QUESTIONS 26A Memm 

1. 

How many principal maxima are produced when a grating with a spacing of 

2.00 x 10° m is illuminated normally with light of wavelength 6.44 x 1077 m? 

Solution 

We first calculate the highest order possible. 

d 
nA = d sin 0 ai n= — sin 8 

d 
Since sin 0 < 1, WS 

i.e.n < 3.11 

Since n must be an integer, the highest order possible is given by n = 3. The grating 

therefore produces 7 principal maxima. (The zero order maximum plus 3 on each 

side of it.) 

Light of wavelength 5.70 x 1077 m is incident 2. A diffraction grating produces a second order 

normally on a grating with a spacing of principal maximum at 50.6° tothe normal when 

2.00 x 10-76 m. What is the angle to the normal being illuminated normally with light of wave- 

of: (a) a first order principal maximum, (b) a length 644 nm. Calculate the number of lines 

second order principal maximum? per millimetre of the grating. 
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Fig.26.9 
Intensity variation of the 
principal maxima 

SECTION E: WAVES AND WAVE PROPERTIES OF LIGHT 

Intensity Distribution of the Principal Maxima 

The amount of light which is available to contribute to the constructive 

interference which occurs in any particular direction is determined by the 

amount of light which is diffracted in that direction by each slit. The intensity 

distribution is therefore that ofa single slit diffraction pattern. This is illustrated by 

Fig. 26.9, which is assumed to represent the situation ofa grating which has a large 

number of lines, and therefore no subsidiary maxima are shown. 

Envelope with 
intensity 
distribution 
of a single n= 
slit 

n = 0 (zero order) 

Principal 
maxima 

0=0 

The angular positions of the principal maxima are determined by equation [26.2] 
and therefore depend on the grating spacing, d. The shape of the diffraction 

envelope, however, is governed by the width of the clear spaces. If the principal 

maxima are to be reasonably intense, they must all lie within the central band of the 

diffraction envelope. This sets an upper limit to the width`of the clear spaces (see 

Example 26.3). 

EXAMPLE 26.3 lt 

A particular transmission grating has clear spaces of width a, and opaque sections 

of width b. The grating is capable of producing third order principal maxima, but 

none of higher order, when illuminated normally by light of wavelength 1. 

Calculate the maximum value of the ratio a/b if all the principal maxima are to lie 

within the central band of the diffraction envelope. 

Solution 

If we take 0 to be the angular position of the edge of the central band of 

the single slit diffraction pattern, then we find, by putting n = 1 in equation [26.1], 
that 

sin 0’ = is 
a 

If we take 03 to be the angular position ofa third order principal maximum, then we 

find, by putting n = 3 and d = (a + b) in equation [26.2], that 

3A 
Sin or = nas 

a 
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If the third order principal maximum is to lie within the central band of the 
diffraction envelope, then it is necessary that 

03, < 0' 

i.e. sin 03 < sin 0’ 

. 3A À 
i.e. oa 

a+b a 

i.e. 3a<a+b 

i.e. 2a<b 

i.e Mra 
7 benr2 

Thus, the maximum value of a/bis 5, i.e. the opaque sections must be at least twice 
as wide as the clear sections. (Note that if a/b is exactly equal to L the third order 

principal maxima are formed at the edges of the central band and.are of zero 

intensity, i.e. missing.) 

26.6 MEASUREMENT OF WAVELENGTH USING A 

DIFFRACTION GRATING AND SPECTROMETER 

Fig. 26.10 
Measurement of 
wavelength using a 
grating and spectrometer 

The wavelength, 4, of any line in a line spectrum (e.g. that of sodium) can be 

determined by using equation [26.2] if the angular position, 0, of one of the 

principal maxima produced by a grating is measured and the grating spacing, d, is 

known. (The value of d is normally supplied by the manufacturer.) The grating is 

used in conjunction with a spectrometer, so that 0 may be measured to a high 

degree of accuracy (1’ of arc). The most significant error is often due to the value of 

d being different from the specified value as a result of expansion or contraction. 

The experimental arrangement is shown in Fig. 26.10. 

Sodium 
lamp Collimator 

Adjustable 
slit 

Grating 

Cross-hair 
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Method . 

G) 

Gi) 

(iii) 

(iv) 

(v) 

Fig. 26.11 
Light from collimator 
reflected off grating at 
45° into telescope 

Fig. 26.12 
Measurement of 20 

The telescope eyepiece is adjusted so that the cross-hairs are in sharp focus. 

The telescope is focused on a distant object (by changing the position of the 

telescope objective relative to the eyepiece and cross-hairs) in such a way that 

there is no parallax between the image and the cross-hairs. The significance 

of using an object which is distant is that, from now on, any parallel light 

which enters the telescope will be brought to a focus on the cross-hairs. 

The slit of the collimator is illuminated (by a sodium lamp) and the 

telescope is turned so that it is in direct line with the slit. The slit is moved in 

or out of the collimator tube until the image of the slit, as seen through the 

telescope, is in sharp focus. Since the telescope has been set to focus parallel 

light, the collimator must now be providing parallel light. At this stage the 

width of the slit is optimized. 

The grating is placed on the table so that its plane is perpendicular to two 

(say Q and R) of the levelling screws. The telescope is moved through 

exactly 90° (by reference to the scale) and then the table is turned until the 
grating reflects light onto the cross-hairs of the telescope. The situation is 

now as shown in Fig. 26.11, and the grating is at 45° to the light from the 

collimator. Ifthe plane of the grating is not vertical, the image of the slit seen 

through the telescope, will be displaced either upwards or downwards. If 
this is the case, either Q or R is adjusted until the image occupies the centre 

of the field of view — the plane of the grating is now vertical. 

The table is turned through exactly 45° (by reference to the scale) so that the 

grating is now being illuminated normally, and the telescope is turned to a 

position such as T, (Fig. 26.12) where one of the first order principal 

Grating 

Collimator 

Telescope 

Telescope 
at T, 

Collimator 

Telescope 
at T; 
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maxima can be seen. (If the lines on the grating are not vertical, the image 

will not be in the centre of the field of view and the third screw, P, must be 

adjusted.) The angular position of the telescope (and therefore that of the 

first order image) is recorded. 

(vi) The telescope is swung round to position T, (Fig. 26.12) where the other 

first order image is visible, and its position is recorded. 

The angle between the two first order principal maxima (and therefore between 

the two recorded positions of the telescope) is 20, where, from equation [26.2] 

with n = 1, 

qo =A 

Thus, by halving the difference between the two angular positions of the telescope, 

À can be found. 

Measuring the double angle, 20, rather than 0, gives half the error. 

26.7 GRATING SPECTRA 

It follows from equation [26.2] that the angle at which any given principal maximum 

(except that for which n = 0) is formed by a grating depends on the wavelength of 

the light being used. Thus, a grating illuminated by white light produces a 

spectrum of the light. The most obvious difference between such a spectrum and 

that produced by a prism is that a grating deviates violet light less than red. 

When n = 0, each wavelength produces a principal maximum at §=0 and 

therefore the central maximum is white. 

26.8 DIFFRACTION PRODUCED BY MULTIPLE SLITS 

A typical diffraction grating (section 26.5) produces very sharp principal
 maxima. 

This is because it has a very large number ofslits. (A grating with 600 lines permm 

and which is 30 mm wide has 18 000 slits.) We shall now look more closely at how 

the diffraction pattern is affected by the number of slits. 

Consider a parallel beam of monochromatic light of wavelength 4 incident 

normally on a screen containing N slits, each of width a and separated by opaque 

sections of width b. The light diffracted by each slit interferes with that diffracted 

by the other N — 1 slits. The intensity distributions of the patterns so produced are 

shown in Fig. 26.13 for various values of N. The angular position, 0, of the 

principal maxima are given by equation [26.2], with d = a + b, because in deriving 

that equation we placed no limitation on the number of slits involved. 

Examination of the patterns reveals a number of points of interest. 

(4) Increasing the value of N increases the intensities of the principal maxima 

compared with those of the subsidiary maxima. 

(ii) Increasing the value of N increases the sharpness of the principal maxima. 

(It can be shown that the sharpness depends only on N and not on a+ b 

or a.) 

(iii) | The angular positions (0) of the principal maxima do not depend on N. 

(iv) Increasing the value of N increases the number of subsidiary maxima. 

(There are N —2 subsidiary maxima between each adjacent pair of 

principal maxima.) 
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Fig. 26.13 
To illustrate the effect on 
the diffraction pattern of 
varying N whilst keeping 
a and (a+b) fixed Single-slit diffraction envelope 

2 slits 

3 slits 

6 slits 

10 slits 

(v) 

(vi) 
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Intensity/arbitrary units 

Principal maxima 

4 

Rate "Å 

A 

sin 0 

Subsidiary maximum 

sin 0 

Subsidiary maxima 

sin 6 

100 ~_ 

0 À 2Xr 3A 4À 

a+b atb a+b a+b a 

Increasing the number of slits allows more light through and therefore 
increases the absolute intensities of the diffraction patterns. (This is not 
immediately obvious from looking at Fig. 26.13, because it has been drawn 
in such a way that equivalent principal maxima are all the same size.) The 
mathematics involved is beyond the scope of this book, but it can be shown 
that the intensities of the principal maxima are proportional to N°. 

For any given value of N, altering a + b alters the angular positions of the 
various principal maxima, and therefore also alters their relative intensities 
because they move to different parts of the diffraction envelope. Altering a 
has a similar effect because it changes the width of the diffraction envelope. 
When (a + 6)/a is an integer some principal maxima are missing because 
they occur exactly at the edges of the diffraction envelope and therefore 
have zero intensity. The patterns in Fig. 26.13 have been drawn for the case 
of (a+ b)/a = 4, in which case the fourth-order principal maxima are 
missing. (See also Example 26.3.) 
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Why the Principal Maxima are Sharp when N is 
Large 

At the site of a principal maximum 0 is such that the light from each slit is in 

phase with that from every other. Suppose now that we change 0 by a small 

amount so that the path difference, (a+ b) sin 0, between the light from two 

adjacent slits changes by a small amount (A x, say) where A x is so small that it 

hardly affects the interference between light from adjacent slits. The maximum 

change in path difference that this creates is that between the two extreme slits 

` and is equal to (N — 1)A x, where N is the total number of slits. If N is small, 
there is no possibility of the path difference between the light from any two slits 

changing by enough to produce a significant amount of destructive interference, 

and the overall intensity will still be reasonably high. However, if N is large, 

there is the likelihood of there being a slit which is far enough away from one of 

the end slits (say) for the path difference to change by 4/2, so that the light from 

one of these slits is destroyed by that from the other. The same will be true of 

the light from the two slits adjacent to these, and so on. Thus a slight change in 

0 will produce a marked decrease in intensity when N is large, i.e. a sharp 

principal maximum. 

Origin of the Subsidiary Maxima 

A complete mathematical analysis is beyond the scope of this book, but we can 

give some indication of how subsidiary maxima arise. Consider the case when 

N = 4. Suppose that the four slits are A, B, C and D, in that order. If the path 

difference from adjacent slits is 1/4 or 34/4, then the light from A destroys 

that from C, and the light from B destroys that from D, giving an overall 

intensity of zero. Also, if the path difference between the light from adjacent 

slits is 1/2, the light from A destroys that from B or D and that from C 

destroys that from D or B, and therefore the intensity is again zero. Thus there 

are three minima between the zero order and first order principal maxima. 

Between these three minima there are bound to be two maxima — these are the 

subsidiary maxima. They are not principal maxima, because to produce a 

principal maximum the light from each slit must be in phase with that from 

every other. 

In the case of three slits there is only one subsidiary maximum between any 

adjacent pair of principal maxima. Consider the case of the subsidiary maximum 

between the zero order and first order principal maxima. It occurs when 

(a+b) sin 0 = 2/2, for then light from one of the slits destroys that from a slit 

adjacent to it, so that the overall intensity is that of the light
 from the third slit. (The 

intensity of this subsidiary maximum is slightly less than 4 (not 4) that of the zero 

order principal maximum — why?) The minima occur at values of 0 such that 

(a + b) sin 0 = 4/3 or 24/3, i.e. such that the path differences between the waves 

from adjacent slits are 4/3 and 24 /3 respectively. If the reader wishes to verify that 

this situation does in fact give an overall intensity of zero, he or she should try 

adding together (graphically or otherwise) three sine waves of equal amplitude 

such that each is displaced from one of the others by 4/3 or 24/3, e.g. 

sin («—120°)+sin «+ sin (a+ 120°) or sin (%—240°) + sin a+ sin (æ + 

240°). 
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26.9 DIFFRACTION AT A CIRCULAR APERTURE 

Fig. 26.14 
Diffraction pattern due to 
a circular aperture 

Whenever light is incident on an aperture, it is diffracted to some extent. The 

particular case of a circular aperture is important, because the amount of 

diffraction which takes place at such an aperture determines the abilities of the 

lenses of telescopes and other optical instruments to resolve fine detail. 

The Fraunhofer diffraction pattern of a circular aperture is shown in Fig. 26.14, 

and takes the form of a bright central disc (known as Airy’s disc and containing 

over 91% of the light), surrounded by a number of much less intense rings. The 

intensity distribution across a diameter of the pattern is almost the same as that 

shown in Fig. 26.4(b). The edge of the central disc makes an angle 0 with the 

‘straight through’ direction which is given by sin 0 = 1.22/a, where a is the 

diameter of the aperture. When a > 4, this reduces to 0 = 1.22 A/a. 

CONSOLIDATION o ol 

Diffraction at a Single Slit 

The width of the central maximum is twice that of each of the subsidiary maxima. 

Minima occur where 

asin = ni (4°35 2 SR.-4) 

Transmission Diffraction Grating 

Consists of a large number of identical slits which are equally spaced. 

Principal maxima occur at angles such that light from each slit is in phase with that 
from every other slit. 

The sharpness of the principal maxima is increased by increasing the total number 
of slits. 

Principal maxima occur where 

d SINO ETA are OU Boe och [26.2] 
It follows from equation [26.2] that increasing d increases the number of orders of 
principal maxima. 
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POLARIZATION OF LIGHT 

WAVES 

27.1 THE PHENOMENON OF POLARIZATION 

Fig. 27.1 
(a) Plane polarized waves 

Wave motions are either longitudinal or transverse. 

Longitudinal waves are waves in which the vibrations are along the 

direction of travel of the wave (e.g. sound waves, compression waves in 

springs). 

Transverse waves are waves in which the vibrations are perpendicular to 

the direction of travel of the wave (e.g. electromagnetic waves, water waves). 

Note. A sound wave passing through water is, of course, a longitudinal wave. 

These two types of waves may be distinguished in that transverse waves can be 

polarized, longitudinal waves cannot be polarized. 

If all the vibrations of a transverse wave are in a single plane which contains the 

direction of propagation of the wave, the wave is said to be plane-polarized (or 

linearly polarized). 

Fig. 27.1 depicts two ropes along which transverse waves are travelling. Wave A is 

plane-polarized in the xy-plane and wave B is plane-polarized in the xz-plane. 

Each wave can pass through its respective slit without any hindrance as long as the 

slits have the orientations shown. But, if slit A’, say, is rotated through 90° about 

Ox so that it becomes parallel to Oz, wave A is totally incapable of passing through. 

Such a procedure would have no effect whatsoever on a longitudinal wave. 

Slit A‘ parallel 

Amplitude 
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Fig. 27.1 
(b) Plane polarized waves 

SECTION E: WAVES AND THE WAVE PROPERTIES OF LIGHT 

y Amplitude 

(b) 

27.2 POLARIZATION AND LIGHT WAVES 

Fig. 27.2 
To illustrate that E and 
B are mutually 
perpendicular 

Notes 

The ‘vibrations’ of a light wave are a varying electric field, E, and a varying 

magnetic field, B, which are perpendicular to each other and which have the same 

frequency. Each of these fields is perpendicular to the direction of travel of the 

wave, and therefore light is a transverse wave motion. 

Fig. 27.2 is a pictorial representation of a plane-polarized light wave in which the 

variation of E takes place exclusively in the xy-plane and that of B in the 
(perpendicular) xz-plane. 

y 

4 x(direction 
of travel) 

(i) and Bare in phase with each other, i.e. E has its maximum value Ep at the 
same time as B has its maximum value Bp. 

Gi) Though it is not apparent in Fig. 27.2, the magnitudes of E and B, at any 
one time, are related by E/B = c (where c = the velocity of light) and 
in particular Eo/Bo = c. 

When light interacts with matter, the effects of the electric field usually dominate 
those of the magnetic field. For example, it can be shown by experiment that it is 
the electric component of light which affects photographic film and which 
produces fluorescence. The plane of polarization of a light wave is therefore 
regarded as being that which contains E*. Thus, the wave shown in Fig. 27.2 is 
plane-polarized in the xy-plane. 

Most sources of light emit waves whose planes of polarization vary randomly with 
time. These variations take place suddenly and at intervals of as little as 10-° s. A 
wave of this type is said to be unpolarized, because over any reasonable interval of 
time its plane of polarization does not favour any one of the possible directions 
more than any other. 

*From now on, whenever the term ‘vibrations’ is used in the context of a light wave it should be taken 
to refer to the variation of the associated electric field. 
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Fig. 27.3 
Components of E 

Fig. 27.4 
Pictorial representation 
off an unpolarized light 
wave 
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Suppose that an unpolarized wave is travelling at right angles to the paper and that 

at some instant in time the electric field (E), at some point on the wave, is in the 
direction shown in Fig. 27.3, and therefore has components E, and E, as shown. 
After about 10~° s the direction of E will change and therefore the values of E, and 

E, will also change. Over a reasonable period E will occupy a large number of 

orientations, each with equal probability, and therefore the average value of E, will 

be equal to that of E,. Thus, although the ‘vibrations’ of an unpolarized wave 

actually take place in every direction which is perpendicular to the direction of 

propagation, such a wave can be regarded as having vibrations only in two 

perpendicular directions, and such that the amplitude of vibration is the same in 

each of these directions. This gives rise to the commonly used pictorial 

representation of an unpolarized light wave which is shown in Fig. 27.4. 

Electric vibrations 
@ perpendicular to the 

į plane of the paper 

Direction of 
propagation t Electric vibrations 

in the plane of 
the paper 

27.3 PRODUCTION OF PLANE-POLARIZED LIGHT BY 

USING POLAROID 

Fig. 27.5 
Action of Polaroid on 
unpolarised light 

Polaroid is a material which transmits only those components, of any light which 

is incident on it, which are in a particular direction — we shall call this the 

‘reference’ direction. 

Consider a beam of unpolarized light incident on two sheets of Polaroid (P and 

Q) whose reference directions (indicated by 7) are parallel to each other (Fig. 

27.5). From what has been said in section 27.2, the ‘vibrations’ of the unpolarized 

light which is incident on P can be regarded as being in one or other of any two 

perpendicular directions which are at right angles to the direction of propagation. 

For convenience, we shall take one of these directions to be in the plane of the 

Q 

/ 
Unpolarized 
light of intensity / 

Plane-polarized 
light of intensity //2 
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paper, i.e. parallel to the reference directions of the Polaroids. (The ‘vibrations’ 

which are in this direction are indicated by | in Fig. 27.5.) The direction of the 
other ‘vibrations’ must, therefore, be perpendicular to the plane of the paper, i.e. at 

right angles to the reference directions of the Polaroids. (These vibrations are 

represented by e in Fig. 27.5.) 

The ‘vibrations’ which are perpendicular to the plane of the paper are completely 

absorbed by P. Therefore the beam that emerges from P has only half the intensity 

of the original (unpolarized) beam, and all of its ‘vibrations’ are in the plane of the 

paper. Thus, the beam that is incident on Q is plane-polarized in the plane of the 

paper, and when Q is in the orientation shown it transmits all of this beam. However, 

if Q is slowly rotated about the direction of propagation, the intensity of the light 

that emerges from it decreases and becomes zero when the reference direction of Q 

is perpendicular to that of P. (It can be shown that the intensity is proportional to 

cos“, where 0 is the angle between the reference directions of P and Q.) 

The beam that emerges from P has half the intensity of the original beam no matter 

what the orientation of P. Rotating P about the direction of propagation does, 

however, alter the plane of polarization of the light that emerges from it. The effect 

of such a rotation on the intensity of the light that emerges from Q is therefore the 

same as that produced by rotating Q. 

Polaroid is the trade name of sheets of nitrocellulose in which are embedded 

crystals of quinine iodosulphate. These crystals are dichroic, i.e. they transmit 

only those components of the ‘vibrations’ of light which are at a particular 

orientation to their axes. (This is called selective absorption.) The ability of 

Polaroid to exhibit the same property, lies in the fact that all the crystal axes are 

aligned within it. Dichroism is also exhibited by Sedma a naturally 

occurring crystalline material. 

27.4 PRODUCTION OF PLANE-POLARIZED LIGHT BY 
REFLECTION 

Fig. 27.6 
Polarization by reflection 

If an unpolarized beam of light is incident on a glass surface at an angle of about 
57°, the light that is reflected from the surface is plane-polarized. (This can be 
checked by looking through a piece of Polaroid at light reflected in this way. If the 
Polaroid is slowly rotated about the line of vision, the intensity of the light reaching 
the eye varies from some maximum value to zero.) At angles of incidence other 
than 57°, the reflected light is partially plane-polarized. 

When light is incident on glass at 57° the reflected ray is at right angles to the 
refracted ray. The significance of this will now be explained. 

Unpolarized 
light 

Air 
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Suppose that unpolarized light is incident on a glass surface at such an angle that 

the reflected ray is at 90° to the refracted ray (Fig. 27.6). When the light enters the 
surface it causes the electrons in the surface to oscillate. The electrons radiate light 

as a result of these oscillations, and are the source of the reflected and refracted 

rays. It is as if all the light is refracted initially, and then some of it is immediately 

emitted as the reflected ray. Those ‘vibrations’ of the refracted ray which are in the 
plane of the paper cannot be emitted because they are parallel to the direction of 

propagation of the reflected ray. The reflected ray can therefore contain only those 

‘vibrations’ which are perpendicular to the plane of the paper, i.e. it is plane- 

` polarized. The refracted ray is partially plane-polarized, i.e. it contains more 

‘vibrations’ which are in the plane of the paper than which are perpendicular to the 

plane of the paper. 

When the refracted ray is not at 90° to the reflected ray, the ‘vibrations’ which are in 

the plane of the paper each have a component which is perpendicular to the 

direction of propagation of the reflected ray, and can, therefore, contribute to it 

and produce a reflected ray which is only partially plane-polarized. 

If we take n to be the refractive index of glass, and apply Snell’s law to Fig. 27.6, we 

obtain 

baki [27.1] 
sin 02 

OP is the reflected ray and therefore NOP = 0, in which case 

0 = 90° — 0, 

Substituting for 02 in equation [27.1], we have 

sin 0; n 

sin (90° — 0) 

R smor _ 

ee cosĝ 

ie. | tam@; = 0 [27.2] 

Equation [27.2] is known as Brewster’s law, and 0}, the angle of incidence at 

which the reflected ray is completely plane-polarized, is called the angle of 

polarization or polarizing angle. If the refractive index of glass is taken to be 

1.54, equation [27.2] gives 0; = 57°. 

27.5 DOUBLE REFRACTION 

If an unpolarized ray is incident on a crystal of calcite (Iceland spar), it is split into 

two rays. These are known as the ordinary ray (the O-ray) and the 

extraordinary ray (the E-ray). Each ray is plane-polarized in a direction 

which is perpendicular to that of the other. The O-ray obeys the normal laws 

of refraction (hence the name); the E-ray does not. If an object is viewed through a 

crystal of calcite, two images are seen (Fig. 27 .7). The phenomenon is known as 

double refraction. 

The Nicol prism (Fig. 27.8) is a device which makes use of double refraction to 

produce an effect which is the same as that produced by Polaroid and tourmaline. 

Canada balsam (the transparent cement that holds the two pieces of calcite 
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Fig. 27.7 
Double refraction in 
calcite 

Fig. 27.8 
Nicol prism 
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Calcite 

Calcite 

Calcite 

together) has a refractive index which makes it optically less dense than calcite as 

far the O-ray is concerned, but optically more dense than calcite for the E-ray. The 

crystal faces are angled in such a way that the O-ray undergoes total internal 

reflection at the boundary with the balsam. The E-ray passes straight through, 
providing a beam of plane-polarized light. 

27.6 SCATTERING 

If a beam of unpolarized light passes through a region which contains small 
particles (e.g. smoke particles or water droplets in the air, or a colloidal 
suspension of particles in a liquid), the intensity of the ‘straight through’ 
beam is reduced as a result of the scattering produced by the particles (Tyndall 
effect). The light that passes straight through is unpolarized, but the rest is plane- 
polarized to an extent which depends on the angle through which it has been 
scattered. Light scattered at 90° to the direction of incidence is completely plane- 
polarized. 

Light is scattered out of the direct beam of the Sun by air molecules. Short 
wavelengths are scattered more effectively than long wavelengths and therefore the 
sky is blue. 

27.7 SUNGLASSES 

As explained in section 27.4, reflected light is plane-polarized to some extent. The 
glare (i.e. reflected light) from a wet road, for example, can be reduced by using 
Polaroid sunglasses, i.e. sunglasses which contain suitably oriented Polaroid. 
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27.8 STRESS ANALYSIS 

Fig. 27.9 
Strain viewer 

If two sheets of Polaroid are placed one in front of the other, light cannot pass 

through the combination if their reference directions are at right angles to each 

other. If, however, a piece of glass which is under stress is placed between the 

Polaroids (Fig. 27.9), a pattern of interference fringes can be seen. Glass becomes 

doubly refracting when it is under stress and interference between the E-ray and 

the O-ray thus produced, produces a ray which is no longer plane-polarized at right 

angles to the analyser. The light intensity at any point in the field of view depends 

on the thickness of the glass and the amount of strain in the corresponding region 

of the specimen. The device is called a strain viewer and is used to detect regions 

of high strain which would be liable to failure. 

Polarizer Analyser 
Stressed y 
sample 

Unpolarized ] Plane-polarized 

light A 

‘Crossed’ Polaroids 

Many plastic materials also become doubly refracting when under stress. By 

making plastic models of bridges, etc. and examining them in a strain viewer, 

engineers are able to detect potential weak points. 

CONSOLIDATION 

Longitudinal waves are waves in which the vibrations are along the direction of 

travel of the wave. 

Transverse waves are waves in which the vibrations are perpendicular to the 

direction of travel of the wave. 

Transverse waves can be polarized; longitudinal waves cannot. 

The vibrations of an unpolarized light wave actually take place in every direction 

which is perpendicular to the direction of propagation, but it can be regarded as 

having vibrations only in two perpendicular directions and suc
h that the amplitude 

of vibration is the same in each. 

Double refraction — the plane of polarization of the E-ray is at 90° to that of the 

O-ray. 
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ELECTROMAGNETIC WAVES. 

OPTICAL SPECTRA 

28.1 THE ELECTROMAGNETIC SPECTRUM | 

The main divisions of the electromagnetic spectrum are shown in Fig. 28.1. Table 
28.1 lists some of the properties of the various radiations and gives examples of 
how they are generated. Properties which are common to all types of electro- 
magnetic waves are listed below and on p. 473 as (i) to (vi). 

Fig. 28.1 Wavelength/m 

The electromagnetic 
spectrum 10-15 

Frequency/Hz 
1 

1037 

107? 

3.9 X 107m 

ligt uM 

[ae eat ad SEOSTEST TETAS eee] Visible 

7.8 x 107m 105 
(Red) Infrared 

1073 

107! 

UHF 

10 

10° 

10° 

(i) | Electromagnetic waves consist of varying electric and magnetic fields. The 
two fields are perpendicular to each other and to the direction of travel of the 
wave. Each field vibrates at the same frequency, the frequency of the wave. 
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(ii) All electromagnetic waves travel at the same speed in vacuum, 

2.998 x 108 ms"!. 

Gii) Electromagnetic waves are unaffected by electric and magnetic fields. 

(iv) Electromagnetic waves travel in straight lines (within the limits set by 

diffraction). 

(v) Since electromagnetic waves are transverse, they are capable of being polarized. 

(vi) Electromagnetic waves can be caused to produce interference effects. 

Table 28.1 > EEE oF ti 3 ? 
Generation, properties p generation Main properties and uses 

and uses of ; y-rays Radioactive decay See section 52.4 

electromagnetic Nuclear fission and fusion 
radiation reactions 

Interactions between elementary 

particles 

_ Rapid deceleration of fast See section 49.3 

electrons (e.g. in X-ray tubes) 

Atomic transitions involving 

innermost electron orbits (e.g. in 

X-ray tubes) 

Ultraviolet Atomic transitions (e.g. in Produces ionization and X 

carbon arc, mercury vapour fluorescence 

lamp, the Sun) Promotes chemical reactions 
Affects photographic film 

Produces photoelectric effect 

Absorbed by glass 

Visible Atomic transitions (e.g. in Stimulates the retina 

discharge tubes, incandescent Affects photographic film 

lamps, lasers, flames) Initiates photosynthesis 

Infrared Atomic transitions Produces heating 

. Molecular vibrations Used in ‘night sights’ 

Microwaves Klystrons and Magnetrons Radar 

Masers y Telemetry 

Electron spin resonance 

Radio waves Electrical oscillations Radio communication 

Table 28.2 lists means of detecting the various radiations. 

Table 28.2 

Geiger-Müller tubes 

Ionization chambers 

Solid state detectors 

Scintillation counters 

Photographic film 

Detection of 
electromagnetic radiation 

Type 

y and X 

Photoelectric cell 

Fluorescent materials 
Ultraviolet 

Photographic film 

Visible Photoelectric cell 

The eye 

Photographic film 

Infrared Thermopile 

Special photographic film 

Crystal detectors (silicon and germanium) 
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28.2 TYPES OF SPECTRA : 

Spectra are of two basic types: emission spectra and absorption spectra. An 

emission spectrum is the spectrum of radiations emitted by an object which is 

acting as a source of radiation. An absorption spectrum is the spectrum of the 

radiations transmitted by a substance which has absorbed some of the radiation 

incident on it. 

Both emission spectra and absorption spectra can be further classified as being line 

spectra, band spectra or continuous spectra. 

28.3 OPTICAL EMISSION SPECTRA 

Fig. 28.2 
Sodium vapour line 
spectra: (a) emission, 
(b) absorption 

Optical emission spectra are produced when light from a luminous source is 

incident on a prism or a diffraction grating. The diffraction grating is normally 

preferred because: 

(i) -its ability to separate wavelengths which are very close together is better than 

that of the prism; 

(ii) a prism distorts the spectrum by crowding together the wavelengths at the 

red end; 

(iii) problems due to absorption by glass can be avoided by using reflection 

gratings. 

A disadvantage of diffraction gratings is that they spread the energy of the incident 

light over the various orders of the spectra which they produce and thereby reduce 

the intensity of any one of them. 

Line Spectra 

A typical line spectrum (that of sodium vapour) is shown in Fig. 28.2(a). The 
bright lines are images of the slit of the spectrometer used to obtain the spectrum. 
Line spectra are produced by atoms which are so far apart that they are not 
interacting with each other. It follows that line spectra can be produced only by 
low-density monatomic gases and vapours. Sources which give rise to line spectra 
include low-pressure discharge tubes (e.g. sodium lamps), flames, gaseous 
nebulae (such as that in Orion) and the tails of comets. 

Wavelength x 107/m 

Bg 25 a3 Oe eee © Lo © 
Oo Die "ee oo © © =e 
+o ++ wl 10 0 LO LO oo 

(a) Note that the lines at 5.890 x 10 7m 
and 5.896 x 10 ’m (the so-called 
D-lines) are much more intense 
than the rest. They are in the 
yellow region of the spectrum 

(b) 
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Fig. 28.3 
Band spectra 
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The electrons of an isolated atom can be considered to move in definite orbits 

about the nucleus. If an atom is involved in a violent collision, as it may be, for 

example, in a discharge tube or a hot gas, an electron may gain energy and move 

from its normal orbit to one which is farther from the nucleus. Such an atom is 

unstable and the electron soon returns to its original orbit. In doing so it gives up 

the energy it gained in the collision by emitting light. The wavelength of the 

emitted light depends on the two orbits concerned. When large numbers of atoms 

are involved, light of a number of different wavelengths may be produced, 

corresponding to electron transitions between different pairs of orbits. The 

various wavelengths constitute the line spectrum. 

All atoms of any particular element have the same set of orbits and these are 

characteristic of the element concerned. It follows that each element produces a 

unique line spectrum which may be used to identify the element. 

(The reader is advised to study sections 48.3 to 48.6 in order to gain a more 

complete understanding of the origins of line spectra.) 

Band Spectra 

Band spectra are composed of separate groups of lines known as bands; the lines 

within each band are closer at one side than the other (see Fig. 28.3). They are 

produced by gases and vapours whose molecules contain more than one atom (e.g. 

O2, CO). The bands produced by heavy molecules are close together; those of 

light molecules are widely spaced. The bands in the spectrum of molecular 

hydrogen (H,) are so widely spaced that the spectrum has the appearance ofa line 

spectrum. 

Continuous Spectra 

Continuous spectra are produced by hot solids and liquids, and by high-density 

gases such as the Sun. As the name suggests, spectra of this type consist of a 

continuous range of wavelengths. The atoms are so close together that they 

interact with each other. As a consequence some of the electrons have a 

continuous range of energies and the transitions which they undergo give rise to 

radiation of all wavelengths. 

A continuous spectrum is not characteristic of the substance which produces it. 

Instead, the relative amounts of energy radiated at the various wavelengths are 

determined by the temperature of the emitter and the nature of its surface (see 

section 17.10). 

23.4 OPTICAL ABSORPTION SPECTRA 

Absorption spectra, like emission spectra, can be of all three types: line, band and 

continuous. The absorption spectrum which a substance produces is of the same 

type as its emission spectrum. 

Suppose that white light which has passed through a cell containing sodium 

vapour is examined with a spectrometer. The spectrometer reveals a continuous 

spectrum from which certain wavelengths are missing (Fig. 28.2(b)). The missing 
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wavelengths have been absorbed by the vapour, for the light of these wavelengths is 

of exactly the right energy to induce electron transitions within the sodium atoms. 

These transitions take place in the opposite direction to those which produce the 

emission spectrum. It is not surprising, therefore, to find that the dark lines in the 

absorption spectrum occur at the same wavelengths as the bright lines in the 

emission spectrum. 

The radiation which the atoms have absorbed is emitted soon afterwards. The 
reader may now be ata loss to understand why there are any dark lines at all. There 

is no problem — the emission takes place in all directions and therefore very little 

can be emitted in the ‘straight through’ direction being examined with the 

spectrometer. 

There are fewer lines in the absorption spectrum than the emission spectrum (Fig. 

28.2). This is because we have supposed that the sodium vapour which has 

produced the absorption spectrum is colder than that ‘which produced the 

emission spectrum. The electron transitions which give rise to the absorption 

must, therefore, each involve a low-lying energy level and so there are fewer 

possible transitions. (Note. A glowing gas can produce an absorption spectrum 

provided that the light it emits is less intense than that which it is to absorb.) 

28.5 THE SOLAR SPECTRUM. FRAUNHOFER LINES 

Careful examination of the Sun’s spectrum reveals that it is crossed by a large 

number of dark lines. The lines were discovered by Fraunhofer in 1814 and, 

accordingly, are known as Fraunhofer lines. Most of theJines are formed by the 

relatively cool gases in the outer regions of the Sun absorbing certain of the 

wavelengths radiated by the interior. 

The discovery of helium was due to the realization that some of the lines could not 
be attributed to any element known at the time. 

The majority of the Fraunhofer lines exhibit Doppler broadening (see Chapter 
35). The broadening can be accounted for as being due to the Sun’s rotation, 
providing that the lines originate on the Sun. The remaining lines are the result of 
absorption by the Earth’s atmosphere. 

CONSOLIDATION 

Line spectra are produced by low-density monatomic gases and vapours. 

Band spectra are produced by gases and vapours whose molecules contain more 
than one atom. 

Continuous spectra are produced by hot solids and liquids, and by high-density 
gases such as the Sun. 

Line spectra and band spectra are characteristic of the elements which produce 
them; continuous spectra are not. 

An absorption spectrum contains fewer lines than the corresponding emission 
spectrum. 
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FORCED VIBRATIONS AND 

. RESONANCE 

29.1 DAMPING 

Unless it is maintained by some source of energy, the amplitude of vibration of any 

oscillatory motion becomes progressively smaller — the motion is said to be 

damped (see Fig. 29.1). The decrease in amplitude occurs because some of the 

energy of the oscillating system is used to overcome resistive forces. For example, 

the amplitude of vibration of a simple pendulum decreases because of air 

resistance and friction at the support. This is an example of natural damping. 

Many systems are artificially damped to cut down unwanted vibration — the shock 

absorbers on a car serve this purpose. (Electromagnetic damping and critical 

damping are discussed in section 42.12.) 

Fig. 29.1 Amplitude of 

Damped oscillation oscillation 

29.2 BARTON’S PENDULUMS 

Refer to Fig. 29.2. Pendulums P, Q, R and S, though much lighter than A, are 

sufficiently massive for their motion to be considered undamped. (The 

significance of this will emerge on reading section 29.3.) Suppose that the heavy 

pendulum (A) is displaced so that it oscillates, at its natural frequency, in a plane 

which is perpendicular to the paper. Its vibrations are transferred through the 

common support string (XY) to the other pendulums and they start to oscillate. 

Since these pendulums are being forced to oscillate by A, they are said to be 

executing forced oscillations. Once the motion has settled down, observation 

shows that: 

(i) All the pendulums vibrate with the same frequency (the natural frequency 

of A). 

477 
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Fig. 29.2 
Barton's pendulums 

Gi) 

Gii) 
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X 

A 
Common support 
string 

Note. In addition to 
twisting, XY swings in 
and out of the paper, 

Heavy and therefore the 
driver lengths of the pendulums 
pendulum are measured from 

the beam 

S 

Pendulum R (whose natural frequency is equal to the forcing frequency 

because it has the same length as A) oscillates with greater amplitude than P, 

Q and S. R is said to be resonating with A. 

The motion of R is a quarter of a period behind that of A. The shorter 

pendulums, P and Q, are approximately in phase with A. Pendulum S is 

almost half a period behind A. 

29.3 A DETAILED INVESTIGATION OF FORCED 
VIBRATIONS 

Fig. 29.3 
Apparatus to investigate 
forced oscillations 

\ 

_ Barton’s pendulums provide a useful demonstration experiment; the apparatus 

shown in Fig. 29.3 allows a more complete investigation of forced vibrations to be 

made. By using driver pendulums of different lengths, N is forced to vibrate at a 

number of different frequencies. 

Pendulum which is 
~ being forced to 

vibrate 
One of a set 

of driver pendulums y 

As might be expected from what has been said in section 29.2, observation shows 
that: 

(i) 

Gi) 

Gii) 

N vibrates at the same frequency as the driver pendulum, no matter which 
driver is being used; 

the amplitude of vibration of N depends on the frequency of the driver 
pendulum; 

the phase difference between N and the driver pendulum depends on which 
driver pendulum is being used. 

Fig. 29.4 illustrates these results more completely, and shows the consequences of 
increasing the effects of damping on N. (This is achieved by replacing the bob of N 
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Fig. 29.4 
Effect of damping on 
forced vibrations 
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with a less massive one, or by attaching a piece of card so as to increase the air 

resistance.) Note, in particular, that when N is heavily damped the system 

resonates at a frequency which is somewhat less than the natural frequency of N. 

If a periodic force is applied to any mechanical system, it will be set into forced 

vibration. If the driving force is simple harmonic, and the natural mode of 

oscillation of the system is also simple harmonic, the results of Fig. 29.4 apply. 

29.4 SOME CONSEQUENCES OF RESONANCE 

(i) Soldiers need to break step when crossing bridges. (Failure to do so caused 

the loss of over two hundred French infantrymen in 1850.) 

(ii) | Opera singers can shatter wine glasses by forcing them to vibrate at their 

natural frequencies. 

(iii) A diver ona springboard builds up the amplitude of oscillation of the board 

by ‘bouncing’ on it at its natural frequency. 
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(iv) Ifaloose part in a car rattles when the car is travelling at a certain speed, it is 

likely that a resonant vibration is occurring. 

(v) Acolumn of air can be made to resonate to a particular note (see Chapter 

33 

(vi) Electrical resonance is made use of to tune radio circuits. 

(vii) Resonant vibrations of quartz crystals are used to control clocks and 

watches. 

CONSOLIDATION 

A system is undergoing forced oscillations if it is being forced to oscillate by 

some other system at the frequency of that system. 

When a system is being forced to oscillate, but at its own natural frequency it is said 

to be resonating with the forcing system. 
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BEATS 

30.1 THE PHENOMENON OF BEATS 

If two notes which have nearly equal frequencies and similar amplitudes are 

sounded at the same time, then someone listening to them hears a single note 

which has the mean frequency of the original notes. The amplitude of this note 

repeatedly rises and falls (to zero if the amplitudes of the original notes are equal). 

This periodic increase and decrease in amplitude is a result of successive 

occurrences of constructive and destructive interference between the two notes, 

as they repeatedly become in phase and then out of phase with each other (see Fig. 

30.1). The variations in amplitude (and intensity) are called beats, and can occur 

when two waves of any type are superposed. The number of times the sound 

reaches maximum intensity* in one second is called the beat frequency. Intensity 

maxima occur whenever the two waves are in phase with each other. 

Fig. 30.1 Displacement 

Two waves producing 
beats 

0 
\ \ Time 

A and B A and B Note A of 

in phase in phase frequency f 

Note B of 
frequency f, 

Resultant displacement Note of frequency 

n 
` 

Amplitude envelope has a 
frequency of ( fh — ,)/2 

< Beat period = F 
fat Intensity has a frequency 

of (f, — h) 

*This occurs whenever the amplitude is at a maximum or a minimum (see section 30.3). 
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Derivation of Beat Frequency = fi — fh 

Consider two notes, A and B, whose frequencies are fı and fọ respectively.In some 

time t, A completes ft cycles and B completes f5t cycles. 

If t is such that A completes one more cycle than B, then 

fit=ft = 1 
gux 1 

Ah 
If the two notes are initially in phase, then (because ż is the interval in which A 

completes one more cycle than B) ris the time that elapses before they are next in 

phase with each other. Thus, the beat period (i.e. the interval between successive 

in-phase situations) is given by 

1 

Siggi 

i.e. ` ( Beat kegucacy =A P (f,>f) [30.1] 

i.e. 

Beat period = 

30.2 MEASURING AN UNKNOWN FREQUENCY 

The phenomenon of beats can be used to determine the unknown frequency of 

some wave motion by causing the wave to beat with a wave of the same kind whose 
frequency is known. 

Suppose that a note of unknown frequency, fı, is made to produce beats with a 

note of known frequency, f2. If f2 is not very different from fı, it is possible to 

count the number of beats that occur in some given time, and hence determine the 

beat frequency, f. Bearing in mind that we do not know which of f, and f is the 
higher frequency, we obtain from equation [30.1] 

f= hh orf a Ah 

ie = fi=fhEf [30.2] 
In order to discover which of fı and fy is the higher frequency (and therefore 
whether to make use of + or — in equation [30.2]), one of the frequencies, f> say, is 
changed slightly and the effect on the beat frequency is noted. For example, if the 
note of frequency fz is being produced by a tuning fork, its frequency could be 
reduced by loading one of the prongs of the fork with a small piece of plasticine. If 
this results in an increased beat frequency, fı must be higher than f2, and therefore 
fi is found from fi = fh +f. 

If a signal generator is available, it can be used as the source of the reference 
frequency, f2, and has the advantage of being able to provide a continuously 
variable range of frequencies. It is possible to adjust the signal generator so that the 
beats are so far apart that they can no longer be heard. Suppose that an 
experimenter, who is capable of just discerning beats which are as much as 10s 
apart, finds that he cannot hear beats when the signal generator frequency, fz, is 
1000 Hz. The beat frequency, f, must be less than 0.1 Hz (since he can detect beats 
up to 10s apart), and therefore 

fi = 1000 40.1Hz 

Thus, the unknown frequency, f,, can be determined to within 1 part in 10 000 — 
an extremely accurate measurement. (This assumes, of course, that the calibration 
of the signal generator is itself accurate.) 
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QUESTIONS 30A 

1. When a tuning fork with a frequency of 512 Hz 2. A black disc with a white spot on it rotates 

and a guitar string are sounded together beats clockwise at 36 revolutions per second. When 

can be heard with a frequency of 3 Hz. When the the disc is observed in light from a stroboscope 

guitar string is tightened slightly (which whose frequency is close to the rotational 

increases its frequency) the beat frequency frequency of the disc, the white spot appears 

increases to 4Hz. What was the original to rotate clockwise at 2 revolutions per second. 

frequency of the string? What is the frequency of the stroboscope? (A 

` little thought should convince the reader that 

this question is concerned with beats!) 

30.3 MATHEMATICAL TREATMENT OF BEATS 

Suppose that yı and yz are the individual displacements of two sinusoidal wave 

motions whose frequencies are fy and f respectively. If the amplitude of each wave 

is a, then it can be shown that, at a single point, the displacements vary with time 

according to 

yy, = asin (27f,t) [30.3] 

and 
yı = asin (2r ft)* 

If the two waves are superposed, the resultant displacement, y, is given by 

PS Vi 2 

Le y = asin (2rf,t) + asin (2r fzt) 

It is a general result that 

: 3 . (A+B A-B 
sin A + sin B = 2sin 5 cos nr 

Therefore 

h 2nfit = 2n fot 2nfit = 2n fot 

raea Renae ornare RON Gorm e 

ie: y = asn (45$) r cos
 [2x (£7 if) r 

This can be rewritten as 

y= Asin| an (45 Aih) | [30.4] 

where 

A = 2acos a - Aik), [30.5] 

*This assumes that the waves are in phase at ¢ = 0, and simplifies the mathematics without 

invalidating the result. 
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Comparing equation [30.4] with equation [30.3] reveals that the resultant is a 

wave of frequency ( fı + f2)/2 whose amplitude is variable and is given by equation 

[30.5].* The intensity of a wave motion is proportional to the square of its 

amplitude, and therefore 

Intensity « 4a? cos” lan (454) H 

It is a general result that 

2cos?0 = 1+ cos20 

Therefore 

Intensity x 2a°{1 + cos[2r( fi — f2)t)} 

A little consideration of this equation reveals that the intensity varies at a frequency 

of fı — fa, i.e. the beat frequency is fı — f2. Note that equation [30.5] gives the 

frequency of the amplitude variation as ( fı — f2)/2, i.e. the amplitude varies at half 

the rate of the intensity. This is because the intensity is a maximum when the 

amplitude has its maximum value (2a) and when it has its minimum value (—2a). 

CONSOLIDATION “a 

Beats are formed when two notes of nearly equal frequencies and similar 

amplitudes are sounded together. 

The beat frequency fof two frequencies fı and f is given by 

f=fr-h (fi >h) 

*The cosine term is a slowly varying term, and it is this which makes it possible for it to be regarded as 
the amplitude. 



31 
STATIONARY (STANDING) 

WAVES 

31.1 INTRODUCTION- 

In this chapter we shall concentrate on the formation and properties of stationary 
waves in general. The particularly important cases of stationary waves in strings 

and in columns of air are treated in Chapters 32 and 33. 

31.2 THE FORMATION AND PROPERTIES OF 
STATIONARY WAVES 

A stationary (standing) wave results when two waves which are travelling 

_ in opposite directions, and which have the same speed and frequency and 3 

_approximately equal amplitudes, are superposed. i 

The superposition of two such waves results in points where the displacement is 

always zero — these points are called nodes. Mid-way between the nodes are points 

where the maximum displacements (i.e. the amplitudes of vibration) are greater 

than they are anywhere else — these points are called antinodes. The profile of a 

stationary wave does not travel and, though there is energy associated with the 

wave, energy does not pass along it. r 

Fig. 31.1 illustrates the formation of the stationary wave that results from the 

_ superposition of two (progressive) waves, A and B. Initially (i.e. at t = 0), A and 

B are in phase with each other and, in accordance with the principle of 

superposition (section 23.2), the resultant displacement is as shown in (a). One 

eighth of a period later (i.e. at t = T/8), A has moved to the left and B has 

moved to the right, so that their positions and their resultant are as shown in 

(b). At t= T/4, A and B are completely out of phase with each other and 

(momentarily) destroy each other at every point (c). The situations at t = 37/8 

and t = 7/2 are shown in (d) and (e) respectively. 

Fig. 31.2 shows how the resultant displacement changes between t= 0 and 

t = T/2. The displacement is always zero at N;, N2 and N3, ie. Ni; N2 and 

N; are nodes. The point which is mid-way between N, and N, and that which is 

mid-way between N3 and N3 have larger amplitudes of vibration than the rést, i.e. 

these points are antinodes. 
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Fig. 31.1 
Two waves producing a 
stationary wave 

Notes 
G) 

ii) 

(ii) 

SECTION E: WAVES AND THE WAVE PROPERTIES OF LIGHT 

Displacement 
Resultant 

(t = 0) 

AandB 
in phase 

(t= 7/8) 

(t= 7/4) 

(t = 37/8) 

A and B 
in phase 

(t= T/2) 

NiN2 = NN; = 4/2, i.e: the separation of adjacent nodes = 4/2; 
and therefore the separation of adjacent antinodes = 4/2. 

Unlike that of an (unattenuated) progressive wave, the amplitude of a 
stationary wave depends on position. It ranges from zero at the nodes 
to 2a at the antinodes, where a is the amplitude of either one of the 
progressive waves that have combined to produce the stationary wave. — 

At any one time, all the particles between two adjacent nodes are at the 
same phase of their motion. Each particle between meg next par n ae 
adjacent nodes is out of phase with these byi n radians. : 
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Fig. 31.2 
Successive 
displacements of a 
stationary wave 
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Resultant 
displacement 

z N2 (d) 

N, licks olen (c) N3 

x 

(d) (b) 

31.3 MATHEMATICAL TREATMENT OF STATIONARY 
WAVES 

The displacement y; of a (progressive) sinusoidal wave at time ż and at a distance x 

from the origin is given by equation [23.4] as 

yı = asin (2r ft — kx) 

where 

a = the amplitude of the wave 

f = the frequency of the wave 

k = 2n/A where 

A = the wavelength of the wave. 

The displacement, y2, of an identical wave travelling in the opposite direction is 

given by 

yo = asin (2n ft + kx) 

If these two waves are superposed, the resultant displacement, y, is given by 

y = Yı +) 

i.e: y = asin (2nft — kx) + asin (2n ft + kx) 

It is a general result that 

sin (A — B) + sin (4 + B) = 2sinA cos B 

therefore 

y = 2asin (2r ft) cos (kx) 

This can be rewritten as 

y = Asin (2xft) [31.1] 

where 

A = 2acos (kx) [31.2] 
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Equation [31.1] represents a sinusoidal oscillation of frequency, f, and whose 

amplitude, A, depends on position and is given by equation [31.2]. Bearing in 

mind thatk = 27/4, we see from equation [31.2] that: 

: h a SS 
Gi) A = Owhen teed y ore ory 

Ae 4 ew 
i.e. there are nodes at ie ie are 

i.e. the separation of adjacent nodes is 1/2 

A 
(i) A ="+2¢e when Kot 0, 5 Ay 

: x À 
i.e. there are antinodes at x = 0, 3? À, 

i.e. the separation of adjacent antinodes is 1/2. 

It follows from equation [31.2] that the maximum displacement at an antinode is 2a. 

CONSOLIDATION 

A stationary wave results when two waves which are travelling in opposite 

directions, and which have the same speed and frequency and approximately equal 

amplitudes are superposed. 

A node is a point of zero displacement. 

An antinode is a point of maximum displacement. 

Separation of adjacent nodes = Separation of adjacent antinodes = 7 

All the particles between two adjacent nodes are in phase with each other and are 

completely out of phase with the particles between the next pair of adjacent nodes. 



32 
WAVES IN STRINGS 

32.1 INTRODUCTION 

Ifa transverse wave is caused to travel along a stretched string, the wave is reflected 

on reaching the ends of the string. The incident and reflected waves have the same 

speed, frequency and amplitude, and therefore their superposition results in a 

stationary wave. 

If a stretched string is caused to vibrate by being plucked or struck, a number of 

different stationary waves are produced simultaneously. Only specific modes of 

vibration are possible, and these are considered in section 32.2. 

32.2 THE MODES OF VIBRATION 

Fig. 32.1 
Modes of vibration of a 

stretched string 

The ends ofa stretched string are fixed, and therefore the ends of the string must be 

displacement nodes. The three simplest modes of vibration which satisfy this 

condition in the case of a string of length L are shown in Fig. 32.1. 

1st harmonic 2nd harmonic 3rd harmonic 

(fundamental) (1st overtone) (2nd overtone) 

(a) (b) (c) 

The simplest mode of vibration (a) is called the fundamental, and the frequency 

at which it vibrates is called the fundamental frequency. The higher frequencies 

(e.g. (b) and (c)) are called overtones. (Note that the first overtone is the second 

harmonic, etc.) Representing the wavelengths of the first, second and third 

harmonics by 44, 42 and A; respectively, and bearing in mind that the se
paration of 

adjacent nodes is equal to half a wavelength (section 31.2), we see from Fig. 32.1 

that: 
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Therefore, if 1, is the wavelength of the nth harmonic, 

An _ [32.1] 
D eae 

The frequency, fn, of the nth harmonic is given by equation [23.1] as 

TSA [32.2] Jn 7, 

where 

v = the velocity of either one of the progressive waves that have produced 

the stationary wave. (Note that the velocity is the same for all 

wavelengths.) 

Therefore, from equations [32.1] and [32.2] 

_ nv | [32.3] bara L 

The frequency, fı, of the fundamental (i.e. the first harmonic) is given, by putting 

n = 1 in equation [32.3], as 

u 

jT 
Therefore, equation [32.3] can be rewritten as 

i.e. the frequencies of the various overtones are whole-number multiples 
of the fundamental frequency. 

It can be shown that 

[32.4] 

T = the tension in the string (N) 

u = the mass per unit length of the string (kg m~!). - 

Therefore, by equations [32.2] and [32.4] 

Ca [32.5] 

QUESTIONS 32A a 

1. A wire of length 400mm and mass 2. The fundamental frequency of vibration of a 
1.20 x 10-?kg is under a tension of 120N. particular string is f. What would the funda- 
What is: (a) the fundamental frequency of mental frequency be if the length of the string 
vibration, (b) the frequency of the third har- were to be halved and the tension in it were to be 
monic? increased by a factor of 4? 
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32.3 STRINGED INSTRUMENTS 

When a guitar string is plucked or a piano string is struck, transverse waves travel 

along the string and are reflected on reaching its ends. The energy of any wave 

whose wavelength is such that it does not give rise to one of the allowed stationary 

waves is very quickly dissipated. The waves which remain have frequencies that are 

given by equation [32.5], and the string vibrates with all these frequencies 

simultaneously. 

The largest amplitude of vibration, and therefore the predominant frequency, is 

that of the fundamental. The relative amplitudes of the various overtones depend 

on the particular instrument being played, and it is this that gives an instrument its 

characteristic sound (see section 34.2). 

32.4 MELDE’S EXPERIMENT 

Fig. 32.2 
Apparatus for Melde’s 
experiment 

Fig. 32.3 
Modes of vibration in 
Melde’s experiment 

Ifa string is caused to vibrate by being plucked or struck, it vibrates freely at all ofits 

natural frequencies (i.e. the frequencies given by equation [32.5]). On the other 

hand, ifa string is forced to vibrate at some particular frequency, it will vibrate with 

large amplitude only if the forcing frequency is one of the natural frequencies of the 

string. This can be very effectively demonstrated by the apparatus shown in Fig. 

32.2, and is known as Melde’s experiment. 

String under Mechanical Signal 

Pulley tension oscillator generator 

ae eal an 
elo WY 

à Uj | - Uy 

The frequency of the signal generator is slowly increased and, at first, very little 

happens. Eventually though, a frequency fı (say) is reached at which the string 

vibrates with large amplitude in the form of a single loop (Fig. 32.3(a)). If the 

frequency is increased beyond this value, the amplitude of the vibrations dies away. 

= When the forcing frequency reaches 2/,, the string again vibrates with large 

amplitude, but this time it vibrates as two loops (Fig. 32.3(b)). At 3 fı it vibrates as 

three loops, etc. Substituting the relevant values of L, T and u in equation [32.5] 

confirms that the forcing frequencies, fı, 2 fı and 3 fı, are respectively equal 
to the 

frequencies of the first, second and third harmonics of the string. This, then, is an 

example of resonance — the string responds well only to those forcing frequencies 

which are equal to its natural frequencies of vibration. 

Pulley Oscillator Pulley Oscillator 

= ay Be Cad 
ee os P 

(a) 
(b) 
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Notes 

SECTION E: WAVES AND THE WAVE PROPERTIES OF LIGHT 

(i) The amplitude of vibration of the oscillator is small in comparison with that 

of the string, and therefore the string behaves (almost) as if it is fixed at its 

point of attachment to the oscillator. 

(ii) | The reflected waves are not quite as ‘strong’ as the incident waves, and this 

prevents the displacements at the nodes being exactly zero. 

(iii) The motion of the string can be ‘frozen’ if stroboscopic illumination is 

available. This demonstrates very convincingly that each section of the 

string is in anti-phase with that in an adjacent loop. 

32.55 EXPERIMENTAL VERIFICATION OF fi = aft 

Fig. 32.4 
Sonometer 

The frequency, fı, of the fundamental mode of vibration of a stretched string is 

given, by putting n = 1 in equation [32.5], as 

1 tH 
id tte 3 

It follows that: 

(i) frocd/L if T and u are constant 

Gite A cy if L and yp are constant 

Gii) fio 1//u ifL and T are constant. 

These relationships are sometimes referred to as the laws of vibration of 

stretched strings. They may be verified experimentally by using a sonometer 

(Fig. 32.4), as described below. = 

Movable Wire under Fixed 
bridge tension bridge 

Pulley 

Wire 
anchored 
here 

mass (M) sounding 
box 

To verify fh œx 1/L 

Having selected suitable values of T and yp, the position of the movable bridge is 
altered so that the vibrating length, L, of the wire is such that when the wire is 
plucked it produces the same note as a tuning fork of known frequency. If the 
experimenter is not sufficiently ‘musical’ to detect whether the two notes have the 
same pitch, he can make use ofa resonance technique. A small piece of paper in the 
form of an inverted vee is placed on the centre of the wire, and the stem of a 
vibrating tuning fork is held against one of the bridges. This forces the wire to 
vibrate, and ifits length is such that its fundamental frequency of vibration is equal 
to the frequency of the tuning fork, the wire vibrates with large amplitude and 
throws the paper off the wire. The procedure is repeated using tuning forks of other 
known frequencies, and without altering either T or u. A graph offi against 1/L is 
linear and passes through the origin, thus verifying the relationship. 
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To Verify fh x VT 

With L kept constant at some suitable value, the mass, M, and therefore the 

tension T(= Mg), is altered so that when the wire is plucked it produces the same 
note as a tuning fork of known frequency. The procedure is repeated using tuning 
forks of other known frequencies, and without changing either L or u. A graph of fi 

against vT is linear and passes through the origin, thus verifying the relationship. 

To Verify f œx 1/\/u 

This relationship cannot be verified directly if tuning forks are used, because 

neither the frequencies ofa set of tuning forks nor the masses per unit length ofa set 

of wires are continuously variable. However, once it has been verified that 

fi x 1/L, itis sufficient to show that L œ 1/,/fat constant T and constant fı. First, 

the mass per unit length, u, of a wire is determined by weighing. The length, L, of 

the wire is then adjusted so that when the wire is plucked it produces the same note 
as one of the tuning forks. The procedure is repeated using wires of different 

masses per unit length. Each wire must be under the same tension as the first wire, 

and in each case the length is adjusted until the wire vibrates at the same frequency 

as the tuning fork that was used with the first wire. A graph of L against 1/,/p is 

linear and passes through the origin, thus verifying fı « 1/,/u. 
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WAVES IN PIPES 

33.1 INTRODUCTION 

Suppose that the air at one end ofa pipe is caused to vibrate. (In an organ pipe this 

is achieved by blasting air against a sharp edge. In the case of a clarinet air is blown 

across areed.) The vibration produces a longitudinal wave which travels along the 

pipe and is reflected at its far end. Since the incident and reflected waves have the 

same speed, frequency and amplitude, a stationary wave results. The modes of 

vibration of an open pipe are different from those ofa closed pipe; the two cases will 

be considered separately. (The reader will need to be familiar with the terms 

‘overtone’ and ‘harmonic’ and may need to refer to Chapter 34 before continuing.) 

33.2 CLOSED (STOPPED) PIPES 

In Fig. 33.1, the air at Y cannot move and therefore Y must be the site of a 
displacement node. The pipe is open at X (the point at which the vibration is 
instigated), and therefore X must be the site of a displacement antinode. The three 
simplest modes of vibration which satisfy these conditions for a pipe of length L are 
shown in Fig. 33.2, where N and A represent nodes and antinodes respectively. 

Fig. 33.1 Y 

Closed pipe 

ph 
Blast 
of air 

Representing the wavelengths in (a), (b) and (c) by Aa, A, and A. respectively, and 
bearing in mind that the distance from a node to the next antinode is a quarter ofa 
wavelength, we have 
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Fig. 33.2 < iN ———_» 

Modes of vibration in a 

closed pipe Y =X 

! t 
A A 

PANDE | 

Fundamental 

(1st harmonic) 
(a) 

—— | —— — | — 

Y © e eX Y e e e e ox 

i) ji $ 4 dead ie aa eae a 
N A N A N A N A N A 

|a Av—>| [acy | 
4 

1st overtone 2nd overtone 
(b) (3rd harmonic) (c) (5th harmonic) 

The velocity of a sound wave in air is independent of its wavelength and therefore 

has the same value for each of (a), (b) and (c). If, in each case, we represent the 

velocity by v, the respective frequencies, fa» fo and fo are given by 

U v U 

ft = i ck. foe 

: v 3v 5v 

ha A oap imini ear 
Thus, f, = 3f, and f. = 5f,. With the exception of fa (the frequency of the 

fundamental) f, and f, are the lowest frequencies the pipe can produce (i.e. they 

are the first and second overtones respectively). It follows, therefore, that a closed 

pipe can produce only odd harmonics. Thus, for a closed pipe 

a ir SNS a: 33.1 

where 

fa = the frequency of the mth harmonic. 

33.3 OPEN PIPES 

In Fig. 33.3, a longitudinal wave produced by a vibration at X is reflected by the 

free air at Y. The air is free to move at both X and Y and therefore there is a 

Fig. 33.3 z 
Open pipe 
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displacement antinode at each of X and Y. The three simplest modes of vibration 

which satisfy this condition for a pipe of length L are shown in Fig. 33.4, where N 

and A represent nodes and antinodes respectively. 

Representing the wavelengths in (a), (b) and (c) by /,; Ap and A, respectively, and 

bearing in mind that the distance from a node to the next antinode is a quarter of a 

wavelength, we have 

Ace E A ae Ae Be : 

chee 4 4 T 

Fig. 33.4 LRA ye E 
Modes of vibration in an x hs oe 
open pipe 

t t t 
A N A 

[ae 
Fundamental 
(1st harmonic) 

(a) 

a | [MMH hf Imoo 

Ye e e e ex Ye e e e e e eX 

Sade be a ang eg se ls ss 
A N A N A A N A N A N A 

Js tek 
1st overtone 2nd overtone 

(b) (2nd harmonic) (c) (3rd harmonic) 

The velocity of a sound wave in air is independent of its wavelength and therefore 

we may represent it by v for each of (a), (b) and (c), in which case the respective 

frequencies, f,, fo and f, are given by 

v U U 

ST teak F Gow Sale 
y v 2v 3v 

COE e e a 
Thus, fe = 2f, and f = 3f, i.e. the first and second overtones are the second and 
third harmonics respectively. It follows that an open pipe can produce both odd 
and even harmonics. Thus, for an open pipe 

(n = 1,2,3,...) [33.2] 

where 
Jn = the frequency of the nth harmonic. 

33.4 OPEN AND CLOSED PIPES COMPARED 

It follows from equations [33.1] and [33.2] that: 

(i) the fundamental frequency of an open pipe is twice that of a closed pipe of 
the same length; 

(ii)  aclosed pipe of length L/2 produces the same fundamental as an open pipe 
of length L but, because both odd and even harmonics are present in the 
note from the open pipe, it gives a richer tone; 
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(iii) the velocity, v, of sound in air is proportional to vT (where T is the 

temperature of the air in kelvins), and therefore, since v is involved in both 

equation [33.1] and equation [33.2], the frequencies produced by both 

closed and open pipes increase with temperature. 

33.5 END CORRECTION 

` In practice, the vibrations at an open end ofa sounding pipe extend into the free air 
just outside. The actual position of the associated displacement antinode is a short 

distance, c, beyond the end, and c is known as the end-correction (Fig. 33.5). 

The effective length of a closed pipe of length L is therefore L + c and that of an 

open pipe of length L is L + 2c. It can be shown that 

c= 06r approximately [33.3] 

where 

r = the radius of the pipe 

Fig. 33.5 TE Doan E De eee ee 

End correction | 1 l a 
e j e 

Actual position 
of antinode 

It follows from equation [33.3] that the end-correction becomes more significant 

with increasing radius, and that when wide pipes are being considered it is 

necessary to replace L in equations [33.1] and [33.2] by L+ c and L+2c 

respectively. 

QUESTIONS 33A 0000 eee ee 

1. A closed (i.e. closed at one end) organ pipe 2. Calculate the frequency of: (a) the funda- 

has a fundamental of 400Hz. What is: mental, (b) the first overtone, produced by 

(a) the frequency of the first overtone; a pipe of length 40.0cm which is closed at 

(b) the fundamental frequency of an open each end. (Velocity of sound in 

pipe of the same length? air = 340ms_!.) 

33.6 PRESSURE VARIATIONS IN PIPES 

At the sites of displacement antinodes the air in a sounding pipe moves to the 

maximum extent and the pressure variations are zero. Thus, there are pressure 

nodes at the sites of displacement antinodes. At a displacement node, the air is 

either coming toward the node from each side (in which 
case there is high pressure 

there) or it is moving away on each side (in which case there is low pressure there). 

There are therefore pressure antinodes at the sites of the displacement nodes. 

There is, therefore, a pressure wave associated with the displacement wave, and 

the two waves have a phase difference of x /2 radians (i.e. a quarter of a wavelength). 
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33.7 DEMONSTRATION OF THE EXISTENCE OF 
NODES AND ANTINODES 

Fig. 33.6 
Apparatus to 
demonstrate 
displacement nodes 
and antinodes 

Fig. 33.7 
Apparatus to 
demonstrate pressure 
nodes and antinodes 

Displacement Nodes and Antinodes 

In Fig. 33.6 a thin paper disc with a few particles of fine sandon it is suspended by a 

fine silk thread inside a sounding organ pipe. If the disc is at a displacement 

antinode, the sand is buffeted by the motion of the air there. At displacement nodes 

the sand is motionless. 

Paper disc 
carrying 
fine sand 

Pressure Nodes and Antinodes 

Fig. 33.7 shows small microphones set into the wall of a sounding organ pipe. The 
planes of the microphone diaphragms are perpendicular to the direction of 
vibration of the air in the pipe and therefore are unaffected by the bulk motion of 
the air. Instead, the microphones respond to pressure variations. If the 
microphones are connected in turn to an oscilloscope, those which are at 
pressure antinodes are seen to produce waveforms of large amplitude. Those at 
pressure nodes give no signal. 

Micronheoas aul 

A 
f 

By using the same pipe to locate the pressure nodes and antinodes as that used to 
locate the displacement nodes and antinodes we can obtain direct confirmation 
that pressure antinodes are displacement nodes and vice versa. 
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CONSOLIDATION 

A pipe open at one end produces only odd harmonics 

nv 
>. = Gey Pe vc al J, AL (n BO em a [33.1] 

A pipe open at both ends (or closed at both ends) produces both odd and even 

harmonics 

nv 
= — = aie 33.2 a Ta 2L (n 1 ’ 2, 3, ) [ ] 

End-corrections are significant with wide pipes and equation [33.1] and [33.2] 

become respectively, 

nv 

n = Beb hutt ‘iano 91a n ) 
and 

fi a Gel D5 
OCT Par) 



34 
MUSICAL NOTES AND SOUND 

34.1 OVERTONES AND HARMONICS 

The lowest frequency that a vibrating string or pipe can produce is called the 

fundamental frequency, and the corresponding note is called the fundamental. 

A note whose frequency is n times that of the fundamental (where n is a whole 

number) is called the mth harmonic. (The first harmonic is therefore the 

fundamental.) 

The overtones of a note are the notes of higher frequency which are actually 

produced with the fundamental. The first overtone is the harmonic whose 

frequency is the lowest of those which are present with the fundamental, the 

second overtone is the next higher harmonic which is present, etc. 

34.2 THE CHARACTERISTICS OF MUSICAL NOTES 

Any musical note is characterised by its loudness, its pitch and its quality 

(sometimes called its timbre or its tone). 

Loudness 

Loudness is a subjective quantity. A note which is regarded as being loud by one 
observer appears less loud to an observer whose hearing is poorer. Loudness 
increases with intensity, but the relationship between the two quantities is 
complex. Even when the situation is simplified by considering only a single 
observer, it is necessary to take account of the fact that the ear has different 
sensitivities to sounds of different pitch. (We cannot hear ultrasonic sounds, no 
matter how intense they are.) 

The intensity of a sound wave is a measure of the amount of energy associated with 
it, and is proportional to the square of the amplitude of the wave. The energy, and 
therefore the intensity and loudness, of a note also depends on the mass of the 
medium or body which is vibrating in order to produce it. A loudspeaker cone, , 
therefore, has a large surface area. A guitar string has only a small surface area, and 
if it were not for the fact that it is connected to the hollow sounding box of the 
instrument, its vibrations would be unlikely to be heard. 

As a sound wave travels outwards from its source, its energy is spread over the 
surface ofa sphere centred on the source. It follows, therefore, that the intensity, J, 
and the distance from the source, r, are related by 

1 
I x — 72 
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MUSICAL NOTES AND SOUND 

Note 

501 

Pitch 

The pitch of a note is determined solely by its frequency. A note ofhigh pitch is due 
to a vibration of high frequency. If the frequency of a note is twice that of another, 

the former is said to be an octave higher than the latter. 

Quality (Timbre or Tone) 

The notes produced by musical instruments are not pure. When a guitar string 

sounds the note which is known as concert A, its fundamental frequency of 

vibration is 440 Hz and is accompanied by various harmonics, each of which is ofa 

lower intensity than the fundamental. If a piano sounds concert A, the 

fundamental frequency is again 440 Hz, but the intensities of the various 

harmonics that accompany it are different from those produced by the guitar. 

The notes are said to have different qualities, i.e. the quality of a note is 

determined by the relative strengths of its overtones. 

No overtones accompany the note produced by a tuning fork, unless it has been 

struck too hard. 

34.3 EXPERIMENTAL DETERMINATION OF THE SPEED 

OF SOUND BY USING A RESONANCE TUBE 

Fig. 34.1 
Measurement of the 

speed of sound using a 
resonance tube 

The apparatus is shown in Fig. 34.1. The vibrating tuning fork forces the air 

column to vibrate, and if the frequency of the tuning fork is equal to a natural 

frequency of vibration of the column, the tube resonates and a loud sound is heard. 

Vibrating tuning 
-an 

= fork of known 

Antinode frequency 

Resonance 

tube 

Node 

Water 

The water level (initially near the top of the tube) is lowered, by lowering the outer 

container, until the note is at its loudest. The water surface acts like the closed end 

of a pipe and is therefore the site of a displacement node. There is a displacement 

antinode a short distance c above the top of the tube, where c is the end-correctio
n. 

The manner in which the resonance has been located ensures that the tube is 

vibrating in its fundamental mode, and therefore 

A A 4 Cc 
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where 

L = the length of the air column at resonance 

A = the wavelength of the sound wave produced by the tuning fork. 

If the (known) frequency of the tuning fork is f, and vis the speed of sound, 4 can be 

replaced by v/f, and therefore 

pais 34.1 af L+c [ ] 

wed euopies: Sneg [34.2] 

The resonance lengths, L, corresponding to other known frequencies, f, are 

found. It follows from equation [34.2] that a graph of L against 1/f is linear and 
has a gradient of v/4 — hence v. Either intercept of such a graph provides a value 

for c, should it be required. 

(i) Ifonly one tuning fork is available, the resonant length, L,, corresponding to 

the first overtone (i.e. the third harmonic) should be found in addition to L. 

Then, 

3A ZEA Ip 4 iTe 

therefore 

5 = I,+¢ [34.3] 

Subtracting equation [34.1] from equation [34.3] rags 

2v 

af 

6.) 0 E2 LR L) 

= L 

Hence v. 

(i) The tuning forks could be replaced by a loudspeaker connected to a signal 
generator tuned to known frequencies. This has the advantage that the note 
does not fade, and therefore makes the resonance easier to detect. It may be 
necessary to calibrate the signal generator. 

EXAMPLE 34.1 HERE 

A small speaker emitting a note of 250 Hz is placed over the open upper end of a 
vertical tube which is full of water. When the water is gradually run out of the tube 
the air column resonates, initially when the water surface is 0.310 m below the top 
of the tube, and next when it is 0.998 m below the top. Find the speed of sound in 
air and the end-correction. 

Solution 

Since the tube was initially full of water, the first resonance that was heard must 
have been the fundamental, and therefore 

A 
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where c is the end-correction and 4 is the wavelength of the note produced by the 
speaker. If the velocity of sound in air is v, it follows from v = få that 2 = v/250 

and therefore 

U 
4x 250 = 0.310 +c 

ne: v = 310+ 1000c [34.4] 

Bearing in mind that there must be an antinode just above the open end of the tube 

and a node at the water surface, the next possible mode of vibration is the third 

harmonic (ANAN) and therefore 

3A 
Sy eas 0.998 +c 

3v 
See = 0. 4 x 250 996 af 

ie. 3v = 998+ 1000c [34.5] 

Subtracting equation [34.4] from equation [34.5] gives 

2v = 688 ie. v = 344ms"! 

Substituting for v in equation [34.4] gives 

344 = 310+ 1000c 

34 = 1000c tenme = 0.034m. 

34.4 EXPERIMENTAL DETERMINATION OF THE SPEED 

OF SOUND IN FREE AIR USING PROGRESSIVE 

WAVES 

Fig. 34.2 
Apparatus for measuring 
the speed of sound in free 

air 

The reader should be familiar with the use of an oscilloscope to display Lissajous’ 

figures (p. 795) before continuing. 

The apparatus is arranged as shown in Fig. 34.2. The output from the signal 

generator is connected to the loudspeaker and to the X-plates of the oscilloscope, 

which has the time base off and the beam centralized. The signal generator 

is adjusted so that a note with a known frequency is produced by the loud- 

speaker. The note is received by the microphone and fed to the Y-plates of the 

oscilloscope. 

Microphone Loudspeaker 

CRO with time 
base off and 
beam centralized 

Y-plates X-plates 
Signal 
generator 
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The oscilloscope therefore receives two signals of the same frequency (that of the 

signal generator). The phase difference between these two signals (and therefore 

the particular Lissajous’ figure which is displayed on the screen) is determined by 

the time taken for the sound wave to travel from the loudspeaker to the 

microphone. The separation of the loudspeaker and the microphone is adjusted 

until a sloping line appears on the oscilloscope, indicating that the signal being 

received by the microphone is in phase with that at the speaker, and therefore that 

the microphone is a whole number of wavelengths away from the speaker. The 

microphone is now moved away from the speaker until a second line, sloping the 

same way as the first (e.g. top right to bottom left), appears on the oscilloscope. 

The distance moved by the microphone is equal to one wavelength (A), in which 

case the speed of sound (v) can be determined from v = fA, where f is the 

frequency of the signal generator. (If a suitable frequency, e.g. 3000 Hz, has been 

chosen, the microphone can be moved through a number of wavelengths in order 

to improve the accuracy of the experiment.) 

34.5 THE SPEED OF SOUND IN GASES 

It can be shown that the speed of sound in a gas is given by 

MA TAE [34.6] 
p 

where 

v = the velocity of sound (m s7!) 

y = theratio ofthe principal specific heats of the gas (i.e. y = C,/C, —see 
p. 267) 

the pressure of the gas (N m~?) I P 

p = the density of the gas (kg m~°). 

Equation [34.6] might lead the reader to suppose that the speed of sound in a gas 
depends on the pressure of the gas. However, the density ofa gas is proportional to 
its pressure, and therefore p/p in equation [34.6] is constant. Thus, the speed of 
sound in a gas is independent of the pressure of the gas. 

If p in equation [34.6] is replaced by M/V, where M is the mass ofsome volume V 
of gas, we have 

: gene 
M 

But, from equation [14.1] 

PY? = aR 

where 

R = the universal molar gas constant (J K~! mol`!) 

n = the number of moles of gas in the mass M (mol) 

T = the temperature of the gas in kelvins. 

Therefore 

ynRT 

M 
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[34.7] 

where 

Mm = the mass per mole of the gas (kg mol~!). 

Since R is a universal constant and y and M,, are constants for any particular gas, it 

follows that for any given gas v x yT. 

CONSOLIDATION Me : POSTTE 

The fundamental (or first harmonic) is the lowest frequency note produced by a 

pipe or vibrating string. 

The nth harmonic is a note whose frequency is n times that of the fundamental. 

The first overtone is the note with the lowest frequency of those which are 

present with the fundamental — it is not necessarily the second harmonic. 

The speed ofsound in a gas is proportional to VT (where Tis the temperature in 

kelvins ) but it is independent of the pressure. 



35 
THE DOPPLER EFFECT 

35.1 INTRODUCTION 

Whenever there is relative motion between a source of waves and an observer, the 

frequency of the wave motion as noted by the observer, is different from the actual 

frequency of the waves — the Doppler effect. The effect accounts for the sudden 

decrease in pitch (frequency) heard by a person standing in a railway station as a 

sounding train siren passes by. 

35.2 DERIVATION OF EXPRESSION FOR FREQUENCY 
CHANGE 

Fig. 35.1 
To derive frequency 
change due to the. 
Doppler effect 

Consider a source of sound waves of frequency, f, and wavelength, 4, and suppose 

that the speed of the waves is c. Let the source be at S at t = 0 (Fig. 35.1) and 

suppose that it is moving along XY towards Y with velocity v,. Suppose that the 

source emits a crest when it is at S. The next crest will be emitted 1/fseconds later, 
by which time (remembering that distance = velocityxtime) the first crest will 

have travelled a distance c(1/f) from S. That section of wavefront which is moving 

towards X will have reached point M, and that which is travelling towards Y will 

have reached N. During this same time the source itself will have travelled a 

distance v,(1/f), to T, say. 

Backward Position of Present position Forward 
position of source of the source „position of 
first crest att=0 and the crest first crest 

which is about 
to be emitted 
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Forward of the Source 

Separation of successive crests = TN 

ete Us 

tmnt 
But 

Separation of successive crests = Af 

where i 

Ag = the wavelength forward of the source, 

Pa eee 

Behind the Source 

Separation of successive crests = TM 

ee, 
ba SS 
T 

Le. [35:2] 

where 

A» = the wavelength behind the source, 

Bearing in mind that when the source is stationary the wavelength, A, is given by 

A = c/f, we see from equation [35.1] that 1 < 4, i.e. the waves ‘bunch up’ in 

front of a moving source. An observer at Y receives crests more frequently than 

he would if the source were stationary, i.e. he hears a signal of higher frequency 

(given by c/A¢). It is clear from equation [35.2] that A, > A, and therefore an 

observer at X hears a note of lower frequency (given by c//,) than he would if the 

source were stationary. 

Suppose now that the observer (either at X or Y) is moving towards the source with 

velocity, vo- The velocity of the waves relative to the observer is (c + vo). (Note. 

The velocity of the waves is not affected by the motion of their source.) The 

frequency forward of the source is therefore given by 

C+ Uo 

Ag 
fis 

where 

fe = the frequency forward of the source 

Therefore, by equation [35.1] 

[35.3] 

If 

fa = the frequency behind the source 

C+ U6 
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` 
Therefore, by equation [35.2] 

— (e) [35.4] 
E T-O; 

(i) Equations [35.3] and [35.4] can be used when only the source is moving, or 

when only the observer is moving, or when both source and observer are 

moving. Note that when v, = 0, ft = f», and therefore either equation can 

be used. This should not be unexpected, because when the source is 

stationary the terms ‘forward’ and ‘backward’ have no significance. 

(ii) Ifthe observer is moving away from the source, v, is negative. 

(iii) The motion of the observer has no effect on the wavelength. An 

observer moving towards a stationary source hears an increase in frequency 

because he intercepts the crests more frequently than he would if he were 

stationary. 

(iv) | Equations [35.3] and [35.4] apply to all types of mechanical waves. See 

section 35.3 for an explanation of the circumstances under which they may 

be applied to electromagnetic waves. 

EXAMPLE 35.1 : 

A cyclist and a railway train are approaching each other. The cyclist is moving at 

10ms_! and the train at 20ms~!. The engine driver sounds a warning siren at a 

frequency of 480 Hz. Calculate the frequency of the note heard by the cyclist 
(a) before, and (b) after the train has passed by. 

(Speed of sound in air = 340 m s7™!.) 

Solution 

(a) Before the train has passed by, the cyclist is forward of the source of sound 
and is moving towards it, in which case equation [35.3] applies with 
c= 340ms', f = 480 Hz, v,=20ms! and v»=10ms~!. The fre- 
quency ff heard by the cyclist is therefore given by 

340 + 10 yp 
(b) Once the train has passed by, the cyclist is behind the source of sound and 

is moving away from it, in which case equation [35.4] applies with 
c= 340 ms™!, f = 480 Hz, v, = 20ms™! and vo = —10ms~! (the minus 
sign is necessary because the cyclist is moving away from the source). The 
frequency fe heard by the cyclist is therefore given by 

te sila is ie 440H P = A340420 os A 
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QUESTIONS 35A 

1. A source of sound has a frequency of 2. What would be the wavelength of the sound 

500 Hz. Calculate the frequency heard by waves at the site of the observer in each of 

an observer in each of the situations shown situations (a) to (h) shown in the table below? 
in the table below. Take the speed of sound 
to be 340ms_! in each case. 

Speed of source/ms™' Speed of observer/ms"' 

20 (towards source) Not relevant 

20 (away from source) Not relevant 

0 Forward of source 

0 Behind source 

50 (towards source) Forward of source 

50 (away from source) Forward of source 

50 (towards source) Behind source 

50 (away from source) Behind source 

35.3 THE DOPPLER EFFECT WITH LIGHT 

The Doppler effect occurs not only with sound but also with light, and in this 

respect it has proved invaluable in astronomy. 

When the light emitted by a star is examined spectrosocpically, it is found that each 

line in the spectrum of any particular element in the star occurs at a different 

wavelength from that of the corresponding line in the spectrum of the same 

element in the laboratory. With some stars all the spectral lines are at longer 

wavelengths than in the laboratory spectrum; with others they are at shorter 

wavelengths. The shifts in wavelengths are interpreted as being due to the Doppler 

effect. If the lines are at longer wavelengths (i.e. red shifted), the star is moving 

away from the Earth; if they are at shorter wavelengths (i.e. violet shifted), the star 

is approaching us. The extent of the shift in wavelength depends on the speed with 

which the star is moving relative to the Earth and can be used to calculate this 

speed. 

The galaxies, apart from a few which are close to us, all exhibit a red shift and so 

must be moving away from the Earth. Measurements of the galactic red shifts 

reveal that the speed with which a galaxy is receding is proportional to its distance 

from us (Hubble’s law). The galaxies are not only moving away from us, bu
t also 

from each other, i.e. the Universe as a whole is expanding. 3 

The Doppler effect has been used to measure the speed with which the Sun is 

rotating. The Fraunhofer lines originating at that side of the solar disc which is 

approaching us are shifted towards the violet, those from the other side of the disc 

are shifted towards the red. The rotational speeds of Saturn’s rings have been 

determined in a similar manner. 

The Doppler effect has also been used to detect the presence of double stars. A 

double star is two stars which are so close together that they appear as a single star 

even with a very large telescope. The stars rotate about their common centre of 

mass. When one of the pair is approaching us the other is moving away. The 

spectrum of what is apparently a single star shows both a red shift and a violet shift, 

revealing that there are in fact two stars. 

Quasars (compact sources of radio waves that also emit light) show enormous red 

shifts, indicating recessional speeds in excess of 0.8c in some cases. 



510 SECTION E: WAVES AND THE WAVE PROPERTIES OF LIGHT 

It is a consequence of the Special Theory of Relativity that it is impossible to 

distinguish the velocity of an observer towards a source of electromagnetic waves 

from that of the source towards the observer. It follows, therefore, that the 

quantities v, and v, have no significance when electromagnetic waves are being 

considered, and we should deal only with the relative velocity, v, of the source and 

observer. It turns out, however, that ifv < c, equations [35.3] and [35.4] give valid 

results if one of v, and v, is put equal to v and the other is put equal to zero. (Each 

procedure gives the same result — this is a consequence“of v being much less 

than c.) 

Let us consider a situation in which the Earth and a star are separating with a 

relative velocity, v. Suppose that the star emits light of frequency, f. We shall 

assume that v < c, where c is the velocity of light, so that equations [35.3] and 

[35.4] apply. 

Initially, we shall assume that the star is stationary and that the Earth is moving 

away from it. A person receiving light on the Earth is therefore considered to be an 

observer moving with velocity, v, away from a stationary source. The frequency, 

f', of the light received on the Earth is therefore given, by putting 

v, = 0 and v, = —v* in either equation [35.3] or equation [35.4], as 

r = (=) 
c 

ie. fies (1-=)f 
c 

Alternatively, we may consider that the Earth is stationary and that the star is 

moving away from it. In this case, a person on the Earth is to be considered to be a 

stationary observer situated behind a moving source. The frequency, f’, of the 

light received on Earth is therefore given, by putting v, = v and v, = 0in equation 
[35.4], as 

c 

feoi 
peban i = s/ (1+) 

Expanding this by the binomial theorem as far as terms in v/c gives 

f. = (1-2) 
c 

Thus, the two treatments give the same result as long as terms in (v / c)*, (v/ c)’, etc. 
can be ignored (i.e. ifv < c). Further, to this degree of accuracy, the result is the 
same as that obtained by a relativistic treatment. 

fa 

Although it has been convenient to discuss the Doppler shifts mainly in terms of 
frequency, it is wavelengths that are usually measured. Accordingly, we shall now 
obtain an expression for the shift, A4, in the wavelength of the light emitted bya 
star which is receding from the Earth with a velocity, v, with respect to the Earth. In 
view of the previous discussion, we may assume that the Earth is stationary, in 
which case the observed wavelength, 1’, of any particular spectral line in the light 
emitted by the star is given by equation [35.2] as 

CO 
Anes 

va 

*The minus sign is present because the observer is moving away from the star — see note(ii) in section 
352: 
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where f is the frequency of the emitted light. Replacing f by c/A, where / is the 

wavelength of the same spectral line in the laboratory, we have 

pir C Y 

A 

Rearranging gives 

E v e =al) 
N-A=-—A 

c 

1.€, Al ay 
See 

If the wavelength shift, A4, is measured, this expression can be used to determine 

the speed, v, of the star as long as it is not so large that a relativistic expression is 

necessary. For a star which is approaching the Earth Ad = (v/c)A still applies but 
the shift is to a shorter wavelength. 

Note The Doppler effect cannot provide information about the transverse speeds of 

stars, it gives only the speeds of recession and approach. 

QUESTIONS 35B 

1. A star is moving away from the Earth at a served on the Earth for light of wavelength 

speed of 4.12 x 10°ms™! relative to the 5.150x10’m_ emitted by the star. 

Earth. Calculate the wavelength shift ob- (c = 2.998 x 10°ms!.) 

35.4 RADAR SPEED TRAPS 

The speed of a moving car can be found by measuring the shift in frequency of 

microwaves reflected by it. 

Consider a car moving with speed, v, towards a stationary source of microwaves of 

frequency, f. The car acts as an observer moving towards a stationary source, and 

the waves as received by the car have a frequency, f', given by putting 

v, = 0 and v, = v in equation [35.3] (or equation [35.4]),* as 

Kok (EV [35.5] 

c 

Waves of this frequency ( f') are reflected back to the source, so that the car is now 

acting as a source moving with velocity v, and the radar set is acting as a stationary 

observer forward of the source. The frequency, f", of the waves on reaching the 

radar set is given, by putting v, = V and v, = 0 in equation [35.3], as 

haa Niger) 
*The use of these equations is justified because v < ¢ (see section 35.3). 
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Substituting for f ' from equation [35.5] gives 

A eE 
ie s” = (E) [35.6] 

c— u 

The fractional change in frequency, A f/f, is given by 

EE 
i ý; 

i.e bat = fr = 
1 T 

Therefore, by equation [35.6] 

SL oi (edhe 
ia c— vu 

: Af £820 
ie | ace ES! 

Since v < c, we can consider that the denominator is equal to c, and therefore 

Afya 2v 

Pay rore 

CANI. 
i.e. a= 2f 

Af is the beat frequency of the waves transmitted and received by the radar set. 

Thus by causing the incoming signal to beat with the transmitted signal, and 

knowing the frequency of the transmitted signal, we can find v. 

35.5 SPECTRAL LINE BROADENING AND 
MEASUREMENT OF HIGH TEMPERATURES 

Plasmas (gases) involved in nuclear fusion reactions have temperatures of 
millions of degrees Celsius. If the spectrum of such a gas is examined, it is found 
that the spectral lines are broadened. (It is of course necessary that some of the 
atoms which are present are not completely ionized.) The broadening is a 
consequence of the motion of the atoms which are emitting the light, and is 
significant because at temperatures as high as these the atoms are moving at 
very great speeds. Those atoms which are moving away from the observer emit 
longer wavelengths than they would if they were stationary; those moving 
towards the observer emit light of shorter wavelengths. The spectral lines are 
therefore broadened, and the extent of the broadening increases with the 
speed of the atoms. Since the speed is proportional to VT (section 14.5), 
where T is the temperature in kelvins, T can be calculated by measuring the 
broadening. 
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CONSOLIDATION 

The frequency fp forward of a source moving with speed v, and emitting waves 

of frequency f and speed c detected by an observer moving with speed vo 

towards the source is given by 

LTC I Ue 
fe = (+ of [35.3] 

n The frequency fp behind a source moving with speed v, and emitting waves of 

frequency fand speed c detected by an observer moving with speed v, towards the 

source is given by 

CTF Us 
fo = (=) [35.4] 

If the observer is moving away from the source, v, is put into equations [35.3] and 

[35.4] as a negative number. 

The motion of a source of waves does not affect the velocity of the waves. 

The motion of an observer has no effect on wavelength. 

Equations [35.3] and [35.4] can be used for electromagnetic waves providing that: 

(i) one of v, and v, is put equal to zero and the other is taken to be the relative 

velocity of the source and the observer, and 

(ii) the relative velocity of the source and observer is much less than the velocity 

of light. 
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QUESTIONS ON SECTION E 

PROPERTIES OF WAVES 
(Chapter 23) 

E1 When a sine-form voltage of frequency 

1250Hz is applied to the Y-plates of a 

cathode ray oscilloscope the trace on the tube 

is as shown in diagram (i). 

10 cm kas —> —> 5 giaa 

(i) (ii) 

If a radar transmitter sends out short pulses, 

and at the same time gives a voltage to the Y- 

plates of the oscilloscope, with the time-base 

setting unchanged, the deflection A is pro- 

duced as shown in diagram (ii). An object 

reflects the radar pulse which, when received 

at the transmitter and amplified, gives the 

deflection B. What is the distance of the object 

from the transmitter? 

(Speed of radar waves = 3 x 108m s™!.) [O] 

E2 The equation for a transverse progressive 

simple harmonic wave moving in the positive 

direction of x may be expressed in the form 

y = asin2n(bt — cx) 

where ż represents time. 

Justify this equation and explain the signifi- 

cance of the constants a, b, c, and the ratio b/c. 

[J] 

E3 The equation y = A sin (wt + kx) represents a 
progressive wave. 

(a) What do the quantities A, œ and k 
represent? 

(b) In which direction is the wave moving? 

(Explain how you arrive at your conclu- 

sion.) [W, >90] 

E4 The equation y = asin(wt — kx) represents a 
plane wave travelling in a medium along the x- 

direction, y being the displacement at the 

point x at time t. Deduce whether the wave is 

travelling in the positive x-direction or in the 

negative x-direction. 

fae Ox lim, @ = 6.6% 10°s-* and 
k = 20m“, calculate: 
(a) the speed of the wave, 

(b) the maximum speed of a particle of the 

medium due to the wave. [J] 

HUYGENS’ CONSTRUCTION 

(Chapter 24) 

E5 Refraction occurs when waves pass from one 

medium into another of different refractive 

index. The table below gives data for sound 

waves and light waves. 

Type of wave Speed in air/ 

ms"! 

Sound 340 

Light 3.00 x 108 

(a) Plane waves travelling in air meet a plane 
water surface. 
(i) Use the data in the table above to 

calculate the angle of refraction in the 

water for light waves and for sound 

waves if the angle of incidence of the 
plane waves is 10°. 

(ii) Explain what happens in each case 
when the angle of incidence is 15°. 

(b) Submarine detection helicopters are 
fitted with transmitters which send out 
sound waves. The reflected signals 
identify the location of the submarine. 
Explain why it is common for this 
transmitter to be suspended from the 
helicopter by a wire so that it is under- 
water. [J, 92]. 
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QUESTIONS ON SECTION E. 

E6 

E7 

E8 

Explain what is meant by Huygens’ principle. 

Use the principle to show that a plane wave 

incident obliquely on a plane mirror is 

reflected: 

(a) as a plane wave, 

(b) so that the angle of incidence is equal to 

the angle of reflection. [J] 

Using Huygens’ principle of secondary wave- 

lets explain, making use of a diagram, how a 

refracted wavefront is formed when a beam of 

light, travelling in glass, crosses the glass—air 

boundary. Show how the sines of the angles of 

incidence and refraction are related to the 

speeds of light in air and glass. [L] 

A beam of light is refracted at the boundary of 

two media. Using Huygens’ principle show 

how the ratio of the sine of the angle of 

incidence to the sine of the angle of refraction 

is related to the speeds of light in the two 

media. [AEB, ’79] 

INTERFERENCE (Chapter 25) 

E9 

E10 

E11 

An essential condition for interference to be 

observable between wavetrains originating 

from two sources is that the sources should 

be coherent. Explain what is meant by 

coherent in this context. [C] 

Draw a labelled diagram of Young’s apparatus 

for producing and observing optical interfer- 

ence. Indicate clearly on your diagram the 

distances that need to be measured to enable 

you to determine thè wavelength of the light. 

[W, 790] 

State the conditions which must be fulfilled if 

interference fringes are to be observed where 

two beams of light overlap. 

Explain how it is that these conditions are 

fulfilled in interference experiments using 

(a) two slits, as in Young’s experiment, 

(b) an extended source, as in Newton’s rings 

experiment. 

Describe, quoting the necessary formula, how 

you would determine the wavelength of 

monochromatic light by observation of 

Young’s fringes. [S] 

515 

E12 Describe, quoting the necessary formula, how 

you would determine the wavelength of 

monochromatic light by observation of 

Young fringes. i 

Two whistles having the same frequency 

2 kHz, and situated 3m apart, are blown 

simultaneously. An observer moving along a 
line parallel to the line joining the whistles, and 

distant 20m from it, observes minima of 

sound at a series of points spaced 1.14m 
apart. Calculate the speed of sound in air. 

Explain why it is possible to observe sound 

interference effects using two whistles, but not 

light interference using two lamps, even if the 

dimensions of the apparatus are suitably 

modified. [S] 

E13 Microwave transmitters are situated at A and 

B as shown in the diagram and are 2.0 m apart. 

C, the mid-point of the line AB, is 100 m from 

the line PQR, which is parallel to ACB. The 

transmitters emit microwaves of wavelength 

30 mm and of equal amplitude. 

100 m | 

| R 

B 

o 

Ell gale sts HADS Eee OG 
N 

o 

A 

(Not to scale) 

P 

(a) An interference pattern is observed along 

PQR when the two transmitters emit in 

phase. Explain how the pattern arises and 

calculate the separation between adjacent 

maxima. 

(b) The phase of transmitter A is changed so 

that there is a phase difference of m 

between the transmitters at A and B. 

The separation of the maxima along 

PQR does not change. Compare the 

new pattern with the original one. 

(c) Half ofa tube, with wall thickness 15 mm, 

is placed in front of the transmitter at 

A, as illustrated in the diagram on p. 516. 

The material of the wall is such that the 

wavelength of the radiation is reduced to 

15 mm within it. 
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E14 

E15 

E16 

ak thickness 15 mm 

ae 

The transmitters at A and B emit in phase. 

Explain whether the pattern along PQR is like 

that for (a), (b) or neither. [O&C, 791] 

The only practical way to produce visible 

interference patterns with light is, in effect, 

to derive two sources from a single source. 

Explain why this is so. 

Describe an experimental arrangement to 

observe interference in a wedge of air. How 

would you use this to determine a value for the 

wavelength of the light used? 

A piece of wire of diameter 0.050 mm and two 

thin glass strips are available to produce the air 

wedge. If a total of 200 fringes are produced, 

what is the wavelength of the light used? [L] 

(a) A wedge-shaped film of air is formed 

between two, thin, parallel-sided, glass 

plates by means of a straight piece of wire. 

The two plates are in contact along one 

edge of the film and the wire is parallel to 

this edge. 

(i) Draw and label a diagram of the 

experimental arrangement you 

would use to observe and make 
measurements on interference 

fringes produced with light normally 

incident on the film. 

(ii) Explain the function of each part of 

the apparatus. 

In such an experiment using light of 

wavelength 589nm, the distance be- 

tween the seventh and one hundred and 

sixty-seventh dark fringes was 26.3 mm 

and the distance between the junction of 

the glass plates and the wire was 35.6 mm. 

Calculate the angle of the wedge and the 

diameter of the wire. [J] 

(b) 

When monochromatic light is reflected from 

two flat glass plates, with a wedge-shaped air 

film of small angle between them, a pattern of 
bright and dark lines can be seen. 

SECTION E: WAVES AND THE WAVE PROPERTIES OF LIGHT 

E17 

E18 

Explain in detail: 

(a) why this pattern is produced, 

(b) how the separation of the lines depends 

upon the angle of the wedge, 

(c) the effect of filling the space between the 

plates with a transparent liquid. 

A glass slide is known to have an optically flat 

face. You wish to known whether or not 

another similar slide is also flat. Describe 

how you would find out, explaining how you 

would interpret your results. [L] 

Two optically flat glass.plates are in contact 

along one edge and make a very small angle 

with each other. They are illuminated 

normally from above with yellow light of 

wavelength 600nm and blue light of wave- 

length 450 nm. When viewed from above the 

wedge appears dark at the apex, and next 

appears dark at a distance of 6.00 mm from the 

apex. Explain why each of these dark areas 

occurs and calculate the angle between the two 
plates. 

A wedge-shaped film of air is formed between 

two thin parallel-sided optically flat glass 

plates as shown in the diagram below. 

Straight wire parallel 
to edge of plate 
(not to scale) 

aril ep nae 

When the film is illuminated from above 
using monochromatic light of wavelength 
550nm a series of bright and dark fringes is 
observed. 
(a) Sketch the fringes and explain their 

formation, without calculation. 
(b) Calculate the distance between adjacent 

bright fringes when viewed from above for 
a wire of 0.05 mm diameter. 

(c) The wedge-shaped space between the 
plates is now filled with a transparent 
liquid of refractive index 1.2. 
(i) What would be the new distance 

between alternate bright fringes? 
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(ii) If the refractive index of the glass 

plates is 1.6 discuss the possibility of 

using the above apparatus to deter- 

mine the refractive indices of trans- 

parent liquids in the range 1.2 to 1.6. 

[J, 91] 

E19 Explain why, for visible interference effects, it 

is normally necessary for the light to come 

from a single source and to follow different 

optical paths. Include a statement of the 

conditions required for complete destructive 

interference. 

Explain either the colours seen in thin oil films 

or the colours seen in soap bubbles. 

A wedge-shaped film of air between two glass 

plates gives equally spaced dark fringes, using 

reflected sodium light, which are 0.22mm 

apart. When monochromatic light of another 

wavelength is used the fringes are 0.24mm 

apart. Explain why the two fringe spacings are 
different. (The incident light falls normally on 

the air film in both cases.) Discuss what you 
would expect to see if the air film were 

illuminated by both sources simultaneously. 

Calculate the wavelength of the second source 

of light. 

(Wavelength of sodium light = 589nm 

(589 x 107° m).) [L] 

E20 (a) A thin film of soap solution held in a 

circular wire frame mounted vertically is 

illuminated normally with sodium (yel- 

low) light. When viewed from the same 

side as the source the film appears crossed 

by a series of horizontal black and yellow 

bands with a black band at the top. 

(i) Explain the formation of the bands. 

(ii) Explain why the band at the top of 

the frame is black. 

(iii) If the sodium source is replaced by 

one emitting monochromatic red 

light describe and explain any 

changes which occur in the appear- 

ance of the bands. 

(b) A film of soap solution of constant 

thickness 400nm is illuminated nor- 

mally with white light. By considering the 

condition necessary for constructive in- 

terference calculate the wavelengths of 

visible light at which there will be max- 

imum intensity in the reflected beam. 

SIA 

You may assume that the refractive index for 

soap solution is the same for all wavelengths of 

white light and equal to 1.33. [J] 

E21 (a) When monochromatic light is incident 

normally on a thin film, an interference 

pattern of bright and dark fringes is 

observed in light reflected from the film. 

Explain with the aid of a diagram why 

such an interference pattern is produced. 

State what information about the film can 

be deduced from 

(i) the shape of the fringes, 

(ii) the separation of the fringes. 

(b) An air wedge is made by separating two 

plane sheets of glass (microscope slides) 

by a fine wire at one end. When the wedge 

is illuminated normally by light of wave- 

length 5.9 x 107m a fringe pattern is 
observed in the reflected light. The 

distance measured between the centre of 

the lst bright fringe and the centre of the 

llth bright fringe is 8.1mm. Calculate 

the angle of the air wedge. 

(c) As a soap film supported on a vertical 

frame slowly drains, patterns of hor- 

izontal alternate bright and dark fringes 

are observed both when viewed in re- 

flected monochromatic light and when 

viewed in transmitted monochromatic 

light. 

Explain why 
(i) the contrast between fringes seen in 

transmitted light is less than that seen 

in reflected light, 
(ii) a particular thickness of film which 

produces a dark fringe in reflected 

light produces a bright’ fringe in 

transmitted light. [J] 

E22 A glass converging lens rests in contact with a 

horizontal plane sheet of glass. Describe how 

you would produce and view Newton’s rings, 

using reflected sodium light. 

Explain how the rings are formed and derive a 

formula for their diameters. Describe the 

measurements you would make in order to 

determine the radii of curvature of the faces of 

the lens, assuming that the wavelength of 

sodium light is known. Show how the result 

is derived from the observations. 
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How would the ring pattern change if: 

(a) the lens were raised vertically one quarter 

of a wavelength, 

(b) the space between the lens and the plate 

were filled with water? [J] 

In the interference of light what is meant by the 

requirement of coherency? How is this usually 

achieved in practice? 

A thin spherical lens of long focal length is 

placed on a flat piece of glass. How, using this 

arrangement, would you demonstrate inter- 

ference by reflection? 

Explain how these fringes are formed and 

describe their appearance. What would be the 

effect if the spherical lens were replaced by a 

cylindrical one? 

Such a system using a spherical lens is 

illuminated with light of wavelength 600 nm. 

When the lens is carefully raised from the plate 

50 extra fringes appear and move towards the 

centre of the fringe system. By what distance 

was the lens raised? [L] 

(a) With the aid of a labelled diagram, 

describe an experimental arrangement for 

observing Newton’s rings in reflected 

light. State two conditions that must be 

satisfied by the reflecting surfaces. 

Sketch the appearance of the rings when 

viewed in monochromatic light. 

A glass disc of 10 mm radius with its lower 

surface specially shaped is placed on a 

plane glass surface and viewed from above 

in reflected light from a sodium lamp. A 

dark circular area, 1.5 mm radius, is seen 

surrounded by many alternate bright and 

dark rings of constant spacing, 0.30 mm, 

between successive bright rings. 

Sketch the lower surface of the shaped 

plate, giving dimensions and angles. 

Explain why the central area of the fringe 

pattern is dark. ; 
(Wavelength of sodium light = 5.9 x 

1077 m.) [J, °90] 

(b) 

The amount of light reflected from the surface 

ofa lens can be reduced by coating the surface 

of the lens with a transparent film of a 

substance such as magnesium fluoride. The 

refractive index of the film is less than that of 
the lens glass. 

SECTION E: WAVES AND THE WAVE PROPERTIES OF LIGHT 

` (a) Explain how the amount of reflected light 

can be reduced by the use of such a film. 

For monochromatic light state the condi- 

tions under which the fraction of incident 

light reflected by the lens would be 

reduced to zero. Determine the mini- 

mum thickness of coating that will 

produce a minimuin amount of reflected 

light if the coating has a refractive index of 

1.40 and the wavelength of the light is 
550 nm. [J, °89*] 

(b) 

DIFFRACTION (Chapter 26) 

E26 

E27 

E28 

(a) Parallel monochromatic light is incident 

normally on a thin slit of width d and 

focused on to a screen. Derive the 

relationship between the wavelength 4 

and the angle of diffraction 0 for the first 

minimum of intensity on the screen. 

Ifthe light has a wavelength of 540 nm and 

is focused by a converging lens of focal 

length 0.50 m placed immediately in front 

of the slit which has a width of 0.10 mm 
calculate the distance from the centre of 

the intensity distribution to the first 
minimum. 

Explain how diffraction effects, similar to 

those referred to above, limit the sharpness 

of the image produced by a telescope. [J] 

(b) 

(c) 

The phenomenon of Fraunhofer diffraction 

may be demonstrated by illuminating a wide 

slit by a parallel beam of monochromatic light 

and focusing the light that passes through the 

slit on to a white screen. A diffraction pattern 
may then be observed on the screen. 

(a) Sketch the intensity variation in the 

diffraction pattern as a function of dis- 
tance across it. 

What would happen to the intensity 

variation if the width of the slit were 

halved? [C] 

(b) 

Draw a labelled diagram to show the 

essential features of a practical arrange- 
ment to demonstrate Fraunhofer diffrac- 

tion of light due to a single narrow slit. 
(b) (i) Sketch a graph of intensity against 

angular position showing the form 

of the Fraunhofer diffraction pattern 

obtained when monochromatic 

light is incident normally on a 

narrow single slit. 
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E30 

E31 

(ii) Explain, qualitatively, the formation 

of the central maximum and the first 

minimum in the diffraction pattern. 

Light of wavelength 550nm is 

incident normally on the slit. Deter- 

mine the minimum width of the slit 
that would result in at least four 

minima appearing in the diffraction 

pattern within an angle of +5° of 

the centre of the pattern. 

(c) Explain what is meant by the resolving 

power of a telescope objective and discuss 

how a decrease in the diameter of an 

objective will affect its resolving power. 

[J, °92] 

(iii) 

An opaque card is pierced by two small holes 

4.0mm apart and strongly illuminated from 

one side. A lens on the other side of the card 

focuses images of the holes, 16.0 mm apart, on 

a screen 125 cm from the card. Find: 

(a) the position of the lens, 

(b) the focal length. 

Why are measurements of the object and 

image sizes in this experimental arrangement 

unlikely to yield a reliable value for the focal 

length of the lens? [L] 

A narrow, parallel beam of light of wavelength 

0.50 um is incident normally on a grating with 

spacing 1.50 um between the lines. The beams 

emerging from the grating fall on a screen 

placed parallel to the grating and distant 0.6 m 

from it. Draw a diagram to show where there 

will be light on the screen. Mark in the 

appropriate distances. [S] 

Light from a white source passes through a 

filter that transmits only the band of wave- 

lengths from 400nm to 600nm. When this 

filtered light is incident normally on a certain 

diffraction grating, the 400nm light in one 

order of the spectrum is diffracted at the same 

angle, 30°, as the 600 nm light in the adjacent 

order. Find the spacing between the lines in 

the grating. [C(O)] 

Describe in outline the steps you would take in 

setting up a diffraction grating in combination 

with a spectrometer to examine the spectrum 

of visible light. Explain the function of each 

part of the system and show ona clear diagram 

the passage of light rays from the source, 

through the system, to the obverver’s eye. 

E33 

E34 

E35 

E36 

9 

When the spectrum of light containing violet 

and red components only is examined with a 

diffraction grating, it is found that the fourth 

line from the centre (not counting the zero- 
order line) is a mixture of red and violet. 

Explain this. If the grating has 500 lines per 

mm, and the diffraction angle for the compo- 

site line is 43.6°, find the wavelengths of the 

violet and red components. 

What will be the fifth line in the spectrum and 

at what diffraction angle will it occur? [W] 

Light consisting of two wavelengths which 

differ by 160 nm passes through a diffraction 

grating with 2.5 x 10° lines per metre. In the 

diffracted light the third order of one wave- 

length coincides with the fourth order of the 

other. What are the two wavelengths and at 

what angle of diffraction does this coincidence 

occur? w] 

Draw a diagram to show plane monochro- 

matic waves falling normally on a grating and 

being diffracted. Using the diagram, explain in 

which direction diffracted maxima will be seen. 

A diffraction grating is fitted on a spectrometer 

table with monochromatic light incident 

normally on it. The instrument is adjusted to 

observe the spectra produced. State two ways 

in which the spectra would be affected if a 

grating of greater spacing were used. 

The slit of the collimator is now illuminated 

with light of wavelengths 5.890 x 10-° cm and 
6.150 x 107 cm. The grating has 6000 lines 
per cm and the telescope objective has a focal 

length of 20 cm. Calculate: 

(a) the angle between the first-order dif- 

fracted waves leaving the grating, 

(b) the separation between the centres of the 

two first-order lines formed in the focal 

plane of the objective. [J] 

A plane diffraction grating is illuminated by a 

source which emits two spectral lines of 

wavelengths 420nm (420x 10°m) and 

600nm (600 x 10°? m). Show that the 3rd 

order line of one of these wavelengths is 

diffracted through a greater angle than the 

Ath order of the other wavelength. [L] 

Give a labelled sketch and a brief description 

of the essential features of a spectrometer 

incorporating a plane diffraction grating. 
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What part is played by (a) diffraction, and (b) 

interference, in the operation of the diffraction 

grating? 

A source emitting light of two wavelengths is 
viewed through a grating spectrometer set at 

normal incidence. When the telescope is set at 

an angle of 20° to the incident direction, the 
second order maximum for one wavelength is 

seen superposed on the third order maximum 

for the other wavelength. The shorter wave- 

length is 400 nm. Calculate the longer wave- 

length and the number of lines per metre in the 

grating. At what other angles, if any, can 

superposition of two orders be seen using 

this source? [O&C] 

(a) Explain the action ofa plane transmission 

grating on a plane wavefront incident 

normally on the grating. 

(b) How may such a grating, in conjunction 

with a spectrometer, be used to determine 

the wavelength of light from a given 

monochromatic source? (You may as- 

sume that the initial adjustments to the 

spectrometer and grating have been 

made.) 

(c) A parallel beam of light is incident 

normally on a diffraction grating having 

5.00 x 10° lines per metre. After passing 
through the grating the light is focused on 

a screen using a lens of focal length 

20.0cm. If the wavelengths of the two 

lines in the spectrum are 500 x 10°? m 
and 600 x 10-° m respectively, calculate 

the separation on the screen of the two 

images in the first order spectrum. 

[AEB, ’79] 

With careful explanation, deduce the diffrac- 
tion grating formula 

ni = a sur9 

An alternative name for the diffraction grating 

might be the ‘interference grating’. Which 

name do you consider to be more appropriate 

in the light of your formula derivation? Give 

brief reasons. 

A diffraction grating is of width L and consists 

of p equally spaced slits. What is the effect 

upon both the brightness of the diffraction 
lines and their angular positions of 

(a) blocking alternate slits (keeping L con- 
stant), 

(b) doubling L (thereby doubling p, but 

keeping the slit width constant)? 

SECTION E: WAVES AND THE WAVE PROPERTIES OF LIGHT 

Explain your answers briefly. 

The line spectrum of a certain substance 

consists of three prominent lines; blue (B), 

yellow (Y) and red (R). When the spectrum is 

examined with a diffraction grating having 

d=4.00x10-°m, it is found that the 
sequence of lines, moving from the centre, is 

B, Y, R, B, Y, B, R. Give a brief explanation for 

this. 

Further, it is found that the diffraction angles 0 

of the fifth and seventh lines are 17.46° and 

20.49° respectively, and that the sixth line is at 

an angular position exactly halfway between 

them. Find the wavelength of the blue line. 

[W] 

E39 (a) A spectrometer and diffraction grating are 

adjusted to view the spectrum of a source 

of light, the plane of the grating being 

normal to the incident parallel beam. The 

source emits four discrete wavelengths 

which are listed in the table below 

together with the settings of the telescope 

crosswires on the first-order diffraction 

maxima. 

Wavelength/nm Telescope setting 

448 

501 

588 

668 

If the setting of the crosswires on the 

central diffraction maximum is 180.0°, 

use the data to draw a straight-line graph, 

and use the graph to determine the 

number of lines per metre ruled on the 
grating. 

(b) (i) The source is replaced by a mono- 

chromatic one. The crosswire set- 

tings for the second-order diffraction 

maxima are 136.8° (left) and 223.2° 

(right). Calculate the wavelength of 

the light emitted by the source. 
(ii) Excluding the zero order, what is the 

total number of diffraction maxima 
produced? Give the reason for your 
answer. 

(c) The effective width of the grating is halved 
by masking the outer areas of the grating 
with masking-tape, and the observations 
in (b) are repeated. In what ways do the 
diffraction maxima now seen differ from 
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those seen originally in (b) and in what 

ways are they similar? Explain your 

answer. [J] 

E40 Draw a clearly labelled diagram, including 

wavelets originating from four adjacent gaps in 

a diffraction grating, to illustrate the formation 

of a second order spectrum for monochro- 

matic light incident normally on the grating. 

Calculate: 

(a) the angular deviation of this spectrum for 

light of wavelength 589.0 nm, given that 

the grating has 2000 lines per centimetre, 

(b) the greatest angular deviation this grating 

can produce for such light at normal 

incidence. [S] 

E41 List the adjustments which have to be made to 

a spectrometer for use with a diffraction 

grating. 

(Details of how the adjustments are carried out 

should not be given.) [W, 91] 

POLARIZATION (Chapter 27) 

E42 Explain why light can be polarized but sound 

cannot. Describe a method by which a plane- 

polarized beam of light can be distinguished 

from a partially plane-polarized beam. 

E43 Describe two distinctly different methods of 

producing plane-polarized light. 

E44 What is meant by (a) polarization by reflec- 

tion, (b) the angle of polarization. 

Calculate the angle of polarization for water of 

refractive index 1.33. 

E45 How would you demonstrate that a beam of 

light is completely polarized? 

A parallel beam ofunpolarized light is incident 

at an angle of 58° ona plane glass surface. The 

reflected beam is completely polarized. What 

is: . 

(a) the refractive index of the glass, 

(b) the angle of refraction of the transmitted 

beam? [S] 

E46 

E47 

E48 
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Explain what is meant by double refraction. 

Describe how you could demonstrate experi- 

mentally that the two refracted beams pro- 

duced from a single beam by a piece of calcite 

are plane-polarized at right angles to each 

other. 

Describe as fully as you can the nature of 

linearly polarized light. 

When unpolarized light falls on the surface of a 

block of glass the reflected light is partially 

polarized. If the angle of incidence is tan! n, 
where n is the refractive index of the glass, the 

reflected light is completely linearly polarized. 

Describe the apparatus you would use and the 

experiments you would perform in order to 

verify these statements for a sample of glass of 

known refractive index. 

Why would it be necessary, if very accurate 

results were required, to use monochromatic 

light to verify the second statement? 

Show that, when the condition for completely 

polarized light is satisfied, the reflected and 

refracted beams are at right angles to one 

another. [O&C] 

Explain why polaroid sunglasses are effective 

in reducing glare. [W, 790] 

ELECTROMAGNETIC WAVES 

AND OPTICAL SPECTRA 

(Chapter 28) 

E49 The graph refers to the output ofa light source. 

It shows how the power output W of the light 

of a particular wavelength / varies with the 

wavelength 4. Describe the spectrum of this 

source in terms of the phrases continuous 

spectrum, line spectrum, emission spectrum, 

absorption spectrum. 
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What would be the appearance of the spec- 

trum of this source when viewed by an 

ordinary diffraction grating spectrometer? [S] 

Distinguish (a) between an emission spec- 

tum and an absorption spectrum, 

(b) between a continuous spectrum and a 

line spectrum. 

[J] How do line spectra arise? 

When a beam of white light is passed through a 

cloud of sodium vapour the emergent beam is 

found to contain less sodium yellow light than 

the incident beam. What changes occur in the 

sodium atoms to account for this? [J*] 

Sketch graphs showing the distribution of 

energy with wavelength in the visible spec- 

trum (0.4-0.7 um) of (a) the Sun, (b) a 

sodium street lamp. 

These spectra may be studied by using a 

spectrometer with either a diffraction grating, 

or a prism. State two important differences 

between the spectra produced by these 

devices. [S] 

(a) Explain the presence of dark lines in the 

otherwise continuous spectrum of the 

Sun in terms of the atomic processes 

involved. 

In a complete solar eclipse the light from 

the main body of the Sun is cut off and 

only light from the corona of hot gases 

forming the outer layer reaches the Earth. 

State what kind of spectrum you would 

expect to see for this light. How would it 

compare with the spectrum referred to in 

(a)? [J, 91] 

(b) 

RESONANCE, BEATS AND 
WAVE PHENOMENA 
(Chapters 29-34) 

E54 (a) Any system which is able to vibrate can be 

made to perform forced vibrations (oscil- 

lations) and may show resonance. 

Explain the meanings of the italic terms. 

(b) What is meant by damping and how does 

the amount of damping affect resonance? 

[W, °92] 

SECTION E: WAVES AND THE WAVE PROPERTIES OF LIGHT 

E55 

E56 

E57 

Explain how audible beats arise when two 

tuning forks of slightly different frequencies fo 

and fare sounded together. Derive an expres- 

sion for the number of beats heard per second. 

Describe an experiment using beats to deter- 

mine fif fo is known. 

A clock pendulum has a period of 2.00s. A 
simple pendulum set up in front of it gains on 

the clock so that the two vibrate in phase at 

intervals of 22.0 s. Calculate: 

(a) the period of the simple pendulum, 

(b) the fractional change in length of the 

simple pendulum necessary for the two 

periods to be equal. [J] 

The equation y = asin (wt — kx) represents a 

sound wave travelling along the x direction. 

What is the physical interpretation of the 
quantities a, y, w, t, and k? Deduce whether 

the wave is travelling in the positive or negative 

x direction. 

If a= 2.0 * 107m; 2a) 8 6 TE and 
k=25m_'! calculate (a) the speed of the 
wave, and (b) the maximum speed of a 

particle of the medium disturbed by the wave. 

What is the equation of the reflected wave 

produced when such a wave strikes a rigid 

boundary normally? By considering the inter- 

ference of the two waves, show that the 

resulting displacement is a stationary wave 

and deduce the distance between successive 

nodes. [L] 

Describe the difference between stationary 

waves and progressive waves. Outline an 

experimental arrangement to illustrate the 

formation of a stationary wave in a string. 

Waves, of wavelength A, from a source, S, 

reach a common point P, by two different 
routes. 

At P the waves are found to have a phase 
difference of 37/4 rad. 

Show graphically what this means. What is the 
minimum path difference between the two 
routes? 

A string fixed at both ends is vibrating in the 
lowest mode of vibration for which a point a 
quarter of its length from one end is a point of 
maximum vibration. The note emitted has a 
frequency of 100 Hz. What will be the 
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E58 

frequency emitted when it vibrates in the next 

mode such that this point is again a point of 

maximum vibration? [L] 

State the formula for the fundamental fre- 
quency of the note emitted by a stretched 

string which involves the tension in the string, 

giving the méaning of the symbols used. 

A stretched ‘string, of length / and under a 

tension T, emits a note of fundamental 

frequency f. The tension is now reduced to 

half of its original value and the vibrating 

length changed so that the frequency of the 

second harmonic is equal to f. What is the new 

length of the string in terms of the original 

length? [AEB, ’79] 

E59 (a) When a wire of length lunder a tension T 

E60 

is set in transverse vibration in its 

fundamental mode, the frequency of 

vibration is n. Describe experiments 

(one in each instance) to determine the 

relation between 

(i) nand/, when T is constant, 

(ii) nand T, when lis constant, 

and state the relations you would expect 

to obtain. 
A vertical wire oflength L, cross-sectional 

area A and made of material of density p 

is fixed at its upper end and supports a 

mass M ofvolume V at the other. If the 

mass of the wire is negligible compared 

with M, use the following data to 

calculate the frequency of the fandamen- 

tal mode of transverse vibration of the 

wire (i) before, (ii) after M is totally 

immersed in water. 

Length L = 0.500 m 

Areaofcross-section A = 7.50 x 1077 m’. 

Density p = 8.00 x 10°kg m. 
Mass M = 5.00 kg. 
Volume V = 3.75 x 10-*m’. 

Density of water = 1.00 x 10° kgm’. 

[J] 

(b) 

A sonometer wire of material having density of 

8.0gcm~° is stretched so that its length is 

increased by 0.10%. The fundamental fre- 

quency of transverse vibrations of a part of the 

wire 50 cm long is then 150 Hz. Calculate: 

(a) the velocity with which a transverse wave 

is transmitted along the stretched wire, 
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(b) the tension per unit area of cross-section 

of the wire, 

(c) Young’s modulus for the material of the 

wire. [J] 

The frequency ofa wire vibrating in one loop is 

given by the formula 

baw J: 

r= 
where T is the tension and / the length. 

Explain the meaning of m and indicate how 

the formula would be altered if the wire 

vibrated in three loops. Describe an experi- 

ment to verify the relation between the length 

and the tension of a wire vibrating transversely 

in unison with a tuning fork of fixed frequency. 

Explain how you would use your observations 

to draw a linear graph, and how you would use 

this and any other necessary data to find the 

frequency of the fork. A tuning fork of 

frequency f and a wire of constant length 

vibrating transversely are sounded together. 

For different tensions beats are heard as 

follows: 

1.017 
0.7 

0.99T 
3.3 

Tension T 

Beats per second 2.0 

Determine the frequency of the wire (in terms 

of f) when the tension is (a) T, (b) 1.01T. 

When the tension is T, what percentage 

change in length of the wire is required so 

that the wire and fork sound in unison? [J] 

Describe the motion of the particles of a string 

under constant tension and fixed at both ends 

when the string executes transverse vibrations 

of (a) its fundamental frequency, (b) the first 

overtone (second harmonic). Illustrate your 

answer with suitable diagrams.  “ 

A horizontal sonometer wire of fixed length 

0.50 m and mass 4.5 x 107° kg is under a fixed 

tension of 1.2 x 10° N. The poles of a horse- 

shoe magnet are arranged to produce a 

horizontal transverse magnetic field at the 

midpoint of the wire, and an alternating 

sinusoidal current passes through the wire. 

State and explain what happens when the 

frequency of the current is progressively 

increased from 100 to 200 Hz. Support your 

explanation by performing a suitable calcula- 

tion. Indicate how you would use such an 

apparatus to measure the fixed frequency ofan 

alternating current. [J] 
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(a) The velocity v of a transverse wave on a 

stretched string is given by v = ve where 

T is the tension and i is the mass per unit 

length. Show that the equation is dimen- 

sionally correct. 

(i) Derive an expression for the funda- 

mental frequency of a vibrating wire. 

Describe how you would use a 

sonometer to determine experimen- 

tally how the fundamental frequency 

of a vibrating wire depends upon one 

of the variables in the expression (b) 

(i) above. 

Write down an expression for the 

frequency of the n™ overtone of a 

vibrating wire of fundamental fre- 

quency f. 

Why does the note sounded by a 

vibrating sonometer wire sound 

different when it is plucked in the 

middle from when it is plucked near 

one end? 
The mass of the vibrating length of a 

sonometer wire is 1.20 g and it is found 

that a note of frequency 512Hz is 

produced when the wire is sounding its 

second overtone. If the tension in the wire 
is 100 N, calculate the vibrating length of 

the wire. [W, 790] 

(b) 

(ii) 

(c) G) 

(ii) 

(d) 

A vibrator of variable frequency f is used to 

vibrate a horizontal wire which passes over a 

pulley and has a mass M attached to it as 

shown below. The length AB of the wire 
between the end of the vibrator and the pulley 

is 1.5 m. 

Vibrator A S57 ay B 

an S4 
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When f = 1000 Hz a well-defined pattern of 

nodes and antinodes is seen. As fis gradually 

reduced this pattern disappears but the next 

well-defined pattern is seen when f = 900 Hz. 
If the mass of 1 m of the wire is 1.0 x 10-3 kg 
and assuming the points A.and B are nodes 
then calculate 

(a) the speed of the wave along the wire, 
(b) the value of M 

(Assume g = 10.0ms?.) [W, 792] 

When a tuning fork of frequency 256 Hz is 

sounded together with a sonometer wire 

emitting its fundamental frequency, 6 beats 
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are heard every second. When the prongs of 

the tuning fork are lightly loaded, 4 beats are 

heard every second. 
(a) What is the fundamental frequency of the 

sonometer wire? 
(b) If the length of the sonometer wire is 

25 cm and the mass per unit length of the 

material of the wire is 9.0 x 10° kgm™!, 
calculate the tension in the sonometer 

wire. [W, 91] 

Explain what is meant by the wavelength, the 

frequency, and the speed of a sinusoidal travel- 

ling wave and derive a relation between them. 

What is meant by a stationary wave? A 

stationary sinusoidal transverse wave of 

period T is set up on a stretched string so 

that there are nodes only at the two ends of the 

string and at its midpoint. The displacement 

of each point of the string has its maximum 

value at t = 0. Show on a single sketch the 

shape taken by the string at times ż = 0, 7/8, 
T/4, 3T/8 and T/2. 

A piano string 1.5m long is made of steel of 

density 7.7 x 10°kgm~? and Young’s mod- 
ulus 2 x 10''Nm°”. ‘It is maintained at a 
tension which produces an elastic strain of 1% 

in the string. What is the fundamental 

frequency of transverse vibration of the string? 

[O&C] 

(a) Beats are heard when a tuning fork and a 

sonometer wire vibrate simultaneously 

with frequencies fı and fọ respectively, fz 

being slightly different from f. 

(i) Explain what is meant by the term 

beats and explain how they are formed. 

(ii) Show that the beat frequency is equal 

to the difference between fı and fz. 

In an arrangement such as that described 

in (a), a sonometer wire vibrates under 

constant tension in its fundamental mode 

and two beats per second are heard when 

fi = 512 Hz. When the length of the wire 

is increased by 2 mm, beats are no longer 

heard. Calculate, to three significant fig- 

ures, (i) the initial frequency of vibration, 

(ii) the initial length of the wire. [J] 

(b) 

E68 What is the frequency of the sound emitted by 
an open-ended organ pipe 1.7m long when 
sounding its fundamental frequency? 
(The speed of sound in air = 340 m s~.) 
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E70 

E71 

What would be the effect (if any) on the 

frequency of the sound emitted of an increase 
of: 

(a) the atmospheric pressure, 

(b) the temperature of the air? [S] 

A source S emitting sound of frequency 

210 Hz is mounted near the open end of a 

tube which is fitted with a movable piston. It is 
found that when the piston is moved slowly 

along the tube, the sound intensity reaches a 

maximum when the length L of the tube 

between the piston and the open end is 41 cm, 

and a second maximum occurs when 

L = 121 cm. Explain this, and calculate the 

speed of sound in air. [S] 

Explain the conditions necessary for the 

creation of stationary waves in air. 

Describe how (i) the displacement, (ii) the 

pressure vary at different points along a 

stationary wave in air and describe how these 

effects might be demonstrated experimen- 

tally. 

A tube is closed at one end and closed at the 

other by a vibrating diaphragm which may be 

assumed to be a displacement node. It is found 

that when the frequency of the diaphragm is 

2000 Hz a stationary wave pattern is set up in 

the tube and the distance between adjacent 

nodes is then 8.0cm. When the frequency is 

gradually reduced the stationary wave pattern 

disappears but another stationary wave pat- 

tern reappears at a frequency of 1600 Hz. 

Calculate: 
(a) the speed of sound in air, 

(b) the distance between adjacent nodes at a 

frequency of 1600 Hz, 

(c) the length of the tube between the 

diaphragm and the closed end, 

(d) the next lower frequency at which a 

stationary wave pattern will be obtained. 

[J] 

Under what conditions are beats heard? 

Derive an expression for their frequency. 
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At 17°C, the air columns in two identical tubes 

resonate to a tuning fork of frequency 300 Hz. 

Find the frequency of the beats heard when the 

air columns are sounded simultaneously, the 

temperature in one of the air columns having 

been raised to 27°C. (You may neglect the 

expansion of the material of the tubes and 

assume that the columns vibrate in their 

fundamental modes.) [J] 

What do you understand by (a) forced vibra- 
tions, (b) free vibrations, and (c) resonance? 
Illustrate your answer by giving three distinct 

examples, one for each of (a), (b) and (c). 

Explain how a stationary sound wave may be 

set up in a gas column and how you could 

demonstrate the presence of nodes and anti- 

nodes. State what measurements would be 

required in order to deduce the speed of sound 

in air from your demonstration, and show how 

you would calculate your result. [L] 

Two open-ended organ pipes are sounded 

together and 8 beats per second are heard. If 

the shorter pipe is of length 0.80 m what is the 

length of the other pipe? You may ignore any 

end corrections. 

[L] (Speed of sound in air = 320 m s™!.) 

(a) (i) The equation y =A sin (at — kx) 
represents a sound wave travelling in 

the x-direction. Explain clearly what 
the letters y, A, œ and k represent for 

a sound wave. 
State the connection between the 

above sound wave and one which 

has the equation 

y = Asin (wt + kx). 
Consider the following paragraph: 

A sound wave in air is reflected by a solid 

wall placed at right angles to the direction 

of travel of the wave, so that the incident 

and reflected waves are superimposed. A 

system of stationary waves is setup and as a 

result there are regularly spaced displace- 

ment nodes and antinodes. 
(i) Explain the meanings of the words 

in italics giving diagrams where 

appropriate. 
If the sound wave is produced by a 

source of frequency 500 Hz, and the 

distance between adjacent nodes is 

34.0 cm, calculate the speed of the 

sound wave. 

(ii) 

(b) 

(ii) 
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E75 (a) 

(b) 

(c) 

(iii) The temperature of the air increases 

from 20°C to 30°C. Calculate the 

new distance between adjacent 

nodes. 

(Take 0°C = 273K.) [W, 91] 

Describe how you would use a resonance 

tube to determine the speed of sound in 

air inside the tube. 

For a vertical resonating column of air ina 

tube closed at one end, describe the 

motion of the air particles at various 

points along the axis of the tube when 

the tube is sounding (i) its fundamental 

note, (ii) its first overtone. 

Would you expect the speed of sound in a 

tube to be greater or less than the speed in 

the same gas in an open space? Give a 

reason for your answer. [J] 

E76 Foraresonance tube closed at one end, /is the 

shortest resonant length and fis the resonant 

frequency. When f = 200 Hz, l = 402mm 

and when f = 250 Hz, / = 318mm. Calcu- 

late the velocity of sound in air. 

E77 (a) 

(b) 

[W, 90] 

Distinguish between a progressive wave 

and stationary wave. Your answer should 

refer to energy, amplitude and phase. 

A small loudspeaker emitting a pure note 

is placed just above the open end of a 

vertical tube, 1.0m long and a few 

centimetres in diameter, containing air. 

The lower end of the tube is closed. 

Describe in detail and explain what is 

heard as the frequency of the note emitted 

by the loudspeaker is gradually raised 

from 50 Hz to 500 Hz. (You may assume 

that the speed of sound in air is 340 m s~! 
and need make only approximate calcula- 

tions.) 

The air temperature is now changed. It is 

found that as the frequency of the note 

emitted by the loudspeaker is raised from 

50 Hz resonance first occurs for a fre- 

quency of 86.2 Hz. If the experiment is 

repeated with the lower end of the tube 

open, resonance first occurs for a fre- 

quency of 171.0 Hz. Calculate the speed 

of sound in the column of air and the end 
correction for the tube. [L] 

E78 (a) A note of frequency 600 Hz is sounded 

continuously over the open upper end ofa 
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(b) 

E79 (a) 

(b) 

(c) 

vertical tube filled with water. As the 

water is slowly run out of the bottom the 

air in the tube resonates, first when the 

water level is 130mm below the top of 

the tube and next when the level is 

413mm below the top of the tube. 

Calculate: 
(i) the speed of sound in the air in the 

tube, 

(ii) the position of the water level when 

the third resonance occurs. 

Describe the motion of the air particles at 

various points along the axis of the tube 

when the air first resonates. [J] 

(i) Explain what is meant by displace- 

ment, amplitude and wavelength for a 

longitudinal progressive wave in air. 

(ii) In terms ofthe motion of the particles 

give one similarity and two differences 

between a progressive wave and a 

stationary wave for sound waves in 

air. 

The air in a uniform pipe, closed at one 

end, is vibrating in its fundamental mode. 
Describe, with the aid of diagrams, the 

variation along the length of the tube of 

(i) the displacement amplitude of the air 

molecules, (ii) the pressure amplitude. 
A student is performing an experiment to 

measure the speed of sound in air using a 

uniform tube 800 mm long which stands 

vertically and is initially full of water. The 

level of water in the tube can be slowly 

lowered. A small loudspeaker connected 

to a signal generator is held over the open 
end of the tube. 

With the frequency emitted by the loud- 

speaker set at 600 Hz the student lowers 

the water level and finds resonance for the 

first time when the length of the air 

column above the water is 130mm. He 

misses the second resonance and finds the 

third resonance when the air column is 
698 mm long. 

(i) Show in a sketch the displacement 
nodes and antinodes for the third 
resonance. 

Calculate the speed of sound in air 
and the end correction for the 
tube. 

(iti) What would be the fundamental 
frequency for this tube if it were 
open at both ends? [J, 91] 

(ii) 
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E80 

E81 

E82 

E83 

Explain qualitatively the difference between 
progressive waves and stationary waves. 

Explain, in some detail, each of the following 

phenomena: 

(a) A tuning fork is struck and then held 

vertically near the ear; as the fork is slowly 

rotated about a vertical axis maxima and 

minima of sound are heard. 

When two notes of almost equal fre- 

quency are sounded together periodic 

variations in intensity are heard. 

A tuning fork is sounded over the open 

end of a vertical tube the other end of 

which is closed by a movable piston. As 

the piston is moved up the tube it is found 

that, on passing through certain positions, 

the sound intensity rises to a maximum 

and then dies away. [L] 

(b) 

(c) 

Explain what is meant by (i) the pitch and 

(ii) the quality of a musical note. 

Explain why the quality of the note from a 

‘closed’ pipe differs from that given by an 

‘open’ pipe. [J] 

Describe a laboratory experiment to 

determine the speed of sound in air. 

Show how you would calculate the speed 

from the readings which you would take. 

State the equation relating the speed of 

sound, v, to the pressure, p, and density, 

p, of the gas through which it is passing. 

Use this equation to show how the speed 

of sound depends upon: 

(i) the pressure of the air at a given 

temperature, 

(ii) the presence of water vapour in the 

air. 

If the speed of sound in air is 336m a 

what would be the length ofan open organ 

pipe giving a fundamental frequency of 

96 Hz? If these pipes were sounded 

together with another open pipe of length 

2.10m, what would be the beat fre- 

quency? (Ignore end corrections.) 
[AEB, ’79] 

(b) 

(c) 

Define frequency and explain the term harmo- 

nics. How do harmonics determine the quality 

of a musical note? 

It is much easier to hear the sound of a 

vibrating tuning fork if it is (a) placed in 

contact with a bench, or (b) held over a 
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certain length of air in a tube.Explain why this 

is so in both these cases and give two further 

examples ofthe phenomenon occurring in (b). 

Describe how you would measure the wave- 

length in the air in a tube of the note emitted by 

the fork. How would the value obtained be 

affected by changes in (i) the temperature of 

the air, and (ii) the pressure of the air? [L] 

(a) Describe in detail a laboratory method of 

determining the speed of sound in free atr. 

Explain what effect you would expect a 

change in atmospheric pressure to have 

on the result. 
The wire of a sonometer, of mass per unit 

length 1.0 x 10° kgm~!, is stretched 
over the two bridges by a load of 40N. 

When the wire is struck at its centre point 
so that it executes its fundamental vibra- 

tion and at the same time a tuning fork of 

frequency 264 Hz is sounded, beats are 

heard and found to have a frequency of 

3 Hz. If the load is slightly increased the 

beat frequency is lowered. Calculate the 

separation of the bridges. 

(b) 

By what amount must the load be 

increased to produce a beat frequency of 

10 Hz if the same tuning fork is used? 

[L] 

A source of sound of frequency 2500 Hz is 

placed in front of a flat wall. If the microphone 
is moved from the source directly towards the 

wall a series of minimum values in its output is 

observed at equally spaced points. 

Why does this effect occur? Calculate the 

separation of these points if the speed of 

sound in air at this temperature is 330 m s™}. 

[L] 

L is a loudspeaker emitting sound waves of a 

single frequency and P is a metal plate. A small 

microphone, M, is positioned between L and 

P and connected to the Y-input ofa CRO with 

the time base turned off. As M is moved 

= 

L 
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E87 

E88 

E89 

E90 

towards L, the trace height passes through a 

series of minimum and maximum readings. 

The distance moved by M between adjacent 

minima is 0.100 m. ; 
(a) (i) Explain the variation in trace height 

and calculate the frequency of the 

sound waves. 

The frequency of the signal is 

doubled and the experiment re- 

peated. What will be the distance 

between adjacent minima? Explain 

your answer. 
(Speed of sound 

air = 340ms_!.) 
(b) P is replaced by a different material which 

reflects a smaller proportion of the 

incident waves. Describe how the varia- 

tion in the trace would be different from 

that described in (a) (1) when M is moved 

towards L. [J, °92] 

(ii) 

waves in 

A source of sound frequency 550 Hz emits 

waves of wavelength 600 mm in air at 20°C. 

What is the velocity of sound in air at this 

temperature? What would be the wavelength 

of the sound from this source in air at 0 °C? 

[L] 

The speed of sound in air is 341 ms™! at a 
temperature of 290K and a pressure of 

1.00 x 10° Pa. If the temperature falls to 

285K, and the pressure rises to 

1.02 x 10°Pa, does the speed of sound 

increase or decrease? Justify your statement. 

What would be the effect of such a change of 

atmospheric conditions on the frequency of 

sound emitted by an organ pipe? [S] 

Suggest why the speed of sound in a gas is of 

the same order of magnitude as the average 

speed of the molecules of the gas. How does 

the speed of sound in a gas depend on 
pressure? 

[C(0)] 

Explain what is meant by the displacement of a 

wave, and distinguish between transverse and 

longitudinal waves. What is the nature of the 

disturbance produced by waves (i) in air and 

(ii) in a sonometer wire? Describe, with the 

aid of sketch graphs, the main features of a 

transverse progressive sinusoidal wave mo- 

tion. Use these graphs to define amplitude, 

period and wavelength. 
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Sketch a curve to show the variation of particle 

displacement at a point with time for a sound 

wave in air. Explain why pressure variations 

develop, and mark on the curve a time at which 

the instantaneous pressure at the point: (a) is 

equal to the static air pressure and (b) reaches 

its maximum value. 

Write down an expression, in terms of density 

and pressure, for the speed of sound in a gas. 

Define-any other quantity appearing in this 

expression and explain its significance. Con- 

sider how the speed depends on the relative 

molecular mass of the gas. 

The speed of sound in dry air at 20°C is 

356ms !. Determine the speed of sound 
when the air is saturated with water vapour. 

Assume that the only factor affecting the speed 

is the relative molecular mass. 

The effective relative molecular masses of dry 

air and saturated air may be taken as 29 and 28 

respectively. [W] 

(a) describe in detail how to determine, by 

experiment, the speed of sound in air. 

The speed of sound in a gas is given by 

MEA D GEIR EEE 
p 

(i) Define each term in the equation. 

(ii) Use the equation to deduce how the 

speed of sound in a gas depends on 

(1) the temperature, (2) the pres- 

sure, (3) the humidity. 

(iii) Show that the speed of sound in a 

gas is of the order of the average 

molecular speed in the gas. [W] 

(b) 

Distinguish between transverse and long- 

itudinal waves. To which of these cate- 

gories do (i) sound waves in air, (ii) light 
waves belong? 

Describe an experiment you could carry 

out in a school laboratory to justify your 

classification of light waves. 
(b) (i) The speed, c, of a transverse pro- 

gressive wave travelling along a 

stretched string of mass per unit 
length p is given by 

T 
c= 4/— 

u 

where T is the tension in the string. 
Show that this equation is dimen- 
sionally correct. 
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(ii) An undamped progressive trans- 

verse wave travels along a uniform 

stretched string. Describe the mo- 

tion of different points on the path of 

the wave with reference to fre- 

quency, amplitude and phase. 

A uniform heavy rope hangs verti- 

cally from a fixed point. If a trans- 

verse pulse is generated at the 

bottom of the rope, discuss qualita- 

tively how you would expect the 

speed of the pulse to change as it 

travels up the rope. [J] 

(iii) 

DOPPLER EFFECT (Chapter 35) 

E93 

E94 

E95 

A train, sounding its whistle, is travelling along 

a long straight section of track and passes 

under a low bridge. Explain how the frequency 

of the note heard by an observer standing on 

the bridge differs from the frequency emitted. 

[L] 

Deduce expressions for the frequency heard 

by an observer (a) when he is stationary and a 

source of sound is moving towards him and 

(b) when he is moving towards a stationary 

source of sound. Explain your reasoning 

carefully in each case. 

Give an example of change of frequency due to 

motion of source or observer from some other 

branch of physics, explaining either a use 

which is made of it, or a deduction from it. 

A car travelling at 10ms_! sounds its horn, 

which has a frequency of 500 Hz, and this is 

heard in another car which is travelling behind 

the first car, in the same direction, with a 

velocity of 20ms~!. The sound can also be 

heard in the second car by reflection from a 

bridge ahead. What frequencies will the driver 

of the second car hear? 

(Speed of sound in air = 340 ms *.) PG 

(a) Describe one method by which the speed 

of light has been measured, explaining 

how the result is calculated from the 

observations. Describe one practical 

situation in which a knowledge of the 

speed of light, or other electromagnetic 

radiation, is needed. 

An observer, travelling with a constant 

velocity of 20ms~', passes close to a 

stationary source of sound and notices 

(b) 
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that there is a change of frequency of 

50 Hz as he passes the source. What is the 

frequency of the source? 
(Speed of sound in air = 340 m s71.) [L] 

A source emitting a note of a certain frequency 

f approaches a stationary observer at a 

constant speed of one-tenth the speed of 

sound in air. The source is then maintained 

stationary and the observer moves towards it at 

the same constant speed. Determine from first 

principles the frequency of the note heard by 

the observer in each case. [J] 

(a) Explain what is meant by the Doppler shift 

in the case of light waves and give an 

expression for its magnitude. 

(b) The Sun rotates with a period of 24.7 days 

and has a radius of 7.00 x 108m. For a 

terrestrial observer, calculate the resul- 

tant Doppler shift of light of wavelength 

500nm which is emitted from the solar 

equator at: 
(i) each side of the disc, 

(ii) the centre of the solar disc. 
Explain briefly, one other possible source 

of Doppler shift to be expected in 

observations of the solar spectrum. 

The speed of light, c = 3.00 x 10°ms"!. [J] 

What is the Doppler effect? 

A police radar set emits a parallel beam of 

electromagnetic radiation at wavelength 4o 

and velocity c, which falls on a motor-car 

moving directly towards the set with a 

velocity u. 

(a) Derive an expression for the time it takes a 

wavefront of the radiation initially a 

distance A, from the car, to reach the car. 

Derive an expression for the wavelength À 

of the radiation reflected from the car. 

if Ao =0.10m, c=3.0X 10°ms"!, and 

u—=33ms_!, calculate the change in 

wavelength of the radiation received at 

the set after reflection from the car. [J] 

(b) 

(c) 

The mean wavelength of the sodium D-lines 

as measured using a laboratory source is 

5.893 x 107m. The same line in the light 

from a particular star has a mean wavelength of 

5.895 x 107m when observed from the 
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Earth. Say whether the Earth and the star are 

approaching each other or receding from each 

other. Deriving from first principles any 

expressions that you use, calculate the velo- 

city of the star with respect to the Earth. You 

may assume that the velocity of the star is not 

so great that a relativistic treatment is 

necessary. 
(The speed of light = 3.0 x 10° m s™!.) 

E100 (a) 

(b) 

(c) 

E101 (a) 

(b) 

(c) 

(d) 

A source which is emitting sound waves 

of frequency fo is travelling at a speed u 

towards an observer who is travelling 

with a speed v in the same direction. 

Derive an expression for the frequency f 

heard by the observer. 

An engine travelling at constant speed 

towards a tunnel emits a short burst of 

sound of frequency 400Hz which is 

reflected from the tunnel entrance. 

The engine driver hears an echo of 

frequency 500 Hz two seconds after the 

sound is emitted. Assuming the speed of 

sound is 340 ms! calculate the speed of 

the engine, and its distance from the 

tunnel when the driver hears the echo. 

Explain why the formula derived in (a) 

should not be applied to electromag- 

netic waves, and give an expression for 

the observed frequency in the case of 

electromagnetic waves. [J] 

Describe a simple laboratory demon- 

stration of the Doppler effect for sound 

waves. 

Many bats use the Doppler effect for 

detecting obstacles and prey. One spe- 

cies sends out high frequency sound 

waves and locates the objects in front of 

it from an analysis of the reflected waves. 

If the bat flies at a steady speed of 4 m s~! 
and emits waves of frequency 90.0 kHz, 

what is the frequency of the wave 

detected by the bat after reflection from 

a stationary obstacle directly ahead of 

the bat? Derive any equation for the 

Doppler effect used in the calculation. 

State what could be deduced about the 

obstacle ifa bat detected a reflected wave 

of frequency less than that emitted. 

Give an equation for the frequency 

change observed by an observer moving 
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with a source of radio waves towards a 

stationary reflector. 

Speed of sound = 340 ms™!. [J] 

E102 (a) Examination of the spectra of light 

emitted from many galaxies shows 

spectral lines characteristic of the ele- 

ments known on Earth but with wave- 

lengths longer than those produced on 

Earth. 
(i) How does the Doppler effect 

explain these observations? 

(ii) Write down an equation for the 

approximate wavelength shift, AA, 
of one particular spectral line, of 

wavelength 4. 
(Define any other symbols in the 

_ formula you quote.) 

(iii) What conditions are necessary for 

the formula quoted to be valid? 

(iv) A line of wavelength 4.3 x 107 m 
in a spectrum produced on Earth 

appears at a wavelength 4.5 x 

10-7 m in a corresponding spec- 
trum from a particular galaxy. 

Make quantitative deductions 

from this information. 
(b) When the spectrum of an incandescent 

gas is examined by a high resolution 

spectrometer each line of the spectrum is 

observed to consist of a narrow contin- 

uous range of wavelengths. This range 

increases as the temperature of the gas 

increases. Explain this effect. 

(Speed of light in vacuo=3.0 x 

10° ms~!.) [J] 

E103 (a) (i) Show from first principles that the 

frequency f, of sound in still air, 

heard by a stationary observer as a 

source of sound of frequency f 

approaches the observer with a 

velocity v, is given by 

fs = ss A| 
c 

where c is the velocity of sound in 
still air. 

(ii) When f£=1.0x10°?Hz and 
c = 300 m s~}, what is the percen- 
tage change in the frequency heard 
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by the stationary observer when the 

source velocity changes from 

30ms! to35 msi 
(iii) A source of sound of frequency f 

moves with simple harmonic mo- 

ton along the x-axis of a co- 

ordinate system, the motion being 

symmetrical about the point x = 0. 

Sketch the variation with time of 

the frequency heard by an observer 

at the point x = 0. Label the points 

on your sketch corresponding to 

v= and y= u where a ‘is 

the amplitude of the oscillation. 

Do not attempt a mathematical 
solution. 

(b) The Doppler broadening of a line in the 

E104 (a) 

(b) 

spectrum of light emitted by a gaseous 

source is due to the motion of the atoms 

emitting the light. 

(i) State two factors on which the speed 

of the atoms in the source depends. 

(ii) Determine which gaseous source 

would have less Doppler broad- 

ening, a mercury lamp at 200°C 

or a krypton lamp at 0 °C. 
(Relative atomic mass of mercury 

= 200, relative atomic mass of 

krypton = 84.) [J, °90] 

(i) Describe a simple laboratory de- 

monstration of the Doppler effect 

for sound waves. 

(ii) A source of sound of frequency f, 

moves with a speed v, along a 

straight line between an observer 

and a source. The frequency f, of 

sound in still air heard by the 

observer, moving with a speed vo 

is given by 

(c+ U) 

eeu)” 
where c is the speed of sound in still 

air. 

State the significance of the + signs. 

A motor-cyclist travels at a constant 

speed of 72kmh™! along a straight, 

level road towards an observer standing 

at the centre of a bridge over the road. 

When the motor-cyclist is distant, the 

observer hears a sound of frequency 

65.0 Hz from the engine of the motor- 

cycle. 

(c) 

(d) 
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What would be the frequency of the 

sound heard by the observer after the 

motor-cycle has passed under the bridge 

and is along way from the observer? You 

may assume that the air is still, and that 

the speed of sound, c is 330 m s™!. 
A second motor-cyclist now rides along- 

side the one mentioned in part (b), at the 

same constant speed of 72kmh~!. The 

frequency of the sound of the second 

motor cycle is lower than that of the first 

motor cycle. When the two machines are 

travelling towards the observer, from the 

same direction, the intensity of the 

sound received varies with a frequency 

of 3.0 Hz. 
Name the effect causing the variation of 

sound intensity and explain how it arises 

in this case. What would be the fre- 

quency of the variation of sound inten- 

sity after the motor-cycles have passed 

under the bridge and are moving away 

from the observer? 
A red shift is observed in the light 

received on Earth from some galaxies. 

(i) Explain what a red shift is and how 

it occurs. 

(ii) What useful information can be 

obtained from the red shift of a 

particular galaxy? [J, 92] 

Two stars of equal mass m move in a circular 

orbit of radius a about their common 

centroid C, as shown below. Observations 

in the plane of the orbit show that the 
wavelength of a spectral line from one of 

the stars varies between 599.9nm and 

600.1 nm in the course of one revolution. 

<{ 
Observer 

(a) 

(b) 

v ~ 

>> 
v 

Explain why the observed wavelength 4 

varies. 

Calculate the speed v of the star in its 

orbit. You may use the relation for the 

change in wavelength A4 

Al o? 
A c 
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where v is the speed of the star in the line 

of sight. 

(Take the speed of light in free space c to 

be 3.0 x 108m s™!.) 
(c) If the orbital period T of the stars is 

3.5 x 10°s, calculate the orbital radius a. 

(d) Write down, in terms of m, a and the 

SECTION E: WAVES AND THE WAVE PROPERTIES OF LIGHT 

` 

(e) 

gravitational constant G, an expression 

for the gravitational force between the 

stars. 
By equating the centripetal and gravita- 

tional forces, derive an expression for 
the mass m of one of the stars in terms of 
a, v, and G. ‘ [O, ’92] 
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CHARGE, CURRENT, 
POTENTIAL DIFFERENCE AND 

36.1 

POWER 

BASIC CONCEPTS 

Charge (Q) 

In order to explain what are commonly called electrical effects, it is necessary to 

ascribe to certain ‘particles’ the property of charge. There are two types of charge — 

positive and negative. In any process in which charge is transferred from one body 

to another, the total charge is constant throughout, i.e. charge is conserved. The 

unit of charge is the coulomb Ss > 

‘The coulomb is defined as te quantity ofcharge which passes any section of 
a conductor i in one second when a current of one ampere is flowing, i.e. 
7 c= =1 As. ikea Met. . 

Current (/) 

An electric current consists of a flow of charged particles. In metals the charge is 
carried mainly by electrons. Ions (see Chapter 46) and holes (see Chapter 55) act 
as charge carriers in other types of conductor. The unit of current is the ampere 
(A). 

The ampere is defined in section 41.11 and is the fundamental electrical unit on 
which the others are based. 

The magnitude of the current in a circuit is equal to the rate of flow of charge 
through the circuit. Thus, for a steady current, I 

~ | the (steady) current (in amperes) 

tO | the charge (in coulombs) passing some point in time t (in seconds) 

When the current is not steady, the instantaneous current, J, is given by 

534 
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Potential Difference (V) 

Whenever a current flows from one point to another, it does so because the 

electrical potentials at the two points are different. If two points are at the same 

potential, no current can flow between them. The unit of potential difference 

is the volt (V); it is defined in section 39.6. 

The action of the chemicals within a cell (or battery) causes each of its two 

terminals to have a different electrical potential. When a conductor is connected 

s between the terminals ofa cell, each end of the conductor acquires the potential of 

the terminal to which it is connected. Thus, a cell is capable of providing the 

potential difference (PD) needed to drive current through a conductor. The 

direction of current flow is conventionally taken to be from points at higher 
potential to points at lower (i.e. less positive) potential. This is always so, though 

when the current is being carried by electrons, the electrons themselves actually 

flow in the opposite direction. Positively charged current carriers, on the other 

hand, flow in the same direction as conventional current. 

Resistance (R) 

The electrical resistance of a conductor is defined by 

V 
= — 36.1 

x T 
[36.1] 

where I is the current flowing through the conductor when the PD across it is V. 

The unit of electrical resistance is the ohm (Q). 

The ohm is defined as being the resistance of a conductor through which a 

current of one ampere is flowing when the PD across it is one volt, Le 

19 IVA 

Some conductors have resistances which depend on the currents flowing through 

them. But the resistances of many conductors (notably metals), depend only on 

their physical circumstances (e.g. temperature or mechanical strain). This was 

discovered by Ohm, and such conductors are known as ohmic conductors and 

are said to obey Ohm’s law. 

It follows from equation [36.1] that when R is constant 

Ep = a constant 

Le. EXV 

Therefore, Ohm’s law may be stated as: 

The current through an ohmic conductor is directly proportional to the 

potential difference across it, provided there is no change in the physical 

conditions (e.g. temperature) of the conductor. 

The current-voltage relationships of various non-ohmic conductors are shown 

in Fig. 36.1 together with that of an ohmic conductor. (Note, in particular, that 

for the ohmic conductor the graph is a straight line through the origin, 1.e. 

TAV.) 
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Fig. 36.1 
Current-voltage 
relationships for various 
devices 

. 

x< 

(a) Ohmic conductor (e.g. a metal 
at constant temperature) 

< 

(c) Gas discharge tube 

~ 

(e) Junction diode 

Resistivity (p) 

SECTION F: ELECTRICITY AND MAGNETISM 

An increase in current 

causes temperature to 

increase, and so causes 

resistance to increase. 

0 
V 

(b) Filament lamp 

I 

0 
V 

(d) Thermionic diode 

I 

0 

V 

(f) Thermistor 

The electrical resistivity of a material is defined by 

R 

L= 

A 

length of the conductor (m) 

[36.2] 

= resistance of some conductor (Q) 

area of cross-section of the conductor (m°) 

p = the resistivity of the material of which the conductor is made (Q m). 

The resistivities of various materials are given in Table 36.1. Note the wide range 
of values. 

The experimental determination of the resistivity of a material involves measuring 
the resistance of a specimen of the material. The specimen must be regularly 
shaped in order that its dimensions (L and A) can be measured and used in 
equation [36.2]. If the specimen is in the form of a wire, its diameter should be 
measured at about six different points. 
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Table 36.1 
Resistivities of various 
materials at room 

temperature 

Material 

Silver 

537 

Resistivity/Qm 

6x107 

Copper KEL 

Aluminium 2.8 e102 

Iron 10 x 10 

Constantan 49 x 1078 

Mercury 96 x 10° 

Germanium ~0.5 

Alumina 10201014 

Pyrex LO? 

Fused quartz >10"* 

Conductance (G) 

The electrical conductance of a conductor is the reciprocal of its resistance, i.e. 

where 

G = electrical conductance (siemens (S) = Q~!) 

R = electrical resistance (Q). 

Conductivity (o) 

The electrical conductivity of a material is the reciprocal of its resistivity, Re 

where 

o = electrical conductivity (S m~! = Q7! m~!) 

p = electrical resistivity (Q m). 

Current Density (J) 

The current density at a point in a conductor is defined as the current per unit 

cross-sectional area at that point, i.e. 

a 

current density (A m~°?) Il 

current (A) ~ \| 

. 2 
A = cross-sectional area (m^). 
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AGS TRAINERS as ig ER P QUESTIONS 36A mi 

1. Find the (steady) current in a circuit when a length 12 cm and cross-sectional area 0.40 cm?? 

charge of 40 C passes in 5.0s. (Resistivity of copper = 1.7 x 1078 Q m.) 

2. Find the (steady) current in a circuit when a 4. Find: (a) the current, (b) the current density 

charge of 20 uC passes in 5.0 ms. when a potential differefice of 24 V is connected 
between the ends of the cylinder described in 

3. What is the resistance of a copper cylinder of question 3. 

36.2 THE MECHANISM OF CONDUCTION IN METALS 

When atoms combine, their outer electrons are used in chemical bonding. The 

structures of metals are such that each atom (on average) has one outer electron 

which is not required for bonding and which need not remain localized on its atom. 

When no current is flowing these ‘free’ electrons move randomly throughout the 

structure (typically at 10°ms~!). When a potential difference is put across the 

metal it produces an electric field in the region occupied by the metal. The ‘free’ 

electrons are affected by this field and are urged to move in the opposite direction 

to it, i.e. to the point ofhigher potential. (Positively charged ‘particles’ would move 

in the same direction as the field, i.e. to the point of lower potential.) Thus, the 

application ofa potential difference superimposes a small drift velocity (typically 

~10-* m s~!) on the random motions of the free electrons. There is now a net flow 
of charge, i.e. an electric current. 

As the electrons move through the metal, they collide with the positive ions of the 
lattice. (Typically, the average distance travelled between collisions is a hundred 
atomic diameters.) On collision, the kinetic energy which an electron has gained as 
a result of being accelerated by the field is transferred to the ion with which it has 
collided. This increases the vibrational energy of the lattice, and so increases the 
temperature of the metal. This, then, is the origin of the heating effect of an electric 
current. If there were no collisions, the electrons would never lose their drift 
velocity once they had acquired it. In such circumstances, a potential difference 
would be required only to establish a current in the first place. Once the current 
had been established, the potential difference could be removed and the current 
would remain. 

The electrical resistance of a conductor is simply a measure of the potential 
difference required to maintain a current (1 ohm = 1 volt per ampere). Thus, 
both the heating effect of a current and the electrical resistance are results of 
electron collisions with the lattice. It is not too surprising that the two phenomena 
have the same basic cause, for there can be no heating effect if there is no 
resistance, and when electrical energy is dissipated in this way it is known as ohmic 
heating. 

If the temperature of a metal is increased, the amplitudes of vibration of the 
lattice ions increase and therefore the ions present a larger collision cross-section 
to the electrons. As a result, the electrons collide more frequently, and this 
accounts for the observation that the resistivity of a metal increases with 
temperature. 
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36.3 DERIVATION OF / = nAve AND J = nve 

Consider a section of a metallic conductor in which a current is flowing (Fig. 

36.2). Let: 

I = current flowing in the conductor (A) 

L = length of the section considered (m) 

A = cross-sectional area (mô 

n = number of ‘free’ electrons per unit volume (m~?) 

e = charge on each electron (C) 

v = average (drift) velocity of the electrons (ms~!). 

Fig. 36.2 
Face X, area of 

Electron and current ar aa L cross section = A 

motion in a metallic N F : 
conductor : Current (/) _ 

T Sian 

Number of ‘free’ 
electrons per 
unit volume = n 

It follows that 

Volume of section SPA 

Number of free electrons in the section = nLA 

Total quantity of charge which is free to move = nL Ae 

The time required for all these electrons to emerge from face X is L/v, and therefore 

nL Ae 

L/v 
Rate of flow of charge past X = 

Thus, the current, J, is given by 

Also, since the current density 7 is given by f = I /A (section 36.1), 

’ 

36.4 TEMPERATURE COEFFICIENT OF RESISTANCE (x) 

The temperature coefficient of resistance, &, is defined by 

[36.3] 

For any given material the value of « depends on temperature, but the variation is 

slight and it is meaningful to think in terms of the average value of « between two 

temperatures. Thus, from equation [36.3], the average value of « between two 

temperatures 0, and 02 is given by 
LARTER. = 

[36.4] 
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Note 

SECTION F: ELECTRICITY AND MAGNETISM 

where 

Ry, = resistance of specimen at 02 

Rp, = resistance of specimen at 0; 

Ro = resistance of specimen at 0 °C. 

Since it is the difference of 02 and 0, that is involved in equation [36.4], 02 and 0; 

may be measured in either kelvins or degrees Celsius, and values of « are 

numerically the same whether they are expressed in K~! or °C~'. Thus, for copper, 

a = 0,0043K-! = 0,0043°C—. 

36.5 RESISTORS IN SERIES 

Fig. 36.3 
Resistors in series 

Refer to Fig. 36.3. 

Gj) The same current, J, flows through each resistor. 

(ii) Assuming that the connecting wires have no resistance, the potential at 

X = the potential at X’, and the potential at Y = „the potential at Y’, and 

therefore the total potential difference, V, is given by 

Pene: v; [36.5] 

(iii) From the definition ofresistance (equation [36.1]), V; = IR,;, V2 = IR, 

V; = IR; and V = IR, where R is the equivalent resistance of the 

network (i.e. the single resistance which has the same effect as R}, R, and 

R3). Substituting for V, Vı, V2 and V3 in equation [36.5] gives 

IR = IR, + IR, + IR; 

we [36.6] 

36.6 RESISTORS IN PARALLEL 

Fig. 36.4 
Resistors in parallel 

Refer to Fig. 36.4. 
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G) There is the same potential difference, V, across each resistor. 

(ii) Charge is conserved, and therefore 

T=ht+h [36.7] 

Gii) From the definition of resistance (equation [36.1], L = V/R,, 

I, = V/R, and I = V/R, where R is the equivalent resistance of the 

network. Substituting in equation [36.7] gives 

V a the a 

RIE k 

KE [36.8] 

ee, 
R RIR 

1 
Note For three resistors R = 

QUESTIONS 36B 

In order to answer the questions that follow, 3. For the circuit shown below, calculate, without 

make use of equations [36.5] to [36.8] and be finding the total resistance of the circuit: (a) J4, 

prepared to apply V = IR to any section ofa (b) B, (c) I. 

circuit, or all of it, as necessary. 

1. For the circuit shown below, calculate: (a) the 

total resistance of the circuit, (b) J, (c) Vi, 

(d) V2. 

4. For the circuit shown below, calculate: (a) the 

combined resistance of the 12Q and 4.09 

resistors, (b) the total resistance of the circuit, 

(c) I, (d) Vi; (e) V2; (£) l, (g) h. 

2. For the circuit shown below calculate in the 

order asked for: (a) the total resistance of the 

circuit, (b) J. 

6.0 Q 
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5. Find the value of J in each of circuits (a) and 

(b) 

(a) 

EXAMPLE 36.1 W 

Calculate: (a) the total resistance, (b) J, for the circuit shown in Fig. 36.5. 

Fig. 36.5 100 ae 
Circuit diagram for 
Example 36.1 

Solution 

The problem is made easier by first redrawing the circuit in a more familiar form. 
To do this we note that the 4 Q and 2 Q resistors are in series, and that the 10 Q and 
15 Q resistors are in parallel; the circuit becomes as shown in Fig. 36.6. 

Fig. 36.6 10.0 
Circuit diagram for 
Example 36.1 redrawn 

Far- 
(a) The resistance of the parallel combination of 10Q and 15Q is 6Q (from 

equation [36.8]), and therefore the total resistance of the circuit is 
6+44+2 = 120. 

(b) Itfollows from I = V/R that I = 24/12 = 2A 
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QUESTIONS 36C ™ 

1. Find the value of the current, J, in each of the circuits (a) to (e). 

(a) (b) 

(c) 

(e) 

36.7 USE OF A MILLIAMMETER AS AN AMMETER 

A moving coil milliammeter (or galvanometer) can be used as an ammeter, 

provided the extra current is caused to bypass the meter by placing a suitable 

resistance in parallel with it. Such a resistance is known as a shunt. 

Consider a milliammeter which has a full-scale deflection of 5 mA (i.e. 0.005 A) 

and a coil resistance of 10Q (Fig. 36.7). Suppose that the meter is to be used 

as an ammeter with a full-scale deflection of 2 A. Since the maximum current that 

can be allowed to pass through the coil of the meter is 0.005 A, the rest of the 

current, 1.995 A, has to go through the shunt. Suppose that the resistance of the 

shunt is r. 

The coil and the shunt are in parallel and therefore there is the same potential 

difference across each, in which case 

1.995r = 0.005 x 10 

i.e; r = 0.02519 
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Fig. 36.7 Shunt 
Milliammeter with a sA 

shunt in parallel, used as 1.995 A 
an ammeter 

Resistance 
of meter q 1 

Meter with full-scale 
deflection of 5 mA 

36.8 USE OF A MILLIAMMETER AS A VOLTMETER 

Consider, again, a milliammeter with a full-scale deflection of 0.005 A and a 

coil whose resistance is 10 Q. When the meter is fully deflected, the potential 

difference across itis, by V = IR,0.005 x 10 = 0.05 V. Suppose that the meter 

is to be used as a voltmeter with a full-scale deflection of 3 V. Since the maximum 

potential difference there can be across the coil of the meter is 0.05 V, the 

rest of the voltage (3.00 — 0.05 = 2.95V) has to be across a resistance 

which is in series with the meter. Such a resistance is called a multiplier or 

bobbin. Suppose that the resistance of the multiplier is R (Fig. 36.8). Since the 

multiplier is in series with the meter, the current passing through it (when the 

meter is fully deflected) is 0.005 A. Therefore, applying V = IR tothe multiplier 
gives 

2.95 = 0:005K 

ice: Re=4590 O 

Fig. 36.8 Resistance 
Milliammeter with a Multiplier of meter 
multiplier in series, used 
as a voltmeter 

Meter with full-scale 
\ deflection of 5 mA 

QUESTIONS 36D "= 

1. A milliammeter with a full-scale deflection of 2. A milliammeter with a full-scale deflection of 
5.0 mA and a coil resistance of 50 Q is to be used 20 mA and a coil resistance of 40 Q is to be used 
as a voltmeter with a full-scale deflection of as an ammeter with a full-scale deflection of 
2.0 V. What size resistance needs to be placed in 500 mA. What size shunt is required? 
series with the meter? 
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36.9 MEASUREMENT OF RESISTANCE USING AN 
AMMETER AND A VOLTMETER 

Fig. 36.9 
Measurement of: (a) a 
low resistance, (b) a high 
resistance 

In principle, the resistance, R, ofa resistor can be found by measuring the current, 

I, which flows through it as a result of there being a potential difference, V, across 

it, and substituting the measured values of J and V into equation [36.1] (i.e. 

R = V/I). If a moving coil ammeter and a moving coil voltmeter are used to 
measure J and V, the result cannot be very accurate, even if the meters themselves 

are accurately calibrated. This is because one or other of the meters is bound to 

register a value which is higher than that which is associated with the resistor. 

Suppose that the circuit shown in Fig. 36.9(a) is used. The voltmeter, as required, 

registers the potential difference across the resistor, but the ammeter records the 

current through the resistor plus that drawn by the voltmeter. The significance of 

the error is reduced if the resistance of the voltmeter (typically 50 000 Q) is much 

greater than R, because the current drawn by the voltmeter is then much less than 

that through the resistor. 

Not to be used if Ris high Not to be used if R is low 

(a) R R 

a = 

(a) (b) | 

If R is high, the circuit shown in Fig. 36.9(b) should be used, but even so, there is 

an error. In this case the ammeter, as required, registers the current through the 

resistor, but the voltmeter records the potential difference across the resistor plus 

that across the ammeter. The error in the voltmeter reading is small if the 

resistance of the ammeter (typically less than 1 Q)* is much less than R, because 

the potential difference across the ammeter is much less than that across the 

resistor. 

It might be thought that the problem can be overcome by using, the meters 

separately — it cannot, for the removal of one of the meters from the circuit and the 

subsequent inclusion of the other, alters the potential differenc
e across the resistor 

and the current through it. 

It should be clear to the reader that if the resistance of 
the ammeter is zero and the 

resistance of the voltmeter is infinite, each circuit gives an accurate result for all 

values of R. There are, in fact, no circumstances where it is not desirable that 

ammeter resistances are zero and that voltmeter resistances are infinite. Whenever 

an ammeter is put into an existing circuit, it is put in series with the circuit 

components, and therefore it must have zero resistance if it is not to affect the 

current in the circuit. A voltmeter, on the other hand, is always placed in parallel 

with a circuit component, and therefore must have infinite resistance if it is not to 

draw current through itself and alter the current in the circuit. Thus: an ideal 

ammeter has zero resistance; an ideal voltmeter has infinite resistance. 

*The resistance of a milliammeter is higher — typically 50 Q. 
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36.10 ELECTROMOTIVE FORCE AND INTERNAL 
RESISTANCE 

Fig. 36.10 

Effect of a cell’s internal 
resistance 

The potential difference across the terminals of a cell (the terminal potential 

difference) depends on the size of the current being drawn from the cell. If no 

current is being drawn (i.e. if the cell is on open circuit), the terminal potential 

difference has its maximum value — known as the electromotive force (EMF) of 

the cell. 

The chemicals within a cell offer a resistance to current flow, known as the 

internal resistance of the cell. When a cell is connected across an external circuit 

(a load) some of the EMF is used to drive current through the load and the rest of 

the EMF drives the same current through the internal resistance. 

The internal resistance behaves as if it is in series with the cell and the external 

circuit. Fig. 36.10 represents a cell of EMF, E, and internal resistance, r, 

connected across a load of resistance, R. 

The EMF of a cell (and that of any other source of electrical energy) can be 5 
defined as the energy converted into electrical energy from other forms (e-s. (oa 
chanical, mechanical) when unit charge piese, through it. = 

Internal 
resistance 
of cell 

Load 

It can be shown that, for the circuit of Fig. 36.10, this definition of EMF leads to 

[36.9] 

Currént Toate 

delivered resistance 

by cell of circuit 

Equation [36.9] can be rewritten as 

E= Ir AIR 
Sa 

PD across PD across 

internal external 

resistance resistance 

er E=Ir+V 
[36.10] 

where V is the potential difference across the external resistance. From equation 
[36.10], when I = 0, V = E. V is equal to the potential difference between X 
and Y — the terminal potential difference, and therefore when J = 0 the 
terminal potential difference is equal to the EMF, as previously stated. 
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Notes (i) The internal resistance of an accumulator is low (typically 0.01 Q). The 

internal resistance of a Leclanché dry cell is high (typically 1Q), and 

therefore the maximum current which this type of cell can deliver is low. 

Gi) Any source of electrical energy has an internal resistance. For example, the 

coils in a generator have a resistance, as do the wires which constitute a 

thermocouple. 

ae of EMF and Internal Resistance of a 

e 

Connect the cell whose EMF (E) and internal resistance (r) are to be measured in 

the circuit shown in Fig. 36.11. 

Fig. 36.11 
Measurement of EMF and 
internal resistance of a 
cell 

Resistance box 
or rheostat 

Record the readings on the voltmeter and ammeter. The voltmeter reading is the 

terminal potential difference (V) of the cell. Provided the resistance of the 

voltmeter is much greater than the combined resistance of the ammeter and the 

variable resistor, the ammeter reading can be taken to be the current (I) delivered 

by the cell. Obtain about six pairs of values of V and I by making suitable 

adjustments to the variable resistor. 

By analogy with equation [36.10] 

E = Irr+V 

V = -ri +E 

It follows that a graph of V against I (Fig. 36.12) has a gradient of -r and a 

y-intercept of E; hence r and E. 

Fig. 36.12 VIV 
Plot to obtain E and r 

1.5 V=E when /=0 

Gradient = -r 

0.0 0.1 0.2 NA 
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Notes 

SECTION F: ELECTRICITY AND MAGNETISM 

(i) The chemical reactions that occur in a cell when a current is drawn from it 

can cause the EMF to drop. This is due to an effect known as polarization. 

If it is significant, it leads to misleading results. It can be reduced by breaking 

the circuit between readings and limiting the current to amaximum of 0.2 A, 
say. The internal resistance of a typical 1.5 V dry cell is about 1 Q. If the 

current is limited to 0.2 A, the terminal PD(V) will range from 1.5 V (when 

I = 0)to1.3V (when J = 0.2A). Thus V changes by only 0.2 V and is 

best measured with a digital voltmeter. 

(ii) Alternative methods of measuring EMF and internal resistance are 

described in section 38.3 and section 38.7 respectively. 

EXAMPLE 36.2 

When a 10Q resistor is connected across the terminals of a cell of EMF E and 

internal resistance r a current of 0.10 A flows through the resistor. If the 10 Q 

resistor is replaced with a 3.0 resistor the current increases to 0.24 A. Find E 
and r. 

Solution 

The circuit of Fig. 36.10 applies, initially with R = 

R = 3.0Q. It follows that 

E = 0.10(r+10) and ME = 

10Q and then with 

0.24 (r+ 3.0) j 

Solving these equations simultaneously gives 

omon 1 Oe 

0.28 = 0.14r 

0.24r + 0.72 

= 2A) OF 

Substituting for r in either of the original equations gives 

Bay 

1. 

3. 

A battery of EMF 9.0 V and internal resistance 

6.0 Q is connected across a 30Q resistor. Find: 

(a) the current through the resistor, (b) the 

terminal PD. (c) What would the terminal PD 

be if the cell were on open circuit? 

When a 12V battery (i.e. a battery of EMF 

12V) is connected across a lamp with a 

resistance of 6.8Q the PD across the lamp is 

10.2 V. Find: (a) the current through the lamp, 

(b) the internal resistance of the battery. 

A voltmeter with a resistance of 10kQ is 

connected across a power supply which is 

known to have an EMF of 3.6 kV. The reading 

on the voltmeter is only 3.0kV. Find the 
internal resistance of the power supply. 

A battery of EMF E and internal resistance r is 
connected across a variable resistor. When the 
resistor is set at 21 Q the current through it is 
0.48 A; when it is set at 36Q the current is 
0.30 A. Find E andr. 

A voltmeter with a resistance of 20kQ con- 
nected across a power supply gives a reading of 
44V. A voltmeter with a resistance of 50kQ 
connected across the same power supply gives a 
reading of 50 V. Find the EMF of the power 
supply. 
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36.11 COMBINATIONS OF CELLS 

Fig. 36.13 
Total EMF and internal 
resistance of two cells in 

series 

Fig. 36.14 
Total EMF and internal 
resistance of two cells in 

parallel 

Cells in Series 

iiia to Fig. 36.13. The total EMF, E, and the total internal resistance, r, are given 

y 

ars titi 

Cells in Parallel 

For like cells, refer to Fig. 36.14. The total EMF, E, and the total internal 

resistance, r, are given by 

w. 

When unlike cells are connected in parallel, there are no simple relationships and 

Kirchhoff’s rules have to be used. 

36.12 KIRCHHOFF’S RULES 

The rules are useful in solving circuit problems. 

Rule 1 

The algebraic sum of the currents flowing into a junction is zero, i.€. 

[36.11] 
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Fig. 36.15 
Kirchoff's first rule 

Note 

SECTION F: ELECTRICITY AND MAGNETISM 

For an example of the use of this rule consider Fig. 36.15. If the current flowing 

into the junction is regarded as being positive, then the current flowing out must be 

taken to be negative. Thus, from equation [36.11] 

I, +(-h) + (-b) = 0 

i.e. l = L+5 

h=h+h 

The same result could have been derived on the basis of the conservation of charge. 

Rule 2 

In any closed loop, the algebraic sum of the EMF s is equal to the algebraic sum of 

the products of current and resistance, i.e. 

[36.12] 

When using this rule, each resistor within a particular loop must be 

traversed in the same sense (either clockwise or anticlockwise). Any circuit 

component which has a current flowing through it in the opposite direction to that 

in which the loop is being traversed must be regarded as having a negative IR. 

Example 36.3 illustrates the use of Kirchhoffs rules. 

EXAMPLE 36.3 

Fig. 36.16 
Diagram for Example 
36.3: (a) question, 
(b) redrawn for answer, 
using Kirchhoff’s first 
rule 

Calculate the values of J, Iz and J; in Fig. 36.16(a). 

(b) 



i 

CHARGE, CURRENT, POTENTIAL DIFFERENCE AND POWER 551 

Note 

EXAMPLE 36.4 © 

Fig. 36.17 
Diagram for Example 

36.4 

Solution 

We can eliminate one of the unknown currents by making use of Kirchhoff’s first 
rule, in which case the circuit may be redrawn as shown in Fig. 36.16(b). 

Traversing AEDBA in an anticlockwise sense we have, by Kirchhoff s second rule 

24=12x4+1,x2 

Le. 24 = 41,42), [36.13] 

Traversing FEDCF in an anticlockwise sense, we have 

21 eaa EA — Iz) x 6 

Because (h — h) is flowing 
from F to C and we are 

traversing from C to F 

ke 27 = 105 — 6), [36.14] 

Solving equations. [36.13] and [36.14] simultaneously we have 

I = 3A. and b= 45A 

Also, I, = I, — Áh, therefore 

I, = -15A 

The presence of the minus sign indicates that the current of 1.5 A flows from C to 

F, and not from F to C as shown. 

We could have used AFCBA in place of FEDCF (say) in which case equation 

[36.14] would have been replaced by 

24-27 = (1 -L)x6+1, x2 

Les 3 = 6h — 81 

Find the PD between A and C in Fig. 36.17. 

1.00 3.00, 

Solution 

Traversing ABCDA in a clockwise sense we have, by Kirchhoff’s second rule, 

12—10 = Ix 1.0+1 x 30 

e L= 05A 

Sie PD between A and B = 0.5 x 1.0 = 0.5V 

and PD between A and D = 0.5 x 3.0 = 1.5V 
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The potential decreases by 0.5 V from A to B (because current is flowing from A to 

B, and current flows from high potential to low potential) and then increases by 
12 V from B to C. The PD between A and C is therefore 12 — 0.5 = 11.5V. 

Alternatively, the potential increases by 1.5 V from A to D and then increases by 

10 V from D to C, giving a total increase from A to C of 10 + 1.5 = 11.5V. 

> 

QUESTIONS 36F 

1. Find the current through the 10 Q resistor in the 

circuit opposite. 
12V 

10 0 

36.13 ENERGY AND POWER IN DC CIRCUITS 

Consider a simple circuit in which a steady current, J, is flowing through a load. 

The load may be an electric motor for example, or an accumulator on charge, or 

simply a resistor. As the current flows through the load it dissipates energy in it. 
The energy dissipated is equal to the potential energy lost by the charge as it moves 
through the potential difference that exists between the input and output terminals 
of the device. 

It follows from the definition of potential difference (section 39.6) that the energy 
dissipated is given by 

W =O. 
where 

W = the energy dissipated in some time t 

Q = the charge which flows in time t 

V = the potential difference across the load. 

The current is steady, and therefore 

Ove 

Therefore 

[36.15] 

The rate of dissipation of energy, dW/dt, is known as the power, P, and therefore 
since IJ and V are constant 

Pav [36.16] 
The unit of power is the watt (W). 1W = 1Js~!. Note thatin equations [36.15] 
and [36.16], W and P are in joules and watts respectively when V, J and tare 
expressed in volts, amperes and seconds respectively. 
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QUESTIONS 36G ` 

1. 

Note 

Note 

Energy values are sometimes expressed in kilowatt hours. One kilowatt hour is 
the energy consumed by a rate of working of one kilowatt for one hour, i.e. 

IkWh = 1kWx 1h 

= 1000W x 3600s 

ie. IRWh = 36x10] 

When the load is a resistor the energy is dissipated as heat in the resistor. If its 

resistance is R, then from the definition of resistance, R = V/I, equations 

[36.15] and Lisa 16) ny be rewritten as ° 

Yack AR $ thing y 

W- = PR = M [36.17] 
ooo A 

and 

[36.18] 

Equations [36.15] and [36.16] apply to any load. Equations [36.17] and [36.18] 

apply only to resistors (and to devices such as lamps where all the energy being 

consumed is being dissipated as heat). An example should illustrate this.Suppose 

that a current of 2 A flows through an electric motor when the potential difference 

across it is 30 V, and suppose that the resistance of the motor windings is 4Q. 

Noticethat R + V/I (4 # 30/2). The rate of production ofheat in the windings 

is given by P = I?R as2? x 4 = 16W. The total power is given by P = VI as 

30 x 2 = 60W. Thus 60 — 16 = 44W is the rate of production of mechanical 

energy. 

A battery of EMF 6.0 V and internal resistance 

2.0Q is connected across a torch bulb with a 

resistance of 10 Q. Calculate: (a) the current 

supplied by the battery, (b) the power con- 

sumed by the bulb, (c) the power consumed in 

the internal resistance of the battery. Verify that 

the total power supplied by the battery is equal 

to the product of its EMF and the current it 

supplies. 

36.14 THE MAXIMUM POWER THEOREM 

Consider the circuit shown in Fig. 36.18, in which a cell of EMF, E, and internal 

resistance, r, is driving a current, J, through a load of resistance, R. 

The power, P, delivered to the load is given by 

P = PR 

B jjo Š 
a Rai 

Therefore 

E? R 
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Fig. 36.18 
Circuit to illustrate 
maximum power 
theorem 

Note 

SECTION F: ELECTRICITY AND MAGNETISM 

Internal 

resistance 
of cell 

A 

ee lel 

Load 

To discover the value of R which makes P a maximum we need to differentiate 

with respect to R and equate to zero. Thus 

dP (R+r)°E?— E?R-2(R+r) 
dR (R+r)* 

i.e dP = Ein BY 
dR (R+r) 

When dP/dR = 0, R = ror R = oo. When R = œ no current flows, and 

therefore no power is transferred to the load. This leaves R = ras the condition 

for maximum power transfer. (If the reader is not convinced that P is a maximum 

when R = r, he should verify it by the usual calculus method or by sketching a 

simple graph.) 

The result applies to any source of EMF and can be stated as: 

f oe 4 : z > x A i 5 E We 

A given source of EMF delivers the maximum amount of power to a load — 
when the resistance of the load is equal to the internal resistance of the _ 

“source. oo 2 oe. a aes ue 

R = risthe condition that the power delivered by a given source is a maximum. If 

a source with the same EMF but a lower internal resistance is used, it transfers a 

greater amount of power to the load even though it is not the maximum power it is 

capable of providing. (A 6 V accumulator can provide more power than a 6 V dry 
battery.) 

36.15 CURRENT-VOLTAGE CHARACTERISTIC OF A 
THERMISTOR 

The resistance of a thermistor decreases with increasing temperature (i.e. it has a 
negative temperature coefficient of resistance)*. Passing a current through a 
thermistor generates heat in it and therefore increases its temperature. Thus, the 
greater the current, the greater the temperature and therefore the lower 
the resistance. 

The current-voltage characteristic of a commonly used thermistor (type TH-3) is 
shown in Fig. 36.19. It can be obtained using the circuit of Fig. 36.20. 

The current through the thermistor is increased (in steps) by decreasing the 
resistance of the resistance box (from 10000Q down to about 20 9). For the 

Thermistors with positive temperature coefficients of resistance are also available but are less 
common. 
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Fig. 36.19 
Current-voltage 
characteristic of a 
thermistor 

Fig. 36.20 
Circuit to obtain current- 
voltage characteristic of a 
thermistor 

Notes 
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IMA log. (/mA) 

300 6 

200 4 

100 2 

0 10 VN 0 1 9 log. (V/V) 

Resistance box 

(0-10 000 ©) 

20V 

higher values of current it is necessary to wait a few minutes each time the 

resistance box is adjusted in order to allow the thermistor to reach thermal 

equilibrium, and therefore for the current and voltage readings to become steady. 

(i) The resistance box makes it possible to alter the current through the 

thermistor whilst at the same time limiting the current. It is important that 

the current is limited in some way. If it is not, the situation is unstable 

because an increase in current causes the resistance of the thermistor to 

drop, which causes the current to increase even more, and so on — a case of 

positive feedback. The behaviour ofa thermistor can be contrasted with that 

of a filament lamp. The lamp is inherently stable because any increase in 

current is accompanied by an increase in resistance which prevents any 

further current increase — a case of negative feedback. 

The wide range of values of current makes a digital ammeter particularly 

useful. 
Gi) 

CONSOLIDATION" ; OOO ee 

Current flows from high potential to low potential. 

V = IR applies to all conductors, but V = IR where R is a constant applies 

only to ohmic conductors, i.e. to conductors which obey Ohm’s law. 

Ohm’s law. The current through an ohmic conductor is directly proportional to 

the PD across it, provided there is no change in the physical conditions (e.g. 

temperature) of the conductor. 

An ideal ammeter has zero resistance. 

An ideal voltmeter has infinite resistance. 

The terminal PD of a cell is the PD across the terminals. If no current is being 

drawn from the cell, the terminal PD has its maximum value — the EMF of the cell. 
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THE WHEATSTONE BRIDGE 

37.1 DERIVATION OF BALANCE CONDITION 

The Wheatstone bridge circuit (Fig. 37.1) provides an accurate means of 

comparing an unknown resistance (X) with known resistances (P, Q and R). 

Fig. 37.1 
Wheatstone bridge circuit 

Centre-zero 
galvanometer 

If the resistances X, P, Q and R are such that no current flows through the 
galvanometer, the bridge is said to be balanced. 

At balance, J, = 0, and therefore 

Potential at A = Potential at C 

Vea = Vac and Voa = Voc 

IxX = IpP and IrR = IpQ 

Dividing gives 

taal |) 

IRO IoQ 

But, because I, = 0, 

Ix = Ir and Ip = Io 

R G [37.1] 

556 
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37.2 THE METRE BRIDGE 

It is clear from equation [37.1] that if R is known, it is sufficient to know the ratio 

of P and Q in order to determine X. The metre bridge is a practical form of the 

Wheatstone bridge circuit which makes use of this. 

In Fig. 37.2, AB is a resistance wire (e.g. constantan) of uniform diameter, and 

therefore its resistance per unit length is the same at all points along its length. Its 

resistance is typically 10 Q, and it is usually 1 m long — hence the name. 

Fig. 37.2 Thick copper Unknown Accurately known resistance 
Metre bridge strip of very resistance e.g. resistance box 

low resistance 

Centre-zero 
galvanometer 

Wire of Accumulator 

uniform 

resistance 

Let 

Rac = resistance of AC 

Rog = resistance of CB 

Therefore, from the theory of the circuit (equation [37. 1]), at balance 

R" Res 

Therefore, since the wire is uniform, 

a - e [37.2] 

where L, and L3 are the lengths of AC and CB respectively. 

Procedure 

The switch is closed and the jockey (a knife-edged movable contact) is placed first 

at A and then at B. If the resulting galvanometer deflections are in opposite senses, 

it can reasonably be assumed that the circuit is properly connected. With the 

switch still closed, the balance point is found by trial and error, by placing the 

jockey at different points along AB. (The jockey should not be scraped along AB, 

because doing so could spoil the uniformity of the wire.) Once the balance point 

has been located, the values of L; and L3 are noted and used in equation [37.2] 

together with the known value, R, in order to determine X. 
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The greatest accuracy is achieved when the balance point is close to the 

middle of AB. There are two distinct reasons for this. 

(i) | When the balance point is near the middle, both L; and Lz may be measured 

to a reasonable degree of accuracy. The error in the ratio, L;/L2, as a result 

of errors in measuring the lengths L, and L23, is then (close to) a minimum. 

(ii) If (say) Lı were small, the error introduced by any contact resistance (for 

example, as a result of poor soldering) at A would then be very significant. 

Such errors are known as end-errors; corrections applied to take account of 

them are end-corrections. 

Notes (i) If R is variable, it may be adjusted so that the balance point is near the 

middle of AB. 

Gi) If there is an end-error, repeating the determination with X and R 

interchanged yields a different value of X from that obtained originally. If 

the difference is slight, the average may be taken, but if the difference is large, 

the measurements should be repeated using different apparatus. 

Further Points 

(i) It is a null-deflection method (i.e. the operator looks for zero deflection — 

not for a reading of zero) and therefore the balance condition can be found 
with a high degree of sensitivity. 

(ii) | Atbalance, the galvanometer takes no current and therefore the result is not 
affected by faulty calibration of the galvanometer. ` 

(üi) The error inherent in the voltmeter-ammeter method of measuring 
resistance (section 36.9) is not present. 

(iv) Variation in the EMF of the supply does not affect the balance point. 

(v) It cannot be used to measure very low resistances (<1Q), because the 
unknown resistances of the wires used to connect X and R into the bridge 
are then significant. 

(vi) Ifa very high resistance (>1 MQ) is being measured, a highly sensitive 
galvanometer is required. This is because the presence of high resistances 
in the circuit causes the current through the galvanometer to be very low 
even when far from balance. The inclusion of a suitable galvanometer 
protection circuit is then necessary (see section 38.3). 

37.3 MEASUREMENT OF TEMPERATURE 
COEFFICIENT OF RESISTANCE 

The temperature coefficient of resistance of (say) copper can be measured by using 
the circuit shown in Fig. 37.2. The unknown resistance, X, is a length of insulated 
copper wire, wrapped around the lower end of a thermometer and contained in a 
beaker of water (Fig. 37.3) so that its temperature may be varied. The wire should 
be both long and thin, for it needs to have a resistance of about 5Q so that the 
resistances of the connecting wires are not significant. The resistance is measured 
at a number of different temperatures and a graph of resistance against 
temperature is plotted (Fig. 37.4). 
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Fig. 37.3 A 
i o Wheatstone 

Environment for copper A bridge circuit 
wire to measure its 

temperature coefficient of Connecting 
resistance 

Thermometer maA E bedei ae wires 

Water 

` Copper 
wire 
wrapped 
around 
thermometer 

Heat 

Fig. 37.4 Resistance 

Plot to determine of copper/Q 
temperature coefficient of 
‘resistance 

t 

: Gradient = Increase in resistance 

oe per °C 

Temperature/°C 

The temperature coefficient of resistance, «, is given by equation [36.3] as 

Increase in resistance per °C 

Resistance at 0°C 
y = 

Gradient of graph 

Intercept on y-axis 
l.e. y = 

37.4 THE STRAIN GAUGE 

One common form of strain gauge consists of a small sheet of polyester to which a 

thin metal foil is firmly bonded in a zig-zag fashion as shown in Fig. 37.5. The foil is 

a copper-nickel alloy and typically has a resistance of about 100 Q. Two low- 

resistance flying leads allow for electrical connection to a resistance measuring 

device such as a Wheatstone bridge. 

Cu-Ni foil 

Fig. 37.5 
Strain gauge Z) 

N 
Low-resistance 

Polyester 
y flying leads 

base = 
Typically 15 mm 
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~ 

The polyester base is attached to the component under test with a very strong 

adhesive. Any subsequent deformation of the test component, such as a change in 

length, for example, alters the length and cross-sectional area of the foil, and so 

changes its resistance. Measuring this change in resistance gives the strain in the 

sample provided the gauge has been previously calibrated. 
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THE POTENTIOMETER 

38.1 THE POTENTIAL DIVIDER CIRCUIT 

In Fig. 38.1, on the assumption that the cells have negligible internal resistances, 

Koc I(R; + R2) and V; = IR, 

Therefore 

iriall 
V. (Ri +R) 

“ Ri 
es H = | 1.€ 1 (ae) 

Fig. 38.1 
Potential divider circuit 

Thus, the supply voltage, V, can be reduced in the ratio R,/(R, + R2). This is 

useful in circumstances where the only available supply provides a greater voltage 

than that required by the electrical device (the load) being used. The device can be 

supplied with the correct voltage by connecting it across terminals A and B, and 

suitably choosing the values of R; and R2. If R, and R3 are replaced by a (single)
 

rheostat or a length of resistance wire (as in the potentiometer), the ratio, 

R,/(R; + R2) can be made continuously variable. 

Note Ifthe resistance of the load is low compared with that of Rj, the load draws an 

. appreciable current. In such circumstances the simple theory breaks down, for the 

current through R; is then not equal to that through Ro. The problem can be 

overcome by reducing the value of R, (and, therefore, that of R2). 

561 
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38.2 THE PRINCIPLE OF THE POTENTIOMETER 

Fig. 38.2 
Potentiometer circuit 

The potentiometer primarily measures potential difference, but on this basis it can 

be used to: 

(i) compare EMFs (since it does not draw any current from the PD it is being 

used to measure), 

(ii) compare resistances, 

(iii) | measure currents, 

(iv) measure PDs in general. 

The potentiometer circuit is shown in Fig. 38.2. Terminals X and Y are connected 

across the potential difference being measured in the same way as those of a 

moving coil voltmeter would be. If the positive terminal of the driver cell is 

connected to X (as shown here), then X must be connected to the positive side of 

the potential difference being measured. The potentiometer is said to be balanced 

when the jockey (sliding contact) is at such a position on AB that there is no current 

through the galvanometer. 

Sensitive 
centre-zero 

galvanometer 

U ae AB is a length 
i > of uniform 

+ PD being measured ——> resistance wire 
(v) 

At balance, Ig = 0, and therefore 

I = I, (by applying Kirchhoffs Ist rule at C) 

and so 

I, = 0 (by applying Kirchhoffs 1st rule at A) 

Therefore 

Potential at X = Potential at A (since Iz = 0) 

and 

Potential at Y = Potential at C (since Ig = 0) 

Therefore 

PD between X and Y = PD between A and C 

Le 

VS TFL [38.1] 

where À 

r = resistance per unit length of AC. 
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If V; is replaced by another PD, V2, and a new balance length, L32, is found, then 

Vz = IrL2 [38.2] 

(Note. Replacing V, by V2 does not affect the current, J, in AC because, at 

balance, no current flows in either AX or CY, i.e. the current through AC is 

provided solely by the driver cell.) 

Dividing equation [38.1] by equation [38.2] gives 

[38.3] 

Thus, by measuring the respective balance lengths, two potential differences can 

be compared. At balance, I, = Ig = 0, and therefore no current is drawn from 

the potential differences being compared. 

38.3 TO COMPARE THE EMFs OF TWO CELLS 

Fig. 38.3 
Potentiometer used to 
compare the EMFs of two 
cells (E, and L, replaced 
by E> and L2 in second 
measurement) 

The circuit is shown in Fig. 38.3. With the cell of EMF £, in circuit, a balance 

pointis found such that AC = L,. With the cell of EMF E> in place of the first cell, 

a new balance point is found such that AC = L23. No current is drawn from either 

cell, at balance, and therefore the potential differences across their terminals (and 

therefore across the potentiometer) are the EMFs of the cells. From the theory of 

the potentiometer (equation [38.3]) 

[38.4] 

Driver cell 
(accumulator) R 

Jockey 
1m of uniform 
resistance 

£ wire 
Resistance to 

Sensitive / protect galvanometer 

centre-zero 

galvanometer Shorting 

key 

Ifthe EMF of one of the cells is to be measured, the other cell should be one which 

has an accurately known EMF. Such a cellis known asa standard cell (see section 

38.8). The standard Weston cell, which has an EMF of 1.0183 V, is often used. 

Practical Details 

(i) The accuracies of the measurements of length are greatest when L; and Lz 

are large. Also, any end-error (see section 37.2) which is present 1s less 

significant when the balance lengths are large. Therefore, it is necessary 

that both Lı and L, are large if the result is to be accurate. A 
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` 

preliminary measurement should be made to determine which of L; and L3 

is the larger. The value of R should then be adjusted so that the larger of the 

two balance lengths is close to B. (Compare this with the Wheatstone 

bridge, where the optimum position is close to the middle of the wire.) 

Then, provided that L; and L3 are not very different, both measurements of 

length will be accurate. The value of R must be the same for the 

measurement of L, as it is for L2, otherwise the current through AB (J) 

would be different in each case and the theory would not apply. 

(ii) | The EMF of the driver cell should be constant throughout. If it is not, the 

currents through AB are not the same for the two determinations of balance 

length, and the theory does not apply. A lead-acid accumulator, which is 

neither freshly charge nor run down, is suitable. As a precaution, the 

measurement which has been made first, say L4, should be repeated after 

the other length has been measured. If the two values of Lı are not very 

different, their average can be taken to be the value that would have been 

obtained for L, had it been measured at the same time as L3. 

(iii) A very sensitive galvanometer is needed if precise locations of the balance 

points are to be made. Such a galvanometer should be protected, by a large 

(typically 1 MQ) series resistance (see Fig. 38.3), from the relatively high 

currents that would otherwise flow through it when in off-balance 

situations. The shorting key is left open until an approximate balance 

point has been found. The key is then closed, to short out the protective 

resistance and allow the full current to flow through the galvanometer, so 

that an accurate balance point can be found. 

` 

38.4 TO MEASURE A SMALL EMF (<10 mV) 

It is not possible to measure a small EMF, such as that of a thermocouple, by 
comparing it directly with that of a standard Weston cell using the circuit of 
Fig. 38.3. An example will illustrate this. 

Suppose that the balance length is L} when a thermocouple EMF of 5 mV is in 
circuit, and is L2 when a standard cell whose EMF is 1.0183 V is in circuit. From 
equation [38.4] 

5 x 107 Li 

10183 L: 

Le. Ly = 0.0049L>, 

Thus, even if L} were 100 cm, L; would be a mere 0.49 cm. The determination of 
E, would be extremely inaccurate, because: 

(i) | end-error would be significant, and 

Gi) the actual measurement of L} would be inaccurate. 

The circuit shown in Fig. 38.4 should be used for small EMFs. With K connected 
to M, so that the small EMF, E}, is in circuit, a balance length, L), is found. Next, 
by connecting K to N, a balance length, L3 is found when the standard cell EMF, 
E3, is in circuit. 

At balance, no current is drawn from either the standard cell or the source of the 
small EMF. Therefore, no matter which of the two EMBs is in circuit, the current 
through R; is the same as that through AB. Let this current be I, and let the 
resistance per unit length of AB be r. i 
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Fig. 38.4 
Potentiometer used to 
measure a small EMF 
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Driver cell 
(accumulator) R 

Sensitive : 
centre-zero 5 Bi m 
galvanometer oe 

resistance 

wire 

Standard 
cell Shorting Protective 

key resistance 

At balance with Æ; in circuit 

B = Iri (by using Kirchhoffs 2nd rule in CMAC) 

At balance with E3 in circuit 

E, = I(R, +rL2) (by using Kirchhoffs 2nd rule in CNZAC) 

Dividing gives 

[38.5] 

Equation [38.5] can be used to calculate E, ifr and R, are known. A resistance box 

can be used to provide R}, and r can be found by carrying out a preliminary 

Wheatstone bridge experiment. 

Practical Details 

(i) Details (i), Gi) and (iii) of section 38.3 apply. 

(ii) Initially, one of R and R; should be put equal to zero. The other should be 

adjusted to give a suitably large value for L; (say 90 cm) when £; is in circuit. 

Next, with E; in circuit, both R and R; are adjusted, in such a way that their 

sum stays the same (and therefore preserves the value of L1), until L3 has a 

suitably large value. Once these preliminary adjustments of R and R, have 

been made, accurate measurements of L, and L, should be carried out. 

Note The inclusion of R4 in series with AB is equivalent to increasing the length of AB by 

many metres. 

38.5 TO COMPARE TWO RESISTANCES 

Refer to Fig. 38.5. The resistances being compared are Rx and Ry. The 

accumulator, E’, drives a steady current, I', through both Rx and Ry. The size 

of this current may be adjusted by means of R’. 

The potentiometer is connected first across Rx (as shown here) and then across R
y 

(dotted connection). The potentiometer draws no current from the potential 

difference it is being used to measure, whether it be that across Rx, or that across 
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Driver cell (E) Fig. 38.5 
Potentiometer used to 
compare two resistances 

Sensitive 
centre-zero 
galvanometer 

Protective 
resistance 

Shorting 
key 

Accumulator 

(E) 

Ry. Therefore, the replacement of Rx by Ry in the potentiometer circuit does not 

affect the current through Rx and Ry. Let 

Lx = the balance length (AC) when the PD (/’Rx ) across Rx is being 

measured 
` 

and 

Ly = the balance length (AC) when the PD (I'Ry) across Ry is being 
measured. 

Therefore, from the theory of the potentiometer (equation [38.3]), 

Rx _ Lx 

TRPE DOY 

1.e. 

Thus, the ratio of the resistances is the ratio of the respective balance lengths, and if 
the value of one of the resistances is known (e.g. if it has been provided by a 
resistance box), that of the other may be found. Unlike the Wheatstone bridge 
method, this method can be used to measure small resistances. This is because, at 
balance, the wires connecting the resistances into the potentiometer carry no 
current. There is, therefore, no potential difference across the connecting wires, 
and consequently their resistance does not affect the result. 

Practical Details 

(i) A preliminary measurement should be carried out in order that the values of 
R and R' may be adjusted to give suitably large balance lengths (see section 
38.3()). 

(ii) One of the balance lengths should be redetermined after the other has been 
measured, as a check on any variations in the values of E and E’ (see section 
38.3(ii)). 

(iii) The protective resistance is made use of in the usual way (see section 38.3 
(iii)). 
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38.6 TO MEASURE CURRENT 

Fig. 38.6 
Section of a 
potentiometer circuit to 
measure current 

If the resistance, R}, of a circuit component (Fig. 38.6) is known, the current 

flowing through it, Z}, can be measured with a potentiometer. The procedure is to 

obtain a balance length, Lı, when the component potential difference, [,Rj, is 

across the potentiometer, and a second balance length, L2, when the EMF, E2, of 

a standard cell is across the potentiometer. 

Positive terminal Negative terminal 
of potentiometer of potentiometer 

a / 

A 
Circuit component of 
known resistance R, 

Hence we obtain J, because R, and E} are known, and L, and L, are measured. 

A potentiometer draws no current from the potential difference it is used to 

measure, and therefore, when it is used to measure current in this way, it does not 

affect the size of the current. If the same technique were to be employed using a 

moving coil voltmeter, the measurement would be inaccurate as a result of the 

current drawn by the meter. (There would also, of course, be errors resulting from 

inaccuracies in the calibration of the voltmeter.) 

Practical Details 

Details (i), (ii) and (iii) of section 38.3 apply 

38.7 TO MEASURE THE INTERNAL RESISTANCE OF A 

CELL 

The internal resistance, r, of a cell can be found by using a potentiometer to 

compare its terminal potential difference on open circuit with that when it is 

driving a current, J}, through a known resistance, R4. 

The circuit is shown in Fig. 38.7. When K is open, the cell whose internal 

resistance is required is on open circuit and its EMF, E, is across the 

potentiometer. When K is closed, the terminal potential difference, I,R,, of the 

cell is across the potentiometer. If the balance lengths are Lı and L2 when Kis ope
n 

and closed respectively, then from the theory of the potentiometer (equation 

(38.3]) 
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Fig. 38.7 
Potentiometer used to 
measure the internal 

resistance of a cell 
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Driver cell 
(accumulator) 

Sensitive 
K centre-zero 

| t pean Oset ey i Protective 
Shorting > resistance R, key 

But 

E = (Ri +r) 

Therefore 

UR Eo e 
LR; iz 

i.e. 

Practical Details 

Details (i), Gi) and (iii) of section 38.3 apply. 

38.8 USE OF STANDARD CELL 

A standard cell is one which provides a constant and accurately known EMF. (The 
EMF of the standard Weston cell is 1.0183 V at 20 °C.) Ifa current of more than 
about 10 4A is drawn from such a cell, at any stage of its life, it is unlikely that the 
cell will continue to furnish the standard EMF. The resistance which protects the 
galvanometer from overload (see, for example, Fig. 38.3) also serves to limit the 
current drawn from the standard cell in the off-balance position. (A resistance of 
1 MQ limits the current to 1 4A.) 

38.9 MEASUREMENT OF LARGE POTENTIAL 
DIFFERENCES 

If a potentiometer is to be used to measure a potential difference which is 
larger than that of the driver cell of the potentiometer, the potential difference 
must first be reduced in a known ratio by using a potential divider circuit (section 
38.1). 
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38.10 ADVANTAGES AND DISADVANTAGES OF 
POTENTIOMETER 

By now the reader should be acquainted with the various features of the 

potentiometer, but it is useful to list a number of the more important ones. 

Advantages 

: (i) It draws no current from the potential difference it is used to measure and 

therefore can be used to measure EMFs. 

(ii) Results are dependent only on measurements of length and the values of 

standard resistances and standard EMFs. 

(iii) It is a null-deflection method (see section 37.2) and therefore balance 

points can be found with high sensitivity and are not dependent on the 

calibration of the galvanometer. 

Disadvantages 

(i) It is slow in operation. In particular, it cannot be used to monitor rapidly 

changing voltages. 

(ii) | The resistance wire must be uniform. 

(iii) | There may be end-errors. (It is possible to eliminate the effects of these — if 

the reader wishes to know how, he should consult a more advanced text.) 
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ELECTROSTATICS 

39.1 INTRODUCTION 

If a polythene rod is rubbed with a woollen cloth, it becomes capable of repelling 
another polythene rod which is lightly suspended and has also been rubbed. The 
rods are said to have acquired an electric charge. A rubbed perspex rod is attracted 
by arubbed polythene rod. It can be concluded that there are two* kinds of charge, 
and that: 

(i) like charges repel (since there is no reason to suppose that the charge on 
the first polythene rod is of a different type from that on the second), and 

Gi) unlike charges attract. 

Early experiments of this nature made use of rods of ebonite and glass. Arbitrarily, 
the charge acquired by ebonite (rubbed with fur) was said to be negative, and that 
acquired by glass (rubbed with silk) was said to be positive. This convention makes 
rubbed polythene and rubbed Perspex negative and positive respectively, and is 
the reason that electrons and protons are, respectively, said to be negative and 
positive. 

It is important to realize that the charges are not created by the rubbing action. 
When polythene is rubbed with a woollen cloth, some of the electrons of the 
surface atoms of the cloth become transferred to the rod. Thus, although the 
polythene becomes negatively charged, the cloth acquires an equal amount of 
positive charge, i.e. charge is conserved. 

When a charge is placed on an insulator (say by rubbing) it stays in the region in 
which it has been placed. A charge placed ona metal, on the other hand, is quickly 
redistributed over the surface of the metal. The difference in behaviour results 
from metals having electrons which can move freely about the structure, whereas 
insulators have no charge carriers. 

A hand-held metal rod cannot be charged by rubbing. Any charge acquired by the 
rod flows along it and through the body to become redistributed over the surface of 
the Earth. (The human body and the Earth are relatively good conductors of 
electricity.) i 

*Further investigation shows that there are only two types of charge. 

570 
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39.2 COULOMB'S LAW 

Notes 

The law is based on experiments which Coulomb* concluded in 1785. 

It states: 

The magnitude of the force (F) between two electrically charged bodies, 
Which are small compared with their separation (r), is inversely proportional 

tor’, and proportional to the product of their charges (Q, and Q32). 

Thus 

F O02 

r2 

or 

Q1Q> 
F=k 2 [39.1] 

The value of the constant of proportionality, k, depends on the medium in which 

the charges are situated. The particular property of the medium which determines 

the value of k is known as the permittivity (£) of the medium. It is convenient, in 

respect of units, to put k = 1/47¢, in which case equation [39.1] becomes 

[39.2] 

where 

Fie=-forcetNny 

QO, and Q, = charge (C) 

r = separation (m) 

€ = permittivity in farads per metre (F m~!). (The farad is the 

name given to the coulomb per volt — see section 40.2.) 

(i) The permittivity of free space (vacuum) is denoted by é 9 and its value is 

determined by experiment. A method which can be used in a school 

laboratory is outlined in section 40.12; the most accurate method is based 

on a result of Maxwell’s electromagnetic theory. The theory predicts that 

c = 1/,/"pé0, where c is the velocity of light in vacuum and po is a constant 

called the permeability of free space. The value of c is found by experiment 

to be 2.998 x 108 m s™! and pig has a value of 4x x 10-7 Hm™ exactly (see 

section 41.4); it follows that 

w = 8.854 x 10°" Fm! 

and 

1 

ATE 
— 8.988 x 10° m F`! 

(ii) The permittivity of air at STP is 1.000520 © &o. 

Go. thm. E EC N im. 

(iv) The experimental investigation of Coulomb’s law is dealt with in section 

39.16. 

*Flectrostatic forces are often referred to as Coulomb forces. 
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39.3 ELECTRIC FIELDS 

Fig. 39.1 
To calculate the field 
intensity due to a point 
charge 

An electric field exists in a region if electrical forces are exerted on charged 

bodies in that region. The direction ofan electric field at a point is the direction 

in which a small positive charge would move (under the influence of the field) if 

placed at that point. 

The electric field intensity or electric field strength (E) at a point is 
defined as the force exerted by the field on a unit charge placed at that point. 
(Units NC Vin 

It follows from the definition of electric field intensity that the force, F, exerted on 

a charge, Q, at a point where the field intensity is E is given by 

F = EO 

Field Intensity Due to a Point Charge 

In Fig. 39.1, the force, F, on the test charge, Q’, due to the point charge, Q, ina 

medium of permittivity, £, is given by equation [39.2] as 

1 QQ' F = — 39.3 
Ane r? 

Point Test oa 
charge (+Q) charge (+(Q') 

Ow ner SIDS 

By definition, electric field intensity is force per unit charge and therefore the field 
intensity, E, at the site of Q’ is given by 

F 

rey, 
Therefore, from equation [39.3] 

1 Q 
ee [39.4] 

39.4 ELECTRIC POTENTIAL 

In order to move a charge from one point in an electric field to another, work may 
well have to be done on the charge. The two points must, therefore, have some 
property associated with them which is different at the two points. This property is 
called electric potential. The concept is analogous to that of gravitational 
potential (section 8.11). If two points have different electric potentials, then the 
potential energy of a charge changes as a result of moving from one point to the 
other. The potential is a property of the field, the potential energy depends 
on both the field and the size of the charge. 
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The potential at a point in an electric field is defined as being numerically 
equal to the work done in bringing a unit positive charge from infinity to the 
point. The unit of potential is the volt (V). 

(i) It follows that the potential of a point at infinity is zero. For practical 

purposes, though, the zero of potential is taken to be the potential of the 

Earth. This is possible because the potential of the Earth is constant and 

because we are usually concerned with differences of potential. 

(ii) It also follows that the potential energy of a charge Q at a point where the 

potential is V is given by 

PE= "OV 

39.5 THE POTENTIAL DUE TO A POINT CHARGE 

Fig. 39.2 
To calculate the potential 
due to a point charge 

Refer to Fig. 39.2. The point charge at A exerts a repulsive force F on the charge at 

B where (from equation [39.2]) 

QO’ 
Annex? 

and s is the permittivity of the medium in which the charges are situated. If the 

charge at B is moved by some external agent a small distance 6x towards A where 

ôx is so small that F can be considered constant, the work done ôW by the 

external agent is given by 

OW = —Fox 

(The minus sign is necessary because the motion is in the opposite direction to F.) 

Substituting for F gives 

‘Ox sw = 228 
Amex 

Point charge Point charge 

(+ Q) (+ 0’) 

A® 8 o— p> 
x 

The total work done Win bringing the charge at B from infinity (where x = 00) to 

some point a distance r from A (where x = r) is therefore given by 

ab Lop D QQ 4 OO 
Ame x Aner W =- 2 EE Ane 

If Q’ is a unit charge, the work done is Q/4zer, and therefore by the definition of 

potential (section 39.4) the potential V ata distance rfrom a point charge Q ina 

medium of permittivity € is given by 

[39.5] 
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Notes (i) 

Gi) 

Gii) 

Gv) 

EXAMPLE 39.1 

SECTION F: ELECTRICITY AND MAGNETISM 

Potential is a scalar quantity and therefore the potential at a point due to a 

number of point charges is the algebraic sum of the (separate) potentials 

due to each charge. 

It should be clear from equation [39.5] that the potential due to a positive 

charge is positive; that due to a negative charge is negative. 

It is clear from equation [39.5] that all points which are equidistant from a 

point charge are at the same potential. (A surface over which potential is 

constant is called an equipotential surface. If a point lies on an equi- 

potential surface, the electric field at that point is perpendicular to 

the surface.) 

It follows from note (ii) of section 39.4 that the potential energy of a 

charge Q’ at a distance r from a point charge Q is given by 

1 pe = | 22 
Ane r 

Find expressions for (a) the potential, (b) the electric field intensity at a point C on 

a line ACB in a medium of permittivity € where AC = CB = r given that there is a 

positive point charge Q, at A and a negative point charge —Q, at B. 

\ 

Solution 

(a) 

(b) 

From equation [39.5] 

Potential at C due to Q) = ab 2 
Ane r 

Potential at C due to — Q = ca (=) 
Ane r 

Potential is a scalar quantity and therefore the total potential is simply the 
algebraic sum of the individual potentials. 

Potential at C = D (22) 
: 4ne r 

The positive charge at A would cause a small positive charge at C to move 
in the direction A to B. The negative charge at B would also cause a small 
positive charge at C to move in the direction A to B. Thus both 
contributions to the field at C are in the direction A to B. From equation 
[39.4] 

Field at C due to Of = (from A to B) 

Field at C due to —Q, = 1 Q2 (from A to B) 
Ane r? 

Since the two fields are in the same direction 

1 + Field at C = ——= (25%) (from A to B) 
Ane r 
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QUESTIONS 39A 

1. Find: (a) the potential, (b) the electric field 

intensity at a point C on a line ABC in a 

vacuum where AB = BC = 5.0cm given that 

there are point charges of 6.0uwC and 

—4.0uC at A and B respectively. State the 

direction of the field. 

(Assume 1/472 = 9.0 x 10° mF !.) 

5/9 

ABC is an equilateral triangle of side 4.0cm 

in a vacuum. There are point charges of 

8.0uC at A and B. Find (a) the potential, 

(b) the electric field intensity at C. State the 

direction of the field. 
(Assume 1/47) = 9.0 x 10°?mF™!.) 

39.6 ELECTRICAL POTENTIAL DIFFERENCE 

The potential difference between two points in an electric field is 

numerically equal to the work done in moving a unit positive charge from 

the point at the lower potential to that at the higher potential. (This follows 

from the definition of potential.) 

The unit of potential difference is the volt (V). It is defined as follows: 

If the work done in causing one coulomb of electric charge to flow between 

two points is one joule, then the PD between the points is one volt, i.e. 

It follows that the work done in moving a charge through a potential difference is 

1V=1jJC". 

given by 

ye = OY 

where 

W = the work done (J) 

Q = the charge (C) 

[39.6] 

V = the potential difference (V). | 

Note The electric potential energy of a positively charged particle increases when it 

moves to a point of higher potential. 

The electric potential energy of a negatively charged particle increases when it 

moves to a point of lower potential. 

The increase in potential energy results from: 

(i) work being done by some external agent, in which case the increase in 

potential energy is equal to the work done, or 

(ii) a decrease in the kinetic energy of the particle, in which case the increase in 

potential energy is equal to the decrease in kinetic energy. 

The situation is analogous to that of a mass in a gravitational field, (i) is equivalent 

to the mass being lifted, (ii) is equivalent to the mass being thrown upwards. 

When any given charge moves from one point to another, the work done depends 

only on the difference in the potentials of the starting and finishing points, i.e. the 

work done is independent of the path taken. It follows that the work done in 

taking a charged particle around a closed path in an electric field is zero (see Fig. 

39.3). 
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Fig. 39.3 
To calculate the work 
done in taking a point 
charge around a closed 
path 

SECTION F: ELECTRICITY AND MAGNETISM 

B (potential = Vg) 
Work done in 
taking charge 
Q from A to B 
-z A Ve = Va) 

> 

Total work done in moving 
round the closed path 
AXBYA 
og OA Ve = Va) AF A Vp E Ve) 

0 

Re : 
Work done in 
taking charge 
Q from B to A 
= AV, = Vo) 

A (potential = Va) 

39.7 RELATION BETWEEN E AND V 

Fig. 39.4 
To establish the 
relationship between E 
and V 

Notes 

Suppose that a charge, +Ọ, (Fig. 39.4) is moved by a force, F, from some point, A, 

in an electric field of intensity, E, to some other point, B. Suppose also, that the 

distance, ôx, from A to B is so small that the force can be considered to be constant 

between A and B. The work done, 6 W, by the force is given (by equation [5.1]) as 

OW = Fox [39.7] 

It follows from the definition of electric field intensity that 

F = -EQ [39.8] 

Charge, +Q 

A 
a i s 

ep —___ 
ôx 

(The minus sign is necessary because E and F are oppositely directed, i.e. we are 
considering the work done by some external agency against the influence of the 
field.) 

From equations [39.7] and [39.8] 

ôW = —EQôx 

Ifthe potential difference between A and B is ôV (B is at the higher potential), then 
from equation [39.6] 

6bW ONN A 

—EQ6x = QôV 

and therefore in the limit 

[39.9] 

(i) dV/dxis the rate of change of potential with distance at a point in an electric 
field, and is called the potential gradient at that point. The minus sign 
expresses the fact that the field is in the negative direction of x if the potential 
increases in the positive direction of x. (Vand x increase in going from A to 
B, E is directed from B to A.) 

Gi) It should now be obvious why we were able to give V m~! as an alternative to 
N C~! as a unit of field strength in section 39.3. 
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Fig. 39.5 
Electric field between 
parallel plates 
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Uniform Field 

Consider two parallel conducting plates, A and B, a distance d apart and between 

which there is a potential difference V (Fig. 39.5). 

Field 
line 

Separation = 

PD = 

Except at the edges, the field between the plates is uniform (field lines parallel to 

each other). It follows from equation [39.9], therefore, that the potential gradients 

at all points between A and B (away from the edges) are the same. The potential 

gradient at any one of these points is therefore equal to the average potential 

gradient, the magnitude of which is V/d. Therefore, the magnitude of the electric 

field intensity, E, is given by equation [39.9] as 

E= a (uniform field) [39.10] 

QUESTIONS 39B 

1. The diagram below shows the electric field What is: 

lines between two parallel metal plates, A (a) the direction of the field (A to B or B to A), 

and B. (b) the field strength at X, 

(c) the field strength at Y, 

(d) the work done in moving an electron from 

ws Mto Y (XY = 2:5cm); 

= (e) the work done in moving an electron from 

A Y to Z (YZ = 3.0 cm)? 
ae eit (f) Ifacharge of 2.0 uC were to be placed at Y, 

what force would be exerted on it? 

‘ Nov (e = 1.6 x 10°C.) 

39.8 CHARGED CONDUCTORS 

In any conductor there are charge carriers which are free to move, and if two 

regions of a conductor are at different electric potentials, charge moves from one 

region to the other until the two potentials are the same. The act of charging a 

conductor alters its potential in the region where it is charged. It follows, therefore, 

that whenever a conductor becomes charged, the charge redistributes itself, and 

that, at equilibrium, every part of the material of a c
onductor is at the same 

potential. 
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Fig. 39.6 4 
A positively charged solid 
conductor 

Fig. 39.7 
A positively charged 
hollow conductor 

SECTION F: ELECTRICITY AND MAGNETISM 

Since the potential is the same at all points, dV/dx = 0, and therefore, since 

E = —dV/dx, there can be no electric field within the material of a 

conductor. It can be shown* that this requires that: 

(i) there is no charge within the material of a conductor, and 

(ii) the charge resides entirely on the surface of a solid conductor, 

and entirely on the outer surface of an empty hollow conductor. 

(Even when there is a charged body on an insulating support inside a 

hollow conductor, there is no net charge inside the conductor — see 

section 39.9.) 

The field at the surface of a conductor is perpendicular to the surface. If 

this were not so, there would be a component of the field in the surface of the 

conductor. There can be no such component because, as stated above, the field is 

zero within the material of the conductor. 

The amount of charge on unit area of surface is known as the charge density (a). 

It can be shown (by using Gauss’s theorem) that the field strength at a point on 

the surface of a conductor is proportional to the charge density there. It 

can also be shown (see, for example, section 39.13) that the charge density (and 

therefore the field strength) is greatest at highly curved convex regions of 

the surface ofa charged conductor, and is least at concave regions. (This is 

not necessarily true if there are other charged objects nearby.) Figs. 39.6 and 39.7 

illustrate many of these results. 

g and E 
fa eno are high 

E= 0 

V = constant 

g and Ee 
are low 

E is perpendicular to the 
surface and all the net 
charge is on the surface 

Eis perpendicular to the 
surface and all the net 
charge is on the (outer) 
surface 

o and E 
Z are high 

No charge on 
this surface 

*The proof involves Gauss’s theorem and is beyond the scope of this book. 



ELECTROSTATICS 

Fig. 39.8 
A positively charged 
hollow sphere 
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The particular situation of a charged sphere is shown in Fig. 39.8. Note that 

outside the sphere, the field and the potential are as if all the charge is concentrated 

at the centre. 

Charge of + Q 
evenly distributed 
over this surface 

39.9 HOLLOW CONDUCTOR CONTAINING A CHARGE 

Fig. 39.9 illustrates the result of placing two uncharged hemispherical shells 

around a positively charged body on an insulating support. 

Note: 

(i) The net charge within the sphere is zero. 

(ii) The total charge is the same as it was before the body was enclosed — an 

example of the conservation of charge. 

(iii) | Outside the sphere, the field and the potential are as if the total charge (+ Q) 

were concentrated at the centre of the sphere. 

(iv) The position of the enclosed charge does not affect (i), (ii) and Gii). 
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Fig. 39.9 
A hollow (spherical) Charge +Q on 

conductor enclosing a insulating support 

charge 

This surface acquires 
a charge, +Q, asa 

as result of electrons 
moving to the inner 
surface 

The enclosed 
charge induces 
an equal and 
opposite charge, 
—Q, on this surface 

QUESTIONS 39C 

1. A conducting sphere of radius 5.0cm has a (a) 6.0cm, (b) 5.0cm, (c) 4.0cm from the 

charge of 4.0 wC. Find the potential: centre of the sphere 

(Assume 1/4r£ = 9.0 x 10?mF 71.) 

39.10 THE GOLD-LEAF ELECTROSCOPE 

A gold-leaf electroscope is shown in Fig. 39.10. It is a device which measures 

electric potential, but it can also be used to detect the presence of charge and 

determine whether the charge is positive or negative. 

X 

Metal cap 

Metal rod 

2 İnsulator 

Fig. 39.10 
A gold-leaf electroscope 

Conducting case 
with glass front 

Gold leaves 

Earthing terminal 

The cap, the rod and the leaves are in electrical contact (and therefore are always at 
the same potential), and are insulated from the conducting case of the instrument. 
Whenever there is a potential difference between the cap and the case the leaves 
diverge, the extent of the divergence is a measure of the potential 
difference. The case is usually earthed so that it is at zero potential, in which 
case the divergence of the leaves is a measure of the potential of the cap. 

Suppose that a positively charged body is brought near to (but notin contact with) 
the cap of a gold-leaf electroscope (Fig. 39.11(a)). The presence of the positive 
charge draws electrons to the cap from the leaves. Thus, a negative charge is 
induced on the cap and the leaves acquire a positive charge. The positive charge 
on the leaves induces a negative charge on the case by causing electrons to flow to it 
from earth. The leaves are charged and are in an electric field (due to both 
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Fig. 39.11 
Charging an electroscope 
by induction 
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themselves and the case) and therefore experience a force. It is this force which 
causes the leaves to diverge. Alternatively, the divergence can be thought of as 
being the result of mutual repulsion between the ‘like’ charges on the leaves and 
attraction by the charges of opposite sign on the case. The leaves diverge to such an 

extent that the restoring torques due to their weights are equal to those due to the 
electrostatic forces. 

If the cap is earthed at this stage, the leaves fall (Fig. 39.11(b)). This happens 

because the case and the cap are now at the same potential (earth potential). 

Electrons have flowed from earth onto the leaves and have cancelled the positive 

charge that was previously there. Note that there is still a negative charge on the cap, 

owing to the presence of the positively charged body. This result highlights the fact 

that the divergence of the leaves is a measure of the potential difference between 

the cap and the case, and is not necessarily a measure of the charge on the cap. 

If the earth lead to the cap is removed, the cap stays at zero potential and the leaves 

remain undeflected (Fig. 39.11(c)). 

At this stage, removal of the positively charged body creates a negative potential at 

the cap (Fig. 39.11(d)). There is once again a potential difference between the cap 

and the case, and the leaves diverge. Removing the charged body has allowed 

electrons to flow from the cap to the leaves, under the influence of the repulsive 

forces between the electrons. Note that if the stages shown in Fig. 39.11(b) and (c) 

are omitted, removal of the charged body causes the leaves to fall — because there 

has been no opportunity for electrons to flow onto the cap from earth. 

+ 

awe S A © 
+ + 

(b) 

(c) ine (d) 

In Fig. 39.12(a) a positively charged body has been brought into contact with the 

cap of an electroscope. Electrons flow onto the charged body from th
e cap and the 

leaves, and they become positively charged. If the charged body is now removed, 

positive charge remains on the leaves and they stay deflected. 
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Fig. 39.12 
Charging an electroscope 
by contact 

Note 

Table 39.1 The effects of 
bringing variously 
charged bodies near to a 
positively charged 
electroscope 
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Electrons flow 
onto positively 
charged body 
and make 
cap positive 

' (a) = (b) 

Compare the negatively charged leaves of Fig. 39.11 (d) (where the positively 

charged body never came into contact with the cap) with the positively charged 

leaves on Fig. 39.12(b) (where the charged body did come into contact with the 

cap). 

Determining the Sign of a Charge 

Suppose that a gold leaf electroscope has been charged so that the leaves are 

deflected and are known to have a positive charge. (It is preferable that the 

electroscope is charged by induction, as charging by contact often gives misleading 

results.) Table 39.1 lists the effects of bringing a positively charged body, a 

negatively charged body and an uncharged body near to (but not in contact with) 

the cap of the electroscope. 

Charge on Effect on 

body brought divergence 

near of leaves 

Positive Increases 

Negative Decreases 

Uncharged Decreases 

Thus, if a body of unknown charge is brought near to the cap and the divergence 

increases, the body must be positively charged. Note that there are two possibilities 

if the divergence decreases. In order to test for negative charge it is necessary to 
have a negatively charged electroscope. 

39.11 FARADAY’S ICE-PAIL EXPERIMENT 

The experiment derives its name from the ice-pail used in Faraday’s original 
experiment in 1843 —a tall metal can does just as well. 

The can is stood on the cap ofa gold-leaf electroscope in order to detect any charge 
that appears on the outside of the can. A small charged sphere on an insulating 
thread is lowered into the can without touching it (Fig. 39.13(a)). (Fig. 39.13 has 
been drawn on the assumption that the sphere is positively charged.) The leaves of 
the electroscope diverge, showing that a charge has been induced on the outside of 
the can. The size of the deflection does not depend on the position of the sphere, as 
long as it is well inside the can. It follows, therefore, that the potential of the can 
is independent of the position of the sphere. 
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Fig. 39.13 
Faraday's ice-pail 
experiment 

(a) (b) 

If the sphere is allowed to touch the can (Fig. 39.13(b)), there is no change in the 

deflection of the electroscope. If the sphere is now removed from the can, it can be 

shown that there is no charge on either the sphere or the inside surface of the can. 

These three observations allow it to be concluded that: 

Whena charged body ig enclosed by a hollow conductor, a charge is induced 

on the outside of the conductor which is equal to that on the charged body. 

An extension to the experiment shows that the charge induced on the outside 

of the can is equal and opposite to that on the inside. 

39.12 THE ELECTROPHORUS 

The electrophorus is a device which can supply large quantities of charge. It 

consists of an insulating disc (of polythene say) and a metal disc — the latter being 

mounted on an insulating handle. The successive stages in the charging process 

are shown in Fig. 39.14. 

Fig. 39.14 
Electrophorus 

ad 

(a) (b) (c) — 

SS ee 

(d) (e) 
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First, the polythene disc is rubbed vigorously with a woollen cloth so that its upper 

surface becomes negatively charged (Fig. 39.14(a)). Next, the metal disc is placed 

on top of the polythene (Fig. 39.14(b)). Although the discs appear to have flat 

surfaces, there are in fact very few points at which the two discs make contact. The 

result is that a positive charge is induced on the lower surface of the metal disc, and 

a negative charge is induced on its upper surface. The metal disc is momentarily 

earthed at this stage (say by touching it with a finger), and the electrons on its upper 

surface flow to earth (Fig. 39.14(c)). Once the earth connection has been removed 

(Fig. 39.14(d)), the disc can be lifted off the polythene (Fig. 39.14(e)), and can be 

used to provide a positive charge. The charge is almost equal in magnitude to the 

original charge on the polythene. 

The charge remaining on the polythene is (apart from that transferred to the metal 

at the small number of contact points) equal to that produced originally by 

rubbing. Once the metal disc has been discharged, it can be charged again by 

returning it to the polythene. The process can be repeated many times before the 

charge on the polythene leaks away and has to be replenished by rubbing. 

(i) Each time the metal disc is lifted off the polythene, work has to be done to 

overcome electrostatic forces of attraction. 

Gi) Compare Fig. 39.14 with Fig. 39.11, each depicts a process of charging by 

induction. The charged body, the cap of the electroscope and the leaves in 

Fig. 39.11 are respectively equivalent to the polythene disc, the lower surface 

of the metal disc and the upper surface of the metal disc in Fig. 39.14. 

39.13 EXPERIMENTAL INVESTIGATION OF CHARGE 
DISTRIBUTION OVER THE SURFACE OF A 
CONDUCTOR 

Fig. 39.15 
Investigation of surface 
charge distribution on a 
conductor 

Suppose it is required to investigate the charge distribution over the surface of a 

pear-shaped conductor. (The conductor may be charged by touching it with an 
electrophorus.) 

A proof plane (a small metal disc on an insulating handle)is placed in contact with a 
section of the surface of the conductor (Fig. 39.15). The proof plane acquires a 
charge which is proportional to the charge density on that section of the conductor. 
The proof plane is now removed and placed in contact with the inner surface of a 
metal can standing on the cap ofa gold-leaf electroscope. The leaves diverge by an 
amount which is proportional to the charge on the proof plane (and therefore to the 
charge density on the pear-shaped conductor). 

Proof 
plane 

Pear-shaped 
conductor 
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Since the proof plane has touched the inside of the can, it loses all ofits charge (see 

section 39.11). It is therefore ready to be used to test some other region of the 

conductor. 

The experiment shows that the charge density is greatest where the surface is 
highly curved. Detailed experiments show that, for a convex surface, the charge 

density is inversely proportional to the radius of curvature. 

39.14 FIELDS AROUND POINTS. 

The electric field strength at the surface of a charged conductor is greatest at highly 

curved (convex) regions of the surface, corresponding to the high charge density 

there (see also sections 39.8 and 39.13). It follows that if there are any sharp points 

on a highly charged conductor, there are extremely intense electric fields around 

them. A charged particle in the vicinity of such a point is accelerated by the field 

and ionizes the air around the point by making energetic collisions with the air 

molecules. Thus, the insulation of the air breaks down around sharp points on 

charged conductors, and the charge on the conductor is likely to leak away at such 

points. It follows that the presence of sharp points on the surface of a conductor 

limits the amount of charge that can be put on it. The ideal shape, as far as storing 

large amounts of charge is concerned, is a sphere of large radius. (A large flat sheet 

is no use because its edges act as points.) 

39.15 THE VAN DE GRAAFF GENERATOR 

Fig. 39.16 
Van de Graaff generator 

Van de Graaff generators are electrostatic devices which are capable of producing 

very high potential differences. Large versions provide PDs in excess of 10’ V, and 

are used to accelerate charged particles in the study of nuclear processes. The 

reader should be familiar with the ideas of the last section before reading on. 

The essential parts ofa Van de Graaff generator are shown in Fig. 39. 16. The belt is 

driven at high speed past a series of metal points at X. The points are at a high 

positive potential with respect to earth, and the insulation of the air around them 

Large metal 
collecting sphere 
on an insulating 
support 
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breaks down. Positively charged ions are ‘sprayed’ on to the belt and these are 

carried up into the collecting sphere. This induces a negative charge on the inner 

surface of the sphere and a corresponding positive charge on its outer surface. The 

sphere is in electrical contact with a second set of metal points, and the induced 

negative charge is sprayed from these on to the belt at Y. This neutralizes the 

positive charge on the belt so that the whole process can be repeated. In this way a 

considerable amount of positive charge builds up on the outer surface of the 

collecting sphere. 

The size of the potential difference attainable is determined by the insulating 

properties of the air around the machine. 

If a large Van de Graaff generator is discharged steadily (say by providing the 

potential difference necessary to operate a high-voltage X-ray tube), the current 

which flows is of the order of 100 uA. This corresponds to a power output of 100 W 

if the PD is 10° V. The origin of this power is the work done by the motor in driving 

the positive charge on the belt upwards against the repulsive force of the positive 

charge on the sphere. 

The current available from a school version of the Van de Graaff generator can be 

measured by connecting a suitable microammeter in series with the collecting 

sphere and the (earthed) base of the device. This provides a useful demonstration 

of the equivalence of current and static electricity. 

39.16 EXPERIMENTAL INVESTIGATION OF 
COULOMIB’S LAW 

Refer to Fig. 39.17(a). A and B are small expanded polystyrene balls wrapped in 

aluminium foil or coated with Aquadag (a graphite-based paint) to make them 

conducting. The balls are charged by being touched with a rubbed polythene rod 

or electrophorus. Initially A hangs vertically, and the position of the centre of its 

shadow on the graph paper screen is noted. Bringing B close to A deflects it and the 

values of a and r (Fig. 39.17(b)) are found. The measurements are then repeated 
for different values of r. 

Refer to Fig. 39.17(b). Ball A is in equilibrium under the action of its weight, W, 
the tension, T, in the support thread, and the Coulomb repulsion, F. Resolving 
horizontally and vertically gives 

F = Tsin@ and W = Tcos@ 

Eliminating T between these equations gives 

F = Wtand 

If the length, L, of the thread is large compared with a, tan@ ~ sin@ = a /L and 
therefore to a good approximation 

p-o Wa 
IE 

Thus F is proportional to a. From Coulomb’s law, F œ 1/r? and therefore a graph 
of a against 1/r* should be a straight line through the origin. 

It follows from Coulomb’s law that for any given value ofr, F is proportional to the 
product of the charges on A and B. In order to test this, B is touched against an 
identical but uncharged metallized polystyrene ball, C, on an insulating support. 
Since B and C are identical, this halves the charge on B. According to Coulomb’s 
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Fig. 39.17 
Investigation of 
Coulomb’s law: 
(a) experimental 
arrangement, (b) theory 
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a 
(a) Insulating 

i. support 

= Nylon thread 

Oe B nsulating rod 

Shadows of A 

Graph paper Sand 6 TEN Beam of 

screen light 

(b) 

law the force between A and B should now be one half of what it was previously for 

any particular value of r. This is easily tested by selecting some suitable value of r 

and measuring the new value of a. If C is discharged and touched against either A 

or B, the force (and therefore a) should halve again, and so on. 

The method just described gives only a crude test of the validity of Coulomb’s law. 

It is best tested by indirect methods involving the experimental verification of 

results deduced from it. 

CONSOLIDATION 

Coulomb’s law The force between two charged bodies, which are small 

compared to their separation (r), is inversely proportional to r?°, and proportional 

to the product of their charges (Q; and Q3). 

ees 
Ane T 

Electric field intensity (or field strength) at a point is defined as the force 

exerted by the field on a unit charge placed at that point. (Unit = N C~! or V mii) 

Thus 

FiO 



588 SECTION F: ELECTRICITY AND MAGNETISM 

The electric potential at a point is defined as being numerically equal to the work 

done in bringing a unit positive charge from infinity to the point. (Unit = V.) 

The potential difference between two points is numerically equal to the work 

done in moving a unit positive charge from the point at the lower potential to the 

point at the higher potential. (Unit = V.) Thus 

eee I a 

Electric field intensity is a vector quantity. The direction of the field is the 

direction in which a positive charge would move under the influence of the field 

Electric potential is a scalar quantity. The potential at infinity is zero 

At a distance r from a point charge Q 

IAQ y 1 Q 
Ane r? Are r 

These expressions also apply at a point a distance r from the centre of a sphere with 

charge Q providing the point is outside the sphere. 

V 
E = —-— (In general) 

dx 

It follows that E =0 whenever V = constant. In particular, E=0O and 

V = constant throughout the material of a conductor. 

V 
Ei Fi (For a uniform field) 

An equipotential surface is a surface over which the potential is constant. 

Electric field lines are perpendicular to equipotential surfaces. 

The surface of a conductor is an equipotential surface and therefore the field lines 
at the surface of a conductor are perpendicular to the surface. 

For a charge Q at a point where the potential is V 

PE*= OV 

In particular, the potential energy of a charge Q’ at a distance r from a point charge 
Qis given by 

f 

pp. | 2 
Ane r 
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. CAPACITORS 

40.1 THE ACTION OF A CAPACITOR 

Acapacitor (the old name is condenser) is a device which is used to store electric 

charge.* Effectively, all capacitors consist of a pair of conducting plates separated 

by an insulator. The insulator is called a dielectric and is often air, oil or paper. 

Fig. 40.1 shows a (parallel-plate) capacitor connected to a battery. When the 

battery is first connected there is amomentary flow of current. This is the result of 

electrons being drawn from plate A by the positive terminal of the battery, whilst at 

the same time, electrons are being deposited on B by the action of the negative 

terminal. After a very short time the potentials of A and B become equal to those of 

the positive and negative terminals of the battery, respectively. The potential 

difference across the capacitor is now equal to that across the battery and 

oppositely directed to it, so that there can be no further current flow. The capacitor 

is said to be (fully) charged. The charging process leaves A and B with equal 

amounts of charge of opposite sign. 

Fig. 40.1 A B 

Charging a capacitor 
+ - : 

Voy 
Direction of 
electron flow 
during charging 

40.2 CAPACITANCE 

The measure of the extent to which a capacitor can store charge is called its 

capacitance. It is defined by 

bee Q | [40.1] 

*The gold-leaf electroscope is essentially a capacitor, though its prime purpose, of course, is not to 

store charge. 

589 
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Notes 

Fig. 40.2 
Components of a parallel- 
plate capacitor 

SECTION F: ELECTRICITY AND MAGNETISM 

where 

C = the capacitance (Unit = farad, symbol F.) 

Q = the magnitude of the charge on either plate (C) 

V = the PD between the plates (V). 

(i) The farad is a very large unit, capacitances are often measured in 

microfarads (uF). 

Gi) ~~ I'farad = 1 coulomb volt !, i.e. 1F = rcv. 

The capacitance of any particular capacitor depends on the size and separation of 

its plates, and on the permittivity (see section 39.2) of the material (the dielectric) 

between the plates. It is possible to derive an expression which relates the 

capacitance of a capacitor to its dimensions if its geometry is simple. Some of the 

more important expressions of this type are given below. 

Parallel-plate Capacitor 

Refer to Fig. 40.2 

Dielectric 
of permittivity € x 

Tear ee as 

SE 

Uned, A = Area of 
overlap of plates 

[40.2] 

Proof: To show that C = ¢A/d 

Consider a parallel-plate capacitor (such as that in Fig. 40.2) where the charge on 
either plate is Q and the PD between them is V. Let the area of each plate be A, 
and let their separation be d. 

It follows from Gauss’s theorem* that the field strength E between the plates ofa 
parallel-plate capacitor is given by 

E =S).oks 

where øg is the charge density (i.e. the charge per unit area) on either plate. 

From the definition of capacitance (equation [40.1]) the capacitance C of the 
capacitor is given by 

C = QV 

ie C= cA/V 

*Gauss’s theorem is beyond the scope of this book. 
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Note 

Fig. 40.3 
Components of a coaxial 
cylindrical capacitor 

Note 
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Substituting for o gives 

C = BA) V 

But E = V/d (equation [39.10]). Therefore 

G = tA/d 

Strictly, E = o/e for an infinite conducting plate, but it is a good approximation 

at points close to a finite conducting plate provided they are away from the edges. 

Strictly, then, C = ¢A/d is an approximate relationship. 

Coaxial Cylindrical Capacitor 

Refer to Fig. 40.3 

Insulator a fesse ain Terminals 

Dielectric of 
permittivity € 

L = length of 
each cylinder 

© = ioga) 

Concentric Spheres 

The capacitance of two concentric metal spheres whose radii are a and b and which 

are separated by a material of permittivity, £, is given by 

Isolated Sphere 

An isolated metal sphere acts as a capacitor. The s
phere itselfis one plate, the Earth 

is the other. For a sphere of radius, r 

[40.3] 

where € is the permittivity of the dielectric between the sphere and the Earth — 

usually air. The collecting sphere of a Van de Graaff generator is this type of 

capacitor. 

In each case C œ €, showing that the capacitance of a capacitor 
can be increased by 

replacing its dielectric with one of greater permittivity. 
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40.3 RELATIVE PERMITTIVITY 

The relative permittivity (or dielectric constant), ¢,, of a dielectric material is 

defined by 

a = te T [40.4] Bye Go 

where 

C = thecapacitance of some capacitor when the dielectric is between its 

plates, and 

Co = the capacitance of the same capacitor when there is free space 

(vacuum) between its plates. 

The capacitance of any capacitor is proportional to the permittivity of the material 

between its plates (see section 40.2), and therefore 

G E 

Co a £0 

where 

e€ = the permittivity of the dielectric 

&) = the permittivity of free space. 

Therefore, from equation [40.4] 

ke. [40.5] 

Notes (i) Relative permittivity is dimensionless and has no units. 

(i) The relative permittivity of free space is equal to unity, by definition. 

Gii) Equation [40.5] defines the (absolute) permittivity € of a material. 

40.4 EXPLANATION OF THE EFFECT OF A DIELECTRIC 
IN A CAPACITOR 

Ifa dielectric is placed between the plates of a charged capacitor, the field between 
the plates distorts the molecules of the dielectric. The (positive) nuclei are shifted 
slightly in the direction of the field (i.e. away from the positive plate), and the 
(negative) electrons are shifted in the opposite direction. The molecules are said to 
be polarized, there being an excess positive charge at one end of each molecule 
and an excess negative charge at the other end. As a result of this polarization, that 
surface of the dielectric which is adjacent to the positive plate of the capacitor 
acquires a negative charge, the opposite surface acquires a positive charge. The 
situation is shown in Fig. 40.4.* 

*Polarization accounts for the ability of a charged comb to attract small pieces of paper. The side of the 
paper which is close to the comb acquires an induced charge of opposite sign to that on the comb and 
so is attracted to it. 



CAPACITORS 

Fig. 40.4 
(a) Effect of a dielectric 
on an isolated capacitor. 
(b) Effect of dielectric 
with battery connected 

598 

The presence of these 
charges decreases 
the PD between 
the plates 

= 

(a) 
Dielectric 

The presence of these charges 
increases the amount of 
charge on the plates 

EFE + +4 + p + 

(b) 

If the capacitor is isolated (Fig. 40.4(a)), the potential of the positive plate is 

decreased by the negative charge on that surface of the dielect
ric which is near to it; 

the potential of the negative plate is increased (i.e. made less negative). Thus, the 

presence of the dielectric decreases the potential difference between the plates. 

Since the capacitor is isolated, there can be no change in the amount of charge on 

either plate. For a charged capacitor, Q = CV (equation [40.1]), and therefore 

since Q is unchanged and V decreases, C must have increased. 

If the capacitor is connected to a battery (Fig. 40.4(b)), the potential 

difference between the plates cannot change when the dielectric is introduced. 

The battery maintains the potential of each plate by drawing electrons off the 

positive plate and depositing electrons on the nega
tive plate. In this case then, V is 

unchanged and Q is increased. It follows from Q = CV that C must have 

increased. 

Thus, in each case, the introduction of the dielectric increases the capacitance of 

the capacitor. 
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Table 40.1 Relative 
permittivity 

SECTION F: ELECTRICITY AND MAGNETISM 

Some molecules (known as polar molecules) are polarized even in the absence of 
an electric field. (The water molecule is an example.) Ifa dielectric which contains 
polar molecules is placed between the plates of a charged capacitor, the molecules 

become partially aligned in the direction of the field. (Random thermal motion 

prevents there being complete alignment.) As might be expected, dielectrics of this 

type have a much greater effect on capacitance than non-polar dielectrics — see 

Table 40.1. - 

Substance Relative 

Permittivity 

(er = 2/25) 

Vacuum 1 (by definition) 

Air (STP) 1.000 576 
Polythene 

Ebonite 

Oiled paper 

Glass 

Mica 

Water* 

*Polar dielectric. 

40.5 CAPACITORS IN PARALLEL 

Fig. 40.5 
Capacitors in parallel 

+Q, 

The capacitors in Fig. 40.5 are in parallel and therefore there is the same potential 
difference (V) across each. For a charged capacitor Q = CV (equation [40.1]) 
and therefore 

Qı = CV 

Q2 = CV 

Q3 = C3V 
Adding gives 

QOi+ Q2+Q3 = (Ci+O2+C3)V 
If the total charge (Q, + Q2 + Q3) is written as Q, this becomes 

Q= (Cr+ C2 +G) V [40.6] 
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A single capacitor which has the same effect as these three must store charge, Q, 

when the potential difference across its platesis V, and therefore has a capacitance, 

C, given by 

Os CK [40.7] 

It follows from equations [40.6] and [40.7] that three capacitors, whose 
capacitances are C,, Cz and C, and which are in parallel, have a total 

(effective) capacitance, C, given by 

C = Ci +C +C; [40.8] 

40.6 CAPACITORS IN SERIES 

Fig. 40.6 
Capacitors in series 

The capacitors in Fig. 40.6 are in series. On connection, the battery draws 

electrons from plate A and leaves it with a positive charge, +Q. This induces a 

charge, —Q, on B. B and M together with their connecting wire constitute an 

isolated conductor, and the charge which appears on B results from electrons 

moving from M to B. M is left with a charge, + Q, and this induces a charge, — Q, on 

N and so on, so that the situation is as shown. 

C, C C3 
+0 zO +0 FQ +Q Q 

A k A k d Y 
Ee E <=, =, 

Vas Vun Vxy 

-= V 

From equation [40.1] 

wii? 
Vas EF. C 

Ae: 
Van = C, 

Sioa 
Vyy cen C3 

Adding gives 

1 1 1 
Vas + Vmn + Vey = o(t+a+s) 

1 1 1 
! = E acters 40.9] 
‘Le. V o( m E rs =) 

A single capacitor which has the same effect as these three would have a 

capacitance, C, given by 

Q [40.10] V=% 
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It follows from equations [40.9] and [40.10] that three capacitors, whose 

capacitances are C,, C, and C and which are connected in series, have a total 

(effective) capacitance, C, given by 

1 1 1 1 
Bg I Oe ea fot APA adi oes [40.11] 
GF Er Ek C3 j 

40.7 COMPARISON OF CAPACITOR AND RESISTOR 
NETWORKS 

See Table 40.2. Note, in particular, that the capacitance ofa series combination of 

capacitors is less than the smallest individual capacitance, and the resistance of a 

parallel combination of resistors is less than the smallest individual resistance. 

a ol Capacitor network Resistor network 

Series Same charge Same current 

connection l 

Cı 

VC 

Table 40.2 Comparison of 
capacitor and resistor 
networks 

ee 

C, G3 
= R +R +R 

Parallel 

connection 

Same PD 

Cı + C2 + C3 

VC 

EXAMPLE 40.1 aes 

Calculate the charges on the capacitors shown in Fig. 40.7, and the potential 
differences across each. 

Fig. 40. 7 Y 
Diagram for Example 
40.1 

X 
2 pF 

3 uF Z 

4 uF 

i. 
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Solution 

The capacitance Czy of the parallel combination of Z and Y is given (by equation 

[40.8]) as 

Czy = 2yuF+4yuF = 6uF 

The circuit is therefore equivalent to a 3 uF capacitor in series with a 6 uF 

capacitor, and the total capacitance, C, is given by equation [40.11], as 

1 1 1 3 

C~ 3xl0*'6x10% 6x10 
kG: GF 10 E 

For the circuit as a whole, the total charge, Q, is given, by equation [40.1], as 

Q= VC 
ic. Pee AU) te al.) 

i.e. Q = 240 x 10-° coulombs 

Therefore 

Charge on X = 240 x 10-® coulombs 

and 

Charge on Z+ Y = 240 x 10-° coulombs 

For X: 

If the PD across Xis Vx, then by Q = VC (equation [40.1]) we have 

240% 10° = (Ve) 43 «'10-°) 

ie Vx = 80V 

It follows that the PD across each of Y and Z is 120 — 80 = 40V. 

If the charge on Y is Qy, then by Q = VC, we have 

Qy 

i.e. Qy 

For Z: 

(40) x (2 x 10-6) II 

80 x 107 coulombs 

If the charge on Z is Qz, then by Q = VC, we have 

O, = (40) x (4 x 107%) 

i.e. Q; = 160 x 10-°coulombs 

Alternatively, 

Qz = Q-Qy 

6. w..Q¢, e 10-° 80x 10> 

160 x 10-® coulombs P © N Í 
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QUESTIONS 40A 

1. A 3.0uF capacitor and a 5.0 uF capacitor 3. Calculate: (a) the charge on each capacitor, 

are each in parallel with a 12V supply. (b) the PD across each capacitor in the circuit 

Calculate the charge on each capacitor. shown below. 

2. A 4.0 uF capacitor and a 6.0 uF capacitor are 

connected in series with a 20 V supply. Calcu- 

late: (a) the charge on each capacitor, (b) the 

PD across each capacitor. 

40.8 ENERGY STORED IN A CHARGED CAPACITOR 

Once the charging of a capacitor has begun, the addition of electrons to the 
negative plate involves doing work against the repulsive forces of the electrons 
which are already there. Equally, the removal of electrons from the positive plate 
requires that work is done against the attractive forces ofthe positive charges on 
that plate. The work which is done is stored in the form of electrical potential 
energy. 

Consider a capacitor whose capacitance is C. Suppose that it is partially charged, 
so that the charge on its platesis Q and the potential difference between themis V. 
Suppose now, that the charge increases to (0+6Q). This involves moving a 
charge 6Q from one plate to the other. If 5Q is small, V can be considered to be 
unchanged by this process, in which case the work done, ôW, is given by equation 
[39.6] as 

ôW = VoQ 

Therefore by equation [40.1] 

Q 
ôW = =ô Gee 

The total work done, W, in increasing the charge from 0 to Qo is therefore given by 

Qo Q 

W= =d J, E92 
Qo” Le. w= = 
2C 

Writing Q for Qo and making use of Q = VC leads to 

[40.12] 
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where 

the energy stored by a charged capacitor (J) 

the charge on the plates (C) 

the PD across the plates (V) 

| Qe & 

|I 

the capacitance (F). 

40.9 JOINING TWO CHARGED CAPACITORS 

Fig. 40.8 
Joining two charged 
capacitors 

Fig. 40.8 shows two charged capacitors whose capacitances are Cı and C2. On 

closing S, charge flows until the potential difference across each capacitor is the 

same. The final charge, potential difference and energy of each capacitor can be 

calculated by making use of: 

(i) — there is no change in the total amount of charge, 

(ii) the two capacitors acquire the same potential difference, 

(iii) the capacitors are in parallel and therefore the capacitance, C, of the 

combination is given by C = Cı + Cy. 

G, 

— 
S 

C2 

It turns out that unless the initial potential differences of the capacitors are the 

same, the total energy stored by the capacitors decreases when they are joined 

together. Energy is dissipated as heat in the connecting wires when charge flows 

from one capacitor to the other, and this accounts for the decrease in stored 

energy. (If two capacitors are placed in contact without using connecting wires, 

the ‘lost’ potential energy goes into producing a spark as the terminals of the 

capacitors approach each other.) 

EXAMPLE 40.2 CEEE 

A 5 uF capacitor (X) is charged by a 40 V supply, and is then connecte
d across an 

uncharged 20 uF capacitor (Y). Calculate: 

(a) the final PD across each, 

(b) the final charge on each, 

(c) the initial and final energies stored by the capacitors. 
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Fig. 40.9 
Diagram for Example 
40.2 

SECTION F: ELECTRICITY AND MAGNETISM 

Solution 

If the initial charge on X is Qo, then by Q = VC (equation [40.1]), 

Oo = (407205 x 10°") 

i.e. Qo = 200 x 10-° coulombs 

The situation after the capacitors have been connected is shown in Fig. 40.9, 

where Qx and Qy are the final charges on X and Y respectively, and V is the final 

PD. 

The capacitors are in parallel, and therefore the total capacitance is given (by 
equation [40.8]) as 

Total capacitance = 5+20 = 25uF p5 

The total charge is unchanged, and therefore 

Total charge = 200 x 1076 coulombs 

Applying Q = VC to the combination gives 

200 310 S SAAT 

1.€. A eey, 

For X: 

By Q = VC we have 

Ox = (8) x (6x 10°) 

i.e. Qx = 40 x 10° coulombs 

Since Q = VC we have 

Qy = (8) x (20 x 1076) 

i.e. Qy = 160 x 10° coulombs 

The energy of a charged capacitor is given by +CV? (equation [40.12]), and 
therefore 

Initial energy = 5(5 x 1076) x (40)? = 4x 103] 

Final energy = 3(5 x 1076) x (8)° +4(20 x 1076) x (8)? = 0.8 x 10-3] 
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EXAMPLE 40.3 

Calculate the effect of doubling the separation of the plates of a parallel-plate 

capacitor on the energy stored by the capacitor: 

(i) when the capacitor is isolated, 

(ii) when the capacitor is connected to a battery. 

In each case account for the energy changes which occur. 

Solution 

The capacitance of a parallel-plate capacitor is given by C = ¢A/d (equation 

[40.2]), and therefore doubling the separation of the plates halves the capacitance. 

Isolated capacitor When the capacitor is isolated the charge on the plates is 

constant. Since Q = CV, halving C causes V to double. The energy stored by a 

charged capacitor is given by W = Q?/2C (equation [40.12]) and therefore, 

since C is halved and Q is constant, the energy stored by the capacitor doubles. 

Battery connected When the capacitor is connected to a battery the potential 

difference across the capacitor is constant. In this case it is useful to make use of 

W = 4+CV? (equation [40.12]). Thus, since C is halved and V is constant, the 

energy stored by the capacitor halves. 

When the capacitor is isolated work has to be done in order to pull the positive 

charge on one plate away from the negative charge on the other. The work which is 

done is equal to the increase in the electrical energy stored by the capacitor. 

When the capacitor is connected to a battery the decrease in capacitance results in 

a decrease in the amount of charge stored by the capacitor (Q = VC and V is 

constant). This charge is returned to the battery. The decrease in energy is the 

result of the capacitor discharging. 

40.10 DISCHARGING A CAPACITOR THROUGH A 

RESISTOR 

Fig. 40.10 
Discharge of a capacitor 

through a resistor 

Refer to Fig. 40.10. Suppose that initially the charge on the capacitor is Qo and the 

potential difference across it is Vo. On closing S the capacitor starts to discharge. 

The resistance, R, limits the current flow, and therefore the discharge is not 

instantaneous. 

Consider the situation some time ż after the discharge has commenced. Let 

V = the PD across the capacitor at time t 

Va = the PD across the resistor at time t. 

C R 
+ = 

Kirchhoff’s 

Actual second 

direction rule applied 

of current in this direction 

S 
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There is no EMF in the circuit and therefore by Kirchhoff’s second rule (equation 

[36.12]) 

E alan i [40.13] 

Q 
.e. 0 = —+IR i.e ei 

where 

I = current flowing at time t 

Q = charge remaining on the capacitor at time t. 

But J = dQ/dt, and therefore 

Q dQ 
= —+-—R 

Y Coneds 

eons) dO = da 
Q CR 

Since Q = Q)whent = Oand Q = Qwhent = 1, integrating this expression 
gives 

Q t 

eters sabes 
ie.  flog.O]) = -=z ltl T 

naiari ae non eae 

kerinla: (+) X -z 

In exponential form 

19 = e t/CR 

Qo 

[40.14] 

Since Q = VC and Qo = YC, it follows from equation [40.14] that 

[40.15] 

Equations [40.14] and [40.15] show that when a capacitor is discharged through a 
resistor, both the charge on the capacitor and the potential difference across it 
decrease exponentially. It follows from equation [40.14] that when t = CR 

Q = Qoe! 

Cae 20 = 03080, 

CR is known as the time constant of the circuit and is the time taken for the 
charge on the capacitor to fall to 1 /e (i.e. 36.8%) ofits initial value (see Fig. 40.11). 
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Fig. 40.11 
Charge against time for a 
capacitor charging and 
discharging 

Notes G) 

(ai) 

(iii) 

Gv) 

EXAMPLE 40.4 
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| 
~~ Charging 

Suit Discharging 

t= CR 

The time constant of a circuit containing a given capacitor is proportional to 

R, and therefore the discharge takes place slowly when there is a large series 

resistance. 

From equation [40.13], V = —Vza, i.e. the PD across the capacitor is equal 

and opposite to that across the resistor. 

It can be shown that when a capacitor is charged whilst in series with a 

resistance R, Q = Qo(1 —e-/°) where Qo is the final charge, i.e. when 

t = oo (see Fig. 40.11). 

From equations [40.13] and [40.15] 

Ue = ae e 

ie. I = —(Vo/R)eo/® 

i.e. the current during discharge also decreases exponentially. (The minus 

sign arises because in applying Kirchhoffs second rule we traversed the 

circuit in the opposite direction to that in which the current is actually 

flowing. Note that, since I = dQ/dt, this makes dQ/dz negative and is 

therefore consistent with Q decreasing as t increases.) Note in particular 

that the size of the current is greatest whent =. 0. Thisis also true in the case 

of the charging process. The current is normally taken to be positive in 

problems requiring numerical answers. 

A 5.0 uF capacitor is charged by a 12 V supply and is then discharged through a 

2.0 MQ resistor. 

(a) What is the charge on the capacitor at the start of the discharge? 

(b) What is: (i) the charge on the capacitor, (ii) the PD across the capacitor, 

(iii) the current in the circuit 5.0 s after the discharge starts? 

Solution 

(a) The PD across the capacitor at the start of the discharge is 12V and 

therefore the initial charge Qo is given by Q = VC as 

Oo =. 12x50 x 10° = 60 x 1076 C 

i.e. Initial charge = 60 uC 
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(b) @ 

Gi) 

Gii) 

QUESTIONS 40B 

SECTION F: ELECTRICITY AND MAGNETISM 

By tO =-Qoe7/® with Oy 60x10 EC ni =) 50nd 
CR.= 5.0 x 1076x 2.0 x.10° = 10s 

Q = 60 x 10-6 e779/100 — 3.64 x 107C 

i.e. Charge after 5.0s = 36 uC 

By V = O/¢ 

3.64 x 10° 
= ———— = 7.28V 

4 50ra LO 

re=PDiafter SOs =73V 

The PD across the resistor is equal to the PD across the capacitor*, 

and therefore the current, I, through the resistor (i.e. the current in 

the circuit) is given by J = V/R as 

T28 
E T PGA OMA 
ETATE æ 

i.e. -Current after 5.0s = 3.6 uA 

1. A 500 uF capacitor with a charge of 3000 uC is (a) the initial discharge current, (b) the cur- 
discharged through a 200 kQ resistor. What is rent after 20 s? 

40.11 PRACTICAL CAPACITORS 

Fig. 40.12 
Paper capacitor 

For a parallel-plate capacitor C = ¢A/d, and therefore large capacitances are 
achieved by having: (i) plates of large area, (ii) plates which are very close together, 
i.e. a thin layer of dielectric, (iii) a dielectric which has a high permittivity. Note, 
however, that there is no point in choosing to use a particular dielectric simply 
because its permittivity is high if it cannot be produced in the form of thin sheets. 

Paper Capacitors 

A paper capacitor is shown in Fig. 40.12. It consists of two long strips of metal foil 
(the electrodes) between which are two thin strips of paper (the dielectric). The 

~ Waxed paper 
Strips of 
metal 
foil 

a 

Metal SE Foil strip extends disc in 
beyond the paper so contact 

nen that it is in contact with one ; . foil Stab rl ci disc (not 

*Strictly, they are equal and opposite (see note (ii) on p. 603) but there would be no point including a 
minus sign here. 
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Fig. 40.13 
Electrolytic capacitor and 
its circuit symbol 

605 

‘sandwich’ is tightly rolled to form a small cylinder, so that the arrangement is 

essentially a parallel-plate capacitor of large surface area, occupying only a small 
volume. 

There is amaximum electric field strength at which any given insulator can operate 

without breaking down (i.e. without ceasing to act as an insulator). There is 

therefore a maximum potential difference which can be applied across a given 

thickness of paper, and the paper in any particular capacitor must be thick enough 

to withstand the voltage at which the device is intended to operate. The insulating 

properties can be improved by impregnating the paper with paraffin wax. 

Paper capacitors have capacitances ranging from about 10-7 uF to 10 uF. Their 

stability is poor but they are cheap, and they are extensively used. Paper capacitors 

are suitable for use in circuits where the frequency is between 100 Hz and 1 MHz. 

Capacitors of this type which make use of thin sheets of polystyrene rather than 

paper have greater stability and can be used at higher frequencies. 

Electrolytic Capacitors 

An electrolytic capacitor is shown in Fig. 40.13 together with its circuit symbol. 

Electrolytic capacitors are made by passing a current through the aluminium 

borate soaked paper using the two strips of aluminium foil as electrodes. This 

produces a thin film of aluminium oxide on the electrode which is acting as the 

anode, and it is this oxide film which is the dielectric of the capacitor. The capacitor 

plates are the aluminium anode and the electrolyte (i.e. the aluminium borate). 

The connection to the electrolyte is made via the cathode. 

Negative terminal 
Aluminium of capacitor 
foil 
cathode a gan 

Aluminium foil anode (+) 
acquires an oxide 
coating 

Positive goes i Paper strips 
terminal soaked in 
of capacitor aluminium borate 

Lafi 

Les 
Anode Cathode 

The oxide layer dielectric can withstand very high electric fields and therefo
re can 

be extremely thin (as little as 10-7 m for a capacitor operating at 100 V). Asa result, 

electrolytic capacitors with capacitances of as much as 10° yF are still physically 

small. 

In order to maintain the oxide layer, a small leakage current of about 1 mA has to 

flow through the capacitor whilst it is being used. It is important that this current 

always flows in a particular direction. Consequently the anode terminal is usually 

marked with a plus sign or is coloured red to indicate that it is to be connected to 

the positive side of the circuit in which the capacitor is being used. 

The stability of electrolytic capacitors is very poor and they cannot be used at 

frequencies above about 10 kHz. 
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Fig. 40.14 
Variable air capacitor and 
circuit symbol 

SECTION F: ELECTRICITY AND MAGNETISM 

Variable Air Capacitor 

This type of capacitor (Fig. 40.14) is much used in the tuning circuits of radio 

receivers (see section 43.13). The capacitor consists of two interleaved sets of 

metal plates which are parallel to each other. One set of plates is attached to a 

spindle and can be moved in or out of the other set. Since the capacitance of a 

parallel-plate capacitor is proportional to the area of overlap of its plates, this alters 

the capacitance. 5 

Movable plates 

Fixed plates 

40.12 EXPERIMENTAL DETERMINATION OF 
CAPACITANCE AND RELATED EXPERIMENTS 

Fig. 40.15 
Measurement of 
capacitance using a 
vibrating reed 

Measurement of Capacitance 

The circuit is shown in Fig. 40.15(a) and involves a vibrating reed switch (Fig. 
40.15(b)). (Alternative methods are given in sections 40.13 and 42.21.) The 
switch contains two contacts, X and Y, one of which, X, becomes magnetized 

4 

Vibrating 

Steady 
DC 
supply 
SATO) as athe 

= 

I 
u 

(a) 

Coil to 
magnetize 
reed and 
magnetic 
contact 

Alternating PD of 
“N frequency ffrom 

signal generator 

Reed in 
evacuated 
glass capsule 

Diode to 
rectify 

(b) Z AC signal 
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when it is in a magnetic field. The reed itselfis also magnetized when in a magnetic 

field. The switch is surrounded by a coil connected to an alternating supply via a 

rectifier. On that half of the cycle that current is flowing through the coil, the reed 

and X become oppositely magnetized and the reed moves across to X providing a 

current path from X to Z. On the non-conducting half of the cycle the reed springs 

back to Y so that the current path is now from Y to Z. The reed therefore oscillates 

between X and Y at the frequency of the alternating supply. 

As the reed vibrates, the capacitor is repeatedly charged by the DC supply and then 

discharged through the microammeter. If the charge on the capacitor is Q when it 

is fully charged, then Q is the quantity of charge which flows through the 

microammeter each time the capacitor discharges. If the frequency of the 

alternating supply is f, the charge which flows through the meter in one second 

is Qf, i.e. the current, J, through the microammeter is given by 

I= Of 
If the capacitance of the capacitor is C, then 

ISESKOG 

where V is the PD across the capacitor when it is fully charged, i.e. the voltage 

registered by the voltmeter. Hence C. 

(i) Itis sometimes necessary to protect the microammeter from current surges 

by putting a suitably large resistance in series with it. (This resistance should 

not be so large that the capacitor does not have time to discharge 

completely.) 

(ii) It is desirable that both V and fare large so that J is not so small that its 

measurement presents difficulties. There is, however, an upper limit to f 

which is determined by the maximum speed of response of the reed; this is 

typically 1000 Hz. 

To Verify that Qx V 

This involves measuring Jas a function of V whilst the frequency is kept constant. 

When the frequency is constant J is proportional to Q. It can be verified that Q is 

proportional to V, therefore, by plotting a graph of J against V and obtaining a 

straight line which passes through the origin. 

Measurement of £ (and zo) 

For a parallel-plate capacitor C = «A /d. It follows that the permittivity, £, of the 

material between the plates of such a capacitor can be determined by measuring C 

together with A and d. 

With air between the plates the method gives a value for éo, the permittivity of free 

space. (There is no point in taking the trouble to evacuate the region between the 

plates because at the level of accuracy obtainable £o is indistinguishable from the 

permittivity of air.) 

To Verify that C « A/d fora Parallel-plate 

Capacitor 

For a parallel-plate capacitor C = A/d. By altering the area of overlap and the 

separation of two large metal plates it is possible to measure C asa function of A 

and d. A graph of C against A/disa straight line through the
 origin and verifies that 

C «x A/d. (The gradient of the graph is e.) 
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Measurement of the Capacitance of an Isolated 
Sphere 

When the capacitance being measured is that of an isolated sphere M and N in Fig. 

40.15(a) are respectively the sphere and an earth. 

40.13 THE DC AMPLIFIER 

Fig. 40.16 
DC amplifier 

ADC amplifier (Fig. 40.16) is an electronic device which acts as a voltmeter with a 

very high input resistance (typically 10'*Q). The instrument is designed to 

produce an output current which is proportional to the PD across its input 

terminals. The PD to be measured is applied to the input terminals and produces a 

reading on a microammeter connected across the output terminals. A typical 

instrument gives a full scale deflection on a 0-100 uA meter when the PD across 

the input is 1 V. Before the DC amplifier is used, it must be calibrated by applying a 

known PD of 1 V to the input and adjusting a sensitivity control (not shown) to give 

a reading of 100 uA on the microammeter. 

Function switch Amplifier 

Microammeter 

0-100 nA 

Input 
terminals 

Output terminals 

Although it is basically a voltmeter, a DC amplifier can be adapted to measure very 
small charges (<10~° C) and very small currents (<10~!! A). 

Measurement of Charge and Capacitance 

By use of the function switch a capacitor, C, whose capacitance is known, is 
connected (internally) across the input. Capacitances of 10~7 F, 10-8 F and 10-9 F 
are normally available. Suppose that the 10-8 F capacitor is selected and that the 
charge to be measured, Q, is on the plates ofa capacitor, C’. (It might equally well 
be on a proof plane or the dome of a Van de Graaff generator, etc.) In order that it 
can be measured, Qhas to be transferred to the plates of C (the 10-8 F capacitor). 
Accordingly, C’ is connected across the input terminals of the DC amplifier so 
that C and C’ are in parallel, in which case, provided the capacitance of C’ is much 
less than that of C, practically the whole of the charge on C’ is transferred to C. 
Suppose that the charge transfer produces a (steady) reading of 20 vA on the 
rmicroammeter. Since the instrument is calibrated to register 100 HA for an input 
PD of 1 V, it follows that the PD across C is 0.2 V and that (by Q = GV) the 
charge on C is 1078 x 0.2 = 2 x 10°C. As long as the capacitance of C’ is 



CAPACITORS 

Notes 

Note 

609 

much less than that of C, 2 x 107° C can be taken to be the charge that was 

originally on C’. Further, if the PD across C’ before it was connected to C was 

20 V, say, then the capacitance of C’ is 2 x 10°-°/20 = 10- "F. 

(i) The capacitance of C’ is only 1% of that of C, in which case 99% of the 

charge on C’ will have been transferred to C. 

(ii) C discharges through the DC amplifier, but because its resistance is very 

high (~ 10! Q) the discharge takes place very slowly and the microammeter 

reading is to all intents and purposes steady; there is, therefore, ample time to 

take the reading. 

Measurement of Current 

By use of the function switch a resistor, R, whose resistance is known, is connected 

(internally) across the input of the DC amplifier. Resistances of 10°Q, 10°Q, 

10!°Q and 10!1Q are normally available. Suppose that the 10'°Q resistor is 

selected. The current to be measured, I, is caused to flow through this resistor by 

connecting the source of the current (e.g. an ionization chamber) across the input 

terminals. Suppose that this produces a reading of 40 uA on the microammeter. 

Since the DC amplifier is calibrated to register 100 uA for an input PD of 1 V, it 

follows that the PD across the 107!°Q resistor is 0.4V and that (since 

BES VERY 00 eS 4 102 As 

The input resistance of the DC amplifier (~ 10° Q) is much higher than that of R 

(10!°Q in this example) and therefore, although the two resistances are in parallel, 

only an insignificant fraction (0.1%) of J flows through the 10? Q resistance. 

40.14 ANALOGY BETWEEN A CHARGED CAPACITOR 

AND A STRETCHED SPRING 

It is possible to draw an analogy between a charged capacitor and a stretched 

spring which obeys Hooke’s law. i 

(i) They both store energy. 

(ii) The more a spring is stretched, the harder it becomes to stretch it any further 

because work has to be done against the ever increasing tension in the spring. 

Similarly, the more a capacitor is charged, the harder it becomes to charge it 

further because work has to be done against the ever increasing potential 

difference across the plates of the capacitor. 

(iii) The tension, F, in a spring whose extension is x and which obeys Hooke’s 

law is given by F = kx, where k is the spring constant (sections 7.5 and 

7.7). It can be shown* that F, k and x are respectively analogous to V, 1/C 

and Qand therefore that F = kxisanalogousto V = (1/C)Q. The three 

expressions for the energy of a charged capacitor (section 40.8) are 

analogous to those derived in section 7.7 for a stretched spring — see 

Table 40.3. 

*We stated in (ii) that in stretching a spring work has to be done against tension, and that in charging a 

capacitor work is done against potential difference. This gives us aclue tha
t F and V are analogous. 

It is no more than a clue, however, for we could just as easily have said that in charging a capacitor 

work is done against the ever-increasing charge on the plates, an
d this would make F analogous to Q, 

in which case k would be analogous to C rather than to 1/C. We show in (iv) that it is k and 1 /C that 

are analogous to each other. 
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Table 40.3 Comparison Stretched spring Analogous expressions 
of Springs and Capacitors Which fon 

obeys Hooke’s law a charged capacitor 

(iv) Ifa charged capacitor is connected across an inductor (see section 42.14), 

the capacitor repeatedly discharges and charges up again. The current in the 

circuit oscillates sinusoidally. This may be compared with a mass on an 

oscillating spring. The respective periods of oscillation are given by 

Period = 2nVLC and Period = 22,/m/k 

This confirms our previous assertion that k is analogous to 1/C, and also 

shows that mass (m) is analogous to inductance (L). There is bound to be 

some resistance in the circuit (mainly that of the inductor). This causes the 

oscillations to die away and corresponds to the way in which the motion ofan 

oscillating spring is damped by any viscous forces that are present. Thus 

electrical resistance is analogous to viscosity. The reader may find it useful to 

compare Fig. 29.4 and Fig. 43.10. 

CONSOLIDATION es 

C= = This equation defines capacitance. 

Energy stored = a = C = 10V 

Parallel Plate Capacitor 

C = — where ¢ = Ge 
d 

Capacitors in Parallel 

Same PD across each. 

Cr Gi + C2+ C3... 

Capacitors in Series 

Same charge on each. 

1 1 1 1 
=F G a Veteran fet 

Discharging Through a Resistor 

O= Orea and Vig eg CF 

Time constant = CR = Time to fall to Qo = Jo 
e e 

R R be positive in problems requiring 

res Lapa E @nt/OR (Ses Current is normally taken to 

numerical answers. 
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MAGNETIC EFFECTS OF 
ELECTRIC CURRENTS 

41.1 MAGNETIC FIELDS 

The region around a magnet where magnetic effects can be experienced is called 

the magnetic field of the magnet. The direction of a field, at a point, is taken to be 

the direction in which a north magnetic pole would move under the influence of 

the field if it were placed at that point. The path which such a pole would follow is 

called a magnetic field line (or line of force). Field lines are directed away from 

the north poles of magnets because ‘like’ poles repel each other. ae a 

41.2 MAGNETIC FLUX DENSITY (8) 

Fig. 41.1 
Field lines and flux 

density 

The magnitude and direction of a magnetic field can be represented by its 

magnetic flux density (B). (This is sometimes called magnetic induction.) 

Flux density is proportional to magnetic field strength (H) (see section 41.4). 

The unit of flux density is the tesla (T). (The tesla is defined in section 41.7.) 

The direction of the flux density at a point is that of the tangent to the field line at 

the point. The magnitude of the flux density is high where the number of field lines 

per unit area is high (see Fig. 41.1). 

Direction 
of Bat P 

ee —— > 
—_—____ > 

——<—<—————————————$— ee 
—_____ > 

piel == 
Field lines close Field lines are 

together — B large parallel and 

therefore Bis 
constant, i.e. 

Bsmall a uniform field 
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41.3 MAGNETIC FLUX (P) 

Fig. 41.2 
Magnetic flux 

Note 

The magnetic flux (®) through a region is a measure of the number of magnetic 

field lines passing through the region. The flux through an area A (Fig. 41.2), the 

normal to which lies at angle 0 to a field of flux density B, is given by 

® = ABcosé : [41.1] 

7 B cos @ (the component of 
Region of B along the normal) 
area A 

The unit of magnetic flux is the weber (Wb). 

One tesla = 1 weber per square metre, i.e. 1 T = 1 Wb m`? 

41.4 MAGNETIC FIELDS OF CURRENT-CARRYING 
CONDUCTORS 

Fig. 41.3 
Magnetic field due to a 
wire carrying a current 

In 1820 Oersted discovered that a wire carrying an electric current has an 

associated magnetic field. For a straight wire the field lines are a series of 

concentric circles centred on the wire (Fig. 41.3). The direction of the field can be 

found by using the right-hand grip rule: 

Grip the wire using the right hand with the thumb pointing in the direction of 
the current — the fingers then point in the direction of the field. 

Current 

Field lines 

The field of a wire can be intensified by coiling it to form a solenoid. The field 
of a solenoid is shown in Fig. 41.4 together with those of a plane circular coil anda 
bar magnet. The directions of the fields associated with both the solenoid and the 
coil can be found by applying the right-hand grip rule to small sections of them, or 

from Qanad Q (Fig. 41.4(a)). 

Expressions for the magnetic flux density in four important cases are given below. 
Three of the expressions are derived in section 41.5. 
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Fig. 41.4 (a) 
Magnetic field due to: 
(a) a solenoid, (b) a plane 
circular coil, (c) a bar 
magnet 

Note. The field lines run from | 
N to S outside the solenoid. 

Viewed from here the Viewed from here the 

current is clockwise current is anticlockwise 

and this end acts like the and this end acts like the 
S-pole of a bar magnet N-pole of a bar magnet 

(b) (c) 

Flux Density Due to an Infinitely Long Straight 

Wire 

The magnetic flux density at P (Fig. 41.5) is directed into the paper (by the right- 

hand grip rule) and its magnitude, B, is given by 

po ae [41.2] 
- ota 

where 

B = the flux density (T) 

I = the current in the wire (A) 

a = the perpendicular distance of P from the wire (m) 

lo = a constant of proportionality known as the permeability of free 

space (vacuum). It is assigned the value of 4r x 107’ henrys per 

metre (i.e. 4n x 10°’ Hm’). 
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Fig. 41.5 
To calculate the magnetic 
flux density near a 
current-carrying wire 

Notes 

Fig. 41.6 
To calculate the magnetic 
flux density in an 
infinitely long solenoid 

Notes 

(i) 

Gi) 

SECTION F: ELECTRICITY AND MAGNETISM 

lafinitely P (Flux density into paper) 

long 
straight 
wire n 

The permeability of air is very nearly the same as that of vacuum and can be 

taken to be equal to pip. Equation [41.2] and the expressions that follow 

therefore apply to conductors in both vacuum and air. 

Real conductors are not infinitely long; however equation [41.2] is usually a 

good enough approximation if a is less than about one-twentieth of the 

length of the conductor and B is being calculated at the middle. 

Flux Density on the Axis of an Infinitely Long 
Solenoid 

The magnetic flux density on the axis of an infinitely long solenoid (Fig. 41.6) is 

directed along the axis and its magnitude, B, is given by 

[41.3] 

where 

B = flux density (T) 

lo = the permeability of free space (= 4r x 1077 Hm!) 

n = the number of turns per unit length (m~!) 

= the current through the solenoid (A). 

Current flowing 

Infinitely long out of paper 
solenoid 

© © © © © A © © © 

—S=S — eB ll — 

G) 

Gi) 

Gii) 

Current flowing 
into paper 

nI is called the ampere-turns per metre. It is equal to the magnetic field 

strength, H, and therefore by equation [41.3] B= uH. The unit of 
magnetic field strength is the ampere per metre (Am~!). 

Real solenoids are not infinitely long; however equation [41.3] is usually a 
good enough approximation if the length of the solenoid is at least ten times 
its diameter and B is being calculated at the middle. 

At either end ofa long thin solenoid the flux density along the axis is uynJ/2. 
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Fig. 41.7 
To calculate the magnetic 
flux density in a plane 
circular coil 

Fig. 41.8 
(a) Helmholtz coils. 
(b) Field pattern due to 
Helmholtz coils 

Fl ux Density at the Centre of a Plane Circular Coil 

The flux density at P, the centre of the plane (flat) circular coil shown in Fig. 
41 ie ni directed into the paper (by the right-hand grip rule) and its magnitude is 

given by 

POAN 3 a esi [41.4] 

where 

B = the flux density (T) 

lo = the permeability of free space (= 4x x 10-7 Hm“) 

N = the number of turns on the coil (pure number) 

I = the current in the coil (A) 

r = the radius of the coil (m). 

Plane (flat) 
A coil of N turns 

into paper) 

Flux Density of Helmholtz Coils 

Two identical coils connected in series so that they each carry the same current 

produce a uniform field over some distance close to their common axis if the 

separation of the coils is equal to their radius (Fig. 41.8(a)). The field pattern is 

shown in Fig. 41.8(b). The magnitude of the flux density in the region of uniform 

field is given by 

(a) 

NI 
Raoni 

A 

Aa 
axis E sit 

N turns 
Nturns ENN 

Field uniform 

(b) in this region 

Current flows 
in the same 

direction in 
each coil 
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where 

B = flux density (T) 

SECTION F: ELECTRICITY AND MAGNETISM 

lo = the permeability of free space (= 4x x 1077 Hm’) 

N = the number of turns on the coil (pure number) 

I = the current in each coil (A) 

r = the radius of each coil (m). 

QUESTIONS 41A 

1. A 2000 turn solenoid of length 40cm and 

resistance 16Q is connected to a 20V 

supply. What is the flux density at the 

mid point of the axis of the solenoid? 

(i) = 4n X 10-77 Hm",) 

A long wire (X) carrying a current of 30A 

is placed parallel to, and 3.0cm away from, 

a similar wire (Y) carrying a current of 

6.0A. What is the flux density midway 

between the wires: (a) when the currents 

are in the same direction, (b) when they 

are in opposite directions? (c) When the 

currents are in the same direction there is a 

point somewhere between X and Y at which 

the flux density is zero. How far from X is 
this point? 

(it) = 4n'X 107 Hm) 

41.5 THE BIOT—SAVART LAW 

Fig. 41.9 
Parameters in the Biot- 
Savart law 

The Biot—Savart law can be stated as: 

The magnetic flux density 6B at a point P which is a distance r from a very short 
length ôl of a conductor carrying a current I is given by 

I dlsin@ 
o— 

r2 
5B [41.5] 

where 0 is the angle between the short length and the line joining it to P (Fig. 41.9). 

I P 

aw 
ôB into 

aif the paper 

The direction of ôB is given by the right-hand grip rule. J ôl is called a current 
element. The constant of proportionality depends on the medium around the 
conductor. In vacuum (or air) the constant is written as Ug /4n and equation [41.5] 
becomes 

ee apn 
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The law cannot be tested directly, because it is not possible to have a current- 

carrying conductor of length ôl. However, it can be used to derive expressions for 

the flux densities of real conductors and these give values which are in agreement 

with those determined by experiment. 

t To Show that B = uoNI/2r at the Centre of Plane 
Circular Coil 

Fig. 41.10 ôl 

To calculate B at the 
centre of a plane circular 

d 0 = 90° 
coil 

The flux density 5B at P (Fig. 41.10) due to the short length ôl is given by equation 

[41.6] as 

Mo J dlsin@ 
B= — — 

> 4r re 

The total flux density, B, at P is the sum of the flux densities of all the short lengths, 

Le 

A Ho I dl sin 0 

pate py 

Every section of the coil is at a distance r from P and makes an angle of 90° with the 

line joining it to P, and therefore 

B= Ho I sin 90° eS ao 

~ Anr2 

te BE bot oer : 

Since 5° 0/ is the total length of the coil, i.e. its circumference, 27r, this becomes 

Hol 
B= Ane? 2ur 

; £ Hol 
ie? B = AA 

Ifthe coil has N turns each carrying current in the same sense, the contribution of 

each turn adds to that of every other and therefore 

Ho NI 

ae 2r 
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Fig. 41.11 
To calculate B due to an 
infinitely long conductor 

SECTION F: ELECTRICITY AND MAGNETISM 

To Show that B = Uol/2na for an Infinitely Long 
Conductor 

(a) (b) 

The flux density ôB at P (Fig. 41.11(a)) due to the short length ôl given by equation 
[41.6] as 

Ho I délsin@ 

4n r2 

From Fig. 41.11(a) 

0B = 

f= a sind 

and 

1 = acotd <. ôl = —acosec?6 60 

Substituting for r and ôl gives 

Mo I(—acosec’6 56) sin 0 6B = as 
4r (a/sin 0) 

ie. 6B eo ae 
4ra 

The total flux density, B, at P is the sum of the flux densities of all the short lengths 
and can be found by letting 60 — 0 and integrating over the whole length of the 
conductor. Thus 

=; 0 

p | sin 0 dð 
TA Jr 

(The limits of the integration are z and 0 because these are the values of 0 at the 
ends of the conductor — see Fig. 41.11(b).) Therefore, 

ihe 0 
Bisse -coso 

4ra 
T 
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Flux Density at Any Point on the Axis of a Plane 
Circular Coil 

Fig. 41.12 
To calculate Bon the axis 
of a plane circular coil 

Circular coil with its plane 
perpendicular to that of 
the paper 

The flux density 5B at P (Fig. 41.12) due to the short length 6/ of the coil at X, 

where X is in the plane of the paper, is given by equation [41.6] as 

Ho I ôlsin0 

An = 

and is in the plane of the paper and in the direction shown. 

6B = 

By symmetry, when all the short lengths ôl are taken into account, the components 

of magnitude ôB cos « sum to zero. Each short length produces a component of 

magnitude ôB sin « parallel to the axis, and all these components are in the 

direction shown. The total flux density is therefore in the direction of 6B sin a, and 

its magnitude B is given by 

B=) op sing 

Te B = Po gry sin & 
An s2 

The radius vector XP of each small length is perpendicular to it, so that 0 = 90° 

and therefore sin 0 = 1 in every case. Also, the length of each radius vector has the 

constant value s, and sin « is the same for each small length. Therefore 

Hol sing 
= ——) ĝl mA 

Since ôl = 2zr (the circumference of the coil), this becomes 

Lor sin « 
B = —— 

25? 

: But sin « = r/s, and therefore 

potr’ pa 
25 

and for a coil of N turns 

2 
= ale [41.7] 

s 

Note that when s = r, P is at the centre of the coil and equation [41.7] reduces to 

equation [41.4]. It is clear from Fig. 41.12 that s? = (r? +x’), and therefore 

equation [41.7] may be written in the alternative form 

WNI? 

2 x2 
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Fig. 41.13 
To calculate B on the axis 
of an infinitely long 
solenoid 

SECTION F: ELECTRICITY AND MAGNETISM 

To show that B = uoni on the Axis of an Infinitely 
Long Solenoid 

Consider the magnetic flux density 6B at P (Fig. 41.13) due to a section of the 

solenoid of length 6x. Since 6x is small, the section can be treated as a plane circular 

coil of N turns in which case ôB is given by equation [41.7] as 

[Mo NIr? 
ôB = 

253 

and is directed along the axis of the solenoid. 

Infinitely 
es 4 long solenoid 

Section of 
solenoid of 
length 5x 

If the solenoid has 7 turns per unit length, then N = n ôx, and therefore 

Lonlr’ôx 
ôB = 

253 

From Fig. 41.13 

sinb = rs Lng Er Bose h 

and 

idan hamri E =e i Sa 6x =—r cosec hp dB 

Substituting for s* and ôx gives 

UonIr? (—r cosec”f dp) 
OB: = 

2r° cosec? f 

Ww SpE Ae sin 8 5p 

The flux densities at P due to every section of the solenoid are all in the same 
direction and therefore the total flux density B can be found by letting ôß — 0 and 
integrating over the whole length of the solenoid. Thus, 

= I? 

BS = | sin $ dB 
T 

(The limits ofintegration are z and 0 because these are the values of f at the ends of 
the solenoid.) Therefore 

0 

BS Hon |- cos | 
2 

T 

i.e. B II onl 
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41.6 AMPERE’S LAW 

Ampère’s law is an alternative to the Biot-Savart law but it can be used only in 

certain situations. For conductors in a vacuum (or air) the law may be stated as 

$BoosOdl = pol [41.8] 

¢Bcos@dl is called the line integral of the flux density around a 

` closed path. It is the sum of the terms B cos 0 ôl for every 

very short length ôl of the closed path. 

B- is the magnitude of the flux density. 

0 isthe angle between a section of the path and the direction of the field 

at that section (see Fig. 41.14). 

I isthe current enclosed by the path. 

Fig. 41.14 B 

Parameters in Ampére’s 

law 
Part of 

9 od closed path 

di 

ôl 

In order to use the law it is necessary to choose a path for which it is possible to 

determine the value of the line integral. It is because there are many situations 

where there is no such path that the law is of limited use. In particular, it can be 

used to determine flux densities at points close to long straight conductors and 

along the axes of long solenoids; it cannot be used in the case of a plane circular 

coil. 

Ampère’s Law Applied to a Long Straight 

Conductor 

We choose as the closed path along which to carry out the integration a circle of 

radius a centred on the conductor (Fig. 41.15). The conductor is long and 

therefore by symmetry the flux density has a constant magnitude, B, at all points o
n 

the path, and is everywhere parallel to the path and therefore cos 0 = 1 at every 

point. It follows that 

Line integral = fBcos@dl = B $d! 

Fig. 41.15 
il, 

To calculate B close to a 
conductor using 
Ampére’s law 

The chosen 
. path - a 

Conductor carrying field line 

a current / into 
the paper 
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Fig. 41.16 
To calculate Bina 
solenoid using Ampére’s 
law 

SECTION F: ELECTRICITY AND MAGNETISM 

But 

¢di = 2na 

(Since 2zais the path length, i.e. the sum of the lengths 6/for the whole path.) Thus 

Line integral = B2ra 

Also 

Current enclosed = J 

Therefore by Ampére’s law (equation [41.8]) 

B2ra = pol 

i.e = Hol 
a 2ra 

Ampère’s Law Applied to a Long Thin Solenoid 

In Fig. 41.16, WXYZW is the closed path around which the integration is to take 
place. The flux density outside a solenoid is very much less than that inside. 
Therefore, in comparison with its value along WX, the flux density can be taken to 
be zero along YZ. Also, if the solenoid is long and thin, WX can be chosen to be 
very much greater than XY and ZW, in which case the contributions which XY and 
ZW make to the line integral can be taken to be zero. This leaves only WX to be 
considered, and the flux density is parallel to every section ôl of WX. Therefore 

Line integral = $ Bcos0d? = BWX 

where B is the magnitude of the flux density along WX, i.e. along the axis of the 
solenoid. 

Closed path for 
ae the integration 

Z N 
D saa Reese A A A a ae ary bo a hae N 

Long thin solenoid 
carrying a 
current / 

If the closed path encompasses N turns of the solenoid, 

Current enclosed = NI 

where J is the current flowing through the solenoid. 

Therefore by Ampére’s law (equation [41.8]) 

: Uo NI 
1:@: Joea E 

But N/WX is the number of turns per unit length, 7, of the solenoid and therefore 

B = jignl | 
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41.7 DESPO NOE ON A CONDUCTOR IN A MAGNETIC 

A current-carrying conductor in a magnetic field experiences a force. One can 

think of the force as being the result of the magnetic field of the conductor 

interacting with that in which it is situated. 

` The Magnitude of the Force 

In Fig. 41.17 

F = BILsin0 [41.9] 

where 

F = the force on the conductor (N) 

B = the magnitude of the magnetic flux density of the field (T) 

I = the current in the conductor (A) 

L = the length of the conductor (m). 

Fig. 41.17 Uniform magnetic 

Parameters in equation field in the plane 

for the force on a of the paper and 
A x of flux density B 

conductor in a magnetic 

field 

Conductor carrying 
a current /in 
the plane of the 
paper 

Notes (i) Itis clear from equation [41.9] that the force on the conductor has its 

maximum value when the conductor (and therefore the current) and the 

external field are at right angles to each other (0 = 2/2), and is zero when the 

conductor is parallel to the field (0 = 0). 

Gi) F«ILsin@ is an experimental result. F x BILsin@ follows from the 

definition of magnetic flux density. F = BIL sin follows from the 

definition of the unit of magnetic flux density — the tesla (T). Thus, 

2 One tesla is the magnetic flux density of a field in which a force of 
[newton acts on a 1 metre length of a conductor which is carrying a 

~ current of 1 ampere and is perpendicular to the field. 

The Direction of the Force 

Experiment shows that the force is always perpendicular to the plane which 

contains both the current and the external field at the site of the conductor. The 

direction of the force can be found by using Fleming’
s left-hand (motor) rule: 
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Ifthe first and second fingers and the thumb of the left hand are placed comfortably 

at right angles to each other, with the First finger pointing in the direction of the 

Field and the seCond finger pointing in the direction of the Current, then the 

thuMb points in the direction of the force, i.e. in the direction in which Motion 

takes place if the conductor is free to move (Fig. 41.18). 

Fig. 41.18 Trom 
Fleming's left-hand rule (force) 

First finger 

(field) 

2 Second finger 
(current) 

Applying the rule to the situation in Fig. 41.19 reveals that the forces act in the 
directions shown. The force experienced by the conductor shown in Fig. 41.17 is 
perpendicular to the paper and is directed into the paper. 

Fig. 41.19 
Application of Fleming's 
left-hand rule to a current 
carrying conductor : 
between the poles of a Field —__ Field 

Force Force magnet 
oes 

Conductor 

papacy 
east 

sane 
current ae 
into paper 

41.8 THE FORCE ON A CHARGED PARTICLE INA 
MAGNETIC FIELD 

The Magnitude of the Force 

In Fig. 41.20 

F = BQusind [41.10] 

where 

F = the force of the particle (N) 

B = the magnitude of the magnetic flux density of the field (T) 
Q = the charge on the particle (C) 

v = the magnitude of the velocity of the particle (ms_'). 
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Fig. 41.20 
Parameters in the 
equation for the force on 
a charged particle in a 
magnetic field 

Note 

Uniform magnetic 
/ field of flux 

oe density B 
ei. i I I&- 

v. 

Particle of 
charge Q a A o 

/ 

/ 

——_ 4 

It is clear from equation [41.10] that a magnetic field cannot exert a force ona 

stationary charged particle. 

The Direction of the Force 

The force on a positively charged particle is in the same direction as that on a 

conductor which is carrying a current in the same direction as that in which the 

particle is moving. It follows that the direction of the force can be found by using 

Fleming’s left-hand rule. Thus, if the particle shown in Fig. 41.20 is positively 

charged, the force acting on it is directed perpendicularly into the paper. A 

negatively charged particle feels a force in the opposite direction. 

QUESTIONS 41B 

1. Diagrams (a) to (c) show a magnetic field of (a) (b) (c) 

flux density 0.20T directed perpendicularly 

into the paper. In each of (a) and (b)a 

conductor of length 0.30m is entirely within 

the field and is carrying a current of 4.0 A in the 

plane of the paper. In (c) an electron is moving 

in the plane of the paper at 2.0 x 10°ms"'. 

Copy the diagrams and show the direction of the 

force in each case. Also find the magnitude of 

the forces. 

(Charge on the electron = 1.6 x 107” C.) 

x x x x 

4.0A 4.0A 

x x nck x x 

Nin x 108m s 
x x x x 

- 
Field of flux density 
0.20 T directed into 

paper 

41.9 RELATIONSHIP BETWEEN THE FORCE ON A 

CONDUCTOR AND THE FORCE ON A CHARGED 

PARTICLE 3 

Anelectric current is a flow of charge. It is therefore reasonable to suppose that the 

force experienced by a current-carrying conductor in a magnetic field is simply the 

resultant of the forces felt by the moving charges which constitute the current. If 

this supposition is correct, then it should be possible to derive the expression for 

the force acting on a current-carrying conductor (equation [41.9]) from the 

expression for the force acting on a charged particle (equation [41.10]). This is 

done below for the particular case of an electron current. 

Suppose that in a length L of a conductor there are N electrons moving with an 

average (drift) velocity v (Fig. 41.21). The time required for all these electrons to 

emerge from face X is L/v, and therefore the rate of flow of charge past X is 

Ne 

L/v 
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Fig. 41.21 
A metallic conductor 
carrying a current 

SECTION F: ELECTRICITY AND MAGNETISM 

Face X 

N electrons with 
an average (drift) 
velocity v 

where e is the charge on each electron. Thus, the current, J, in the conductor is 
given by 

Lie a a a 41.11 
L/v L l 

Ifthe conductor is at an angle 0 to a magnetic field of flux density B, then it follows 
from equation [41.10] that the total force, F, felt by (all) the electrons is given by 

F = NBevsin0 

Substituting for Nev from equation [41.11] gives 

Le Siro 

This is equation [41.9] and therefore it can be concluded that equation [41.9] and 
equation [41.10] are equivalent and that the original supposition is correct. 

We have seen that the force experienced by a current-carrying conductor is 
fundamentally a force on the moving charges within the conductor. It is also 
reasonable to suppose that the magnetic field set up by the current-carrying 
conductor is itself due to the moving charges which constitute the current. Thus, a 
moving charge sets up a magnetic field and this exerts a force on any other charge 
which is moving in the field, i.e. a moving charge exerts a magnetic force on 
another moving charge. This force is quite distinct from the electrostatic 
(Coulomb) force which exists between charges whether they are moving or not. 

41.10 THE FORCES BETWEEN TWO CURRENT- 
CARRYING CONDUCTORS 

Iftwo current-carrying conductors are close together, then each is in the magnetic 
field of the other and therefore each experiences a force. 

In Fig. 41.22, X and Y are two infinitely long parallel conductors carrying currents 
I, and J, respectively. The conductors are in vacuum and their separation is a. 
From equation [41.2], the magnitude of the magnetic flux density, B, at any point, 
P, on Y due to the current in X is given by 

Mol 
B= oat [41.12] 

and, by the right-hand grip rule, the field is directed into the paper. 

From equation [41.9], alength L of Y experiences a force, F, which is given by 

F = BbLsin@ 

where 0 is the angle between the direction of I, and the field along Y, and is 
therefore 90°, in which case 

Fes BEL 
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Fig. 41.22 
Forces between two a G 
conductors h b 

SA E 

P 

F F se Ise 

Magnetic field 
directed into 

x | x ————_ the paper and 
` 5 due to the 

current in X 

xJ x 

x M 

Substituting for B from equation [41.12] gives 

RRL 
Era [41.13] 

By Fleming’s left-hand rule, the force is directed towards X as shown. 

Similar reasoning reveals that X is subject to a force of the same magnitude. 

(Alternatively, this result can be deduced by noting that equation [41.13] is 

symmetrical in J; and I.) The force on X is in the opposite direction to that on Y 

because the field along X is directed out of the paper. 

Thus, the forces are such that the wires attract each other. It can be shown that 

when the currents are in opposite directions the wires repel each other. Thus: like 

currents attract; unlike currents repel. 

41.11 DEFINITION OF THE AMPERE AND THE VALUE 

OF Lo 

Equation [41.13] defines the ampere. ‘Thus: 

The ampere is that steady current which, when it is flowing in each of two 

infinitely long, straight, parallel conductors which have negligible areas of 

cross-section and are 1 metre apart in a vacuum, Causes each conductor to 

exert a force of 2 x 1077 N on each metre of the other. 

Notes (i) The choice ofa force of 2 x 10-7 N makes the value of the ampere defined in 

this way very close to the value it had according to a previous definition based 

on the chemical effect of a current. 

(ii) From the definition of the ampere, in equation [41.13] I; =h = 1 A when 

F—2.x10-7’N, a= 1m and L = 1m, and therefore 

mE ' 3.47) SE 

Spode = FF 

per ue 4a 10 Hm 

Thus, the definition of the ampere assigns [lo a value of 4r x 107 Hm". 
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41.12 THE TORQUE ON A COIL IN A MAGNETIC FIELD 

Fig. 41.23 
Torque on a coil 

In Fig 41.23 a rectangular coil is suspended in such a way that it can turn about a 

vertical axis PQ. The coil is in a magnetic field of flux density B and the plane of 

the coil is parallel to the field. A current, J, is flowing round the coil in the direction 
shown. 

Magnetic field of 
EA flux density B 

By Fleming’s left-hand rule, the vertical side WZ of the coil experiences a force F 
which is directed perpendicularly into the paper. There is an equal and opposite 
force on XY. (Since the plane of the coil is parallel to the field there is no force on 
either WX or ZY.) The forces on WZ and XY constitute a couple whose torque T 
is given by : 

T= Fb [41.14] 
where b is the width of the coil. The directions of the currents in WZ and XY are 
each at 90° to the magnetic field, and therefore from equation [41.9] 

i = BIL sin 90° 

Len ree BIE [41.15] 

\ 

where L is the length of each vertical side of the coil. Substituting for F in 
equation [41.14] gives 

Te = BILD 

ie. T-=-BIA 

where A = the area of the coil. 

For a coil of N turns 

T = BIAN [41.16] 
In a radial field (see section 41.14) the plane of the coil is always parallel to the 
field, in which case equation [41. 16] applies for all orientations of the coil. On the 
other hand, if the coil is in a uniform field, then as soon as it turns under the 
influence of the torque it ceases to be parallel to the field. Fig. 41.24 shows the 
situation of the coil from above when it is at some angle ¢ to the field. Note that 
even though the coil has turned, its vertical sides WZ and XY are still 
perpendicular to the field. The forces acting on WZ and XY therefore have the 
same magnitude and the same directions as they had before the coil turned. 
However, the separation of the forces alters so that the torque, T, has a reduced 
value given by 

T = Fb cos ġ 
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Fig. 41.24 
Torque on a coil at an 
angle to the magnetic 
field 

Therefore from equation [41.15], in general 

3 = BIAN cos¢ [41.17] 

Notes (i) For values of ¢ other than zero the field exerts forces on WX and ZY, but 

these forces are always parallel to the axis about which the coil is turning and 

therefore make no contribution to the torque. For 0 < ¢ < z the forces on 

WX and ZY tend to increase the height of the coil, for n < ¢ < 2r they tend 

to decrease its height. 

(ii) Equation [41.17] can be shown to hold for a coil of any shape provided that 

its area is A. 

41.13 ELECTROMAGNETIC MOMENT 

It has been found convenient to define a quantity known as the electromagnetic 

moment m (sometimes called magnetic moment) of a current-carrying coil. It 

can be thought of as that property which determines: 

(i) the magnitude of the torque that acts on the coil when itis ata given angle toa 

given magnetic field, and 

(ii) the angle at which the coil ultimately comes to rest in the field. 

Electromagnetic moment is a vector quantity. Its magnitude mcan be 

- defined as being numerically equal to the torque acting on the coil when it is 

parallel to a uniform field whose flux density is one tesla. 

Thus, in equation [41.17], T = m when B=1T and ¢ = 0, and therefore (by 

equation [41.17]) 

[41.18] 

The electromagnetic momentis along the normal to the coil and is in the direction 

in which a ‘right-handed’ corkscrew would advance if it were to be rotated in the 

same sense as that of the current flowing in the coil (see Fig. 41.25). 

Thus, the magnitude of m is equal to IAN and its direction depends on the 

direction of the current in the coil, and so m is a property of the coil itself and the 

current it is carrying. 
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Fig. 41.25 
Electromagnetic moment 
of a coil 

Notes (i) 

(ii) 

(iii) 

Fig. 41.26 
Torque on a coil aligning 
magnetic moment with 
magnetic field 

(av) 
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Coil of N 
turns and 
Ga Ae. ee 

It follows from equation [41.18] that the unit of m is A m°. 

From equations [41.17] and [41.18] the magnitude T of the torque acting 
on the coil in Fig. 41.24 can be written as $ 

The torque acts so as to align the electromagnetic moment with the field 
direction. This is illustrated in Fig. 41.26 — when m is parallel to B the 
torque is zero, i.e. the coil is in its equilibrium position. 

F 

T = Bmcos ġ d= 90° F = 0 

Area (surprisingly) is a vector quantity and equation [41.18] can be written 
in terms of vectors as m = IAN. The direction associated with A is the 
direction of m. 

A bar magnet also has an electromagnetic moment m. Its Magnitude is 
numerically equal to the torque acting on the magnet when it is perpendicular 
to a uniform field whose flux density is 1 T. The direction of m is along the axis of 
the magnet from the S pole to the N pole (Fig. 41.27). 

Note that for both a coil and a bar magnet the magnitude ofm is numerically equal 
to the maximum torque that acts in a field of one tesla. 

Fig. 41.27 

Electromagnetic moment 
of a bar magnet 

T = Bmsing @=0, T=0 
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41.14 THE MOVING-COIL GALVANOMETER 

The moving coil galvanometer makes use of the torque exerted on a current- 

carrying coil in a magnetic field. The coil is rectangular and consists of many turns 

of fine wire. In the most sensitive forms of the instrument the coil is suspended by a 

fine wire (Fig. 41.28(a)). A small mirror is attached to the coil and this reflects a 

beam of light on to a scale, the beam of light acting as a weightless pointer. Current 

is fed into and out of the coil by way of the support wires. 

Fig. 41.28 Fine ae : z 
Principle of the moving- eee oe 
coil galvanometer 

Mirror 

Coil 

Spring to keep 
suspension taut 

—_——_—_—_—_—_—$$_—$—— —$_ Fixed 
cylinder 

(a) 

Non-magnetic pin 

Curved pole piece to support cylinder 

of a strong permanent 
magnet \ 

Fixed soft Coil 
(b) iron cylinder 

The combination of the curved pole pieces and the soft iron cylinder 

ye (Fig. 41.28(b)) produces a radial magnetic field in the air gap. Therefore, no 

~*~ matter what its orientation, the coil is always parallel to the field and experiences
 a 

Se constant torque whose magnitude T is given by equation [41.16] as 

T = BIAN 
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where B is the flux density of the field in the air gap, J isthecurrentin the coil, A is 

the area of the coil and N is the number of turns on it. 

The coil turns under the influence of this torque and, as it does, it twists the 

suspension. This causes the suspension to exert an oppositely directed torque of 
magnitude T”, say. T’ is proportional to the angle 0 through which the suspension 
has been twisted, and therefore we can write 

Ti <> 60 

where c is a constant of proportionality known as the torsion constant of the 
suspension. 

The coil turns until the restoring torque is of the same magnitude as that due to the 
magnetic field, and therefore at equilibrium 

BIAN = cé 

i.e. [41.19] 

Thus, the deflection of the coil, 0, is proportional to the current through it and 
therefore the instrument can be calibrated with a linear scale. 

More robust forms of the instrument have jewelled bearings and hair-springs 
instead of the fine wire suspension, and use a pointer in place of the mirror. These 
pointer-type instruments are not sufficiently sensitive to detect currents which are 
less than about 1 wA. (The corresponding full-scale deflection would be much 
greater than this.) 

` 

Current Sensitivity S; 

The current sensitivity Sz is defined by 

Therefore from equation [41.19] 

and it follows that if the instrument is to have high current sensitivity, B, A and N 
must be large, c must be small. Each of these requirements is dealt with below. 
(a) B must be large. This is achieved by using a narrow air gap and a strong 

permanent magnet (typically B = 0.4 T). In addition the high value of B 
means that the instrument is almost totally uninfluenced by external 
magnetic fields (cf. the Earth’s field where B = 4 x 10-5 TE): 

(i) Nmgustbe large. There is, however, an upper limit to N because the sides 
of the coil have to be narrow enough to fit in the air gap. 

(ui) A must be large. There is an upper limit to A because it must not be so 
large that the instrument is unwieldy. Also, a coil of large area swings about 
its equilibrium position for a long time. 

(iv) c must be small. Thus a weak suspension is required. It must not be too weak, for this would cause the coil to swing about its equilibrium position 
for a long time. 
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Voltage Sensitivity Sy 

The voltage sensitivity Sy, is defined by 

0 

cud te 
where V is the PD across the galvanometer which produces a deflection of 0. Fora 

coil of resistance, R, V = JR, where I is the current through the instrument. 

Therefore 

0 

IR 

in which case, by equation [41.19] 

ys 

_ BAN 
a cR 

It follows that high voltage sensitivity requires the same features as high current 

sensitivity, together with low coil resistance. 

In deciding which galvanometer to use in a particular circuit it is necessary to take 

account of the resistance of the circuit as a whole. It can be shown that it is desirable 

to transfer the maximum amount of power to the meter. This occurs when the 

resistance of the meter is equal to that of the rest of the circuit. It follows that in 

circuits of low resistance (Wheatstone bridge and potentiometer circuits often 

have low resistances) a galvanometer with a high voltage sensitivity is required. 

Notes (i) Moving-coil galvanometers can be adapted for use as ammeters and 

voltmeters by the addition of shunts and multipliers, respectively (see 

sections 36.7 and 36.8). 

(ii) Moving-coil galvanometers can be used to measure alternating currents 

and voltages if a rectifier is placed in series with the coil (see section 43. 15). 

(iii) The ballistic use of the galvanometer is dealt with in section 42.20. 

(iv) | Galvanometer damping is discussed in section 42.12. 

41.15 MEASUREMENT OF MAGNETIC FLUX DENSITY 

BY USING A CURRENT BALANCE 

A simple form of current balance is shown in Fig. 41.29. It consists of a wire frame 

(PQNM) pivoted about a horizontal axis (XY). The pivots are such that current 

can be fed into the frame at one of them and out at the other. 

Suppose that it is desired to measure the magnitude, B, of the flux density inside a 

solenoid. The solenoid is arranged so that its field is perpendicular to PQ, as 

shown. With no current flowing, the frame is made horizontal (pointer indicating 

zero) by adding small riders to MN or PQ as necessary. A current J is then passed 

through the frame in the direction shown. This produces a downward directed 

force on PQ. The direction of the field is perpendicular to PQ, and therefore from 

equation [41.9] 

Force due to field = BIL 
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Solenoid whose 
flux density B 

Knife is being measured 

edge f 

Insulator y 

M 

Fig. 41.29 
Current balance 

Top 
view 

Scale 

299090gn0n0000000000000 

/ B — 

Side 
view 0 < m A 

- ——$———<—$— 

foleolololololozelelelelolelolelolololelelo| 

where L is the length of PQ. The frame is restored to the horizontal by adding 
more riders, of mass m and weight mg, to MN. If MN and PQ are equidistant from 
the axis XY, then 

Force due to riders = Force due to field 

mg = BIL 

mg 
1.€. = IL [41.20] 

41.146 ABSOLUTE MEASUREMENT OF CURRENT BY 
USING A CURRENT BALANCE 

The arrangement shown in Fig. 41.29 can be used to make an absolute 
determination of the current in PQ if the frame is connected in series with the 
solenoid. Such a connection ensures that the same current (1) flows through the 
solenoid as through PQ. The magnitude, B, of the flux density inside the solenoid 
is therefore given by equation [41.3] as 

B= final 

where n is the number of turns per unit length of the solenoid and pio is the 
permeability of vacuum (air). 

*Strictly, this expression applies only if the solenoid is infinitely long. It is, however, accurate enough for most purposes if the length of the solenoid is at least ten times its diameter and PQ is at the middle. 
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Substituting for B in equation [41.20] gives 

mg 
I = — Hon TL 

mg 

HonL 
[41.21] 

Equation [41.21] allows J to be calculated from the values of the mechanical 
quantities m, g, n and L, and plo whose value is defined as 4x x 10-7 H m~!. 

An even simpler, but less accurate, arrangement is shown in Fig. 41.30. P’Q’ isa 

long, fixed straight wire which is parallel to PQ and vertically below it. The two 

wires are in series so that each carries the same current, J. If the currents in PQ and 

P’Q’ are in opposite directions, PQ feels an upward directed force whose 

magnitude, F, is given by equation [41.13] as 

Hol “L 

2ra 

where a is the separation of PQ and P’Q’ and L is the length of PQ. If m is the mass 

of the rider which has to be placed on PQ to keep the frame horizontal, then 

2 
Mol “L 

=M 
2ra = 

i.e. — 2namg 

Hol 

Fig. 41.30 
Simplified current 

balance 

This arrangement is normally less accurate than that involving a solenoid 

because a solenoid is likely to exert a much greater force than a straight wire such as 

P’Q’. (The force per unit length on PQ when PQ’ is 5mm below it and is 

carrying a current of 1 Ais only 4 x 10° Nm’. The force per unit length due toa 

solenoid of 2000 turns per metre and carrying 1A is approximately 

2.5 x 10°7Nm.) 

The current balance is not normally used to measure currents directly, but is 

used to calibrate more convenient instruments such as the moving-coil ammeter. 

Elaborate versions of the current balance have accuracies of about 1 part in 10 . 
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41.17 THE HALL EFFECT 

Fig. 41.31 
Hall effect in a conductor 

Consider a piece of conducting material in a magnetic field of flux density B 

(Fig. 41.31). Suppose that the field is directed (perpendicularly) into the paper, 

and that there is a current flowing from right to left. If the material is a metal, the 

current is carried by electrons moving from left to right. 

Current q 

Consider the situation of one of these electrons and suppose that it has a velocity v. 
The electron feels a force, F, which, by Fleming’s left-hand rule, is directed 
downwards as shown. Thus, in addition to the electron flow from left to right, 
electrons are urged away from face Y and towards face X. A negative charge builds 
up on X, leaving a positive charge on Y, so that a potential difference is established 
between X and Y. The build-up of charge continues until the potential difference 
becomes so large that it prevents any further increase. This, maximum, potential 
difference is called the Hall voltage. 

Let Fy be the force exerted on an electron by the PD between X and Y. Therefore, 
when the build-up of charge on X and Y has ceased 

F =F, [41.22] 
By equation [41.10], for an electron whose component of velocity at right angles to 
the field is v 

F = Bev 

where e is the charge on the electron. Also by equations [39.8] and [39.10] 

Vi 
Fy = eh = 

where 

E = the strength of the uniform electric field between X and Y due to 
the Hall voltage 

Va = the Hall voltage 

d = the separation of X and Y. 
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Therefore, by equation [41.22] 

Bev = eku 
d 

i.e. Vy = Bvd [41.23] 

It has been shown (section 36.3) that the current, J, in a material is given by 

I = nAve 

where 

n = the number of charge carriers (electrons in metals) per unit volume 

of the material 

A = the cross-sectional area of the material 

v the drift velocity of the charge carriers* 

e = the charge on each charge carrier. 

Substituting for v in equation [41.23] gives 

BdI 

nAe 

In Fig. 41.31, A = dt and therefore 

Va = 

[41.24] 

It is clear from equation [41.24] that the Hall voltage is inversely proportional to 

the number of charge carriers per unit volume. There are typically 10* times as 

many charge carriers in metals as there are in extrinsic semiconductors (see 

Chapter 55). Therefore, whereas a typical Hall voltage for a metal might be as little 

as 1 uV, for a semiconductor under similar circumstances it would be about 10 mV. 

The Hall effect can be used to determine whether the charge carriers in a material 

are negative or positive (for example, whether a semiconductor is n-type or p- 

type). If the direction of the conventional current is to the left, as it is in Fig. 41.31, 

it must be due to either negative charge moving to the right or positive charge 

moving to the left. In each case the magnetic field exerts a downward directed 

force. This results in X becoming negative if the charge carriers are negative, and 

positive if the charge carriers are positive. Thus, by determining the polarity of the 

Hall voltage, it is possible to determine the nature of the charge carriers. 

41.18 MEASUREMENT OF MAGNETIC FLUX DENSITY 

BY MAKING USE OF THE HALL EFFECT 

The flux density, B, of a magnetic field can be measured by making use of a Hall 

probe. One version of the device has a small wafer of germanium (a 

semiconductor) mounted on the end of a long, narrow handle, so that it can 

conveniently be used to probe the magnetic field being examined. 

xA little thought should convince the reader that when large numbers of electrons are involved the v of 

equation [41.23] should be interpreted as drift velocity. 
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A current, J, is passed between two opposite faces of the germanium wafer. When 

the wafer is suitably orientated in a magnetic field, a Hall voltage, Vy, is established 

across two other faces. From the theory of the Hall effect (equation [41.24]), 

BI ae 
net 

en a ne [41.25] 

The value of net in equation [41.25] is normally supplied by the manufacturer of 

the probe, in which case B can be found by measuring J and Vy. A high- 

impedance voltmeter is used to measure V4. An ammeter with a full-scale 
deflection of 1A is suitable for measuring I. 

41.19 THE DC MOTOR 

Fig. 41.32 
Principle of a DC motor 

A simple DC motor is shown in Fig. 41.32. It follows from Fleming’s left-hand 
rule that at the instant shown side X is experiencing a downward directed force and 
side Y is experiencing an upward directed force. The coil therefore turns in an 
anticlockwise sense. When the plane of the coil is vertical the gaps in the 
commutator are facing the brushes and, momentarily, there is no current in the 
coil. However, its inertia carries it beyond this position so that side Y comes into 
contact with brush M and side X comes into contact with brush N. It follows that 
the current in the coil always flows around the coil in the same direction (clockwise 
as seen from above), and therefore the coil rotates in an anticlockwise sense no 
matter what its orientation. 

Coil / Axis of 
(armature) E rotation (horizontal) 

N pole of a 
permanent 
magnet 

S pole 

Commutator 
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The rotating part of an electric motor is called the armature (or rotor) of the 
motor. In practice the armature consists of several equally spaced coils wound on a 
soft iron core and connected to a commutator which has a corresponding number 

of sections. The main advantage of using several coils, rather than just one, is that 

the motor provides an almost constant torque. The use of curved pole pieces 
together with the soft iron core produces a radial field and this also serves to make 
the torque constant. 

Ifthe core were a solid piece of soft iron, power would be wasted as a result of eddy 

current heating (see section 42.11). To avoid this the core is constructed from thin 

sheets of iron whose planes are perpendicular to the axis of rotation and which are 

insulated from each other by varnish, i.e. the core is laminated. 

As the armature rotates in the magnetic field an EMF is induced in its windings. 

This EMF opposes the applied PD and so is known as a back EMF (see section 

42.13). If E and V represent the magnitudes of the back EMF and the applied PD 

respectively and J is the current in the coils and R is their total resistance, then 

V—E = IR [41.26] 

The value of E is proportional to the speed at which the armature is rotating. 

When the motor is first switched on E is zero, but as the motor speeds up E 

increases and therefore the current, J, falls. It follows that the torque, which is 

proportional to J (see section 41.12), also falls. In the absence of a load a 

frictionless motor would carry on accelerating until the torque had become zero. 

This would occur when E had become equal to V. The motor would now be 

taking no current and consuming no energy and, of course, would be doing no 

work either. When a motor is loaded its speed of rotation falls to some new steady 

value. This is because a loaded motor has to exert a torque in order to perform 

mechanical work and this requires there to be a current flowing, and therefore the 

speed must not be so great that E is equal to V. 

Multiplying equation [41.26] by J and rearranging gives 

VI = I*R+EI 

VI is the power supplied to the motor and I ?R is the rate at which energy is 

dissipated as heat in the coils. The difference, EI, is the rate at which the motor is 

performing mechanical work. The efficiency of the motor is defined by 

Mechanical power obtained 
I Efficiency x 100 

Power supplied 

= LE 100 
VI 

E 
= — x 100 ia 

The efficiency is high when the coil resistance is small. As a consequence electric 

motors usually have coil resistances of less than 1 o: 

When a motor is first switched on E = 0, and were it not for the inclusion of a so- 

called starting resistance the full supply voltage, V, would be across the coils and 

would probably cause them to burn out. The starting resistance is a rheostat and is 

in series with the coils. As the motor gathers speed, the resistance 
of the rheostat is 

gradually reduced. By the time the motor is running at its full operating speed the 

rheostat resistance is zero and the current is being limited solely by the back EMF > 
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which by now will be only slightly less than the supply PD. The rheostat is operated 

automatically by an electromagnet energized by the same current as that which 

passes through the motor. Small motors tend to have higher resistances than large 

ones and do not normally need a starting resistance. 

In large motors the magnetic field is usually provided by electromagnets. In the so- 

called series-wound motor the field coils are in series with the armature. In a 

shunt-wound motor the field coils and the armature are in parallel. Series- 

wound motors produce large torques at low speeds and are used, for example, as 
the power units of electric locomotives. The speed of a shunt-wound motor is 
relatively insensitive to variations in load. Motors of this type are used in record 
players for example. 

41.20 EXPERIMENTAL INVESTIGATION OF THE 
EFFECTS OF VARYING THE TORQUE ON A DC 
MOTOR 

Fig. 41.33 
(a) Experimental 
arrangement, (b) circuit 
diagram 

The investigation about to be described is concerned with a shunt-wound motor, 
i.e. one in which the field coils are in parallel with the armature (rotor). 

Method 

Refer to Fig. 41.33. 

Bea Support bar 

Spring balance __— 
tomenstire i ~ Spring balance 

to measure F, 

F, 

—— Belt 

Drive shaft 

Pulley fixed to 
drive shaft 

(a) Reference mark 

(b) 

Variable 
DC supply 
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(a) Adjust the DC supply to some suitable value (e.g. the normal operating 
PD of the motor). 

(b) Illuminate the pulley with a stroboscope set to a high frequency and then 
decrease the frequency until the reference mark on the pulley appears to 
be stationary. The stroboscope frequency (f) is now equal to the 
frequency of rotation of the motor. 

(c) Record the values of F,, F) and f together with the readings of the 
voltmeter and ammeter. The voltmeter reading is the PD (V) across the 

motor; the ammeter reading is (to a good approximation) the total current 
(I) taken by the motor. 

(d) Raise the support bar. This increases the torque on the pulley by 

increasing the value of (F, — F). If necessary, reset V to its previous 
value. 

(e) Adjust the stroboscope frequency until the reference mark again appears 

to be stationary. 

(f) Record the new values of J, F, F2 and f. 

(g) Repeat (d), (e) and (f) for increased values of (F, — F;). 

Applied torque, T = (F, — F;)r 

Angular velocity of motor, œ = 2r f 

Power input to motor, P = VI 

Efficiency of motor, n = Tw/P 

Plot œ against T, P against T and 7 against T to obtain the characteristics 

shown in Fig. 41.34. 

Fig. 41.34 (a) go (b) 4P (c) 47 
Motor characteristics 

0 if 0 T. 0 

Note that w decreases only Power is consumed even when 

slightly with increasing T = 0 owing to power taken 

torque by the field coils and that used 
against internal friction 

Theory 

Refer to Fig. 41.35. If the back EMF in the armature is E, then 

The back EMF is proportional to the rate of cutting of flux, and therefore to w, in 

which case we may put 

were) [41.28] 

where kis a constant of proportionality. The rate at which the motor works in order 

to overcome the back EMF is EI, and is equal to the rate at which the motor is 

performing mechanical work. This is given by (T + Ty) œ where Tois the constant 

torque used to overcome friction within the motor. 

Thus 

El, = (T+ To) @ [41.29] 
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Fig. 41.35 
Equivalent circuit 

Field coil I, = current in 
armature 

k = current in field 
coil 

Ra = resistance of 
armature 

Armature 
Re = resistance of 

field coil 

V 

Eliminating E and J, from equations [41.27], [41.28] and [41.29] gives 

T+ T 
V -— ko = (=r 

hence Fig. 41.34(a), since Ra, k, V and To are constant. 

The power, P, consumed by the motor is given by 

P= V+) [41.30] 

Eliminating E and J, from equations [41.28], [41.29] and [41.30] gives 

T+T, pen - 24k) 

i.e. P I | N os 

hence Fig. 41.34(b), since k, V, Ty, and Iy are constant. 

41.21 THE ELECTROMAGNETIC RELAY 

This device is an electromagnetic switch (Fig. 41.36). When a current passes 
through the coil the soft-iron core becomes magnetized, attracting the soft-iron 
armature and closing the contacts together so that a current may flow in the circuit 
being switched. Although this current might be very large, the current through the 
coil may be only a few milliamps. In this way the small current from a 

Fig. 41.36 Insulator 
The electromagnetic : j oe wtp 

onnections to circuit 

relay being switched > Contacts 

a . 
~ Soft-iron armature 

Soft-iron core 

Coil terminals 
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photoemissive cell, for example, can be caused to control the very much larger 
current necessary to open or close a garage door, say. When a passenger in a lift 
pushes the operating button a small current flows through the coil of a relay. The 
relay switches on the large current required to operate the lift motor. The system 

has the advantage that the passenger is electrically isolated from the potentially 
dangerous high-current circuit. 

A minor modification to the circuit shown in Fig. 41.36 would allow the current in 

the main circuit to be switched off, rather than on, when current flows through the 

: coil. 

41.22 THE MOVING-COIL LOUDSPEAKER 

A moving-coil loudspeaker is shown in Fig. 41.37. The turns on the coil are at right 

angles to the radial field between the pole-pieces of the permanent magnet. It 

follows from Fleming’s left-hand rule that if a current flows through the coil, the 

coil will move in or out of the magnet according to which way the current is 

flowing. If the current is an alternating current (from a signal generator or the 

amplifier of a record-player, for example) the coil and the stiff paper cone attached 

to it oscillate at the frequency of the current. The motion of the cone disturbs the 

air around it and generates a sound wave whose frequency is the same as that of the 

alternating current. Increasing the amplitude of the current increases the loudness 

of the sound produced. The cone must be rigid — if it were to flex as it moved to and 

fro, it would distort the output. 

Fig. 41.37 
The moving-coil 
loudspeaker 

ee 
Corrugated rim 
allows easy movement 
of cone 

Short 
cylindrical 
coil 

Stiff paper cone 

Permanent magnet 
produces a radial 
field in the air-gap 

Metal casing 

It is desirable that the maximum amount of available power is transferred to a 

loudspeaker. This requires that the impedance (section 43.10) of the speaker is 

equal to the output impedance of the amplifier or signal generator with which it is 

being used. This is known as impedance matching. 

The sound waves radiating from a loudspeaker cone are diffracted as if they have 

passed through a circular hole with the same diameter as the cone. The sound 

therefore spreads sideways to some extent — the lower the frequency and the 
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smaller the cone, the greater the spreading. A highly directional beam is normally 

undesirable (the position of the listener would be too critical) and therefore a small 

cone is required for high frequencies. In any case, a speaker designed to reproduce 

high (treble) frequencies (a ‘tweeter’) has to change direction very rapidly, and a 

large cone would have too much inertia for this to be possible. On the other hand, if 

a cone is small compared with the wavelength it is emitting, most of the energy 

simply pulses to and fro in front of the speaker rather than being radiated away 

from it*. It follows that a speaker designed to handle low (base) frequencies (a 

‘woofer’) has a large cone or, if space will not allow, a small cone vibrating with 

large amplitude. 

CONSOLIDATION See 

The direction of a magnetic field is the direction in which a north pole would 

move under the influence of the field. 

The right-hand grip rule gives the direction of the field of a current-carrying 

conductor. 

Fleming’s left-hand (motor) rule gives the direction of the force due to a 

magnetic field acting on a current-carrying conductor or on a moving charged 
particle. 

Like currents attract; unlike currents repel. 

At the mid point of the axis of a long solenoid. 

B= mn (n = number of turns per unit length) 

At the centre of a plane coil 

NI 
B\= = (N = number of turns) 

At a distance a from a long straight wire 

Ah ia 
2ra 

For a coil in a uniform field the torque T is given by 

T = BIAN cos ọ (ġ = angle between field and plane of coil) 

For a coil in a radial field 

T = BIAN 

*The reason for this is beyond the scope of this book. 
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ELECTROMAGNETIC 

INDUCTION 

42.1 THE PHENOMENON OF ELECTROMAGNETIC 
INDUCTION l 

Fig. 42.1 
Three demonstrations of 
electromagnetic 
induction 

An EMF is induced in a coil in a magnetic field whenever the flux (®) 

through the coil changes. Fig. 42.1 illustrates some ways of achieving this. 

(Note. The EMF ceases to exist once the change has taken place.) The effect is 

called electromagnetic induction and if the coil forms part of a closed circuit, the 

induced EMF causes a current to flow in the circuit. The effect was discovered by 

Faraday, and independently at about the same time, by Henry, in 1831 — eleven 

years after Oersted’s discovery that a current-carrying conductor has an associated 

magnetic field. 

: Ay A 

[L < an oe 

h<h 

( 

The decreased current through the solenoid decreases the flux through the coil 

( 

Ld 

b) A 

Increasing the separation of the coil and the magnet decreases the flux through the coil 

cy 
=g engs 

N 
Turning the coil causes less flux to pass through it 
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Experiments show that the magnitude of the EMF depends on the rate at which the 

flux through the coil changes. It also depends on the number of turns, N, on the 

coil, and it is useful to define a quantity called flux-linkage as being the product of 

the number of turns and the flux through the coil, i.e. 

Flux-linkage = N® 

It is not necessary that a conductor is in the form of a coil in order for it to be able to 

acquire an induced EMF. Experiment shows that an n EMF can be induced ina 

straight conductor whenever it is caused to cut across magnetic field lines. 

The magnitude of the EMF is proportional to the rate of cutting. 

We have seen that EMFs are induced when the flux through a coil changes, and 

when a conductor cuts magnetic flux. At first sight these appear to be two distinct 

ways of inducing EMFs — they are, in fact, equivalent. For example in Fig. 42.1(b) 

and (c) the motion of the coil causes its perimeter to cut across magnetic flux lines 

(see also section 42.7). 

42.2 THE LAWS OF ELECTROMAGNETIC INDUCTION 

Notes 

A detailed investigation of electromagnetic induction leads to two laws. 

(i) The magnitude of the induced EMF in a circuit is directly proportional. 
to the rate of change of flux-linkage or to the rate of cutting of magnetic 
flux (Faraday’s law). ; 

Gi) The direction of the induced EMF is such that the current which it 
_ causes to flow (or would flow in a closed circuit) opposes the change 
which i is producing it (Lenz’s law). 

The two laws can be expressed as Neumann’s equation: 

yi a [42.1] 

E = the induced EMF in volts 

d 
ay (N®) = the rate of change of flux-linkage in webers per second. 

(i) If a non-consistent set of units were being used, a constant of 
proportionality with a value other than unity would be included in 
equation [42.1]. 

Gi) The minus sign in equation [42.1] takes account of Lenz’s law. According 
to Lenz’s law, the induced current flows in such a sense as to create a flux in 
the opposite direction to that in which the external flux has increased, i.e. 
the current flows in such a direction as to oppose the change which has 
taken place. The relative directions of current flow and increased external 
flux are shown in Fig. 42.2. (The reader should confirm, by using the right- 
hand grip rule, that current flowing in the direction shown gives rise to a 
magnetic field which is in the opposite direction to that in which the 
external flux has increased.) It can be seen that the induced current flows in 
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Fig. 42.2 
Principle of Lenz’s law 

External 

=> flux increased 
l in this direction 

the same sense as a left-handed corkscrew would have to turn in order to 
advance in the direction of the increased external flux. It follows that the 
EMF which has produced the current also has a left-handed relationship 
with the external flux. There is a convention running through SI which 

demands that a minus sign be included to take account of the left- 
handedness. 

Gii) When working in terms of rate of cutting of flux rather than rate of change of 

flux-linkage equation [42.1] becomes 

where 

— = the rate of cutting of flux 

N = the number of conductors cutting the flux. 

42.3 AN ILLUSTRATION OF LENZ’S LAW 

Fig. 42.3 
Demonstration of Lenz’s 

law 

In Fig. 42.3 the strength of the magnetic field at the solenoid increases as the 

magnet is moved towards it. An EMF is induced in the solenoid and the 

galvanometer indicates that a current is flowing. If a preliminary experiment has 

been performed to determine the direction of the current through the 

galvanometer which corresponds to a deflection in a particular sense, then it is 

seen that the current through the solenoid is in the direction that makes end Aa 

north pole. This opposes the motion of the magnet (like poles repel), i.e. the 

direction of the current is such as to oppose the change which has induced it — 

Lenz’s law. 

100 

pee Centre-zero 
galvanometer 

The presence of the north pole at A means that work has to be done in order to 

move the magnet and cause the current to flow. The work done is converted to 

electrical energy, some of which is dissipated as heat in the circuit and some of 

which provides the mechanical energy to deflect the galvanometer. 

If the magnet is moved away from the solenoid, current flows in the opposite 

direction and there is a south pole at A which opposes the motion of the magnet. 

Lenz’s law is the law of conservation of energy expressed in such a way as to apply 

specifically to electromagnetic induction. 
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42.4 FLEMING’S RIGHT-HAND (DYNAMO) RULE 

Fig. 42.4 
Fleming’s right-hand rule 

Fig. 42.5 
Application of Fleming’s 
right-hand rule 

The direction of an induced current can always be found by using Lenz’s law, but if 

the current is being induced by the motion of a straight conductor, it is more 

convenient to use Fleming’s right-hand (dynamo) rule: 

If the first and second fingers and the thumb of the right hand are placed 

comfortably at right angles to each other, with the First finger pointing in the 

direction of the Field and the thuMb pointing in the direction of the Motion, then 

the seCond finger points in the direction of the induced Current (Fig. 42.4). 

Thumb 
(motion) 

First finger 
(field) 

Second finger 
(current) 

Applying the rule to the conductor shown in Fig. 42.5 reveals that the induced 

current is directed into the paper. 

Straight N Field 

conductor ye 
at right 
angles to 
plane of Motion induces a 
paper current into the 

paper 

42.5 THE EQUIVALENCE OF LENZ’S LAW AND 
FLEMING’S RIGHT-HAND RULE 

In Fig. 42.6 the electrons within the conductor are being moved to the right, and so 
constitute a current to the left. By Fleming’s left-hand rule, therefore, the electrons 
are subject to a downward directed force (F) and so move towards P, i.e. the 
motion induces a current which flows towards Q. This current gives rise to a force 
which, by the left-hand rule, is directed to the left. This force opposes the motion of 
the conductor and so is consistent with Lenz’s law. 

Fleming’s right-hand rule also predicts that the induced current is directed 
towards Q. à 

Note that the motion of the conductor exerts a force on the positive ions within it, 
but since they are not free to move they cannot give rise to an induced current. 
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Fig. 42.6 Magnetic field 
To illustrate the Q into paper 
equivalence of Lenz's law as x 
and Fleming’s right-hand 
rule 

x x 
Conductor 

T ————___ j being moved in 
this direction 

x x 
F 

x x 

42.6 EMF INDUCED IN A STRAIGHT CONDUCTOR 

Fig. 42.7 illustrates five distinct ways in which a straight conductor oflength L can 

be moved with velocity v through a magnetic field of flux density B. The only 

motion which induces an EMF between the ends of the conductor is that shown in 

(a), where the conductor cuts across the field lines. The EMF, E, is given by 
: ’ 
S z 

E Biv [42.2] 

(We are concerned only with EMFs between the ends of the conductor, but it 

should not be overlooked that real conductors are of finite width in which case the 

motions shown in (b) and (c) induce EMFs across the width of the conductor.) 

Fig. 42.7 E = BLv E.= 0 
Conductor moving in a x x x x 7 x 
magnetic field i 

xX x os; x x X 

Magnetic field of flux 
density B into paper 

(a) (b) 

E=0 E=0 E=0 

— -a 

7 B B "B 
wave 

EE V 

ee St 

—_—_—_——— ———— 

(e) 
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Fig. 42.8 
Forces on a conductor 
moving with velocity v 
and carrying a current I 
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Derivation of E = BLv from Faraday’s Law 

In Fig. 42.7(a) 

The area swept out by the conductor in 1s = Lv 

The flux cut by the conductor in 1s = BLv 

1.5 The rate of cutting of flux = BLv 

In consistent units the relevant version of Faraday’s law can be written 

EMF = Rate of cutting of flux 

i.e. E = BLv 

Derivation of E = BLv from Conservation of 
Energy 

Suppose that the conductor in Fig. 42.8 forms part of a closed circuit and that the 

induced EMF causes a current, J, to flow through it. By Fleming’s right-hand rule 

the current is in the direction shown. Since the conductor is carrying a current and 

is in a magnetic field, there will be a force acting on it, the magnitude of which is 

given by equation [41.9] as BIL. By Fleming’s left-hand rule the force is directed 

towards the left, i.e. it opposes the applied force. 

Field of flux 
density B into 
paper 

x x 

Length of 
x X conductor = L 

The conductor moves at constant velocity and therefore the net force on it is 
Zero, 1.€. 

Fo BIL 

where F is the magnitude of the applied force. 

The applied force is moving its point of application and therefore is doing work 
(against BIL). The rate at which this work is being done is given by equation 
[5.7] as 

Rate of working = Fv 

Le, Rate of working = BILv 

This work is being converted to electrical energy at a rate EI (the electrical power). 
By the principle of conservation of energy the rate of working is equal to the rate of 
production of electrical energy, i.e. 

EI -=~BILv 

1.63 Ei FBL 
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QUESTIONS 42A © 

1. Diagrams (a) to (c) below show a metal 

rod, AB, of length 8.0cm being moved in 

the plane of the paper at 3.0ms! through 

a magnetic field of flux density 4.0 x 10-2 T 
which is directed into the paper. Find the 

magnitude of the induced EMF in each 
case. X 

(a) 

X 

A 

X 8.0 cm 

| 3.0 msr 

: B 

X 

i Field of flux 
density 4.0 x 10°*T 
into paper 

A 

(b) 

x X 

3.0 ms! 

607 X AS X 

B 
X X 
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Two small bar magnets, X and Y, are 

released from rest at the same height above 

the ground. X falls directly to the ground, 

but Y passes through a metal ring which is 

fixed with its plane horizontal. Does X 

reach the ground: (A) at the same time as 

Y, (B) before Y, (C) after Y? Explain your 

answer. 

42.7 EMF INDUCED IN A RECTANGULAR COIL 

Consider a rectangular coil PQRS of one turn situated in a magnetic field of flux 

density B (Fig. 42.9). The plane of the coil is perpendicular to the field and its 

dimensions are as shown. 

Field of flux Fig. 42.9 
Rectangular coil moving g B 
in a magnetic field paper | 

Edge of 
field 

H4 ; 
0° 

E = BLv 

Suppose that the coil is moved sideways with velocity v. As the coil moves to 

P’Q’R’S’, both PS and QR cut across the field lines and equal and opposite EMFs 

are induced in them. The net EMF in the coil is therefore zero — there has been no 

change in the flux through the coil. (There is no induced EMF in either PQ or SR 

because each of these sections is moving parallel to its length.) 

As the coil moves to P”Q”R”S”, QR leaves the field before PS. Once QR has left 

the field there is no EMF across it to oppose that across PS, and the coil as a whole 

has an induced EMF, E, where 

E = BLv 
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Derivation of E = BLv on the Basis of Changing 
Flux-linkage 

When all of the coil is in the field the flux-linkage is BLx; when all of it is out of the 

field the flux-linkage is zero. Therefore, 

Change in flux-linkage = BLx 

The flux-linkage starts to change when QR leaves the field, and stops changing 

when PS leaves the field. The time taken for this is the time taken for the coil to 

travel a distance equal to its width, x. Therefore, 

Time for flux-linkage to change = x/v 

Therefore, 

BL i 
Rate of change of flux-linkage = = = DLO 

In consistent units the relevant version of Faraday’s law can be written 

EMF = Rate of change of flux-linkage 

i.e. E = BLv 

Derivation of E — BLv on the Basis of Flux-cutting 

The induced EMF results from the motion of PS once QR has left the field. PS is a 

straight conductor of length L moving with velocity v at right angles to a field of 

flux density B. It has been shown in section 42.6 that, on the basis of cutting of 
flux, the EMF, E, in such a situation is given by E = BLv. 

Thus, the treatment based on flux-cutting gives the same result as that based on 
changing flux-linkage, i.e. the two treatments are equivalent. 

42.8 EMF INDUCED IN A ROTATING COIL 

Fig. 42.10 
Rectangular coil rotating 
in a magnetic field 

Consider a rectangular coil of N turns, each of area A, being rotated with constant 
angular velocity œ in a uniform magnetic field of flux density B about an axis 
which is perpendicular to the paper (Fig. 42.10). 

When the normal to the coil is at an angle 0 to the field the flux ® through each turn 
of the coil is given by 

® = AB cos 0 

But 

0 = ot 
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where 

t = the time that has elapsed since 0 = 0. 

Therefore 

® = ABcos wt 

The coil has N turns and therefore the flux-linkage NỌ is given by 

N® = NAB cos ot 

By Neumann’s equation, the induced EMF, E, is given by 

d 
E = —— (Nọ g ND) 

; d 
Le E = —— (NAB cos at) 

dt 

d 
= —NAB—cos wt 

dt 

i.e. [42.3] 

Thus, a coil rotating with constant angular velocity in a uniform magnetic field 

produces a sinusoidally alternating EMF (see Fig. 42.11). 

Fig. 42.11 z ana eso. at eae the 
s = z leid an ereTtore cutting 

EMF induced in a coil E/V flux at the maximum rate 
rotating with constant 
angular velocity E = Enx = NABo —> 

3T ot/radians 

X and Y moving parallel to 
the field and therefore not 
cutting flux 

42.9 THE AC GENERATOR (ALTERNATOR) 

In its simplest form an AC generator consists of a rectangular coil rotating in a 

uniform magnetic field (Fig. 42.12). 

The generated current is fed from the coil in such à way that each side of the coil is 

always connected to the same output terminal, no matter what the orientation of 

the coil. This is achieved by the use of slip rings. Side W of the coil is attached to 

slip ring X. This rubs against brush Y which is connected to output terminal Z. 

Thus, W is always in electrical contact with Z. Similarly, side M of the coil is always 

in electrical contact with output terminal N, and therefore the alternating EMF of 

the rotating coil appears at the output terminals. 

In practice the coil is wound on a soft iron core. The coil and its core are 

collectively called the armature of the generator. The core is laminated to reduce 

power losses due to eddy current heating. 
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Fig. 42.12 
Principle of an AC 
generator 
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Axis of rotation 
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fy Output 
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In a large generator the magnetic field is provided by an electromagnet. The coils 
of the electromagnet are called field coils and are energized by the current from a 
separate DC generator. The current in the field coils is much less than that in the 
armature coils. In view of this it is normal practice to keep the armature fixed and to 
rotate the electromagnet so that the rotating slip rings need only be capable of 
handling the smaller of the two currents. Whatever the arrangement, the stationary 
component is called the stator and the rotating component is called the rotor. 

42.10 DC GENERATORS 

Rotating Coil 

A simple DC generator is shown in Fig. 42.13. At the instant shown, side X of the 
coil is connected by way of the commutator to output terminal Z. When the coil is 
turned through 90° from this position, the gaps between the two sections of the 
commutator come to face the brushes, and therefore, momentarily, there is no 
electrical contact between the coil and the output terminals. As the coil is moved 
beyond this position side Y comes into contact with Z. Terminal Z, then, is always 
connected to the side of the coil which is moving down. The polarity of the EMF at 
the output terminals never changes therefore, and takes the form shown in 
Fig. 42.14, and gives rise to varying, yet unidirectional, current. 

In practice several equally spaced coils are wound on a soft iron core, and are 
connected to a multisectioned commutator in such a way that the EMFs of the 
individual coils add to each other. The whole assembly is called the armature of 
the generator. This arrangement gives a larger and steadier EMF than that 
produced by a single coil. As in the case of the electric motor (section 41.19) the 
core of the armature is laminated to cut down power losses due to eddy current 
heating. 
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Fig. 42.13 
Principle of a DC 
generator 

Fig. 42.14 
EMF generated by a DC 
generator 

655 

Axis of rotation 
i (horizontal) 

Coil 

Pole piece 
of 
permanent 
magnet 

Commutator 

Output 
terminals 

E/V 

—> 

A T 27 3T otrad 

In large generators the magnetic field is provided by electromagnets. The current 

which energizes the electromagnets is provided by the generator itself. This would 

not be possible ifit were not for the fact that the cores of the electromagnets always 

retain a little magnetism, for otherwise there would be no possibility of generating 

a current in the first place. : 

The Homopolar Generator (Faraday’s Disc) 

This consists of a metal (usually copper) disc which is rotated between the poles of 

a magnet. The magnetic field is perpendicular to the plane of the disc and parallel 

to its axis of rotation (Fig. 42.15). Brushes form sliding contacts with the axle and 

the rim at X and Y respectively. 

In one revolution all the radii of the disc cut through the flux between X and Y. Itis 

as if a single radius has cut through a magnetic field which passes through the 

whole of the area of the disc, and therefore the flux cut in one 

revolution = Br (r3? — 1,7), where B is the magnetic flux density between X 
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Fig. 42.15 
Homopolar generator 
(Faraday’s disc) 
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ll Radius of axle f 

ges Radius of rim = n | 

and Y. If the disc makes f revolutions in one second, then the rate of cutting 

of flux = f Br (r2? — r,”). Therefore by Faraday’s law the induced EMF, is given 

by 

If the angular velocity of the disc is constant, the induced EMF is also constant. 

The EMF is small (of the order of millivolts). 

42.11 EDDY CURRENTS 
° 

Whenever a block of metal moves in a non-uniform magnetic field, or is sited in a 
changing magnetic field, EMFs are induced in it. These give rise to induced 
currents, eddy currents, which circulate within the body of the metal. The eddy 
currents follow low-resistance paths and therefore may be large, even though the 
induced EMFs are often small. As a result, eddy currents can produce quite 
considerable heating and magnetic effects. 

The Heating Effect 

Eddy current heating is made use of in the induction furnace. A water-cooled 
coil carrying high-frequency alternating current surrounds the sample to be 
heated. The rapidly changing magnetic field of the coil induces large eddy currents 
in those parts of the sample which are conducting — any insulators which are 
present are unaffected. The technique is particularly useful when a metal object is 
to be heated in close proximity to an insulator which cannot be allowed to reach 
such a high temperature as the metal. 

The Magnetic Effect 

In accordance with Lenz’s law, eddy currents always flow in such a direction as to 
oppose the motion which has produced them. They therefore act as a brake on any 
solid metal object which is moving through a non-uniform magnetic field. The 
effect can be demonstrated by comparing the motions of two specially designed 
pendulums swinging between the poles ofa large magnet (Fig. 42.16). Large eddy 
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Fig. 42.16 Non-uniform 
Demonstration of the magnetic field 
effect of eddy currents into paper 
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currents circulate in the solid plate and the motion very quickly ceases. Eddy 

currents induced in the slotted pendulum are free to circulate only in the narrow 

regions between the slits, so the motion is largely undamped and continues for 
some time. 

42.12 GALVANOMETER DAMPING 

The coil of a moving-coil meter comes to rest only after it has used up its energy in 

overcoming the damping forces which are present. If the coil is lightly damped, it 

overshoots its equilibrium position and then oscillates about it for a considerable 

time. If the damping is large, the coil creeps slowly to its equilibrium position. 

Ideally, a meter which is used to measure current or voltage (rather than charge) 

should be critically damped. 

A meter is said to be critically damped when its coil reaches its equilibrium 
position as quickly as possible without overshooting (see Fig. 42.17). 

Fig. 42.17 Deflection Small damping 

Types of damping ina pE 
galvanometer 

Equilibrium 
position “aes 

a 
Critical 

Large damping 

damping 

0 Time 

The coil of a pointer-type meter is usually wound on a metal frame. As the coil 

swings in the instrument’s magnetic field, eddy currents circulate in the low- 

resistance circuit provided by the frame. These currents oppose the motion of the 

coil — a feature which is known as electromagnetic damping (or eddy current 

damping). The ideal design of frame is that which produces critical damping, in 

which case the movement of the instrument is said to be dead-beat. 

The coil of a mirror-type galvanometer is usually wound on a non-conducting 

frame or is simply coated with glue to give mechanical strength. As a consequence, 

_ this type of instrument can be used ballistically (see section 42.20). When one of 

these instruments is used to measure current or voltage a suitably sized shunt is 

connected in parallel with the coil, and eddy currents flowing around the coil and 

shunt provide the necessary electromagnetic damping. In the Scalamp-type 
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mirror galvanometer, commonly used in schools, these shunts are connected 

internally on all ranges except ‘direct’. On the direct setting the damping, apart 

from that due to air resistance and internal friction in the suspension, is provided 

by the induced current which circulates through the coil via the external circuit. If 

the resistance of the external circuit is low, the damping may be excessive, in which 

case a large resistance should be connected in series with the instrument. 

42.13 SELF-INDUCTION 

Notes 

A coil through which a current is flowing has an associated magnetic field. If, for 

any reason, the current changes, then so too does the magnetic flux and an EMF is 

induced in the coil. Since this EMF has been induced in the coil by a change in the 

current through the same coil, the process is known as self-induction. In 

accordance with Lenz’s law, the EMF opposes the change that has induced it and it 

is therefore known as a back EMF. If the current is increasing, the back EMF 

opposes the increase; if the current is decreasing, it opposes the decrease. 

The measure of the ability of a coil to give rise to a back EMF is known as the self- 

inductance of the coil. It is defined by 

[42.4] 

where 

E = the back EMF induced in the coil (V) 
X 

L = the self-inductance of the coil. The unit of self-inductance is the 
henry (H) 

dI : l 
FP the rate of change of current in the coil (As~!). 

(1) The back EMF opposes the current change, and therefore the inclusion of 
the minus sign in equation [42.4] makes L a positive constant. 

(ii) The value of L depends on the dimensions of the coil, the number of turns 
and the permeability of the core material. 

(iii) If @ is the flux through a coil of N turns and self-inductance L when it is 
carrying a current J, then from equations[42.1] and [42.4] 

[42.5] 

Equation [42.5] provides an alternative definition of L. 

(iv) Equation [42. an is used to define the pele Thus: 

A ean hasa selPinduceiiee fo one ener cH) ifthe back E MP in if 
one volt when the current through it is chan 
second. Pee as ae tae 
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42.14 THE L-R DC CIRCUIT 

Consider a circuit containing an iron-cored coil, a resistor of resistance R and a 
cell of EMF E (Fig. 42.18). The iron core causes the coil to have a high associated 
magnetic flux when itis carrying a current, and therefore a high self-inductance, L. 
A coil such as this is called an inductor. The resistance of the inductor, and the 
inductance of the resistor are assumed to be zero. 

Fig. 42.18 t Iron-cored 
DC circuit with an coil 
inductor and a resistor in R a 
series 

When S is closed, the current build-up is opposed by the back EMF induced in the 

coil, and the current takes a considerable time to reach its equilibrium value 

(Fig. 42.19). The current build-up can be conveniently displayed by connecting 
an oscilloscope across the resistor. 

Fig. 42.19 Current changing 

Current build-up in the ayes fee 
circuit of Fig. 42.18 after 
the switch is closed 

SS Current increasing 
exponentially 
according to 

Current changing 
rapidly ~. back 
EMF is high 

If at time z the current in the circuit is J, the back EMF is given by equation [42.4] 

as — L dI/dt, and the resultant EMF in the circuit is E — L dI /dt. Therefore, by 

Kirchhoff’s second rule 

[42.6] 

The solution to equation [42.6] involves time and therefore depends on what is 

taken to be the starting point. Two situations are of particular interest. 

(i) Make. In this case J = 0 when ż = 0 and the solution to equation [42.6] can 

be shown to be 

[42.7] 
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Fig. 42.20 
Illustration of time- 
constant 

Notes 
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(ii) Break. In this case, if we assume the current has already reached its 

equilibrium value, J = E/R when t = 0, then the solution to equation 

[42.6] can be shown to be 

ies zon [42.8] 

Equations [42.7] and [42.8] show that both the current build-up and the current 

decay are exponential functions of time. It follows from equation [42.8] that when 

pa Re 

I =—e 

j i= 0.368 Ë ie: = 0). R 

L/R is known as the time-constant of the circuit, and is the time taken for the 
current to fall to 1/e (i.e. 36.8%) ofits initial value (see Fig. 42.20). From equation 

[42.7], when t= L/R the current has built up to 63.2% of its maximum value. 

0.632 E/R 

0.368 E/R 

t= L/R 

G) Ina real circuit the inductor has some resistance and the resistor may well 
have some inductance, in which case L and R represent the total 
inductance and the total resistance respectively. 

Gi) Equation [42.8] applies to a circuit in which the resistance is R. It does not 
apply, therefore, if the circuit of Fig. 42.18 is broken by opening S, because 
this makes the circuit resistance infinite. 

The relevant condition can be achieved by first shorting out the cell and then 
removing it. 

High Back EMF at Break 

In Fig. 42.18, opening S causes the current to fall rapidly to zero and, in 
accordance with equation [42.4], a very high back EMF is induced. This EMF 
may be much higher than that of the supply and may cause a spark to jump between 
the switch contacts. 

When a circuit containing a large inductor is made, the current has to do work 
against the back EMF. The work done in this way is stored in the form of the 
magnetic field of the coil. (The energy stored can be shown to be LI? /2 — see 
section 42.15.) Itis this energy which produces the spark when the current falls to 
zero and the magnetic field ceases to exist. 
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Fig. 42.21 
Circuit to demonstrate 
the high back-EMF on 
breaking an inductive 
circuit 

EXAMPLE 42.1 

The circuit shown in Fig. 42.21 provides a convincing demonstration. The 
minimum PD required to ionize the neon and cause the lamp to strike is 60 V. 
When the switch is opened, the lamp flashes, showing that the back EMF is at least 
60 V — very much greater than the supply PD of 2 V. Putting a suitable resistor in 

parallel with the coil before opening S prevents the lamp striking, because the 

current decay, and therefore the magnitude of the induced EMF, is limited by the 
presence of the resistor. 

| 60 V 
2V n Ait neon 
accumulator lamp 

1100 turn 
iron-cored 
coil 

A coil with an inductance of 20 H and a resistance of 10 Q is connected in series 

with a battery of EMF 12 V and a switch. What is: (a) the rate of change of current 

immediately after the switch is closed, (b) the final current, (c) the current after 

3.0 s? (d) How long after the switch is closed will the current be 0.40 A? 

Solution 

dI ; 
(a) E- L- = 1K (equation [42.6]) 

where E = 12V, L = 20H, R= 10Q and, since the switch has just been 

closed, J = 0. 

dI 
-20 — = 0 12 ne 

af = d = 0.60 
dt 20 

i.e. Initial rate of change of current = 0.60 À Sm 

(b) When the current has reached its final value the inductance plays no part 

and I = E/R 

ie. Final current =-1.2A 
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(c) By equation [42.7] 

E I ae ee —Rt/L z (1 e/t) 
12 —10x3.0/20 be eee TA wit ) 

= 1.2(1—e7}5) 

1.2 (1 — 0.223) = 0.932 

Current after 3.0s = 0.93A 

(d) = —e RL) 

0.40 = a (L— 10/20) 

0.40.= 1.2—1.2e7°* 

1.2e°° = 0.8 

e = 0.667 

ie a =. in (0.667) 

—0.5¢ = -0405 ©. t= 0.810 

i.e. Current is 0.40 A after 0.81 s 

QUESTIONS 42B m 

1. A coil with an inductance of 40H and a change of current 2.0 s after closing the switch? 
resistance of 10Q is connected in series (c) How long after closing the switch will the 
with a battery of EMF 9.0V and a switch. current reach 0.60 A? 
What is: (a) the current, (b) the rate of 

42.15 ENERGY STORED IN AN INDUCTOR 

Consider a coil of self-inductance L. Suppose that at time t the current in the coil is 
in the process of building up to its equilibrium value Jy at a rate dI /dt. The 
magnitude, E, of the back EMF is given by equation [42.4] as 

The current works at a rate P in overcoming this back EMF, where 

P = IE 
and therefore 

dI 
P = LI — 

dt 

The work done ôW in a small time interval ôt is therefore given by 

OW = FF (=) ot 
dt 
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The total work done, W, as the current increases from 0 to Jy can be found by 

letting ôt — 0 and integrating. Thus, 

I =Ip 
W = | i (F) dt 

I=0 dt 

Io 

i.e. Was | LI dl 
0 

ie |W =ILh? [42.9] 

QUESTIONS 42C ` 

1.. A coil with a resistance of 6.09 and an when the current has reached its equilibrium 

inductance of 30mH is connected to a 12V value? 

supply. What is the energy stored in the coil 

42.16 NON-INDUCTIVE COILS 

A coil which has been wound with wire which has been doubled back on itself, or 

which has been wound first one way and then the other, is non-inductive. There 

are equal and opposite currents in each section of the coil and therefore the coil has 

no magnetic field and no induced EMF. 

The coils used in resistance boxes are non-inductively wound. This has two 

advantages: 

(i) there is no delay in reaching equilibrium when, for example, balancing a 

Wheatstone bridge; 

Gi) for any given alternating PD, the current through such a coil is not 

frequency-dependent (see section 43.4). 

42.17 MUTUAL INDUCTION 

If two coils are close together, then a changing current in one coil (the primary) 

sets up a changing magnetic field at the site of the other (the secondary) and so 

induces an EMF in it. The effect is known as mutual induction and the so-called 

mutual inductance, M, of the pair of coils is defined by 

[42.10] 

where 

E, = the back EMF induced in the secondary coil (V) 

— the rate of change of current in the primary (A ee 

M = the mutual inductance of the pair of coils. The unit of mutual 

inductance is the henry (H). 



664 

Notes (i) It can be shown (both theoretically and experimentally) that equation 

[42.10] gives the same value for M no matter which ofa given pair of coils is 

taken to be the primary. 

Gi) — Itcan be shown that if all the flux produced by the primary passes through 

the secondary, then 

M = (VL À 

where L, and L, are the respective self-inductances of the primary and the 

secondary. 

(iii) Ifthe rate of change of flux-linkage in the secondary is d(N,®,) /dtas a result 

of the current in the primary changing at a rate d/J,,/dt, then by equations 

[42.10] and [42.1] the EMF E, in the secondary is given by 

dI, 
JE ac u — 

dt 

and 

d 
E, = —— (N,®, q; (Ns ®s) 

It follows that 

This equation provides an alternative definition of M and in some 

circumstances is useful in calculating M (see Example 42.2). 

QUESTIONS 42D 23338222" 

1. The mutual inductance of a pair of coils is is reduced from 3.5A to zero at a steady 
0.36H. Find the EMF induced across the rate over a period of 3.0s. 

SECTION F: ELECTRICITY AND MAGNETISM 

secondary when the current in the primary 

EXAMPLE 42.2 88!222't S20 oo See 

Fig. 42.22 
Diagram for Example 
42.2 

A short coil of 20 turns is wound on a long air-cored solenoid which has 1000 turns 
per metre and a cross-sectional area of 1.2 x 107° m° (Fig. 42.22). Calculate the 
mutual inductance of the arrangement. (uo = 4x x 10-7 H m™!.) 

Short coil 

(20 turns) 

Cross-sectional 

<n mi ill eee S 

Long solenoid 
(1000 turns per metre) 
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Solution 

In order to calculate the mutual inductance we shall assume that the solenoid is 

carrying a current Ip» in which case the flux density B along the axis of the solenoid 

is given by equation [41.3] as 

B = uni, 

where n is the number of turns per unit length of the solenoid. Thus 

Bi= An 107" * 1000. I; 

ie. Bre 4x x'107*1, 

If we assume that the flux density is the same across the entire cross-section, then 

the flux ®, through the coil is given by 

DPA ROT, Bah OE 

ite. G0 Sn x 107", 

The coil has 20 turns and therefore the flux-linkage N,®, is given by 

N,®, = 20x 4.82 x 1077J, 

US Nd, = Sora 1057J,, 

From section 42.17 

NGOs Mp 

where M is the mutual inductance. It follows that 

| M = 96n x 1077 

ic: M = 3.0 x 10°” H 

42.18 THE TRANSFORMER 

Fig. 42.23 
Transformer 

The transformer is a device which makes use of mutual induction to produce a 

large alternating EMF from a small one, or a small alternating EMF from a large 

one. Fig. 42.23 shows a common design. Two coils, the primary and secondary, 

are wound, one on top of the other, on a soft iron core. There is no electrical 

connection between the coils but they are linked magnetically — the presence of the 

soft iron ensures that all the flux associated with one coil also passes through the 

other. 

Soft iron core — 
laminated to 
reduce eddy 
current losses 

Note. The coils 
have many more 
turns than are 
shown here 

Primary Secondary 

winding winding 

(N, turns) (N, turns) 



666 

Notes 

SECTION F: ELECTRICITY AND MAGNETISM 

a 

Suppose that an EMF, Ep, is applied to the primary coil. Ifat some instant the flux 

in the primary is ®, then there will be a back EMF in it given by Neumann’s 

equation (equation [42.1]) as — d(N,®)/dzt, where N, is the number of turns on 

the primary. Applying Kirchhoff’s second rule to the primary circuit gives 

d 
Eo = ae (NDS IR d 

where J is the current in the primary and R is the resistance. In order to simplify 

the theory we shall assume that R = 0, in which case 

d 
BSN pe [42.11] 

The flux through the primary also passes through the secondary and therefore the 

rate of change of flux in the secondary is also d®/d. It follows that there will be an 

EMF induced in the secondary. Its magnitude, E,, is given by 

iN [42.12] 

where N, is the number of turns on the secondary. By equations [42.11] and 
[42.12] 

[42.13] 

(i) &, must be an alternating EMF. If it were not, the flux in the primary would 
not change (except for a short time immediately after the EMF is first 
applied) and there would be no induced EMF in the secondary. The 
induced EMF (E,) has the same frequency as the applied EMF E: 

(ii) IfN, > Np, the transformer is called a step-up transformer because then 
E, > Ep. A step-down transformer has N, < N,. 

When a load (a resistance) is connected across the secondary, a current, J, say, 
flows in the secondary. Suppose that the current in the primary is Jp. If the 
transformer is 100% efficient, 

Power output = Power input 

ie. LEI = 1 Es 

in which case, by equation [42.13] 

| A n: 
E = T = N, [42.14] 

The efficiency of a transformer is defined by 

Easy = e aaa 
The efficiencies of commercial transformers are very high — typically in the range 
95-99%. The four most important sources of power loss are listed below. 

(i) Eddy currents circulating in the soft iron core produce heating and 
therefore reduce the amount of power that can be transferred to the 
secondary. The core is laminated, i.e. made up of thin sheets of soft iron 
each separated from the next by a layer of insulating varnish. This very 
nearly eliminates eddy current heating. 
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Gi) Each time the direction of magnetization of the core is reversed, some 

energy is wasted in overcoming internal friction. This is known as 

hysteresis loss (see section 45.4), and it produces heating in the core. It 

is minimized by using special alloys (e.g. Permalloy) for the core material. 

Gii) Some energy is dissipated as heat in the coils (I?R). This is reduced to an 

acceptable level by using suitably thick wire. (The coil which has the 

smaller number of turns carries the larger current (equation [42.14]) and 

therefore is wound from thicker wire than the other.) 

(iv) Some loss of energy occurs because a small amount of the flux associated 

with the primary fails to pass through the secondary. 

42.19 TRANSMISSION OF ELECTRICAL ENERGY. THE 
NATIONAL GRID 

Fig. 42.24 
The National Grid 

Suppose that power is to be transmitted from a power station to a home or a 

factory. Since power is the product of current and voltage; a given amount of 

power can be transmitted either at high voltage and low current or at low voltage 

and high current. The cables that transmit the power have resistance, and 

therefore some of the power is bound to be wasted by producing heat in the cables 

as the current flows through them. If the resistance of the cables is R, the heat 

energy produced in time t when a current J is flowing through them is J ?Rt. Thus 

the amount of energy that is wasted is proportional to the square of the current in 

the cables. The most efficient way to transmit power is therefore at high 

voltage and low current. This is known as high tension transmission. 

A second advantage of high voltage /low current transmission of electrical power is 

that low currents require thinner and therefore cheaper cables. A disadvantage is 

the high cost of the substantial insulation needed when employing high voltages. 

The National Grid (Fig. 42.24) is the network of cables (transmission lines) which 

connects Britain’s power stations to their consumers. Modern power stations 

generate alternating current at a precise frequency of 50 Hz and about 25 kV. This 

is stepped up, using transformers, to 275 kV or 400 kV for efficient transmission 

over long distances. It is subsequently stepped down by other transformers to 

33 kV, 11 kV or 240 V before being supplied to the various consumers. 

The National Grid uses AC rather than DC because the most efficient way to 

convert high voltages to low voltages and vice versa is by using transformers, and 

these cannot operate on DC. 

11 kV 33 kV 

Heavy 
industry 

275 kV or 400 kV 
Power 
station 

Transformer 

240 V 

Super Grid 

Light Homes, schools, } 
industry 
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(i) |The Heysham power station supplies 1320 MW of electricity to the National 

Grid at 400 kV — this corresponds to a current of 3300 A. 

(ii) The CEGB uses multistrand aluminium cables reinforced with steel and 

with a resistance of 0.067 Q/km. 

QUESTIONS 42E 

1. The total resistance of the cables connecting a the power station, (f) the percentage of the 

power station to a small factory is 0.40Q. The power which is usefully consumed. 

power station output PD is 11000 V and the ' 

current supplied to the factory is 100A. 2. Suppose that the power station in question 1 

(a) the PD across the cables, were to output the same total amount of power 

(b) the PD at the factory, (c) the power wasted (i.e. 1100 kW) but at 1100 V and 1000 A. What 

in heating the cables, (d) the power consumed percentage of the power output would now be 

by the factory, (e) the total power supplied by usefully consumed now? 

42.20 THE BALLISTIC GALVANOMETER 

A moving coil galvanometer which is being used to measure charge is called a 

ballistic galvanometer. If a galvanometer is to be used ballistically, two 
conditions need to be fulfilled. 

(i) All of the charge being measured should be delivered to the instrument 

before its coil has moved appreciably. (The coil moves as a result of the 
momentary current that flows.) 

(ii) The damping should be as small as possible. This is achieved by winding the 

coil on a non-conducting frame so that the only electromagnetic damping 
which is present (see section 42.12) is that due to the induced current which 
flows through both the coil and the external circuit. It may be necessary to 
include a large resistance in the circuit to limit this current, and so reduce the 
associated damping. 

When the charge passes through the instrument its coil is deflected and then 
oscillates, with decreasing amplitude, about its initial (zero) position (see 
Fig. 42.25). It can be shown that the maximum angular deflection, Onis 
proportional to the charge delivered, i.e. 

Om = a0 [42.15] 

where 

a = aconstant of proportionality known as the charge sensitivity of the 
instrument. It may be expressed in rad C71, or, in terms of the scale 
deflection, as mm C7}. 

The value of a can be found by carrying out a subsidiary calibration experiment. Its 
value depends on the amount of damping present, and this depends on the circuit 
in which the galvanometer is being used. It is important, therefore, that the circuit 
in which the galvanometer is calibrated produces the same amount of damping as 
that in which it is used. 
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Fig. 42.25 0 
Damping in a ballistic 
galvanometer 

Amplitude 
decreasing 

eg 

exponentially 

~ 

42.21 COMPARISON OF CAPACITANCES BY USING A 
BALLISTIC GALVANOWMIETER 

Suppose that it is required to compare the capacitances, Cı and C2, of two 

capacitors. With X connected to Y (Fig. 42.26), the capacitor whose capacitance is 

Fig. 42.26 Ballistic 

Ballistic galvanometer Se galvanometer 
used to compare 
capacitances (C, 
subsequently replaced by 

C2) 

C, is charged to a PD V, so that the charge on the capacitor is (by equation [40.1]) 

VC,. Then with X connected to Z, the capacitor is discharged through the 

ballistic galvanometer. If this produces a maximum deflection 6,, then by 

equation [42.15] 

0, = aVQy [42.16] 

If repeating this procedure with the second capacitor produces a maximum 

deflection 02, then 

02 = a VC, 

Dividing gives 

0 1 Ci 
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42.22 MEASUREMENT OF MAGNETIC FLUX DENSITY 

BY USING A BALLISTIC GALVANOMETER AND A 

SEARCH COIL 

Consider a small flat coil which has N turns of area A and whose plane is 

perpendicular to a magnetic field of flux density B. The flux-linkage is therefore 

NAB. Suppose now that the coil is removed from the field to a point where the field 

is zero. The flux-linkage changes from NAB to zero, and therefore an EMF is 

induced in the coil, the magnitude of which, E, is given by Neumann’s equation 

(equation [42.1]) as 

E = -— (N®) 

where NO is the flux-linkage at some time, t. It should be noted that d(N®)/dz 

is not necessarily constant, and that E is the instantaneous EMF at time £t. If the 

search coil is connected to a ballistic galvanometer and the total resistance of the 

circuit is R, the instantaneous current, J, through the ballistic galvanometer is 

given by 

E 
I = — 

R 

; ied 
der I = —— — (Nọ 
Dk Teda ) 

The current is equal to the rate of flow of charge dQ/dt a the galvanometer, 

and therefore 

Integrating with respect to time gives 

[ee 2p —— d 
dt : dt voor 

When t = 0, Q = 0 and NỌ = NAB. When t = t the search coil is completely 

out of the field and therefore all of the charge has passed through the galvanometer, 

i.e. Q= Q and N®—0.Therefore 

1 lo Q 1 0 

Ie: =" —— NỌ 

' z s 

Note that the charge delivered to the galvanometer does not depend on how long it 
takes to remove the search coil from the field. However, the proper use of a ballistic 
galvanometer requires that all the charge passes through it before its coil moves 
appreciably (see section 42.20), and therefore the search coil has to be pulled out of 
the field as quickly as possible. If the subsequent maximum deflection is Om» then 
from equations [42.15] and [42.17] 

NA 
On = yids 

R 

[42.17] 
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where a is the charge sensitivity of the galvanometer. Rearranging this equation 

gives 

OR 
Seite. [42.18] 

If N and A are known, B can be calculated once 0m has been measured and the 

charge sensitivity, a, has been determined. (If a is determined by the method 

described below, it is not necessary to know the value of R.) 

Determination of Charge Sensitivity 

The ballistic galvanometer is calibrated by using a standard mutual inductance in 

the circuit of Fig. 42.27. (It is this same circuit, with S open, that is used to 

determine 0,,,.) 

Fig. 42.27 Standard 

Circuit to calibrate a NG Aston spl peyna 
ballistic galvanometer mmeter Inaquctance o reduce damping 

a rie ial a 

Ballistic 
galvanometer 

S is closed so that after a short time a known, steady current, Ip, passes through the 

primary of the mutual inductance. Suppose that this produces a flux-linkage of 

N.®’' with the secondary. On opening S, the current falls to zero and the flux- 

linkage with the secondary also falls to zero. If the resulting charge through the 

galvanometer is Q’, then by comparison with equation [42.17] 

_ NO" 
oy: 

where R is the total resistance of the galvanometer circuit, and has the same value 

as it has in equation [42.18]. 

Q’ 

It can be shown (see section 42.17) that 

No = Mi, 

and therefore 

MI » _ Mp 42.19 F [42.19] 

If the maximum deflection of the ballistic galvanometer as a result of opening S is 

0! ., then from equation [42.15] 

eae Ou 
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Note 

SECTION F: ELECTRICITY AND MAGNETISM 

Therefore, from equation [42.19] 

aMI, 
02. = S 
ay R 

Substituting for a in equation [42.18] gives 

B= MI, Om 
cs / NA On 

A standard mutual inductance is used and therefore M is known, J, is measured 
by using the ammeter in the primary circuit. 

If the ballistic galvanometer is being used on open circuit, equation [42.16] can be 

used to determine the charge sensitivity, provided that Cı is known. This method 

of calibration should not be employed when the galvanometer is being used with a 

search coil, because such a circuit does not have infinite resistance. 

There is an induced EMF whilst the flux through a oe is changing or whilst a 

straight conductor is cutting across field lines. 

The induced EMF is directly proportional to the rate of change of flux-linkage or 

to the rate of cutting of flux. (Faraday’s law) 

The direction of the induced EMF is such that the current which it causes to flow 

(or would flow in a closed circuit) opposes the change which is producing it. 

(Lenz’s law) 

d 
E = — — (Nọ) (for a coil) 

dt 

d® . 
E = -N — (for a straight conductor) 

dt 

The direction of the induced current is found by using Lenz’s law in the case of a 
coil and by using Fleming’s right-hand (dynamo) rule in the case of a straight 
conductor. 

The coil ofa meter which is critically damped reaches its equilibrium position as 
quickly as possible without overshooting. 

A galvanometer used to measure current or voltage should be critically damped; 
one used to measure charge (i.e. a ballistic galvanometer) should have as little 
damping as possible. 

Self Inductance 

dI 
E = -L En (This equation defines self-inductance and the henry) 
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The L-R DC Circuit 

dl 
E—L— = IR 

dt 

E 
oT cadet Ne to —Rt/L ode) 

E : do. Yep peaks 

: if, 
Time constant = R 

Mutual Inductance 

rd 
jy saree 

Make: I = O whent = 
Break: J = E/R when t 

(Make) 

(Break) 

ae 
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ALTERNATING CURRENTS 

43.1 INTRODUCTION 

If the polarity of an EMF changes with time, it is known as an alternating EMF. 

The current that such an EMF causes to flow repeatedly changes its direction and 

is known as alternating current (AC). 

The most commonly encountered type of alternating EMF varies sinusoidally 

with time, like that generated by the mains, and can be represented by 

E = Eosin wt [43.1] 

where 

E = the value of the EMF at time t (V) 

Eo = the peak value (i.e. the maximum value) of E (V) 

w = the angular frequency of the supply (rads~!). 
(Note. w = 2zf, where f is the frequency of the supply in hertz 

(Hz).) 

The corresponding alternating current, J, is given in terms of its maximum value, 
Ío, as 

I = Ip sin wt [43.2] 

Note that the current has the same frequency as the EMF that produces it. 

43.2 ROOT MEAN SQUARE VALUES 

If an alternating current flowing in a circuit produces the same heating effect as a 
direct current of (say) 3 A flowing in the same circuit, then the effective value of 
the alternating current is also 3 A. 

In general, the effective value of an alternating current is equal to that direct 
current which results in the same expenditure of energy under the same — 
conditions. are ee 

The energy, W, supplied in time, t, by an alternating current, I, flowing through a 
resistance, R, is (by equation [36.17]) equal to the product of t and the average 
value of I?R, i.e. 

W = (I?R) 
avge t 
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Fig. 43.1 
To illustrate the 
relationship between 
sinusoidal alternating 
current and its RMS value 
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Since R is constant, this becomes 

W = (17), Rt [43.3] avge 

If (anticipating the result) the effective value of I is denoted by Irms, then W is 

equal to the energy supplied by a steady current of magnitude Ipms flowing through 
a resistance R for time ż, i.e. 

W = hu Rt [43.4] 

Therefore, by equations [43.3] and [43.4] 

(Tams )’ Rt = U gee Rt 

i.e. 

Ls. [43.5] 

Thus, the effective value (denoted by rms) is the root mean square (RMS) 

value and the reason for the notation is now clear. Equation [43.5] holds for any 

alternating current but the relationship between Irms and the peak value, Io, 

depends on the nature of the AC. Two cases are of particular interest. 

Sinusoidal AC 

Refer to Fig. 43.1. It can be shown that 

and 

a A iiss h/ V2 

ot 

Average value 
(aye = [2/2 
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Square-wave AC 

Refer to Fig. 43.2. In this case J ? has the constant value of Jo”, and therefore 

Average value of I? = Io? 

Fig. 43.2 I 
Square wave alternating - 

current 

Therefore, from equation [43.5] 

oe = lo 

Similarly 

Egus = Eo 

EXAMPLE 43.1 

Find the RMS value of the alternating current, J, shown in Fig. 43.3. 

VA Fig. 43.3 
Diagram for Example 
43.1 2.0 

Time/Arbitrary 
units 

-3.0 

Solution 

Consider the current variation over one complete cycle. 

Interval I/A E IA? 

0-1 2.0 4.0 
1-2 2.0 4.0 
2-3 —3.0 9.0 

4. g A 
Average value of I? = SataNa 2225.07 

RMS value of current = /5.67 = 2.4A 
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QUESTIONS 43A oY sa 

1. Find the value of the RMS current in the (c) an alternating current which has the same 
following cases: effect as a steady DC current of 2.0A, 

(a) a sinusoidally varying current with a peak (d) a 240V RMS supply driving current 
value of 4.0 A, through a 16Q resistor. 

(b) a square wave current which has a constant 

value of 4.0 A for the first 3 ms and —2.0A 

for the next 2 mA of each 5 ms cycle, 

43.3 AC THROUGH A PURE INDUCTANCE 

Consider an inductor of inductance L and zero resistance (i.e. R = 0) connected 

across an alternating supply. (An inductor which has zero resistance is called a 

pure inductance.) An alternating current (J = Io sin œt) flows through the 

inductor and sets up a changing magnetic flux. This induces a back EMF given 

by equation [42.4] as —LdJI/dt at some time t. Suppose that the value of the 

applied PD at time ris V. 

By Kirchhoff’s second rule X E = X JR and therefore, since R = 0, 

dI 
V=-L = =Q 

dt 

d 
i.e. V-L a (Io sin wt) = 0 

i.e. V — œLlo cos œt = 0 

Writing 

Vo = wLlo [43.6] 

gives 

V = Vo cos œt 

Thus, V is a cosine function whereas J is a sine function, and therefore there is a 

phase difference of 2/2 radians between the current and the applied PD (see Fig. 

43.4). The voltage reaches its maximum value before the current, i.e. the voltage 

leads the current. Thus: 

C ‘Ina purely inductive circuit the applied PD leads the current by 2/2 radians. 

Fig. 43.4 lor V 

= Phase difference between 
PD and current for a pure 

inductance 

wt/rad 

— | = hsinot 

V = \Ycos wt 
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43.4 INDUCTIVE REACTANCE X, 

The opposition (note: we do not use the word ‘resistance’) which an inductor 

offers to current flow is called its reactance, Xz, and is defined by 

anp [43.7] 
Io ` 

where Vo is the maximum PD across the inductor and Jp is the maximum current 

through it. 

Therefore, from equation [43.6] 

wLlo 
Ay = T 

i.e. X, -oL [43.8] 

Notes (i) If w is in radians per second and L is in henrys, Xz is in ohms. 

Gi) Vrms = Vo/V2 and Irus = lo/ V2, and therefore 

Vrms ei Vo 

kus č b 
This provides an alternative definition of Xz, namely 

\ 

-o [43.9] 

(iii) Xz does not equal V/I. V and I are the instantaneous values of the applied 

PD and the current and their ratio ranges from 0 to oo. 

QUESTIONS 43B ` 

1. A240 V RMS supply with a frequency of 50 Hz resistance. Calculate: (a) the reactance of the 
causes an RMS current of 3.0 A to flow through inductor, (b) the inductance of the inductor. 
an inductor which can be taken to have zero 

43.5 EXPLANATION OF THE BEHAVIOUR OF AN 
INDUCTOR IN AN AC CIRCUIT 

We need to explain: 

(i) why there is a phase difference between the applied PD and the current 
through the inductor; 

Gi) why the reactance, Xz, is proportional to œL. (The fact that in equation 
[43.8] Xz is equal to wL is due to the choice of units.) 

The back EMF induced in an inductor is greatest when the current is varying at its 
maximum rate, and this occurs when the current is zero. Since the magnitude of 
the back EMF is equal to that of the applied PD, it follows that the magnitude of the 
applied PD is a maximum when the current is zero. When the current has reached 
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its maximum value its rate of change is momentarily zero. As a consequence, the 

back EMF and the applied PD are zero at such times. Thus, when J = 0, V = Vo, 

and when I = Jo, V = 0, i.e. current and voltage are out of phase by 7/2 radians. 

Suppose that the RMS value of the applied PD is kept constant but that its 
frequency is increased. Since the RMS PD is constant, so too is the average back 

EMF, and since E œ dI/dt, the average rate of change of current must also be 

constant. The increase in frequency, though, causes the current to change 

direction more frequently, and the only way this can happen, if the average value of 

dI/dt is to be constant, is for the average value of the current to decrease. (A 
current of 10 A falling to zero in 2 s is changing at the same rate as a current of 5A 

falling to zero in 1 s.) Thus, when Vrms (and L) is constant, Irms oc 1/@. 

Suppose now that the inductance, L, is increased whilst, as before, the average 

value of the applied PD is kept constant. The increase in L tends to increase the 

average back EMF, and therefore the average value of dJ/dt must decrease in 

proportion. The only way this can happen at constant frequency is if the average 

current decreases. Thus, when Vrms and w are constant, Irms « 1/L. 

Combining these results gives 

1 
ius & RMS w L 

when Vrms is constant. Therefore 

V, 
era OL 

Tams 

43.6 AC THROUGH A PURE CAPACITANCE 

Consider a capacitor of capacitance C connected across an alternating supply, so 

that the PD V across the capacitor at time t is given by 

V = Vo sin œt l 

The charge Q on the capacitor at time ¢ is given by equation [40.1] as 

Q= GV. 

Le: Q = CV sin ot 

Differentiating gives 

dQ 
dt 

The current, J, in the circuit is equal to the rate of flow of charge, and therefore 

= @CVo cos wt 

I = @CVo cos wt 

Writing 

Io = wCVo [43.10] 

gives 

I = Ip cos wt 

) gs the current by 7/2 radians. 
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43.7 

Note 

SECTION F: ELECTRICITY AND MAGNETISM 

CAPACITATIVE REACTANCE Xc 

The opposition which a capacitor offers to current flow is called its reactance, Xc, 

and is defined by 

Xo = Ti a ous. i [43.11] 
Ai ee Io Tams 

Substituting for Io from equation [43.10] gives 

Vo 

=e n @WCVo 

w [43.12] 
oo o 

If w is in radians per second and C is in farads, Xç is in ohms. 

QUESTIONS 43C — 

1. A 240 V RMS supply with a frequency of 50 Hz 2. When a capacitor is connected across a 200 Hz 

is connected across a 4700 pF capacitor. Find: alternating supply with a peak value of 100 V the 

(a) the reactance of the capacitor, (b) the RMS maximum amount of charge on the capacitor in 

current in the circuit. each cycle is 500 wC. Find: (a) the reactance of 

the capacitor, (b) the peak value of the current 

in the circuit. 

43.8 EXPLANATION OF THE BEHAVIOUR OF A 
CAPACITOR IN AN AC CIRCUIT 

Current cannot, of course, actually flow through a capacitor; the current flows only 
in the circuit on either side of it. If a capacitor is connected across a steady DC 
supply, current flows only at make or break, i.e. for the short periods of time during 
which the charge on the capacitor is building up to its maximum value or decaying 
to zero. A capacitor in an AC circuit is continually being charged and discharged 
and therefore there is always a current in such a circuit. l 

It follows that if a capacitor is connected across a supply which has a steady DC 
component and an AC component, the capacitor blocks the DC component 
but passes the AC. 

The phase difference between the applied PD and the current in an AC circuit is 
accounted for as follows. When the PD is at its maximum value the capacitor is 
fully charged and therefore the rate of flow of charge, i.e. the current, is zero. When 
the PD of the supply starts to fall, charge has to flow off the capacitor in order that 
the PD across it can stay the same as that of the supply. The more rapidly the PD 
falls, the more rapidly the charge flows. Since the rate at which a sinusoidally 
varying PD falls is greatest as it reaches zero, the current has its maximum value 
when the PD is zero. Thus, when V = Vo, I = 0, and when V = 0, I = Ih, i.e. 
current and voltage are out of phase by 2/2 radians. 
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For a capacitor, Q = CV. In an AC circuit, therefore, for any given value of Vrms, 
the charge that has to flow on to the plates of the capacitor or off them is 

proportional to C. It follows, therefore, that when Vrms is constant, the root mean 

square current, Irms, is proportional to C. 

Increasing the frequency of the supply, whilst keeping Vrms and C constant, 

increases the rate at which the capacitor is charged and discharged and therefore 

increases the current, i.e. Irms is proportional to œ. 

Combining these results gives 

Ikms £ WC 

when Vrms is constant. Therefore 

oC Xc = 
WY Va. aC 

43.9 ROTATING VECTOR REPRESENTATION 

Fig. 43.5 
Rotating vector 
representation of AC 

In Fig. 43.5 ON is the projection of the line OP on Oy. IfOP rotates with a constant 

angular velocity œw, the length of ON varies sinusoidally according to 

ON = OP sinot. If OP is regarded as a vector of magnitude yo, then the 

projection of OP on Oy represents the instantaneous value y (say) of a sinusoidally 

alternating quantity whose peak value is yo. This is known as the rotating vector 

(or phasor) representation. The representation is particularly useful for dealing 

with two or more sinusoidally varying quantities which have the same frequency 

but different phases, and we make use of it in section 43.10. 

y y 

43.10 R, L AND CIN SERIES 

Consider a circuit in which a resistance R, an inductance L and a cap
acitance C are 

in series, and across which there is an alternating PD V (Fig. 43.6). Ifat some time t 

the PDs across R, L and C are Vr, Vi and Vc respectively, then 

The circuit components are in series, and therefore at any instant there is the same 

current, I, flowing through each of R, L and C, and this is equal to the
 current being 

supplied by the source at the same time. Vpis in phase with I, V, leads I by 90° 

and Vo lags I by 90°, and therefore V, leads Vg by 90° and Vo lags Vg by 90° 
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Fig. 43.6 
AC circuit with a resistor, 
an inductor and a 
capacitor in series 

Fig. 43.7 
To illustrate the phase 
relationships of the PDs 
across the components in 
the circuit of Fig. 43.6 
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R L c 

Vp V, > 4 WO 

fT 

V 

(see Fig. 43.7). In particular, when Vg has its maximum value Vp 9, VV, £ Vz oand 
Vo # V c,o. When working in terms of peak values, therefore, it is necessary to take 

account of the phase differences. Thus, although the instantaneous value of the 

PD is equal to the algebraic sum of Vz, V, and Vo (see equation [43.13]), the peak 
value of the applied PD is equal to the vector sum of the peak values Vz 9, Vz o and 

Vc o- It is useful to represent the relative magnitudes and phases of the PDs by a 

vector diagram (the phasor representation). 

If we let Vp = 0 when ż = 0, then the relevant diagram for t = 0 is as shown in Fig. 

43.8(a). After some time t, each vector has turned through an angle wt and the 

situation is shown in Fig. 43.8(b). The instantaneous PDs Vz, V, and Vo are the 

projections of their respective peak values Vp 9, Vz o and Vo o on Oy. As the vectors 

rotate, so does their resultant, Vo, the peak value of the applied PD. The projection 
of Vo on Oy is the instantaneous value V of the total (i.e. the supply) potential 
difference. Vo is the vector sum of Vr o» Vz o and Vo 9, and therefore 

Vo? = Vro + (Vio- Veo)” 

At time z the projection of Vp on Oy is Vo sin (wt + @), i.e. 

V = Vo sin (at + ) 

where 

cae Vro? +(Vro-Vco) i 
[43.14] 

The opposition which the circuit as a whole offers to current flow is called the 
impedance, Z, of the circuit. It is defined by 

[43.15] 

The unit of impedance is the ohm. 
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Fig. 43.8 
Vector representation of 
the PDs in the circuit of 
Fig. 43.6 
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=f 
= Veosin wt 

(b) = V,,.cos wt 

= —Vc ocos wt 

Since 

Vag = DR Vio = TXT Voo = I) Xc 

equation [43.14] can be written as 

Vo = Ioy/R? ap (X: = K 

Therefore, by equation [43.15] 

[43.16] 

Vro i Voo 
tan = n Vise 

ie ay 
De: tan @ = LR 

re 
[43.17] 
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where ¢ is called the phase angle, and is the angle by which the applied PD, V, 

leads Vr, i.e. the angle by which V leads J, and, in particular, the angle by which Vo 

leads Io. 

Note Equation [43.14] can be restated in terms of the corresponding RMS voltages. 

Thus, 

Vrms = CAO ag (Vi rms Px Fonar 

EXAMPLE 43.2 

A coil which has an inductance of 0.4 H and a resistance of 5 Q is in series with a 
resistor whose resistance is 25 Q. The pair are connected across a 200 V RMS 

supply alternating at 50/7 Hz. Calculate: 

(a) the RMS current, 

(b) the RMS voltage across the resistor, 

(c) the RMS voltage across the coil. 

Solution 

Inductive reactance X, = œL 

=n E 3 

2r x (50/7) x 0.4 

= 40Q 

Total resistance R = 5 +25 

=f 300 

In general (equation [43.16]) 

ZER AAA NN 

Here, R = 309, X, = 40 Q9, Xo = 0, and therefore 

Z = V30 +40 

i.e. Z0 

Since Z = Vams/Igms (this follows from equation [43.15]), 

Ipms = 200/50 

Pe Ipms = 4A 

RMS PD across resistor = Igys X resistance 

4x 25 

= 100V 

RMS PD across coil = Ikms X impedance of coil 

4 x V52 + 402 

4x V¥1625 

= 161.2: V 
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PD across resistive component of coil = 4x5 = 20V 

PD across reactive component of coil 

Total PD across coil 

QUESTIONS 43D 

T: 

43.11 

A 47.0 uF capacitor and a resistor of resistance 

30.0Q are connected in series. The pair are 

connected across a 50 Hz supply with a peak 

value of 100 V. Find: (a) the reactance of the 

capacitor, (b) the impedance of the circuit, 

(c) the peak value of the current in the circuit, 

(d) the peak value of the PD across the 

capacitor, (e) the peak value of the PD across 

the resistor. 

| 

2. 

POWER IN AC CIRCUITS 

= 4x 40 = 160V 

Vector sum 

v20? + 160? 

161.2 V 

A resistor of resistance 120 Q, a capacitor of 

capacitance 22.0 uF and a coil with a resistance 
of 10Q and an inductance of 300mH are 

connected in series with a 100 Hz alternating 

supply. Find: (a) the impedance of the circuit, 

(b) the angle by which the applied PD leads the 

current. 

No power is absorbed by either inductors or capacitors over a complete 

cycle,* and therefore the average power absorbed by both inductors 

and capacitors is zero. 

A capacitor absorbs energy during that part of the cycle that the charge on its plates 

is increasing, but returns the energy to the source in the subsequent section of the 

cycle as the charge falls to zero. Similarly, an inductor absorbs energy as its 

magnetic field increases but returns the energy to the supply when the field 

collapses. 

It follows that in a circuit in which there is resistance, inductance and capacitance, 

T.e: 

Po hauek 

the total average power consumed, P, is equal to that dissipated in the resistance, 

[43.18] 

The RMS voltage Vp gms across the resistance is given by 

Vr rms = Irms R 

and therefore equation [43.18] can be rewritten as 

P = Ikms VR, Rms 

But 

Vr RMS _ Vro 

ye y 

[43.19] 

xA mathematical justification of this statement is given in section 43.12. 
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and from Fig. 43.8 

Vro 
aE cos Q 

Vr RMS 
= COS O 

Vems > 

i.e. Ver RMS = Vems cos p 

Substituting for Vp gms in equation [43.19] gives 

P = Iams Vems cos h [43.20] 

Eliminating Jpys between equations [43.18] and [43.20] gives 

sb yV. 2 
P = -> cos? ¢ [43.21] 

Notes (i) cos@ is called the power factor of the circuit. From Fig. 43.8 

COs h = VR, o/ Vo = (Io R/In Z) 

i.e. eos = RZ [43.22] 

Gi) Equations [43.18], [43.20] and [43.21] are analogous to the DC expressions 

P=I°R, P=IV and P= V?/R in which, in particular, V has been 
replaced by Vms cos ġ. This arises because the applied PD leads the current 

by ¢ and Vays cos d can be thought of as the component of Vg, which is in 
phase with Ikus- 

EXAMPLE 43.3 — 

A coil which has an inductance of 0.4 H and negligible resistance is in series with a 
resistor whose resistance is 120Q. The pair are connected across a 100 V RMS 
supply alternating at 200/z Hz. Calculate: 

(a) the total impedance of the circuit, 

(b) the power factor, 

(c) the phase angle, 

(d) the average power. 

Solution 

Inductive reactance X, = œL 

ee 4 BS 

= 2r x (200/z) x 0.4 

= 1609 

Resistance R = 1200 
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In general, the impedance Z is given (by equation [43.16]) as 

Zs 4 R? + (X; = Xo)’ 

Here, R = 120Q, X, = 160Q, Xo = 0, and therefore 

Z = ¥V 1202 + 1602 

i.e. Ze=? 2000) 

The power factor, cos @, is given by cos ¢ = R/Z, and therefore 

cos o = ee 0.6 
Dao aeg 

i.e. Power factor = 0.6 

The phase angle ¢ is therefore cos! 0.6 = 53° (approx.). 

The average power consumed P is given by 

= Y 2 
Pi= = cos? ¢ 

2 2 z — (100)? (0.6) 
120 

ien P= Z0W 

The phase angle can also be calculated from tan p = X,/R (equation [43.17] with 

Xc = 0), and P can be calculated from P = Ipys”R (equation [43.18]) or from 

P = Ikus Vams COS & (equation [43.20]). The reader is advised to confirm this by 

calculation. 

QUESTIONS 43E 

1. A 20.0uF capacitor and a 100Q resistor are capacitor, (b) the impedance of the circuit, 

connected in series with a 240 V RMS 50 Hz (c) the RMS current, (d) the average power. 

supply. Calculate: (a) the reactance of the ; 

43.12 MATHEMATICAL TREATMENT OF THE POWER 

ABSORBED BY RESISTANCES, INDUCTANCES 

AND CAPACITANCES 

Resistance 

If I = b sin wt, then V = Vo sin wt and therefore the instantaneous power P 

being absorbed is given by 

P = (h sin wt) (Vo sin œt) 

i.e. P = b osin ot 

Thus, P varies as shown in Fig. 43.9(a) and is non-zero over a complete cycle. 
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Fig. 43.9 
Power as a function of 

time in the circuit of Fig. 
43.6: (a) for the resistor, 

(b) for the inductor 

SECTION F: ELECTRICITY AND MAGNETISM 

(a) 

P = [Mo Power being 
absorbed 

wt /rad 
0 T 2r 

P 

(b) ` 
Power being 

P = bhVo absorbed 

0 wt /rad 

Power being 
returned to 

supply 

Inductance 

If I= Ío sin wt, then V = Vo cos wt (see section 43.3) and therefore the 

instantaneous power P being absorbed is given by 

P = (do sin œt) (Vo cos at) 

i.e. JPA se $ Io Vo sin 2mt 

Thus, P varies as shown in Fig. 43.9(b) and is zero over a complete cycle. Note 

that the angular frequency of the power variation is 2w — twice that of the applied 
PD: 

Capacitance 

As with an inductance, the current and voltage are out of phase by 90° and the 
power variation is proportional to sin 2a, i.e. P varies as shown in Fig. 43.9(b) 
and is zero over a complete cycle. 

43.13 RESONANCE IN R-L-C SERIES CIRCUITS 

Consider the circuit of Fig. 43.6. The RMS current pus is given by 

Irms = Vrms / Z 

where Vays is the RMS applied PD and Z is the impedance of the circuit. 
Therefore, by equation [43.16] 

Vrms bus = ee [43.23] ve 
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Fig. 43.10 
Variation of [Rms with 
frequency in the circuit of 
Fig. 43.6 

Fig. 43.11 
Conditions at resonance 
in the circuit of Fig. 43.6 
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Both X, and Xo depend on frequency and therefore the RMS current depends on 

the frequency J of the supply (Fig. 43.10). The frequency, fo, which causes Ipus to 

be a maximum (for a given value of Vays, R, L and C) is called the resonant 

frequency of the circuit. It is clear from equation [43.23] that Ipys is a maximum 
when 

X, = Xc 

i.e A yole = 3 
of j z 2nfoC 

ic. —_——aaa cor 0 = aen 

2n VLC 

At resonance 

koka Laks 

1.e. VLo = Vo.o 

Small R 
Large O 

Large R 
—— Small Q 

0 fy 

[43.24] 

Thus, at resonance, the peak values of the PDs across L and C are equal, and 

therefore, since V, and Vo are always out of phase by 180°, at every instant the total 

PD across L and Cis zero. It follows, therefore, that at resonance the applied PD is 

equal to the PD across R (see Fig. 43.11), and the applied PD and the current are in 

phase. 
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Fig. 43.12 
Resonance circuit for 
tuning a radio receiver 

SECTION F: ELECTRICITY AND MAGNETISM 

Note that Veo =IoR, Vio =1o Xx and Veo =IoXc, and therefore if X; and 

X, are much larger than R, V; o and Vc o are much larger than the peak value of the 

applied PD (Vr o). The Q-factor (or quality factor) of the circuit is defined by 

It can be shown that a circuit which has a high Q-factor gives rise to a sharp 

resonance. 

Series resonance circuits in which C is variable are used to tune radio receivers (see 

Fig. 43.12). Radio waves induce currents of many different frequencies in the 

aerial coil, and these induce currents of the same frequencies in L. By altering C (a 

variable air capacitor) one can ‘tune’ the circuit to resonate at the frequency of the 

desired signal. The currents due to the unwanted signals are negligibly small in 

comparison. 

Aerial 

L c Variable ; TS 
air capacitor 

In a circuit of this type, R is due only to the resistance of the wire forming the coil 
and that of the connecting wires. It is likely, therefore, to be very much less than 
Xz» in which case the Q-factor of the circuit is high and the circuit is highly 
selective. 

The energy stored by the capacitor is associated with the charge on its plates and 
therefore with the PD across it. The energy stored by the inductor is associated 
with its magnetic field and therefore with the current flowing through it. When the 
PD across the capacitor is a maximum the current is zero, and therefore at such 
times the energy of the system is stored as the electric field of the capacitor, none is 
stored in the inductor. A quarter of a cycle later, the current is a maximum and the 
PD across the capacitor is zero so that the energy is now stored entirely as the 
magnetic field of the inductor. Thus, the energy continually passes back and forth 
between the electric field and the magnetic field. This may be compared with the 
continual interchange of kinetic energy and potential energy of an oscillating 
pendulum. 

In order to maintain the oscillation of a pendulum, energy has to be supplied 
to offset that lost through friction; in the R-L-C series circuit energy has to 
be supplied to offset that dissipated as heat in the resistive component of the 
circuit. 
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QUESTIONS 43F 

1. A47 uF capacitor and a 2.0 mH inductor with a (a) Vz, in phase with J, 

resistance of 100 Q are connected in series with (b) V in phase with J, 

a 50 V RMS supply. What is: (a) the resonant (cj Z Sek; 

frequency of the circuit, (b) the average power (WG ZER 

consumed at this frequency? (Note, you should (OZER 

be able to do part (b) in your head!) (£) magnitude of V, = magnitude of V, for 

s: the whole of every cycle, 

2. Classify the following statements concerning an (g) Vio = Vecos 

R-L-C series circuit as A, B or C where: M Ve=V; 

A = true only at resonance, G) V, and Vo out of phase by z radians, 

B = always true, 

C = never true. 

(j) a = Igms Vr rms» 

(k) P = rus Vrms: 

(1) power factor = 1, 

(m) V, in phase with I. 

43.14 THE THERMOCOUPLE METER 

Fig. 43.13 
Thermocouple meter 

A thermocouple meter is shown in Fig. 43.13. The alternating current to be 

measured passes through the fine wire XY. The ‘hot’ junction ofa thermocouple is 

attached to XY at Z. The current heats XY and a thermoelectric EMF is generated 

at Z. This produces a direct current which is measured by the moving-coil 

milliammeter. The milliammeter reading depends on the temperature of the 

thermocouple junction and therefore on the RMS value of the alternating current. 

An evacuated bulb surrounds Z to shield it from draughts. 

Evacuated 
bulb 

e DC milliammeter 

43.15 THE RECTIFIER METER 

Fig. 43.14 
Rectifier meter 

A moving-coil ammeter in series with a rectifier (see section 44. 1) can be used to 

measure alternating currents (Fig. 43.14(a)). The current passing through the 

meter is varying but unidirectional (Fig. 43. 14(b)). The meter cannot (except for 

very low frequencies) respond quickly enough to follow the current variation and it 

registers the mean value of the current. The calibration is such that the value of the 

RMS current is displayed. 

(a) PK (b) 

Ww, Current 

Rectifier DC ammeter 

0 
Time 
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POS EOI OE ERS 
ls ER MR Ceo | CONSOLIDATION 

The effective value of an alternating current is the steady DC current which 

produces the same effect. It is always equal to the square root of the average value 

of the square of the current, i.e. it is the root mean square current, Irus- 

Sinusoidal AC 

Eo 
Ikms = Va Exms = ee 

Purely Inductive Circuit 

V leads I by 1/2 radians 

Vi Vi 
X, =— = N Definidos of X,) 

Io Tras 

where V, and Vays are respectively the maximum PD and the RMS PD across the 

inductor. When there are circuit components other than an inductor present the 

symbols Vz o and V; rms have been used. 

Ay OL, = 20E 

Purely Capacitative Circuit 

I leads V by 2/2 radians 

Vo Vrms 
Xo => = (Definitions of Xc) 

Io Tras 

where V, and Vays are respectively the maximum PD and the RMS PD across the 
capacitor. 

R-L-C Series Circuit 

Vz is always in phase with J 

Vo = (Vr. o + (Vi,0— Ve, 0)” = 4/Varms” + (VL rms — EAS 

V 
Z= Ta (Definition of Z) 

0 

Z wee Xn Xo)” 

X, — Xc 
t = — = — an p R cos d 7 
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Power is consumed only by the resistive component of the circuit. 

V 2 

Pits Tn Re Nas Vans cos o= a cos? ġ 

Vrms cos ọ = VR RMS 

Power factor = cos ġ 

3 Phase angle = ¢ (the angle by which the applied PD leads the current) 

R-L-C Series Circuit at Resonance 

(i) X, S Xc 

oe) 4) 
(ii) fo oi) 2n VLC 

(iii) Magnitude of V, = magnitude of Vo (at every instant). In particular, 

Vio = Vo oand Vi rms = Vo,rms 
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RECTIFICATION 

44.1 INTRODUCTION 

Alternating current can be converted to direct current (i.e. rectified) by making 

use of devices which conduct appreciable amounts of current in one direction 

only. Such devices are called rectifiers and include: 

(i) thermionic diodes, 

(ii) metal rectifiers, 

Gii) semiconductor diodes. 

A rectifier is said to be forward-biased when it is connected to a supply in such a 
way that it conducts. If connected the other way round,‘the rectifier is reverse- 
biased (see Fig. 44.1). The current-voltage curve of a typical rectifier is shown in 
Fig. 44.2. 

Fig. 44.1 Forward-biased Reverse-biased 
Rectifier, allowing rectifier rectifier 
appreciable current in | | 
one direction only 

Appreciable current Negligible current 

Note. The arrowhead in the rectifier symbol indicates the 
direction in which current can flow through the rectifier 

Fig. 44.2 Current through 
Current-voltage curve of rectifier 
a rectifier 

Low-resistance 
when forward- 
biased 

PD across 
rectifier 

A 
High-resistance 
when reverse- 
biased 
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44.2 HALF-WAVE RECTIFICATION 

Refer to Fig. 44.3. The rectifier conducts only during the half of the cycle which 

makes X positive (see Fig. 44.4). Although the output is pulsating, it is 

unidirectional, i.e. direct current. (Note. The output is exactly sinusoidal, only 

if the positive section of the J-V curve of the rectifier is linear.) 

Fig. 44.3 

Rectifier in an AC circuit 

Alternating 
supply ra Load 

Fig. 44.4 Supply PD 

PD variations in the 
circuit of Fig. 44.3 

0 t 

PD across 
load 

0 t 

44.3 FULL-WAVE RECTIFICATION 

This can be achieved by using an arrangement of four rectifiers known as a bridge 

rectifier (Fig. 44.5). When X is positive, B and D conduct; when Y is positive, A 

and C conduct. In each case the current through the load is in the same direction — 

from N to M. The PD across the load has the form shown in Fig. 44.6. _ 

Fig. 44.5 
Circuit for full-wave 

rectification 

Alternating 

supply 
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Fig. 44.6 
Variation of PD across 

load in Fig. 44.5 

SECTION F: ELECTRICITY AND MAGNETISM 

PD across 
load 

Thus, full-wave rectification allows the load to draw current from the supply on 

each half of each cycle and therefore the power that can be utilized is double that 

achieved with half-wave rectification. 

44.4 SMOOTHING 

Fig. 44.7 
Use of a capacitor to 
smooth PD across load 

Fig. 44.8 
Variation of PD across 
load in Fig. 44.7 for: 
(a) half-wave 
rectification, (b) full-wave 
rectification 

The pulsating output produced by both half-wave and full-wave rectifiers can be 

made more steady (smoothed) by putting a suitable capacitor in parallel with the 

load (see Fig. 44.7). The ‘smoothed’ outputs for both the half-wave and the full- 

wave situations are shown in Fig. 44.8. 

+ 

Pulsating Smoothing 
rectified PD capacitor Current 

PD across 
load (a) 

Ripple 
eS voltage 

| MN 
Time 

xg 
Unsmoothed half-wave rectified PD 

PD across 
load (b) 

fa Smoothed PD 

Time 

Unsmoothed full-wave rectified PD 

At points such as A the PD across the load has just reached its maximum value. If 
the capacitor were not present, the PD would start to fall to zero along the broken 
curve. However, as soon as the PD across the load starts to fall, it becomes less than 
that across the capacitor and the capacitor starts to discharge through the load. 
Since the charging process causes plate X to be positive, the discharge drives 
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Fig. 44.9 
Additional components 
for further smoothing 
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current through the load in the same direction as it flowed during charging. If the 
time constant (see section 40.10) of the capacitor-load combination is suitably 
large, the PD across the load falls by only a small amount before it starts to rise 
again. 

If further smoothing is required, an inductor and a second capacitor are used (see 
Fig. 44.9). The inductor (L) has a low DC resistance but high AC 

impedance. The capacitor (C), on the other hand, has a low AC 

impedance but a high DC resistance. Therefore, the bulk of the DC 

component of the output from the smoothing capacitor appears across C. The 

bulk of the ripple voltage is across L. Thus, when a load is connected across C (as 

shown) it is in parallel with a very steady PD as required. 

Smoothing 
capacitor 

Pulsating 
rectified PD 

C Load 
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MAGNETIC MATERIALS 

45.1 RELATIVE PERMEABILITY (,,) 

Suppose that a substance is introduced into a vacuum in a region where the 

magnetic flux density is Bo. The flux density takes on a new value, B, and it is 

useful to define a quantity called the relative permeability u, of the sub- 
stance by 

It follows that 4, is a pure number, and that the relative permeability of vacuum is 
unity. 

45.2 CLASSIFICATION OF MAGNETIC MATERIALS 

All substances are affected by magnetic fields and are classified as being 
diamagnetic, paramagnetic or ferromagnetic according to how they are affected. 

For diamagnetic materials ju, is very slightly less than one (typically 0.99999) and 
for paramagnetic materials it is slightly greater than one (typically 1.001). Thus, 
diamagnetism and paramagnetism are very weak forms of magnetism. 

Those materials which exhibit very strong magnetic effects are said to be 
ferromagnetic and have very large values of p, (typically 10*). The only 
elements which are ferromagnetic are iron, nickel, cobalt, gadolinium and 
dysprosium. A number of oxides and alloys are also ferromagnetic. For 
ferromagnetic materials u, depends on: 

(i) the (magnetic) history of the sample and the strength of the magnetizing 
field, i.e. on Bo (see section 45.3), and 

(ii) the temperature of the material. The value of Hr decreases with increasing 
temperature, and at a critical temperature which is known as the Curie 
temperature a ferromagnetic material becomes paramagnetic. The Curie 
temperature of iron is 1043 K. 
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45.3 THE MAGNETIZATION CURVE 

Fig. 45.1 i 
A typical hysteresis curve 

Notes 

Fig. 45.1 illustrates how B (the flux density at the site of a sample of initially 
unmagnetized ferromagnetic material) varies with Bo (the flux density of the field 
in which the sample is situated). (Some of the practical considerations involved in 
obtaining such a curve are outlined in section 45.6.) 

B/T 
Of all the lines which 

A can be drawn from O 
to points on OP this 
has the greatest slope 

(By X 104)/T 

The sample is initially unmagnetized and its situation is represented by O. As Bois 

increased B increases along OP and reaches its saturation value B, at P. If Bo is 

now reduced to zero, B falls only slightly (to B,), and the situation of the sample is 

represented by Q. The sample has retained some ofits magnetism; the flux density 

which remains in the sample is called its remanence or retentivity, B,. In order 

to reduce B to zero it is necessary to apply a reverse field of flux density B, (point 

R). B./ uois called the coercivity of the sample. (uois the permeability of vacuum, 

4n x 10-7 H m™!.) Ifthe reverse field is increased, the sample saturates at S. When 

the reverse field is reduced to zero the sample again retains some of its magnetism 

(point T). If Bo is increased to its original maximum (forward) value, B increases 

to B, along TP. When the magnitude of Bo is being reduced (i.e. from P to Q and 

from S to T) the magnitude of B is greater than it was for the same value of Bo 

whilst By was being increased. Thus the sample shows a reluctance to being 

demagnetized. The phenomenon is called hysteresis — a term which is derived 

from a Greek word meaning ‘lagging behind’. The sample can be taken around 

PQRSTP indefinitely; the curve is called a hysteresis loop. 

(i) m, = B/Bo,and therefore since the plot of B against Bois nota straight line 

through the origin, the curve shows that p, is not constant for a 

ferromagnetic material. Bearing in mind that wr = B/Bo, we see that 

during the initial magnetization the sample has its maximum permeability at 

M. 
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Gi) 

(iii) 

(iv) 

SECTION F: ELECTRICITY AND MAGNETISM 

It can be shown that the area of the hysteresis loop is proportional to the 

energy used in taking unit volume of the material once round the loop. The 

energy is dissipated as heat in the material. 

Ferromagnetic materials exhibit hysteresis even when they are not taken to 

saturation. 

For values of By which are greater than that required to produce saturation 

the B-Boy curve continues to rise with a gradient of 1*. This is because 

B = Bp + Bo, where By is the flux density of the material being 

investigated and although B,, has stopped increasing, B continues to 

increase because of the increasing value of Bo. 

45.4 PROPERTIES AND USES OF FERROMAGNETIC 
MATERIALS 

Fig. 45.2 
Hysteresis loops for 
‘hard’ and ‘soft’ 
ferromagnetic materials 

Ferromagnetic materials are classified as being either soft or hard. The names 

arise because the properties associated with each type are respectively typified by 

the behaviour of soft iron and hard steel. Fig. 45.2 compares the hysteresis loop ofa 

magnetically soft material with that of a magnetically hard material. Note that the 

soft magnetic material has: (i) a narrow hysteresis loop, (ii) low coercivity, (iii) high 

saturation flux density, (iv) high remanence. (High remanence is not a 

characteristic of all magnetically soft materials.) 

(By X 104)/T 

*The gradient of the curve at P appears to be very much less than 1, this is because the scale on one axis 
is 10* times bigger than that on the other. 
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Table 45.1 
Remanence and 
coercivity of some hard 
magnetic materials 
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Permanent Magnets 

These are made from hard magnetic materials. It is necessary that the material has: 

(i) high remanence (so that the magnet is ‘strong’), and 

Gi) high coercivity (so that it is unlikely to be demagnetized by stray magnetic 
fields). 

Table 45.1 lists the remanence and coercivity values of some of the materials which 
are used to make permanent magnets. 

Material Remanence/T Coercivity/kA m~’ Comment 

Cobalt steel 

Alnico Alloy of Fe, Ni, 

Al, Co 

Ticonal GX a Alloy of Fe, Co, 

Ni, Al, Cu 

Magnadur i; Ceramic. 

Oxides of Ba 

and Fe 

Electromagnets 

The most important requirement is that the material has a high magnetic flux 

density at saturation (so that the magnet will be strong). For reasons which are 

explained in section 45.6, it is necessary that a magnetically soft material is used. 

Transformer Cores 

Soft magnetic materials are used. When a transformer is in use its core is taken 

through many complete cycles of magnetization. Energy is dissipated in the core in 

the form of heat during each cycle. The energy dissipated is known as hysteresis 

loss and is proportional to the area of the hysteresis loop. It is necessary therefore 

that the hysteresis loop of the core material has a small area. Silicon iron is used at 

low frequencies. At high frequencies eddy current losses (see section 42.11) tend 

to be a serious problem and high resistivity ferrites are used. í 

45.5 DEMAGNETIZATION 

Refer to Fig. 45.1. Applying a reverse flux density of B. to a sample of 

ferromagnetic material reduces its flux density to zero. This does not mean that 

the sample has been permanently demagnetized, for as soon as the reverse field is 

removed B becomes positive. In order to produce true demagnetization it is 

necessary to take the sample around a series of hysteresis loops of gradually 

decreasing amplitude (see Fig. 45.3). This can be achieved, for example, by 

placing the sample inside a solenoid through which alternating current is flowing, 

and then reducing the current to zero. 
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Fig. 45.3 
Demagnetization curve 
for a ferromagnetic 
material 

SECTION F: ELECTRICITY AND MAGNETISM 

By 

45.6 SELF-DEMAGNETIZATION . 7a 

The hysteresis curves of Figs. 45.1 and 45.2 are obtained with closed loops of 

magnetic material. Any attempt to produce such curves with (say) an iron bar 

inside a solenoid would be unsuccessful. This is because forces exist within a piece 

of magnetized material which tend to demagnetize it. The effects of these forces are 

particularly marked near the ends of a rod-shaped specimen, and the magnetiza- 

tion at the ends is appreciably less than it is elsewhere. This non-uniformity of the 

magnetization gives a hysteresis curve of a different shape from that which is 

obtained with a uniformly magnetized sample. In the case of a magnetically soft 
material this self-magnetization is capable ofalmost completely destroying the flux 
density within the material as soon as the magnetizing field is removed. With hard 
magnetic materials the effect takes place much more slowly. Nevertheless, it is 
necessary to store permanent magnets with soft iron ‘keepers’ in order to form a 
magnetically closed loop and reduce the self-demagnetization. 

The core of an electromagnet is rarely in the form of a magnetically closed loop, 
and therefore the self-demagnetizing effect reduces the flux density very nearly to 
zero as soon as the magnetizing current is switched off. The fact that many soft 
magnetic materials have high remanence is therefore of no consequence. 

45.7 THE DOMAIN THEORY OF FERROMAGNETISM 

Paramagnetic and ferromagnetic materials contain atoms which have magnetic 
fields resulting from the motions of the electrons within the atoms. The atoms of 
diamagnetic materials, on the other hand, have no such fields because their 
electron configurations are such that the fields of the individual electrons cancel 
each other. In paramagnetic materials the fields of the individual atoms are oriented 
randomly, owing to thermal agitation, and there is no overall magnetization. 
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Fig. 45.4 
The effect of an external 
field on the domain 
structure of a 

ferromagnetic material 

Fig. 45.5 
Magnetization curve 
showing the dominant 
processes in the different 
regions of the curve 
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In ferromagnetic materials there are very strong interactions between neighbour- 
ing atoms which cause the magnetic fields of groups of them to line up in the same 
direction. These groups are called domains, and have volumes of 10-3? mm? or 
more. The magnetic field within a domain is perhaps a hundred times stronger 
than the strongest fields that can be produced in laboratories. 

The direction of magnetization varies from one domain to another, and in an 
unmagnetized sample of ferromagnetic material the fields of the various domains 
cancel (Fig. 45.4(a)). When an external field is applied to the sample those 
domains whose directions of magnetization are in (or close to) the direction of the 

field grow at the expense of others and there is a general movement of the domain 
walls (Fig. 45.4(b)). The sample now has a resultant magnetization in the 

direction of the external field. If the strength of the field is increased, the extent to 

which the walls move increases. In addition, there comes a point when the 

magnetic axes of some of the domains suddenly rotate, and line up with the 

external field (Fig. 45.4(c)). Further increases in field strength cause more and 

more domains to rotate, and eventually all the domain axes are in line with the 

applied field. ‘The sample is now saturated. 

(a) Unmagnetized (b) Moderate (c) Large 
material. No external field external field 
external field tb 

ees 
Directions of Domain This domain has Directions of 
magnetization walls grown at the magnetization 

expense of the others have rotated 

The wall movements which occur in weak fields are small and (almost completely) 

reversible — the sample loses its magnetism when the external field is removed. The 

larger wall movements and rotations produced by stronger fields are mainly 

irreversible (Fig. 45.5). 

---- Magnetization due mainly to 
— irreversible rotations 

ee Magnetization due mainly to 
large irreversible wall movements 

=- Magnetization due to small 

—— reversible wall movements 

By 

Once a particular arrangement of domains has been established by a strong 

external field, simply removing the field has little effect. It is necessary to apply a 

large reverse field in order to rearrange the domains and destroy the magnetism. 

This explains why ferromagnetic materials exhibit hysteresis. Magnetically hard 

materials are more difficult to magnetize and demagnetize than magnetically soft 

materials. 
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` 

This is because the hard materials have more crystal imperfections and grain 

boundaries (see section 9.10) which hamper the movements of the domain walls. 

Perhaps the most convincing evidence for the existence of magnetic domains is 

provided by what are known as Bitter patterns. These can be produced by 

placing a colloidal suspension of magnetite on the surface of a single crystal of 

ferromagnetic material which has been polished electrolytically to remove surface 

irregularities. The magnetite tends to settle along the domain walls creating a 

pattern which can be observed with a microscope to reveal the domain structure. 
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ELECTROLYSIS 

46.1 THE PHENOMENON OF ELECTROLYSIS 

Fig. 46.1 
The principle of 
electrolysis 

_ Electrolysis is the name given to the process in which chemical changes are 
caused to occur by passing an electric current through a liquid. The liquid is 

called an electrolyte. 

Liquid metals are not electrolytes since they pass current without there being any 

associated chemical change. Molten salts, and solutions of most inorganic 

compounds in water are electrolytes. Some solutions do not conduct electricity 

and are said to be non-electrolytes — sugar solution is an example. 

Fig. 46.1 illustrates a simple arrangement for producing electrolysis. The plates by 

which the current enters and leaves are called electrodes. That through which the 

(conventional) current enters, i.e. that which is connected to the positive terminal 

of the battery, is called the anode; the other electrode is called the cathode. The 

apparatus as a whole is called a voltameter. 

cag ENE 

Cathode (—) a Anode (+) 

Electrolyte 

The current flow in an electrolyte is due, not to electrons, but to positive and 

negative ions. The positive ions move towards the cathode and are called cations; 

the negative ions move towards the anode and are known as anions. (‘The current 

in the connecting wires and the electrodes is carried by electrons; it follows that the 

electrodes must be metals or graphite.) 

As an example of an electrolyte we shall consider sodium chloride (NaCl). This 

contains Nat ions and Cl- ions. If the sodium chloride is molten or is in aqueous 

solution, these ions are free to move and it can conduct an electric current. Solid 
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sodium chloride cannot conduct a current because, although it too contains Na* 

and Cl ions, they are not free to move. 

We stated at the beginning of this section that electrolysis results in chemical 

change. The chemical reactions occur only at the electrodes. When an anion 

reaches the anode it gives up its excess electron(s) to the anode and becomes a 

neutral atom.* The electrons received by the anode in this way (effectively) move 

through the external circuit to the cathode. When cations arrive at the cathode they 

combine with these electrons and, like the anions, become neutral atoms. 

When there is more than one type of cation or anion present only one type of each is 

neutralized. Just which cation and which anion are neutralized is determined by 

the relative positions of the ions in the so-called electrochemical series, the 

concentration of the solution, and the nature of the electrodes. In some cases the 

anode dissolves in the electrolyte as a result of the electrolysis. For example, in 

electrolysis of copper sulphate solution using copper electrodes, copper atoms are 

deposited on the cathode and an equal number go into solution at the anode. If 

platinum electrodes are used, though copper is still deposited at the cathode, 

oxygen is evolved at the anode and the anode remains intact. 

46.2 FARADAY’S LAWS OF ELECTROLYSIS 

Notes 

Faraday summarized the results of many detailed experiments on electrolysis in 

two laws. ‘ 

The First Law 

_ The mass of any given substance which is liberated or dissolved as a result of 
electrolysis is proportional to the quantity of electric charge that has flowed. 

The first law can be expressed as 

m = zQ [46.1] 

where 

m = the mass of a substance which has been liberated or dissolved bya 
charge Q, and 

z = aconstant for any given substance. It is called the electrochemical 
equivalent (ECE) of the substance. (Unit = kg C71.) 

(i) | Equation [46.1] defines ECE. Thus, the electrochemical equivalent of 
a substance is the mass of it which is liberated or dissolved in 
electrolysis by the passage of one unit of electric charge. 

(ii) Ifthe charge which passes is due to a steady current I flowing for time 1, 
equation [46.1] can be written as 

m= elt 

*Often a radical e.g. OH, rather than an atom. 
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The Second Law 

The ratio of the numbers of moles of any two different substances liberated or 
dissolved in electrolysis as a result of equal quantities of charge flowing is 
equal to the reciprocal of the ratio of their respective valencies. 

For example, the valency of oxygen is twice that of hydrogen and therefore the 
number of moles of hydrogen liberated by any given quantity of charge is twice the 
number of moles of oxygen liberated by the same charge. 

46.3 THE FARADAY CONSTANT (F) 

The Faraday constant (F) is numerically equal to the quantity of charge 
which liberates one mole of monovalent (i.e. singly charged) ions in 
electrolysis. It is found by experiment that 

F = 9.649 x 10*?C mol"! 

The magnitude of the charge on a monovalent ion is equal to the electronic charge 

e. The total charge on a mole of monovalent ions is therefore N,e, where N, is the 

Avogadro constant. It follows that 

This equation can be used to obtain a value for e which is much more accurate than 

that from a ‘Millikan-type’ experiment (section 50.4). (N; is obtained from X-ray 

diffraction measurements; F is found from electrolysis experiments.) 

46.4 TWO USEFUL RELATIONSHIPS 

Total charge on one mole of ions of valency v = Nave 

iy as) 

Mass in kg of one mole of ions (of any valency) = A, x 107? 

where 4, is the relative atomic mass. 

It follows that the specific charge (charge-to-mass ratio) in Ckg™' of an ion of 

valency v is given by 

Fu 

A103 

The electrochemical equivalent z (in kg C7!) is the number of kilograms of a 

substance liberated by one coulomb of electric charge, and as such, it is the mass of 

that quantity of ions which have a total charge of one coulomb. It follows that the 

reciprocal (1/2) of the electrochemical equivalent is the specific charge of the ions, 

Les 

Specific charge = 

1 
Specific charge = 

(This, of course, assumes that each ion of the substance has the same mass and 

carries the same charge as every other.) 

Combining these two results, we have 
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QUESTIONS ON SECTION F 

Assume £p = 8.85 x 10- Fm™! and u = 4r x 10” Hm™ unless otherwise stated. 

DC ELECTRICITY (Chapter 36) 6.0.0 2.0.0 

F1 For the circuit shown below, calculate (a) J, 

(b) Vi, (c) V2; (d) V3. 

1.5V 

F5 (a) State Ohm’s law. 
(b) The following are four electrical com- 

F2 When 81cm of a wire with a cross-sectional ponents: 

area of 3.1 x 10-7 cm? is connected across a A acomponent which obeys Ohm’s law 
2.0V cell a current of 1.6A flows in the B another component which obeys 
wire. Find the resistivity of the material of the Ohm/’s law but which has higher 
wire. resistance than A 

C sa filament lamp 

D a component, other than a filament 

lamp, which does not obey Ohm’s law. 

F3 In the circuit below a voltmeter with a (i) For each of these components, 
resistance of 80kQ is connected across a sketch current-voltage characteris- 
10kQ resistor. Calculate the voltmeter read- tics, plotting current on the vertical 
ing. axis, and showing both positive and 

negative values. Use one set of axes 

for A and B, and separate sets of axes 

for C and for D. Label your graphs 
clearly. 

10 KQ 10 KQ (iit) Explain the shape of the character- 
istic for C. 

Gii) Name the component you have 

chosen for D. [J, °92] 

24V 

F6 There are n free electrons in unit volume of a 
wire and each electron carries a charge e. 

f (a) Show that when a current flows, the 
F4 Find the current drawn from the cell in the current density 7 is given by 

following circuit. F = nev 



QUESTIONS ON SECTION F ° 

where v is the drift velocity of the 
electrons. 

(b) A PD of 4.5 V is applied to the ends of a 

0.69 m length of manganin wire of cross- 

sectional area 6.6 x 1077 m°. Calculate 
the drift velocity of the electrons along the 
manganin wire. 

The resistivity of manganin is 4.3 x 

10-7 Q m'and n for manganin is 107° m~3. 

ese 16.22.10-3-6.) [W, 792] 

F7 Calculate the resistance of the network shown 

below: 

(a) between A and B, 

(b) between A and C. 

A 40 

40 

F8 Deduce the value of the current J as shown in 

the circuit below. [C] 

F9 

Fig. 1 

F10 

Fig. 2 
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When answering the questions below, you 

may assume that the source resistance is 

negligible and that each diode has a potential 

difference of 0.6 V across it when conducting. 

(a) For the circuit shown in Fig. 1, calculate 

(i) the current in the 30Q resistor, 

(ii) the current in the 60 resistor, 

(iii) the PD across the 40 Q resistor, 

(b) For the circuit shown in Fig. 2, calculate 

(i) the current in the 30 resistor, 

(ii) the current in the 60Q resistor, 

(iii) the PD across the 40 Q resistor. 

[J, °91] 

The light-dependent resistor (LDR) in the 

circuit below is found to have resistance 800 Q 

in moonlight and resistance 160 Q in daylight. 

Calculate the voltmeter reading, 

moonlight with the switch S open. 

Vas in 

If the reading of the voltmeter in daylight with 

the switch S closed is also equal to Vm what is 

the value of the resistance R? [L, °91] 
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F11 

10 3.0 
TN TE aerer] 

I 

60 4a 
2V : : 

F12 

F13 

Find the value of the current, J, in the circuit 

shown below. 

12.0 

E 

ole 

500 Q 2000 Q 

In the above circuit E is a DC source of 

negligible internal resistance driving a current 

through two resistors of resistance 500 Q and 

2000Q respectively arranged in series. The 

PD across the 500 Q resistor is measured using 

a voltmeter of resistance 2000 Q and is found 

to be 10 V. What is the EMF of the source and 

what is the PD across the 2000 Q resistor when 

the voltmeter is not being used? [AEB, ’79] 

A semiconductor diode and a resistor of 

constant resistance are connected in some 

way inside a box having two external term- 

inals, as shown in the diagram below. When a 

potential difference of 1.0 V is applied across 

the terminals the ammeter reads 25 mA. If the 

same potential difference is applied in the 

reverse direction the ammeter reads 50 mA. 

Ammeter of negligible resistance 

Variable voltage = 
DC supply 

Box 

What is the most likely arrangement of the 

diode and the resistor? Explain your deduc- 

tion. Calculate the resistance of the resistor 

and the forward resistance of the diode. [L] 

` 

F14 

F15 

F16 

F17 
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Two resistors, each of resistance 6kQ, are 

connected in series across a 12V battery 

which has negligible internal resistance. What 

potential difference is indicated by a moving 

coil meter with resistance 15 KQ connected in 

parallel with one of the 6 kQ resistors? [S] 

A moving-coil meter has a resistance of 5.0Q 

and full-scale deflection is produced by a 

current of 1.0mA. How can this meter be 

adapted for use as: 

(a) a voltmeter reading up to 10 V, 

(b) an ammeter reading up to 2 A? [S] 

For the values shown in the figure below, 

calculate 

(a) the current through ammeter A1, 

(b) the current through ammeter A>, 

(c) the PD across Ro. 

E = 2.0 V 

Assume that the internal resistance of each 

cell and the resistance of each ammeter is 

negligible. [AEB, °79] 

A DC milliammeter has a full-scale deflection 

of 10 mA and a resistance of 50 Q. How would 

you adapt this to serve as a voltmeter with a 

full-scale deflection of 150 V? Comment on 

F18 

whether this voltmeter would be suitable for 

accurately measuring the potential difference 

across a resistor of about 100kQ carrying a 

current of about 1 mA. ~ [J] 

A galvanometer of resistance 40 Q requires a 
current of 10 mA to give a full-scale deflection. 
A shunt is put in position to convert it to a 
meter reading up to 1.0 A full-scale deflection. 
A resistance bobbin, intended to convert the 
galvanometer to one reading up to 1.0 V full- 
scale deflection, is now attached to the 
instrument but the shunt is inadvertently left 
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F19 

F20 

in position. By considering the potential 

difference across the bobbin and the meter, 

calculate the voltage which would produce 

full-scale deflection of the meter. [L] 

In the above circuit the batteries have 

negligible internal resistance and the volt- 

meter V has a very high resistance. What 

would be the reading of the voltmeter? [L] 

The 4.00 V cell in the circuits shown below has 

zero internal resistance. 

An accurately calibrated voltmeter connected 

across YZ records 1.50 V. Calculate 

(a) the resistance of the voltmeter, 
(b) the voltmeter reading when it is con- 

nected across Y’Z’. 

4.00 V 

60 Q Y 400 

X Z 

4.00 V 

600 Q 400 Q 

w y' zZ 

What do your results suggest concerning the 

use of voltmeters? [L] 

F21 

F22 

F23 
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(a) Define 

(i) potential difference and the volt; 

(ii) resistance and the ohm. 

(b) Two resistors having resistances of 1.8 kQ 

and 4.7 kQ are connected in series with a 

battery of EMF 12V and negligible 

internal resistance as shown below: 

(i) What is meant by the expression an 

EMF of 12 V? 
(ii) What is the potential difference 

across each of the resistors? 

(c) When a particular voltmeter of fixed 

resistance R, which is known to be 

accurately calibrated, is placed across 

the 1.8kQ resistor in the diagram above 

it reads 2.95 V. When placed across the 

4.7kQ resistor it reads 7.70 V. 

(i) Why do these two readings not add 

up to 12 V? 

(ii) Calculate the resistance R of the 

voltmeter. 

(d) A second, identical, voltmeter is used so 

that a voltmeter is placed across each 

resistor. What will each voltmeter read? 

[C, *91] 

Explain why the PD between the terminals ofa 

cell is not always the same as its EMF. 

A cell, a resistor and an ammeter of negligible 

resistance are connected in series and a 
current of 0.80A is observed to flow when 

the resistor has a value of 2.00Q. When a 

resistor of 5.00 Q is connected in parallel with 

the 2.00Q resistor, the ammeter reading is 

1.00 A. Calculate the EMF of the cell. [J] 

A power supply used in a laboratory has an 

EMF of 5000 V. When, however, a voltmeter 

of resistance 20kQ is connected to the 

terminals of the power supply a reading of 

only 40 V is obtained. 

(a) Explain this observation. 

(b) Calculate the current flowing in the meter 

and the internal resistance of the power 

supply. [S] 
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F24 A battery of internal resistance 0.50 Q is 

F25 

F26 

connected (as shown below) through a switch 

S to a resistor X, which is initially at 0°C. 
When S is.closed, the voltmeter reading falls 

immediately from 12.0V to 10.0V. The 

reading then rises gradually to a steady value 

of 10.5 V. 

Internal resistance 0.50 Q 

(a) Explain these observations. 

(b) Calculate: 

(i) the initial current when S is closed; 

(ii) the initial resistance of X; 

(iii) the resistance of X when the steady 

state has been reached. [O, 792] 

A battery of EMF 12.6 V and internal resis- 

tance 0.1 Q is being charged from a DC source 

of EMF 24.0V and internal resistance 1.0Q 

using the circuit shown in the figure below. V, 

and V, are high resistance voltmeters and R is 

a fixed resistor. 

| Battery 

(a) What is the polarity of terminal A of the 
source? 

(b) Ifthe charging current is 5.0 A, determine 

the resistance of the resistor R. 

(c) If the resistance of R were changed to 
0.9 Q what would be the reading on each 

voltmeter? [AEB, ’79] 

Explain why the potential difference between the 

terminals of a battery is not always the same as 
its EMF. 

F27 
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A battery is known to have an EMF of 5.0 V 

but when a certain voltmeter is connected to it 

the reading is 4.9 V. The battery can deliver a 

current of 0.40A when connected to a 

resistance of 12. What is the resistance of 

the voltmeter? [L] 

(a) State Kirchhoff’s second law. 

(b) 

S R 

(i) In the circuit shown E is a cell of 

source (internal) resistance r and the 

resistance of R is 4.0Q. With the 

switch S open, the high resistance 

voltmeter reads 10.0 V and with S 

closed the voltmeter reads 8.0V. 

Show that r `= 1.0Q. 
(ii) If R were replaced by a cell of e.m.f. 

4.0V and source resistance 1.0 Q 

with its negative terminal connected 

to B, what would be the reading of the 
voltmeter with S closed? [J, 90] 

F28 Asource of EMF E and internal resistance ris 

connected to a load of resistance R. 

(a) What current flows in the load? 

(b) Find the power P dissipated in the load. 

(c) For what value of R is P a maximum? 

[C] 

F29 Find the current J in the circuit shown. 

I 20 

E=4V 

E=8V 40, 

20 

19 

[W, °91] 
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F30 

F31 

F32 

F33 

-(b) the rate of production of heat. 

The battery in the circuit above has EMF 5.4 V 

and drives a current of 0.30 A through a lamp. 
The voltmeter reading is 4.8 V. 

Explain why the voltmeter reading is less than 
the EMF of the cell. 

Calculate values for 

(a) the internal resistance of the battery, and 

(b) the energy transformed per second in the 

lamp. 

State two assumptions you made in order to 

complete these calculations. [L, 792] 

A string of electric lamps for decorating a 

Christmas tree consists of 20 12V lamps 

connected in series across the 240 V mains. 

The power consumption of the whole string is 

24W. 
(a) What is the resistance of each lamp? 

(b) If one lamp becomes short-circuited, 

what is approximately the new power 

consumption of the string? 

Explain why, when one of these lamps is 

tested by applying a potential difference of 

0.1 V, it passes acurrentof10mA. [S] 

(c) 

Explain what is meant by the electromotive 
force and the terminal potential difference of 

a battery. 

A bulb is used in a torch which is powered 

by two identical cells in series each of 

EMF 1.5V. The bulb then dissipates 

power at the rate of 625 mW and the PD 

across the bulb is 2.5 V. Calculate (i) the 

internal resistance of each cell and (ii) the 

energy dissipated in each cell in one 

minute. [J] 

(a) 

(b) 

A steady uniform current of 5 mA flows axially 

along a metal cylinder of cross-sectional area 

0.2mm°, length 5m and resistivity 3 x 

1075 Q m. Find: 
(a) the potential difference between the ends 

of the cylinder, 

[W] 

F34 

F35 
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A heating coil is to be made, from nichrome 

wire, which will operate on a 12 V supply and 

will have a power of 36 W when immersed in 

water at 373 K. The wire available has an area 

of cross-section of 0.10 mm°. What length of 
wire will be required? 

(Resistivity of nichrome at 273K = 1.08 x 

107° Q m. Temperature coefficient of resistiv- 

ity of nichrome = 8.0 x 107° K~!.) [L] 

120 V 

Fig. 1 

In this question you are asked to analyse the 

simple circuit shown in Fig. 1. The region 

within the box represents the circuit of a DC 

motor running at a steady speed. The motor 

behaves as a source of EMF E (opposing that 

of the 120 V battery), and an internal resis- 

tance 4Q. These are in parallel with a fixed 

240Q resistor. A current of 5.5 A is drawn 

from the 120 V battery (which has negligible 

internal resistance). 

(a) Calculate 

(i) the current through the 4Q internal 

resistance, 

(ii) the EMF E. 

IH--] 
120 V 

Fig. 2 

(b) When the motor is not running, the EMF 

E is zero. To limit the current on starting, 
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an extra series resistor R is included as 

shown in Fig. 2. Calculate a value for its 

resistance which will limit the starting 

current drawn from the battery to 20 A. 

[O & C, 790] 

F36 An electrical heating element is to be designed 

F37 

F38 

so that the power dissipated will be 750 W 

when connected to the 240 V mains supply. 

(a) Calculate the resistance of the wire 

needed. 

(b) The elementis to be made from nichrome 

ribbon 1.0 mm wide and 0.050 mm thick. 

The resistivity of nichrome = 1.1 x 

10-°Qm. Calculate the length of ribbon 
required. 

(c) Draw a circuit diagram to show how a 

second heating element would be con- 

nected to increase the power dissipated to 

1.5 kW. 
(d) State one important property of a con- 

ductor used to make heating elements. 

[AEB, ’87] 

A12V, 24 W lamp and a resistor of fixed value 

are connected in some way inside a box with 

two external terminals. In order to discover 

the circuit arrangement inside the box a 

student connects a variable DC power source 

and an ammeter in series with the box and 

obtains the following results: 

Applied potential difference 1.0V 12V 
Current 117A 4.00A 

(a) Draw a circuit diagram of the most likely 

arrangement inside the box, giving your 

reason. 

(b) Use the 12 V, 4.00 A reading to deduce 

the value of the fixed resistor. 
(c) What is the percentage increase in the 

resistance of the lamp as the applied 

potential difference changes from 1.0V 

to 12 V? 

(d) When the applied potential difference is 

increased to 24V the current is again 

found to be 4.00 A. Explain this observa- 

tion. 

(You may neglect the internal resistance of the 
power supply and the resistance of the 

ammeter in all your calculations.) [L] 

A student is provided with a 2 V cell, a lamp, a 

switch and a thermistor with a negative 

SECTION F: ELECTRICITY AND MAGNETISM 

temperature coefficient of resistance. The 

lamp, which is in series with the cell as in 

Figure 1, lights immediately the switch is 

turned on. 

Fig. 1 A Fig. 2 

Fig. 3 

Explain why : 

(a) when the thermistor is connected in series 

with the lamp, as in Figure 2, and the 

switch is turned on, the lamp lights up 

slowly, and 

(b) if the lamp is omitted, as in Figure 3, and 

the switch is turned on, the cell is soon 

destroyed by overheating. [L] 

F39 State Kirchhoff’s laws for circuit networks. 

In the following circuit, cell A has an EMF of 

10V and an internal resistance of 2 Q; cell B 

has an EMF of3 V and an internal resistance of 
JO: 

(a) Show that the currents through A and B 
are £ amps and 3 amps respectively. 
What is the magnitude of the current 
through GF? 
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(b) Determine the power dissipated as heat in 

the resistor FE. If the circuit is switched 

on for 30 minutes, calculate the energy 

dissipated in FE in kilowatt-hours. 
(c) What is the potential difference (i) across 

the terminals of cell A, (ii) across the 

terminals of cell B? 

(d) Calculate the rate at which energy is being 

supplied (or absorbed) by cells A and B. 

(e) If the contact F can be moved along the 

resistor GE, find the value of the resis- 

tance GF when no current is flowing 

through cell B. 

(f) At what setting of F would cell B (i) be 

discharging at the maximum possible rate 

and (ii) be charging at the maximum 

possible rate? [W] 

F40 (a) Give an expression for P, the power 
dissipated in a resistor of resistance R, 

in terms of V, the potential difference 

across the resistor, and J, the current 

through the resistor. Hence show that P 

is given by the expression 

V2 

R 

A certain electric hotplate, designed to 

operate on a 250V supply, has two coils 

of nichrome wire of resistivity 9.8 x 

10-7 Qm. Each coil consists of 16m of 
wire of cross-sectional area 0.20 mm’. 

(b) For one of the coils calculate 

(i) its resistance, 

(ii) the power dissipation when a 250 V 

supply is connected across the coil, 

assuming its resistance does not 

change with temperature. 

(c) Show, by means of diagrams, how these 

coils may be arranged so that the hotplate 

may be made to operate at three different 

powers. In each case, calculate the power 

rating. 

(d) The hotplate is connected to the 250V 

supply by means of cable of total 

resistance 3.0Q. 

(i) Calculate the power loss in the 

connecting cable when the hotplate 

is being used on its middle power 

rating. 

(ii) Comment qualitatively on any 

change in power loss in the cable 

when the hotplate is operating at each 

of its other power ratings. 

Pe 
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(e) Different connecting cables are available 

for use with the hotplate. The maximum 
safe current which can be used in any one 

of the cables is 1 A or 3A or 6A or 12A. 

State which is the most appropriate cable 

to use and briefly explain one possible 

danger of using cable with a lower 

maximum safe current. [C, 792] 

THE WHEATSTONE BRIDGE 
(Chapter 37) 

F41 

F42 

F43 

F44 

Draw a circuit diagram of a metre bridge 

circuit being used to compare two resistances. 

Why is the method only suitable for two 

resistances of the same order of magnitude? 

[L] 

The slide-wire of a Wheatstone bridge is 1 m 

long, and has a resistance of 2 Q. The bridge 

has a 2 V power supply with negligible internal 

resistance, and is used with a galvanometer of 

resistance 1000Q. The bridge is used to 

compare a 1 Q with a 3Q resistor. 

(a) Where is the balance point on the bridge 

wire? 

(b) If the balance point can be determined to 
within +1l1mm, what is the smallest 

current which the galvanometer can 

detect? [S] 

In an experiment to investigate the variation of 

resistance with temperature, a nickel wire and 

a 10 Q standard resistor were connected in the 

gaps of a metre bridge. When the nickel wire 

was at 0°C a balance point was found 40 cm 

from the end of the bridge wire adjacent to the 

nickel wire. When it was at 100 °C the balance 
point occurred at 50 cm. Calculate: 

(a) the temperature of the nickel wire (on its 

resistance scale) when the balance point 

was at 42 cm, 

(b) the resistivity of nickel at this temperature 

if the wire was then 150 cm long and of 

cross-sectional area 2.5 x 10~4cm’. 

Explain the advantage of using a 10 Q standard 
resistor in preference to a 100Q standard in 

this experiment. [J] 

(a) Explain what is meant by electrical 

resistivity, and show that its unit is Q m. 

(b) 3.00m of iron wire of uniform diameter 

0.80mm has a potential difference of 

1.50 V across its ends. 
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(i) Calculate the current in the wire. 

(ii) If E is the uniform electric field 

strength along the length of the 

wire, and 7 is the uniform current 

per unit cross-sectional area of the 

wire, calculate the magnitude of E 

and f. Calculate the ratio E/f and 
comment on the result. 

Resistivity ofiron = 10.2 x 1078 Q m. 
- (c) In the circuit shown below, each resistor 

has a resistance of 10.0 Q; the battery has 

an emf of 12.0V and is of negligible 

internal resistance. 

(i) Calculate the potential difference 

between C and F. 

(ii) When a certain resistor is connected 

between D and F no current flows in 

a galvanometer connected between 

C and F. Calculate the resistance of 

this resistor and the total power 

delivered by the battery in this case. 

[J] 

F45 For the Wheatstone bridge shown derive a 

relation between the resistances P, Q, R and 
X when the bridge is balanced. 

F46 

F47 
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In an experiment in which X was a torch bulb 

the following results were obtained for the 

balanced bridge: 

P Q R 
(a) 10009 0.52 10002 
(b) 10002 10002 5Q 

What conclusions can you draw about the 

resistance of X and how are they explained? 

[J] 

(a) Define resistivity and temperature coefficient 

of resistance. 

(b) Outline briefly how you would measure 

the temperature coefficient of resistance 

of copper in the laboratory. 

(c) The temperature at which the tungsten 

filament of a 12 V, 36 W lamp operates is 

1750°C. Taking the temperature coeffi- 

cient of resistance of tungsten to be 

6 x 10° K-!, find the resistance of the 
filament at room temperature, 20°C. 

(d) The table gives readings for two filament 

lamps A and B of different ratings. 
\ 

Current, I in A 010.05 0:10 0.135) 0-20 

PD across lamp A, 

V4inV On OA0welal A238) 6:5 

PD across lamp B, 

VzinV OFT 25032:6 05.0 o] 

(i) On the same graph, with J as y-axis, 

draw the graph of J against V for 
each lamp. 

(ii) The two lamps A and B are con- 

nected in parallel. Find and tabulate 

the corresponding values of the 

current J and the PD V across the 

lamps up to 6V, and draw the LV 

graph (on the same graph as (i)). [O] 

Explain what is meant by a Wheatstone Bridge 
network, and derive a relation between the 
resistances when the bridge is balanced. 

The potential difference V across a filament 
lamp is related to the current J by V = 2] + 
817. The lamp is connected in one arm of a 
Wheatstone bridge and the other arms are 
each of constant resistance 4 Q. Determine the 
potential difference which must be applied to 
the bridge so that it is balanced. [wr] 
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THE POTENTIOMETER 
(Chapter 38) 

F48 

F49 

F50 

1.2V 

A circuit is set up as shown above. When 

R, = 10 ohms and R, = 90 ohms there is 

no current through the galvanometer G. What 

is the resistance of X? (The resistances of the 

cells are negligible.) [W, 90] 

E Ox 12 V, 24W 

In the diagram above AB is a variable resistor 

with moveable contact C. The total resistance 

of AB is 169. The resistor is used as a 

potential divider which, with a cell of EMF E 

and no internal resistance provides a PD to a 

bulb rated 12 V, 24W. When the resistance of 

AC is 4Q (and of CB is 12Q) the bulb 

operates at 24 W. 

Calculate the value of E. [W, °92] 

A simple potentiometer circuit is set up as 

shown, using a uniform wire AB, 1.0 m long, 

which has a resistance of 2.0 Q. The resistance 

of the 4 V battery is negligible. If the variable 

resistor R were given a value of 2.4Q, what 

would be the length AC for zero galvanometer 

deflection? : 

F51 

F52 

F53 
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If R were made 1.0Q and the 1.5 V cell and 

galvanometer were replaced by a voltmeter of 

resistance 20 Q, what would be the reading of 

the voltmeter if the contact C were placed at 

the mid-point of AB? [L] 

Draw a labelled circuit diagram of a potenti- 

ometer arranged to compare potential differ- 

ences. Explain why no current flows through 

the galvanometer when the potentiometer is 

balanced. Why is a standard cell needed in 
order to measure the EMF of another cell 
using a potentiometer? Why is this measure- 

ment unaffected by the internal resistance o 

the cell? i 

Describe an experiment, using a potenti- 

ometer, to determine the internal resistance 

of a cell. Give the theory of the method and 

show how the observations may be displayed 

in the form ofa straight line graph from which 

the internal resistance may be deduced. [L] 

What is the advantage of the slide-wire 

potentiometer over the moving coil voltmeter 

when used to compare two EMFs? 

A battery of EMF E volt and internal 

resistance r ohm is joined in series with two 

resistances X ohm and Y ohm in a closed 

circuit. A standard cell of EMF 1.06 V and a 

galvanometer are joined in series and the 
combination is connected across xX. The 

galvanometer shows no deflection when 

X = 40.092 and Y = 149Q, nor when 

X = 60.0Q and Y = 224Q. Calculate the 

values of E and r. [J] 

(a) Explain what is meant by (i) the electro- 

motive force, (ii) the internal resistance, 

of a cell. 
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(b) 

(c) 

F54 (a) 

(b) 

Describe how you would use a potenti- 

ometer to determine the internal resis- 

tance of a cell. Give full experimental 

details of your procedure and a labelled 

circuit diagram. Explain how you would 

use your results to plot a linear graph and 

determine the internal resistance from it. 

A series circuit is formed consisting of a 

battery with considerable internal resis- 

tance and two resistors of resistance 10 Q 

and 990Q respectively. The potential 

difference across the 10Q resistor is 

balanced against the potential drop 

across 715mm of uniform potenti- 

ometer wire carrying a steady current. 

When the resistors in the circuit are 

replaced by two others of resistance 1 Q 

and 99 Q respectively, the length of the 

same potentiometer wire carrying the 

same current required to balance the PD 

across the 1Q resistor is 500mm. 

Calculate the internal resistance of the 

battery. [J] 

A cell has an EMF of 1.5 V and an internal 
resistance of 10 Q. 

(i) Explain what is meant by an EMF 

of 1.5V. 

Explain why it is necessary, when 

measuring the EMF of the cell, that 

it should not be supplying current to 
a load. 

What will be the voltage recorded by 

a voltmeter of resistance 100 Q when 

it is used in an attempt to measure 

the EMF of the cell by connecting it 

between the terminals of the cell? 

What power would be dissipated in 

the voltmeter? 

Explain why the power delivered by 

a cell is small for both very low 

resistance loads and for very high 
resistance loads. 

A slide-wire potentiometer can be used to 

give an accurate value of the EMF of the 

cell in (a) provided that a suitable driver 

cell and standard cell are available. 

(i) Draw a diagram of the circuit you 

would use. Give a suitable value for 

the EMF of the driver cell and state a 

suitable range for any meter you 

would include. 

(ii) Explain how you would proceed to 

determine the EMF of the unknown 

(ii) 

(iii) 

(iv) 

(v) 

(c) 

F55 (a) 

(b) 

(©) 

F56 (a) 

(b) 
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cell showing clearly how the value 

should be determined from your 

measurements. 
State two advantages of using a 

potentiometer compared with that 

of using a moving coil voltmeter 

such as that in (a) (iii). 

Assuming that the potentiometer wire in 

the circuit you have described in (b) has a 

resistance of 20 Q, explain how you would 

modify the circuit to enable measurement 

of the EMF of a thermocouple known to 

give an EMF of about 10 mV. [AEB, 792] 

(iii) 

Describe how you would use a potenti- 

ometer incorporating a wire of resistance 

about 2Q and other necessary apparatus 

to calibrate an ammeter in the range 0.2 to 

1.0A. Give a labelled circuit diagram; 

specify, with the reason, the magnitude of 

any resistance components used; and 

show how the results are calculated from 

the observations. 

If the current in the potentiometer wire 

slowly decreased during the above experi- 

ment, how would you detect this change 

and what effect would the change have on 

your results? 

A standard cell has an EMF of 1.0186 V. 

When a 0.5MO resistor is connected 

across it the potential difference between 

the terminals is 1.0180 V. Calculate a 

value for the internal resistance of the 

cell. If a standard cell with this internal 
resistance were used in your experiment 

would it cause an error in the results? Give 

a reason for your answer. [J] 

Explain, with the aid of circuit diagrams, 

how a potentiometer can be used to 
measure: 

(i) a current known to be of the order of 
10A, 

(ii) an EMF known to be of the order of 
5mV. 

You may assume that any apparatus you 
require is available. 
In an experiment to measure the EMF ofa 
thermocouple, a potentiometer is used in 
which the slide wire is 2.000 m long and 
the resistance of the wire is 6.000 Q. The 
current through the wire is 2.000 mA and 
the balance point is 1.055m from one 
end. Calculate the EMF of the thermo- 
couple. [AEB, ’79] 
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F57 (a) Explain the principle of the slide-wire 

potentiometer. 

(b) Discuss the relative merits of using (i) a 

potentiometer, (ii) a moving-coil volt- 

meter for determining the EMF ofa cell of 

EME approximately 1.5 V. 

(c) A potentiometer wire is 1.00m long and 

has a resistance of about 4 Q. Explain how 

you could obtain a potential difference of 

about 4mV across the wire using a 2V 

accumulator of negligible internal resis- 

tance and any other essential apparatus. 

Support your explanation with a suitable 

calculation. 
(d) Athermocouple generates an EMF which 

is proportional to the temperature differ- 

ence between its junctions and, for a 

temperature difference of 100K, the 

EMF is approximately 4mV. Draw a 

labelled circuit diagram showing how 

you could use the potentiometer adapted 

in (c) to obtain temperature readings in 

the range 0°C to 100°C so that each 

centimetre of wire corresponds to 1 Kand 

describe how you would use the apparatus 

to determine room temperature. You may 

assume that apparatus is available for 

maintaining fixed temperatures of 0°C 

and 100°C. 
(e) Give two reasons (other than faulty 

apparatus and poor electrical contact) 

why it may not be possible to obtain 

a balance point in a potentiometer 

experiment and indicate in each case 

how the fault can be remedied. [J] 

ELECTRIC FIELDS AND 

CAPACITORS (Chapters 39 and 

40) 

F58 (a) For each of the following, state whether it 

is a scalar or a vector and give an 

appropriate unit: 

(i) electric potential, 

(ii) electric field strength. 

(b) Points A and B are 0.10 m apart. A point 

charge of +3.0 x 10-°C is placed at A 

and a point charge of —1.0 x 10-°C is 

placed at B. 

(i) X is the point on the straight line 

through A and B, between A and B, 

where the electric potential is zero. 

Calculate the distance AX. 
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(ii) Show on a diagram the approximate 

position of a point, Y, on the straight 

line through A and B where the 

electric field strength is zero. Explain 

your reasoning, but no calculation is 

expected. [J, 92] 

B 
nC 

+ 1nC ae 

} ae 

D 

F59 

+ nC 

Charges of +1 nC are situated at each of A, B, 

C and D as shown. Given that AOC = 6m, 

calculate the work done in bringing a charge of 

+5 nC from a distant point to the centre O. 

(Assume that 1/42) = 9 x 10°mF !.) 

[W, 790] 

F60 Two point charges of +5 uC and —3 uC are 
placed at the points A and B as shown in the 

diagram below. 

Calculate the work done in moving a charge of 

—3 uC from P to Q. 

(Take 1/4n¢ = 9x10°mF™.) [W, 791] 

F61 (a) State the relationship between electric 

field intensity and potential gradient. 
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(b) The diagram below shows a scale drawing 

of the equipotential lines in the vicinity of 

a collection of charges. 

80 RLE a k 
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F62 

F63 

Use your expression from part (a) to estimate 

the magnitudes of the electric field intensities 

at points P, Q and R on the scale drawing. 

Indicate, where appropriate, the approximate 

field directions by arrows on [a simplified copy 

of] the diagram. [W, ’91] 

50 cm 50 cm 

Two light, conducting spheres, each 6mm 

diameter and having a mass of 10mg, are 

suspended from the same point by fine 

insulating fibres 50cm long. Due to electro- 

static repulsion, the spheres are in equilibrium 
when 3 cm apart. What is: 

(a) the force of repulsion between the 
spheres, 

(b) the charge on each sphere, 

(c) the potential of each sphere? 

(Acceleration due to gravity = 10ms ”.)[S] 

Two large horizontal metal plates are arranged 

one above the other a short distance apart in a 

vacuum. A small, negatively charged sphere 

introduced between them may be held sta- 

tionary if an appropriate potential difference is 

SECTION F: ELECTRICITY AND MAGNETISM 

applied to the plates. Explain how (if at all) the 

equilibrium of the sphere might be affected if 

the plates were slowly pulled apart while 

remaining connected to the source of EMF. 

[C] 

F64 (a) Define the terms (i) electric field 

strength, (ii) electric potential, both at a 

point in an electric field. 

(b) An electric field is established between 

two parallel plates as shown below. 

+ 1000 V 

C 40 cm A 

30 cm 
50 cm 

B 

oV 

The plates are 50 cm apart and a PD of 

1000 V is applied between them. 

A point charge of value +1.0 uC is held at 

point A. It is moved first to B then to C 

and finally back to A. The distances are 

shown in the diagram. Calculate: 

(i) the force experienced by the charge 
at A, 

(ii) the force experienced by the charge 

at B, 

(iii) the energy involved in moving the 

charge from A to B, 

(iv) the energy required to move the 

charge from C to A, 

(v) the net energy needed to move the 

charge along the route ABCA. [S*] 

F65 (a) Define the terms potential and field strength 
at a point in an electric field. The diagram 
shows two horizontal parallel conducting 
plates in a vacuum. 

+ 350 V 

pe 

10 cm 

.wV--______ aaaaaaaassassassassasssaiħIÃħ— 
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QUESTIONS ON SECTION F` 

(b) 

F66 (a) 

A small particle of mass 4 x 107!? kg, 
carrying a positive charge of 3.0 x 

10°C is released at A close to the 

upper plate. What total force acts on this 

particle? 

Calculate the kinetic energy of the particle 

when it reaches the lower plate. 

The diagram shows a positively charged 

metal sphere and a nearby uncharged 

metal rod. 

So Ge) 
Explain why a redistribution of charge 

occurs on the rod when the charged metal 

sphere is brought close to the rod. 

Copy this diagram and show on it the 

charge distribution on the rod. Sketch a 

few electric field lines in the region 

between the sphere and the rod. 

Sketch graphs which show how (i) the 

potential relative to earth, and (ii) the 

field strength vary along the axis of the rod 

from the centre of the charged sphere to a 

point beyond the end of the rod furthest 

from the sphere. How is graph (i) related 

to graph (ii)? 

How will the potential distribution along 

this axis be changed if the rod is now 

earthed? [L] 

The diagrams show a hollow metal sphere 

supported on an insulating stand. In (i) a 

large positive charge is near to the sphere; 

in (ii) the sphere is earthed; in (iii) the 

earth connection has been removed and 

finally in (iv) the positive charge has been 

removed. 

(iv) 

F67 

721 

Sketch the distribution of charge on the 

sphere which you would expect at each of 

the four stages. 

(b) A large, hollow, metal sphere is charged 

positively and insulated from its sur- 

roundings. Sketch graphs of (i) the 

electric field strength, and (ii) the electric 

potential, from the centre of the sphere to 

a distance of several diameters. 

[AEB, ’85] 

In a demonstration of Faraday’s ice-pail 

experiment a conducting hollow container C 

is placed on the cap of an uncharged gold-leaf 

electroscope. A conducting sphere A, on an 

insulated handle, is charged positively. 

‘© 

The following sequence of operations is then 

performed. 
(i) The sphere A is placed well inside the 

container C and moved around without 

touching the inside of the container. 

The sphere is touched against the inside 

of the container. 

The sphere is removed from the con- 

tainer. 

The container C is touched with a finger. 

The sphere is again placed inside the 

container and touched against the 

inside. 

(a) State what happens to the leaves of the 

electroscope in each of the above 

operations. 

(b) Draw a diagram showing the distribution 

of the charge during operation (1). 

(c) State a conclusion which may be drawn 

from the experiment. [AEB, ’79] 

(ii) 

(iii) 

(iv) 
(v) 
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F68 

F69 

F70 

(a) Explain what is meant by electrostatic 

induction. In Faraday’s ice-pail experi- 

ment, a charged conducting sphere is (i) 

lowered into a deep, insulated metal can, 

(i) lowered further so that it touches the 

can, and (iii) removed from the can. 

Describe the distribution and magnitude 

of the charge induced on the can at each 

stage. 
Describe the construction and explain the 

mode of action of a Van de Graaff 

electrostatic generator. Discuss briefly 

the factors which limit the maximum 

voltage attainable. 

The belt of a Van de Graaff generator is of 

width 10°-'m and travels at a speed of 
12ms_!. The charge density on the belt is 
3 x 10°? C m ®. The generator is connected 
to a resistor of 4 x 101° Q. Determine: 

(i) the maximum steady current that can be 

drawn from the generator, 

(ii) the maximum potential difference across 

the resistor, and 

(iii) the minimum possible power output of 

the motor which drives the belt. [W] 

(b) 

Describe the Van de Graaff electrostatic 

generator, and explain how it operates. Why 

is the ‘live’ terminal of the generator made in 

the form of a large sphere? 

A large Van de Graaff generator has a top 

terminal in the form of a sphere of diameter 

4m. When the terminal is at the operating 

potential of 5 x 10°V, what is (a) the stored 

charge, (b) the stored energy, (c) the electric 

field (potential gradient) at the surface of the 

sphere? [S] 

B 

What is the final potential difference between 
A and B in the above circuit: 

(a) in the circuit as shown, 

F71 

F72 

F73 

SECTION F: ELECTRICITY AND MAGNETISM 

(b) if an additional 500Q resistor were 

connected from A to B, 

(c) If the 500Q resistor were replaced by a 

2 uF capacitor? 

For what purposes would the circuit in (a) be 

useful? [L] 

A 12V DC source is connected in a series 

circuit containing two capacitors (A and B) 

and a switch, as shown below. 

B A 
H pF | 4 uF 

A; Ao B, B, 

Switch 

+ — 

Taaak 

(a) Describe the charge movements (in terms 

of electrons) that occur throughout the 

circuit when the switch is first closed. 

Calculate the combined capacitance of 

the two capacitors. 

Calculate the charge on each of the four 

plates (A; , A2, B1; B2) after the switch has 

been closed for some time. 

How would your answers (i) in (a), (ii) in 

(c), be affected, if at all, if a 1 megohm 

resistor were connected in series between 

A, and B,? [O, 791] 

(b) 

(c) 

(d) 

10 V 

1 kQ 2 kQ 

Calculate the charge on the capacitor in the 
above circuit. [L] 

Explain what is meant by (a) the potential, and 
(b) the electric field strength, at a point in an 
electric field. State and explain how these 
quantities are related. 

A hollow metal container with a small open- 
ing, standing on an insulating material, is 
given an electric charge. Explain how, using 
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F74 

F75 

F76 

such other apparatus as you may require, you 

would show that there is no charge on the 
inside of the container. 

A parallel plate capacitor consists of two plates 

of area 1.00 x 10?m° placed a distance 

2.00 x 107? m apart in air. The capacitor is 

charged so that the potential difference 

between the plates is 1000 V. 

Calculate: 

(i) the electric field between the plates 

(neglect edge effects), 

(ii) the capacitance of the capacitor, 

(iii) the energy stored in the capacitor. 

What limits the potential difference which may 
exist between the plates? 

(Permittivity of free space, & = 8.84 x 

107}? Fm`!; relative permittivity of air = 
1.00.) 1] 

S, 

us eae 

Resistor 

100 Sz 

If S; is left open and S; is closed, calculate the 

quantity of charge on each capacitor. 

If S, is now open and S, is closed, how much 

charge will flow through the 10 Q resistor? 

If the entire process were repeated with the 

10Q resistor replaced by one of much larger 

resistance what effect would this have on the 

flow of charge? [L] 

A thundercloud has a horizontal lower surface 

(area 25 km?) which is 750 m above the earth. 

Treating the arrangement as a capacitor, 

calculate the electrical energy stored when its 

potential is 10° V above earth. Ifthe cloud rises 

to 1250m what change in electrical energy 

occurs? [J] 

Two horizontal parallel plates, each of area 

500cm?, are mounted 2mm apart in a 

vacuum. The lower plate is earthed and the 

F77 

F78 

723 

upper one is given a positive charge of 0.05 uC. 

Neglecting edge effects, find the electric field 

strength between the plates and state in what 

direction the field acts. 

Deduce values for (a) the potential of the 

upper plate, (b) the capacitance between the 

two plates and (c) the electrical energy stored 

in the system. 

If the separation of the plates is doubled, 

keeping the lower plate earthed and the charge 

on the upper plate fixed, what is the effect on 

the field between the plates, the potential of 

the upper plate, the capacitance and the 

electrical stored energy? 

Discuss how the change in energy can be 

accounted for. [O & C] 

2V 

C, C 

d = 2mm d = 5mm 

In the above circuit, the parallel-plate 

capacitors are identical except that the 

distances apart of the plates, d, are as shown. 

Find the potential difference across each 

capacitor and the electric field intensity 

between each pair of plates. [W] 

(a) Two capacitors of capacitance Cyand Cz 

respectively are connected in series. 

Derive an expression for the capacitance 

of a single equivalent capacitor. 
12V (b) 

3.0 uF 

2.0 uF 

3.0 pF 
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F79 

F80 

F81 

For the circuit shown, calculate 

(i) the capacitance of this combination 

of capacitors, 

(ii) the total energy stored in the 

capacitors, 

(iii) the PD across the 2.0 uF capacitor. 

J; °92] 

(a) Define capacitance. 

Describe an experiment to show that the 

capacitance ofan air-spaced parallel-plate 

capacitor depends on the separation of the 

plates. 

State three desirable properties of a 

dielectric material for use in a high- 

quality capacitor. 

Two plane parallel-plate capacitors, one 

with air as dielectric and the other with 

mica as dielectric, are identical in all other 

respects. The air capacitor is charged 

from a 400V DC supply, isolated, and 

then connected across the mica capacitor 

which is initially uncharged. The poten- 

tial difference across this parallel com- 

bination becomes 50V. Assuming the 

relative permittivity of air to be 1.00, 

calculate the relative permittivity of mica. 

Compare the energy stored by the single 

charged capacitor in part (b) with the 

energy stored in the parallel combination. 

(b) 

(c) 

Comment on these energy values. 

[AEB, ’79] 

A capacitor charged from a 50 V DC supply is 

discharged across a charge-measuring instru- 

ment and found to have carried a charge of 

10 uC. What is the capacitance of the capacitor 

and how much energy was stored init? [L] 

What is the electrical energy stored in an 
isolated capacitor A of capacitance 10 uF 
when the potential difference across it is 
300 V? 

A second, initially uncharged capacitor B of 
capacitance 20 uF is now connected across A. 
What is the energy stored in A and in B? 

How do you reconcile your result with the 
principle of conservation of energy? [S] 

SECTION F: ELECTRICITY AND MAGNETISM 

F82 A capacitor consists of two parallel metal 

F83 

plates in air. The distance between the plates 

is 5.00 mm and the capacitance is 72 pF. The 

potential difference between the plates is 

raised to 12.0 V with a battery. 

(a) Calculate the energy stored in the 

capacitor. 
(b) The battery is then disconnected from the 

capacitor; the capacitor retains its charge. 

Calculate the energy stored in the 
capacitor if the distance between the 

plates is now increased to 10.00 mm. 

The answers to (a) and T are different. Why 

is this so? 

Use your answers to estimate the average force 

of attraction between the plates while the 

separation is being increased. 791] 

Explain the meaning of the terms capacitor and 

dielectric. Give a brief qualitative explanation, 

based on the behaviour of molecules, for the 

change in capacitance of a capacitor when the 

space between its plates is filled with a 
dielectric. 

Give one practical example of the use of a 

capacitor, explaining how the properties of the 

capacitor are utilized in the example you 
choose. 

Two capacitors, of capacitance 2 uF and 3 uF, 

are connected as shown to batteries A and B 

which have EMF 6 V and 10 V respectively. 

X 

3 uF 

mats 
lB 

acl porloty 

Ay 2 uF 

el ees 

Y- 

What is the energy stored in each of the 
capacitors? Calculate also the stored energy 
in each capacitor (a) when the terminals of 
battery A are reversed, and (b) when the 
battery B is disconnected and the points X and 
Y are connected together. [O & C] 
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F84 

F85 

F86 

F87 

Two capacitors, of capacitance 2.0 uF and 

4.0 uF respectively, are each given a charge of 

120 uC. The positive plates are now con- 

nected together, as are the negative plates. 

Calculate the new potential difference 

between the plates of the capacitors. 

Calculation shows that the total energy stored 

by the capacitors has decreased. Explain this 

change in energy. [AEB, ’79] 

A 100 pF capacitor is charged from a supply of 

1000 V, disconnected from the supply and 

then connected across an uncharged 50 uF 

capacitor. Calculate the energy stored initially 

and finally in the two capacitors. What 

conclusion do you draw from a comparison 

of these results? [J] 

The capacitance ofa certain variable capacitor 
may be varied between limits of 1 x 107! F 
and 5 x 10-!° F by turning a knob attached to 
the movable plates. The capacitor is set to 

5 x 10-7! F, and is charged by connecting it to 
a battery of EMF 200 V. 
(a) What is the charge on the plates? 
The battery is then disconnected and the 

capacitance changed to 1 x 107!°F. 
(b) Assuming that no charge is lost from the 

plates, what is now the potential 

difference between them? 
(c) How much mechanical work is done 

against electrical forces in changing the 

capacitance? [C] 

The following circuit is set up with both 

switches open. 

Assume that the internal resistance of the 

6.0V cell is negligible. Calculate the charges 

stored on the capacitors M and N: 

(a) with S; closed but S2 left open, 

(b) with both switches closed. 
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In which direction is the initial flow of current 

in AB when S; is closed a few seconds later 

than S;? [L] 

F88 (a) A capacitor is charged through a resistor 

using a battery of constant EMF. 

(i) Explain the meaning of the terms in 

italics. 
(ii) Draw sketch graphs on the same time 

axis showing how the charge on the 

capacitor and how the current 

through the circuit vary with time. 

Qualitatively explain their shapes. 

(b) (i) Derive an expression for the 

electrical energy stored in a 

capacitor of capacitance C when 

charged to a potential difference V. 

(ii) If C = 2uF and V = 4V, calcu- 

late 
(D the final energy stored in the 

capacitor, 

(I) the work done by the battery in 

the charging process 

(c) Account for any difference between your 

answers in parts (I) and (II) above. 

[W, 90] 

F89 (a) Define capacitance. 
(b) A capacitor of capacitance 10 „F is fully 

charged from a 20 V DC supply. 

(i) Calculate the charge stored by the 

capacitor. 
(ii) Calculate the energy delivered by 

the 20 V supply. 

(iii) Calculate the energy stored by the 

capacitor. 

(iv) Account for the difference between 

the answers for (ii) and (iii). 

(c) The 10mF capacitor in part (b) was 

charged from the supply through a 

resistor of resistance 2.0 kQ. 

(i) Calculate the time constant for this 

circuit. 

(ii) When the capacitor was charged 

from zero charge, how long did it 

take for V, the potential difference 

across the capacitor, to reach 99% of 

its final value? 

(You may use the equation 

V = Vo (1—exp(—t/CR)) if you 

wish.) [C92] 
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F90 (a) 

(b) 

(c) 

(d) 

F91 (a) 

(b) 

(i) Define capacitance. 

(ii) Write down an expression for the 

capacitance of a parallel plate capa- 

citor. Identify each term in your 

expression. 

Derive expressions for the effective 

capacitance of two capacitors C; and C3 

(i) in series, 

(ii) in parallel. 

If a potential difference V is applied 

across the two capacitors Cı and C, in 

series as shown below, show that V; is 

given by the expression 

roa alin A 
ae Con “Gotta 

co ATA rage 

V 

The movement ofa thin metal diaphragm 

in a pressure gauge is determined by the 

arrangement shown where the two 

electrodes E,, E, and the diaphragm D 

form two capacitors C, and C; in series. 

(Assume equilibrium distances E, to D 

and E, to D to beboth equal to d, and the 

effective area of C, and C, to be A.) 

Use the expression in part (c) to show that 

when the diaphragm has been moved 

down a distance x from its central 
equilibrium position 

V(d +x) 
A= 

A 2d 
[W, 92] 

List the factors which determine the 
capacitance of a parallel plate capacitor. 
Explain what is meant by the time 
constant of the RC circuit in Fig. 1. 

NS = 

SECTION F: ELECTRICITY AND MAGNETISM 

o} 
Fig. 1 

(c) The switch S ofthe circuit shown in Fig. 2 

is moved according to the timing diagram 

shown in Fig. 3. Sketch the variation in 

the voltage Vo with time for 

(i) R, = Oand R, = 10kQ 

Gi) R; = 10kQand R, = 10kQ 

R, S 

200 210 Time/ms 

Fig. 3 

Assume that the switch has been at 
position A for a long time before the 
movement starts. Explain how you 
arrived at the answer. [W, 791] 

F92 (a) In the circuit shown in Fig. 1, both 
switches are open and both capacitors 
discharged. The capacitor C, of value 
2 uF, is charged by closing switch S4. 

S; S, 

j T| 

C, C, 

Fig:1 



QUESTIONS ON SECTION F | 

(i) Calculate the charge on C, and the 

energy stored on it. 

Sı is opened after which S% is closed so 

connecting capacitor C3, of value 3 uF, 

across C}. 

(ii) Calculate the final voltage across C, 

and the total energy stored on the two 

capacitors. Account for the differ- 

ence between this energy and the 

energy calculated in (i). 
(b) In another experiment using capacitor 

Cı, a resistor R is placed in series, Fig. 2. 

12V C, 
l 
l 
l 

malki 

Fig. 2 

The voltage, Vc, across C; is plotted 

against time from the closing of the 

switch, Fig. 3. 

0 50 100 150 200 150 300 t/s 

Fig. 3 

(i) Sketch a graph of the voltage, Vr; 

across R, over the same time 

interval. Estimate from the graph, 

Fig. 3, the time at which Vc = Vr. 

(ii) What is the significance of the 

quantity RC in this circuit, Fig. 2? 

Explain the shape of the Vc against 

time graph, shown in Fig. 3, using 

the quantity RC in your explana- 

tion. 

(iii) Find the value of R. [O & C, 92] 

F93 (a) (i) Define capacitance. 

Gi) Describe, with the aid of a circuit 

diagram, an experiment to deter- 

YE 

mine the ratio of two capacitances 

each roughly equal to 0.1 uF. 

(b) A parallel-plate capacitor is charged by 

connecting it to the terminals of a battery. 

Explain how the energy stored in the 

capacitor is changed when the distance 

between the plates is increased if (i) the 

battery is left connected, (ii) the battery is 

first disconnected. 

(c) A capacitor and a resistor are joined in 

series and connected across the terminals 

of a battery of negligible internal resis- 

tance. Show that, when the capacitor is 

fully charged, the energy stored in the 

capacitor is equal to the energy dissipated 

in the resistor during the charging 

process. [J] 

F94 Three identical capacitors are discharged and 

then connected in series across a potential 

difference V. The total energy stored by them 

is E, and the charge on each is Q,. They are 

then discharged and again connected across 

the same potential difference, but this time 

they are in parallel. The total energy stored this 

time is E, and the charge on eachis Qp. Find 

(a) the ratio E,/E,, and (b) the ratio Q,/Q.. 

[S] 

F95 Define electric field strength and potential at a 

point in an electric field. 

Explain what is meant by the relative permit- 

tivity of a material. How may its value be 

determined experimentally? 

A capacitor of capacitance 9.0 uF is charged 

from a source of EMF 200 V. The capacitor is 

now disconnected from the source and con- 

nected in parallel with a second capacitor of 

capacitance 3.0 uF. The second capacitor is 

now removed and discharged. What charge 

remains on the 9.0 uF capacitor? How many 

times would the process have to be performed 

in order to reduce the charge on the 9.0 uF 

capacitor to below 50% of its initial value? 

What would the PD between the plates of the 

capacitor now be? [L] 

F96 Define capacitance of a capacitor. Describe 

experiments you would perform to demon- 

strate qualitatively how the capacitance of a 

parallel-plate capacitor is affected by the area 

and separation of the plates and the dielectric 

between them. 



728 

F97 

F98 

A capacitor is charged to a voltage V and 

discharged through a resistor. 

(a) Sketch the graph of voltage against time 

during the discharge. 

(b) On the same axes sketch the graph 

obtained if the operation were repeated 

with a resistor having a much lower 

resistance than in (a). Label the graphs 

(a) and (b) respectively. 

Two capacitors, each of capacitance 500 pF 

(1pF = 10! F) and with air as dielectric, 
are connected in parallel and charged by a 6 V 

battery. The battery is removed, the capacitors 

remaining connected to each other, and an 

insulating liquid is poured into one of the 

capacitors increasing its capacitance to 

2500 pF. Calculate the charge on each capa- 

citor before and after the liquid is poured in 

and the change in total energy of the capacitors 

which results. [L] 

A capacitor of capacitance C is fully charged 

by a 200V battery. It is then discharged 

through a small coil of resistance wire 

embedded in a thermally insulated block of 

specific heat capacity 2.5 x 10% J kg! K~! and 
of mass 0.1 kg. If the temperature of the block 

rises by 0.4 K, what is the value of C? [L] 

Microammeter 

In the circuit shown above, S is a vibrating reed 

switch and the capacitor consists of two flat 

metal plates parallel to each other and 
separated by a small air-gap. When the 
number of vibrations per second of S is n and 
the potential difference between the battery 
terminals is V, a steady current J is registered 
on the microammeter. 
(a) Explain this and show that J = nCV, 

where C is the capacitance of the parallel 
plate arrangement. 

(b) Describe how you would use the appara- 
tus to determine how the capacitance C 
depends upon (i) the area of overlap of the 

SECTION F: ELECTRICITY AND MAGNETISM 

plates, (ii) their separation, and show how 

you would use your results to demon- 

strate the relationships graphically. 

Explain how you could use the measure- 

ments made in (b) to obtain a value for the 

permittivity of air. 
In the above arrangement, the microam- 

meter records a current J when S is 

vibrating. A slab of dielectric having the 

same thickness as the air-gap is slid 

between the plates so that one-third of 

the volume is filled with dielectric. The 

current is now observed to be 2/. Ignoring 

edge effects, calculate the relative 
permittivity of the dielectric. [J] 

(c) 

(d) 

MAGNETIC EFFECTS OF 
CURRENTS (Chapter 41) 

F99 A long air-cored solenoid has two windings 

wound on top ofeach other. Each has N turns 

per metre and resistance R. Deduce expres- 

sions for the flux density at the centre of the 

solenoid when the windings are connected (a) 

in series, and (b) in parallel, to a battery of 
EMF E and of negligible internal resistance. 

(In each case the magnetic fields produced by 

the currents in the two windings reinforce.) 

[L] 

F100 A current of 3 A flows down each of two long, 

F101 

5.0 cm 

vertical wires, which are mounted side by 
side 5cm apart. Show on a diagram the 
magnetic field pattern in a horizontal plane, 
indicating clearly the direction of the 
magnetic field at any point. What is the 
magnitude and direction of the force on a 
25 cm length of a wire? [S] 

The diagram represents a cylindrical alumi- 
nium bar AB resting on two horizontal 
aluminium rails which can be connected to 
a battery to drive a current through AB. A 

A 
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F102 

F103 

magnetic field, of flux density 0.10 T, acts 
perpendicularly to the paper and into it. In 

which direction will AB move if the current 

flows from A to B? 

Calculate the angle to the horizontal to which 

the rails must be tilted to keep AB stationary 

ifits mass is 5.0 g; the current in itis 4.0 A and 

the direction of the field remains unchanged. 

(Acceleration of free fall, g = 10ms~?.)[L] 

Magnetic rrn A 
field 
el x x 

Rigid wire 
DA loop 

6.0 V 
battery 

Balance pan 

The diagram shows a rigid conducting wire 

loop connected to a 6.0 V battery through a 

6.0 V, 3.0 W lamp. The circuit is standing on 

a top-pan balance. A uniform horizontal 

magnetic field of strength 50 mT acts at 

right angles to the straight top part of the 

conducting wire in the direction indicated in 

the diagram, i.e. into the paper. This 

magnetic field extends over the shaded area 

in the diagram. The balance reads 153.860 g. 

Calculate 

(a) the force exerted on the conducting wire 

by the magnetic field, and 

(b) the new balance reading if the direction 

of the magnetic field is reversed. 

[L, ’91] 

Two parallel wires have currents passed 

through them which are in the same 

direction. Draw a diagram showing the 

directions of the currents and of the forces 

on the wires. 

Alternating currents are now passed through 

the wires. Explain what forces would act ifthe 

currents were: 
(a) in phase, and 

(b) out of phase, by z rad. [L] 

F104 

F105 

F106 
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(a) A long straight wire of radius a carries 

a steady current. Sketch a diagram 

showing the lines of magnetic flux 

density (B) near the wire and the 

relative directions of the current and 

B. Describe, with the aid of a sketch 

graph, how B varies along a line from 

the surface of the wire at right-angles to 

the wire. 

Two such identical wires R and S lie 

parallel in a horizontal plane, their axes 

being 0.10m apart. A current of 10 A 

flows in R in the opposite direction to a 

current of 30A in S. Neglecting the 

effect of the Earth’s magnetic flux 

density calculate the magnitude and 

state the direction of the magnetic flux 

density at a point P in the plane of the 

wires if P is (i) midway between Rand S, 

(ii) 0.05 m from R and 0.15 m from S. 

J] 

(b) 

Write down expressions for: 
(a) the magnetic field B at a distance r from 

a long straight wire carrying a current J, 

(b) the force on a straight wire of length / 

placed perpendicular to a magnetic field 

B and carrying a current I. 

Define the ampere, and show that the 

expressions you have given above are 

consistent with this definition. [S] 

The diagram shows a uniform magnetic flux 
density B in the plane of the paper. Q and R 

mark the points where two long, straight and 

parallel wires carry the same current, I, in the 

same direction and perpendicular to the 

paper. The line through QR is at right angles 
to the direction of B. 

P is a point where the resultant magnetic flux 

density is zero, i.e. it is a neutral point. P is 

closer to R than to Q. 

(a) Explain whether the direction of the 

current J is into or out of the paper 
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F107 

F108 

F109 

and sketch a diagram which shows the 

directions of the different magnetic flux 

densities present at P. 

If J is increased slightly, will the neutral 

point at P move towards Q or towards R? 

There is a second neutral point on the 

line through QR. State whether it is to 

the left of Q, between Q and R or to the 
right of R. [L] 

(b) 

(c) 

A square coil of side a and consisting of N 

turns is free to rotate about a vertical axis 

through the mid-points of two opposite sides. 

It is situated in a uniform horizontal 

magnetic field of flux density B so that the 

plane of the coil makes an angle 0 with the 

field. Draw a diagram of this arrangement as 

seen from above and show the couple acting 

on the coil when a current J flows through it. 

Write down an expression for the magnitude 
of this couple. 

Explain how and why this simple arrange- 

ment is modified in most moving-coil 

galvanometers. [J] 

A moving-coil galvanometer consists of a 

rectangular coil of N turns each of area A 

suspended in a radial magnetic field of flux 

density B. Derive an expression for the 

torque on the coil when a current I passes 

through it. (You may assume the expression 

for the force on a current-carrying conductor 
in a magnetic field.) 

If the coil is suspended by a torsion wire for 

which the couple per unit twist is C, show 

that the instrument will have a linear scale. 

How may the current sensitivity of the 
instrument be made as large as possible? 

What practical considerations limit the 
current sensitivity? 

Two galvanometers, which are otherwise 

identical, are fitted with different coils. One 
has a coil of 50 turns and resistance 10 ohms 
while the other has 500 turns and a resistance 
of 600 ohms. What is the ratio of the 
deflections when each is connected in turn 
to a cell of EMF 2.5 V and internal resistance 
50 ohms? [L] 

Describe with the aid of diagrams the 
structure and mode of action of a moving- 
coil galvanometer having a linear scale and 

F110 

F111 

F112 
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suitable for measuring small currents. If the 

coil is rectangular, derive an expression for 

the deflecting couple acting upon it when a 

current flows in it, and hence obtain an 

expression for the current sensitivity (defined 

as the deflection per unit current). 

If the coil of a moving-coil galvanometer 

having 10 turns and of resistance 4Q is 

removed and replaced by a second coil 

having 100 turns and of resistance 160 Q 

calculate: 

(a) the factor by which the 

sensitivity changes and 

(b) the factor by which the voltage sensitivity 

current 

changes. 

Assume that all other features remain 

unaltered. [J] 

Explain what is meant by the Hall effect. 

Show how the sign of the Hall voltage 

depends on the sign of the charge of the 

current carriers. [AEB, °79] 

You are given a small slice of doped 

semiconductor material but you do not 

know whether it is n-type or p-type. Explain 

with the aid of a diagram the physical 

principles of an investigation which would 

enable you to identify the type. [S] 

This question is about investigating the 
variation in magnetic field along the axis of 
a plane circular coil. 
(a) (i) Copy the representation of the coil 

shown in Fig. 1. The plane of the 
coil is at right angles to the page. On 
your diagram sketch the field asso- 
ciated with the coil alone when it is 
carrying a current in the direction 
shown. - 

® = Current into page 

© = Current out of page 

Fig. 1 
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(ii) The coil has 600 turns and a 

diameter of 10.0cm. Show that 
the magnetic flux density at its 

centre is 9.0 mT when it is carrying 
a direct current of 1.2 A. 
(Permeability of free 

peporsdaox 1074 mT) 
(b) Magnetic flux densities can be investi- 

gated using a current balance or a Hall 

probe. * 

space 

When there is no magnetic field the 

current balance shown in Fig. 2 is 

balanced horizontally with the rider in 

the position shown. 

` Current 
direction 

Current out 
Insulator 

Fulcrum 

600-turn 

Copper coil 

wire 

Fig. 2 

(i) State the measurements you would 

make to confirm that the flux 

density at the centre of the coil is 

9.0mT. 

(ii) Show clearly how you would use 

your measurements and suggest 

suitable values for the mass of the 

rider and the current in the current 

balance. 
(c) A Hall probe is to be used to investigate 

how the field varies with the distance, a, 

between the centre of the coil and a point 

along the axis of the coil. 

In a calibration experiment the Hall 

probe was found to give a Hall voltage 

of 5 mV when it was in a magnetic field of 

flux density 0.10T and when it was 

carrying a current of 50mA. The 

maximum permissible current through 

the probe is 100 mA. 

(i) Assuming that the maximum 

permissible current through the 

Hall probe is used, state the range 

of meter you would select to 

measure the Hall voltage, giving 

your reasoning. 

F113 
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(ii) Describe how you would carry out 

the investigation. Your account 

should include 

—a circuit diagram for the Hall 

probe 

—a clear indication of how you 

would position the Hall probe 

in the field and its orientation 

relative to the field 

— the measurements made and the 

apparatus used. [AEB, 790] 

A E B 

ABCD is a plane rectangular strip of 

conducting material of uniform thickness, 

with a steady current flowing uniformly from 

AD to BC. The potential difference between 
E and F, the mid-points respectively of AB 

and CD, is zero, but when a magnetic field is 

set up at right angles to ABCD, into the plane 

of the diagram, a small, steady potential 

difference appears between E and F. 

Explain these observations and briefly de- 

scribe a practical application of the phenom- 

enon. 

When the rectangle is made of copper, of 

density 9 x 10° kgm~?, relative atomic mass 
63, with thickness 1mm, breadth 20mm, 

carrying a current of 10 A and with an applied 

field of flux density 1.67T, the potential 

difference between E and F is found to be 

1yV, F being positive with respect to E. 

Taking the electronic charge to be 

1.6 x 10°-!9C and the Avogadro constant 

to be 6 x 107’ mol`}, find: 

(a) the drift velocity of the current carriers in 

the copper; 

(b) the number of charge carriers per unit 

volume in the copper and the sign of 

their charge; 

(c) the mobility (drift velocity per unit 

electric field) of these carriers, given 

the resistivity of copper to be 

(tk Om; 



(d) the ratio of the number of atoms per unit 

volume to the number of charge carriers 

per unit volume in the copper. [O & C] 

F114 (a) The diagram shows a rectangular piece . 

of semiconductor material with leads 

attached to metal end faces. 

10 mm 

Al lg it) ae 

D ose 

(i) Ifthe resistance of the specimen is 

approximately 100 Q, show that the 

resistivity of the material, is about 

0.050Qm. 

(ii) Describe how you would determine 

experimentally the resistivity of the 

material of a similar specimen using 

apparatus normally available in a 

school or college laboratory. You 

can assume that the specimen is 

mounted in such a way that its 

dimensions can be measured. 

(b) For a specimen similar to that shown in 

the diagram, a magnetic field is applied 

perpendicular to the face ABCD. When 

a current flows, a potential difference, 

called the Hall PD, develops across the 

specimen and is perpendicular to both 

field and current. 

(i) Explain how this effect occurs. 

(ii) Explain why the Hall PD is much 

larger in a semiconductor than in a 

metal specimen of the same dimen- 

sions under the same conditions. 

You may assume that the current, J, 

in a specimen of cross-sectional 

area, A, is given by 

I = nAvgq 

where n is the number of charge 

carriers per unit volume, g is the 

charge of each carrier and v is the 

drift velocity of the charge carriers. 

(c) You are given two pieces of semicon- 

ductor material which are identical in 

appearance. One is p-type material and 

the other is n-type. Outline an experi- 

ment using the Hall effect to distinguish 

between them, explaining carefully how 

you would use the observations to 

identify the n-type material. [J, °89] 

F115 

F116 
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A rectangular coil of n turns and area A, 

carrying a current J, is free to rotate about an 

axis in its plane in a uniform magnetic field of 

flux density B perpendicular to the axis of 

rotation. Draw a diagram showing the 

position of the coil with respect to the field 

when the torque acting upon it is (a) zero, 

and (b) a maximum. Derive an expression 

for the maximum value of the torque. 

Explain, with the aid of a diagram, how the 

coil can be made to rotate continuously when 

connected to a direct current supply. 

Describe briefly how the torque may be 

made almost constant in value as the coil 
rotates. 

Explain what is meant by back EMF in a 

motor and indicate its magnitude relative to 

the supply voltage when the armature is (i) at 

rest, and (ii) rotating at maximum speed. 

[L] 

Explain why, when a DC motor is switched 
on with no load, it accelerates until a certain 

speed is reached and then continues to run at 

that speed. 

Explain why, if it is now loaded, the speed 

falls to a lower steady value. (The motor uses 

a permanent magnet to produce the field.) 

[L] 

ELECTROMAGNETIC 
INDUCTION (Chapter 42) 

(a) A wire of length 7 is horizontal and 

oriented North-South. It moves East 

with velocity v through the Earth’s 

magnetic field which has a downward 

vertical component of flux density B. 

Write down an expression for the 
potential difference between the two 
ends of the wire. Which end of the wire 
is at the more positive potential? 

(b) A horizontal square wire frame ABCD, 
of side d, moves with velocity v parallel 
to sides AB, DC from a field-free region 
into a region of uniform magnetic field 
of flux density B. The boundaries of the 
field are parallel to the sides BC, AD of 
the frame and the field is directed 
vertically downward. Write down 
expressions for the electromotive force 
induced in the frame: 
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F118 

F119 

(i) when side BC has entered the field 

but side AD has not, 

(ii) when the frame is entirely within 
the field region, 

(iii) when side BC has left the field but 
side AD has not. 

$ ae mere aman 

$44444444+ | Spans er bere oat == 

For each position derive an expression 

for the magnitude and direction of the 

current in the frame and the resultant 

force acting on the frame due to the 

current. The total resistance of the wire 

frame is R, and its self inductance may 

be neglected. [O & C] 

A closed wire loop in the form of a square of 

side 4cm is placed with its plane perpendi- 

cular to a uniform magnetic field, which is 

increasing at the rate of 0.3 Ts !. The loop 
has negligible inductance, and a resistance of 

2 x 107° Q. Calculate the current induced in 
the loop, and explain with the aid of a clear 

diagram the relation between the direction of 

the induced current and the direction of the 

magnetic field. [S] 

A closed circular wire loop A lies in the plane 

of a larger loop B, which is connected as 

shown to a battery. Show on diagrams the 

direction of the current induced in A when: 

(a) the switch S is closed, 

(b) when S is opened, 

(c) with S closed, the loop A is raised, 

parallel to itself, out of the plane of the 

figure. Justify your conclusions. [S] 

F120 

F121 
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A coil of 100 turns each of cross-sectional 

area 3.0 x 10-4 m° is placed with its plane 
perpendicular to a uniform magnetic field of 

flux density B. The terminals of the coil are 

connected together. 

B increases steadily with time from zero to 

0.2 T in 2.0 ms. It then remains constant for 

1.0ms and decreases uniformly to zero in 

1.0 ms. 

(a) (i) Calculate the maximum flux 

through one turn of the coil. 

(ii) Calculate the EMF induced in the 

coil during the first 2.0 ms. 

(iii) Sketch a graph to show how the 

EMF induced in the coil varies 

with time during the 4.0 ms. Give 

numerical values on both axes. 
(b) Inasketch show two turns of the coil, the 

magnetic field B and the direction of the 

induced current when B is decreasing. 

[J, °90] 

A closed wire loop in the form of a square of 

side 4.0cm is mounted with its plane 

horizontal. The loop has a resistance of 

2.0 x 10°-7Q, and negligible self induc- 
tance. The loop is situated in a magnetic 

field of strength 0.70T directed vertically 

downwards. When the field is switched off, it 

decreases to zero at a uniform rate in 0.80s. 

What is: 
(a) the current induced in the loop, 

(b) the energy dissipated in the loop during 

the change in the magnetic field? 

Show on a diagram, justifying your state- 

ment, the direction of the induced current. 

[S] 

State the laws of electromagnetic induction. 

(a | 

l1 
Pilal 

I | 
| 

Field 

| 
1 | 

lI Coil 
L 

A plane coil of wire of 20 turns and area 

0.040m° is placed with its plane at right- 

angles to a uniform magnetic field of flux- 

density 0.30 T. 
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(a) 

(b) 

F123 (a) 

(b) 

Write down an expression for the total 

flux [flux-linkage] through the coil when 

it is at an angle 0 from its original 

position (see diagram). 

Hence deduce the maximum EMF 

induced in the coil if it is rotated steadily 

at 10 revolutions every second. 

The axis of rotation of the coil is parallel 

to the plane of the coil and perpendicular 

to the field. [W, °92] 

Explain how the laws of electromagnetic 

induction predict the magnitude and 

direction of induced EMFs. Describe 

two simple experiments which you 

could carry out in the laboratory to 

illustrate the laws. 

A powerful electromagnet produces a 

uniform field in the gap between its 

poles, each of which measures 

0.10m x 0.08m. There is no field 

outside the gap. A circular coil of 80 

turns and radius 0.09 m is placed so that 

it encloses all the flux of the magnetic 

field (Fig. 1). 

(i) Thecurrentin the electromagnet is 

reduced so that the field falls 

linearly from 0.20T to zero in 

5.0s. Calculate the initial total 
flux [flux-linkage] in the gap and 

hence the EMF generated in the 

coil during this time. 

(ii) The coil is part of a circuit in which 

the total resistance is 24. 

Calculate the current in the circuit 

while the field is collapsing and the 

magnetic field which this current 

produces at the centre of the coil. 

(iii) Fig. 2 shows the poles and coil. 

Copy this diagram and show on 

your copy the direction of the 

induced current in the coil and 

Cross-sectional | 
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the direction of the magnetic field 

which this current produces. 

Explain how your application of 
the laws led you to these deduc- 

tions about the directions of field 

and current. [O & C, 792] 

F124 (a) P, Q and R in the diagram are circular 

coils each with the same number of turns 

placed in a magnetic field of flux density 

B. The area of each coil is as shown. 

area A 2A 3A 

Angle between gq° 60° 
field and coil axis p 

In which case is the flux passing through 

the coil (i) least, (ii) greatest? Explain 
your answers. 

(b) A coil is connected to a datalogger, 

which is a device which records voltages 

at regular time intervals. The coil is 

positioned with its axis vertical and a 

bar magnet is held above the coil with its 

axis lined up with that of the coil. It is 

dropped so that it falls through the coil 

and the datalogger, triggered by the 

approaching magnet, records the 

induced EMF. The results are shown 
in the graph opposite. 

(i) Identify the time at which the rate 

of change of flux through the coil 

has its greatest magnitude. Give 

the magnitude of this quantity and 
its unit. . 
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Induced 
EMF/V (d) Apart from any mechanical resistance to 

1.5 

1.0 

PANE D Time/ms 
400 

Seo 
Y 
G 

(ii) Explain how you would expect the 

graph to be different if the magnet 

had been dropped from a greater 

height. 
(iii) Explain the significance of the area 

under the curve. Discuss whether 

or not you would expect the 

positive and negative areas to be 

equal. 

(c) The coil in (b) has a resistance of 20 Q. If 

it had been short-circuited when the 

magnet was dropped instead of being 

connected to the datalogger, calculate 

(i) the current which would have 

flowed corresponding to point A 

on the graph. 

(ii) the power being dissipated at A due 

to this current and hence make an 

estimate of the energy dissipated in 
the solenoid [coil] in the time 

represented by OB. [J, 92] 

F125 A rectangular coil of N turns, each of 

dimensions a metres by b metres, has its 

ends short-circuited and is rotated at con- 

stant angular speed wrads™! in a uniform 

magnetic flux density of B tesla (Wb m°). 
The axis of rotation passes through the 

midpoints of the sides, of length a, of the 

coil and is at right-angles to the direction of 

the magnetic field. 

(a) Explain why there is an EMF in the coil 

and derive an expression which shows 

how its magnitude varies with time. 

(b) What is the frequency of the EMF in 

Hz? 

(c) Derive an expression for the maximum 

value of the EMF and state, with the 

reason, the position of the coil relative to 

the field when this occurs. 

F126 

F127 

F128 

the motion, why does the coil slow down 
when it is disconnected from the device 

which drives it? 

(e) With the aid of a diagram, show how the 

arrangement could be modified to act as 

a generator which causes an alternating 

current to flow in an external load. [J] 

A metal disc rotates anticlockwise at an 

angular velocity œ in a uniform magnetic 

field which is directed into the paper in the 

diagram, and covers the whole of the disc. A 

and B are brushes. 

By considering an electron between the 

brushes show that a potential difference 

exists between A and B. 

Explain what changes, if any, will be needed 

in the torque required to keep the disc 

rotating at the same angular velocity œ if A 

and B are connected by a resistor. [L] 

A copper disc of radius 10 cm is situated in a 

uniform field of magnetic flux density 

1.0 x 10-2 T with its plane perpendicular to 
the field. 

The disc is rotated about an axis through 

its centre parallel to the field at 3.0 x 

10° revmin~!. Calculate the EMF between 
the rim and centre of the disc. 

Draw a circle to illustrate the disc. Show the 

direction of rotation as clockwise and con- 

sider the field directed into the plane of the 

diagram. 

Explaining how you obtain your result, state 

the direction of the current flowing in a 

stationary wire whose ends touch the rim and 

centre of the disc. [J] 

(a) What is meant by critical damping of an 

oscillatory system? 
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(b) The diagram shows the arrangement by 

which a modern laboratory balance is 

critically damped. The aluminium beam 

supporting the balance pan moves in the 

field of powerful magnets. 

Balance pan Magnets 

Aluminium beam 

(i) Explain, in terms of electromag- 

netic principles, how the damping 

works. 

(ii) After long use the magnets will 

weaken. What change would occur 

in the performance of the balance? 

[O, *91] 

F129 A choke of large self-inductance and small 

resistance, a battery and a switch are 

connected in series. Sketch and explain a 

graph illustrating how the current varies with 

time after the switch is closed. If the self- 

inductance and resistance of the coil are 10 

henries and 5 ohms respectively and the 

battery has an EMF of 20 volts and negligible 

resistance, what are the greatest values after 

the switch is closed of (a) the current, (b) the 

rate of change of current? [J] 

F130 In the circuit shown, the voltmeter has a high 

resistance and both the ammeter and cell 

have negligible resistance. 

` 

F131 

F132 

F133 

F134 
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(a) Calculate the following: 
(i) the reading on the ammeter 

immediately after switch S is 

closed, 

(ii) the reading on the voltmeter im- 

mediately after switch S is closed, 

(iii) the steady reading on the ammeter, 

(iv) the steady reading on the volt- 
meter, 

(v) the time constant of the circuit. 

(b) Sketch a graph of the voltmeter reading 

against time for the first 10 seconds after 

the switch is closed, indicating the scales 

on the axes. [AEB, ’85] 

Write down an equation relating E, the EMF 

induced in an inductor, to dJ/dt, the rate of 
change of current through the inductor, and 

L, its self-inductance. Hence express the 

henry, the unit of self-inductance, in terms 

of the joule and the ampere. [C] 

It can be shown that the energy stored in an 

inductor of inductance L carrying a current 

I is} LI’. In what form is this energy stored. 
How may it be converted into some other 

form of energy? [C] 

Explain in terms of the laws of electro- 

magnetic induction why a ‘back EMF’ is 

developed in a coil when an alternating 

potential difference is applied across it. [L] 

Fig. 1 shows a circuit consisting of a 40 H 

inductor connected in series with a 500 

resistor and a 12 V supply. The supply and 

inductor have negligible resistance. Two 
wires are connected to the inductor with a 

small gap between them, as shown in Fig. 1. 

500 

12V 40H Gap 

Fig. 1 
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(a) When the switch is closed the current 

does not rise instantly to the final value 

Owing to the presence of the inductor. 

The variation of current with time is 
shown in Fig. 2. 

Current 

0 Time 

Fig. 2 

(i) What is the initial rate of change of 

current? 

(ii) Whatis the final steady value of the 

current? 

(iii) Explain qualitatively why the 
current does not rise instantly to 

its final steady value. 

(b) Outline the energy changes which take 

place as the current rises. 

(c) When the switch is opened a spark 

jumps the gap. What is the maximum 

energy which could be dissipated in the 

spark? [AEB, 791] 

F135 (a) What is meant by the statement that a 

solenoid has an inductance of 2.0 H? 

A 2.0H solenoid is connected in series 

with a resistor, so that the total resistance 

is 0.50Q, to a 2.0V DC supply. Sketch 

the graph of current against time when 

the current is switched on. 

What is: 
(i) the final current, 

(ii) the initial rate of change of current 

with time, and 

(iii) the rate of change of current with 

time when the current is 2.0 A? 

Explain why an EMF greatly in excess of 

2.0 V will be produced when the current 

is switched off. 

(b) Along air-cored solenoid has 1000 turns 

of wire per metre and a cross-sectional 

area of 8.0cm7. A secondary coil, of 

2000 turns, is wound around its centre 

and connected to a ballistic galvan- 

ometer, the total resistance of coil and 

737 

galvanometer being 60 Q. The sensitiv- 

ity of the galvanometer is 2.0 divisions 

per microcoulomb. If a current of 4.0 A 

in the primary solenoid were switched 

off, what would be the deflection of the 

galvanometer? [L] 

F136 Two coils, X and Y, are fixed near to each 

other, and when the current in X changes at a 

steady rate of 5As`! an EMF of 20 mV is 
induced in Y. What is the mutual inductance 

between X and Y? 

What rate of change of current in coil Y 

would be needed to induce an EMF of 5 mV 

in X? 

How might it be possible, without altering 

the windings of either of the coils, (a) to 

reduce the mutual inductance between X 

and Y, and (b) to increase it considerably? 

[S] 

F137 A farmer installs a private hydroelectric 

generator to provide power for equipment 

rated at 120 kW 240 V AC. The generator is 

connected to the equipment by two 

conductors which have a total resistance of 

0.20 Q. The system is shown schematically in 
Fig. 1. 

Generator 

(a) The equipment is operating at its rated 

power. Calculate: 
(i) the power loss in the cables, 

(ii) the voltage which must be 

developed by the generator, 

(iii) the efficiency of the transmission 

system. 

(b) An engineer suggests that the farmer 

uses a transformer to convert the gen- 

erator output to give a PD of 2400 V at 

the end of the transmission line, as 

shown in Fig. 2. A second transformer 

is to be used to step down this PD to 

240V. 

Equipment 
120 kW 
240V 

Conductors of total resistance 
0.200 

Fig. 1 
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F138 

F139 

F140 

Equipment Conductors of Z 
Generator total resistance Q 

0.200 N 

Fig. 2 

(i) Explain briefly how a transformer 

makes use of electromagnetic 

induction to produce an output 

voltage several times bigger than 

the input voltage. 

The transformers are 100% 
efficient. Calculate the power loss 

in the new transmission system. 

[AEB, 792] 

(ii) 

Describe and account for two constructional 

differences between a moving-coil galvan- 

ometer used to measure current and the 

ballistic form of the instrument. 

An electromagnet has plane-parallel pole 

faces. Give details of an experiment, using a 

search coil and ballistic galvanometer of 

known sensitivity, to determine the varia- 

tion in the magnitude of the magnetic flux 

density (magnetic induction) along a line 

parallel to the pole faces and mid-way 

between them. Indicate in qualitative terms 

the variation you would expect to get. 

A coil of 100 turns each of area 2.0 x 1073 m? 
has a resistance of 12 Q. It lies in a horizontal 

plane in a vertical magnetic flux density of 

3.0 x 10° Wbm ?. What charge circulates 
through the coil if its ends are short-circuited 

and the coil is rotated through 180° about a 

diametral axis? [J] 

A flat search coil containing 50 turns each of 

area 2.0 x 10-4 m? is connected to a galvan- 

ometer; the total resistance of the circuit is 

100Q. The coil is placed so that its plane is 

normal to a magnetic field of flux density 
OORT: 

(a) What is the change in magnetic flux 

linking the circuit when the coil is moved 

to a region of negligible magnetic field? 

(b) What charge passes through the 

galvanometer? [C] 

(a) What quantity is measured by a ballistic 
galvanometer? 

F141 

F142 

SECTION F: ELECTRICITY AND MAGNETISM 

(b) State two essential requirements of a 

galvanometer intended for ballistic use, 

giving the reason for each. 

(c) When using a ballistic galvanometer 

with a search coil, why is a series resistor 

often included in the circuit? 
[AEB, ’79] 

Describe experiments (one in each case) 

involving the use of a moving coil ballistic 

galvanometer to (a) compare two capaci- 

tances of approximately the same magni- 

tude, (b) compare the magnetic induction 

(flux density) between the poles of one 

electromagnet with that between the poles 

of another. In each case justify the method 

used to calculate the result. 

Explain two special features of a galvan- 

ometer suitable for use in these experiments. 

UJ] 

Write down an expression for the magnetic 

field B at a distance r in vacuo from a long, 

straight wire carrying a current J. State the 
units in which B is measured. 

A small air-cored coil of several hundred 

turns of wire is connected to a ballistic 

galvanometer and placed at a distance r 

from such a wire. When the current in the 

wire is switched off, the galvanometer gives 

a kick 0. In what direction should the axis of 

the coil lie to get the largest possible kick 0 nax 

for a given value of r? How does Omax Vary 
with r? 

The Earth’s magnetic field is comparable in 
magnitude with some parts of the field due to 
the wire, but it does not affect the magnitude 
of the kick 0. Why? [S] 

F143 (a) (i) State the laws of electromagnetic 
induction. 

(ii) Use the laws to show that a charge 
n AORTA) 

flows through a coil of n turns 
contained in a closed circuit of 
total resistance R, if the magnetic. 
flux being investigated changes 
from ¢, to do. l 
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(b) The magnetic flux density in the vicinity 

of a large air-cored electromagnet is 

determined by measuring the induced 

flow of charge in a small coil as the 

current in the electromagnet is switched 

on — see the diagram below. 

Large 
electromagnet» Common axis 

Small of both coils 

Charge 
measuring 
device 

(i) Calculate the magnetic flux density 
at the position of the small coil, due 

to the electromagnet from the 

following data: 

Radius of small coil = 10mm. 

Resistance per unit length of wire of 

small coil = 0.10Qm". 
Total flow of charge through the 

small coil due te switching on the 

electromagnet = 0.01 C. 

(ii) Comment on the expected total 

flow of charge when the electro- 

magnet has a ferrous core instead of 

an air core. [W, 791] 

AC THEORY AND 
RECTIFICATION 
(Chapters 43 and 44) 

F144 Ifa sinusoidal current, of peak value 5A, is 

F145 

passed through an AC ammeter the reading 

will be 5/,/2 A. Explain this. 

What reading would you expect if a square- 

wave current, switching rapidly between 

+0.5 and —0.5A were passed through the 

instrument? [L] 

The figure shows (in part) the variation with 

time of a periodic current. 

739 

0 1 2 3 

t/ms 

(a) What is the average value of the current? 

(b) Find the root-mean-square current. 

The periodic current passes through a 

resistor, producing heat at a certain rate. 

(c) What steady current, passing through 

the same resistor, would have an 

identical heating effect? [C] 

F146 (a) (i) Explain whatis meant by root mean 
square voltage. 

(ii) Write down an expression relating 

RMS and peak voltage for a sinu- 

soidal electrical supply. 

(b) A voltage given by 

V = 339.4sin (100 xt) 

is applied in turn across the terminals of 

_ the devices shown in diagrams A and B 

below. 

57.60 

Diagram A 

Diagram B 

(i) In each case, what is the total energy 

dissipated by the device over a 

period of 100s? 

(ii) Suggest a practical device whose 

operation may be described by the 

application of the above voltage to 

A or B. [W, 91] 

F147 A coil is rotated at a constant rate in a 

uniform magnetic field. The peak value of 

the EMF induced in the coil is 10 V. Find: 

(a) the RMS value of the EMF, 

(b) the instantaneous value of the EMF one- 

quarter of a period after the EMF is a 

maximum. [C(O)] 
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F148 A 1.2uF capacitor is connected across a 

variable frequency 20V RMS AC supply. 

Calculate the RMS value of the current in the 
circuit if the supply frequency is 50 Hz. 

(Neglect -the internal impedance of the 

supply.) 

What will the current be if the frequency of 
the supply is raised to 5 kHz? [L] 

F149 (a) In an alternating current demonstration 

(see Figure 1), a capacitor of large 

capacitance C is connected to an AC 

signal generator G producing very 

low frequency signals. The potential 

difference V across the generator and 

the current J in the circuit are recorded 

and their simultaneous values plotted 

(Figure 2). 

Fig. 1 

VIV 

5.0 

UO 0.5 1. ts 

—5.0 

Fig. 2 

Using the data from the graphs, 
calculate: 

(i) the RMS voltage produced by the 
signal generator, 

(ii) C. 

F150 

F151 

F152 

SECTION F: ELECTRICITY AND MAGNETISM 

(b) (i) What electrical term, applicable to 

the capacitor, is given by the 

quotient 

peak value of V 3 

peak value of I ` 
(ii) State the phase relation of V and I. 

: [O, 791] 

The graphs show how the voltage across a 

coil varied with the current flowing through 

it. One graph was obtained using DC and the 

other using AC of frequency 200 Hz. 

Os 20 40 60 80 100 lI/mA 

(a) Explain why graph A must be the one 

obtained when AC was used. 

(b) Determine the resistance of the coil. 

(c) Determine the inductance of the coil. 

[AEB, ’°90] 

A generator which produces a potential 

difference V = V) cosmt where V) = 10 V 

and œ = 1000 rad s™! is connected in series 

with a capacitance of 1 uF. There is no 
resistance in the circuit. 

Draw five sketch graphs with quantitative 

values on both axes, ofthe variation with time 

of: 

(a) the voltage across the capacitor, 
(b) the charge on one plate of the capacitor, 
(c) the current in the circuit, 
(d) the energy stored by the capacitor, 
(e) the power provided by the generator. 
Use the same time scales for each graph 
starting fromt = 0, (V = Vo) and extend 
the time over two cycles. Carefully label + 
and — directions on the various scales. 
(£) Describe the relationship between 

graphs (d) and (e). [W] 

Explain the terms reactance and impedance in 
relation to AC circuits. Distinguish between 
mean and root mean square values of 
potential difference in such circuits. 
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QUESTIONS ON SECTION F © 

F153 

F154 

A small non-inductively wound immersion 

heater rated at 20 W, 10 V RMS is connected 

in series with an inductance of 10 mH. A 10 V 

RMS supply of variable frequency is con- 

nected across the two. At what frequency will 

the power dissipated in the heater be one half 
ofits value when the supply is 10 V DC? (The 

resistance of the heater may be assumed 

constant.) 

What capacitance needs to be added in series 

at this frequency to restore the power 

dissipated by the heater to its DC value? 

Illustrate this result by means of a suitable 

vector diagram. [L] 

Define the impedance of an AC circuit. 

A 2.5 uF capacitor is connected in series with 

anon-inductive resistor of 300 ohms across a 

source of PD of RMS value 50 volts 

é 1 
alternating at 

000 
x Hz. Calculate: 

(a) the RMS value of the current in the 

circuit and the PD across the capacitor, 

(b) the mean rate at which energy is supplied 

by the source. [J] 

A 60W light bulb, designed for use with a 

120 V supply, may be operated at the correct 

rating from a 240V, 50Hz supply by 

connecting it in series with a resistor, as 

shown in Fig. 1. 

Lamp 120 V, 60 W 

AG 
240 V, 50 Hz 

Fig. 1 

(a) Calculate, for normal working con- 

ditions, 

(i) the current flowing in the lamp 

(ii) the resistance R of the lamp 

(iii) a value for a suitable series resistor. 

(b) The same lamp may also be operated at 

the correct rating from the 240 V, 50 Hz 

supply by connecting it in series with a 

capacitor as shown in Fig. 2. 

F155 

F156 
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Lamp 120 V, 60 W 

™N 
240 V, 50 Hz 

Fig. 2 

(i) Write down an expression for the 

impedance of the circuit contain- 

ing the lamp and the capacitor of 

reactance Xc. 

(ii) Calculate a value for Xc. 

(iii) Calculate a value for the capaci- 

tance of the capacitor. 

(c) By considering the power dissipated in 

each circuit explain which circuit 

provides the better solution. [AEB, 89] 

Define the selfinductance of a coil. 

A coil carries a steady current of 50 mA when 

the steady PD across its ends is 2.0 V. When 

the steady PD is replaced by a PD alternating 

at 50 Hz and of magnitude 4.1 V RMS, the 

current flowing through the coil is 100 mA 

RMS. 

Calculate: 
(a) the resistance of the coil, 

(b) the self-inductance of the coil, 

(c) the phase difference between the 

alternating current and the alternating 

PD. J] 

A is a coil having a low resistance and a high 

inductance. B is a resistor having the same 

resistance as A, but negligible inductance. C 
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F157 

F158 

F159 

and D are identical filament lamps and the 

battery can be assumed to have negligible 

resistance. 

(a) Describe and explain how the appear- 

ance of each lamp changes in the period 

after the switch S is closed. 

(b) The DC battery is replaced by a 

sinusoidal alternating source of RMS 

potential difference 9V and negligible 

impedance. Describe and explain the 

appearance of each lamp after S is 

closed. [J] 

What is meant by the root mean square value 

of a sinusoidal alternating current? Why is 

this a useful measure of alternating current? 

A 3.0Q resistor is joined in series with a 

10 mH inductor of negligible resistance, and 

a potential difference V (= 5.0 volts RMS) 
200 

alternating at —— Hz is applied across the 
T 

combination. 

(a) Calculate the PD Vp across the resistor 

and that of Vz across the inductor. 

(b) Showing clearly your procedure draw a 

vector diagram representing the relation 

between V, Vp and Vz. 

(c) Determine the phase difference between 

Vand Vz. 

(d) How would you use a cathode ray 

oscilloscope to show that there is a 

phase difference between Vand Vz? 

J] 

240 V RMS 
50 Hz 
na 

L 

0.01 H 
409 

In the above circuit, the source has negligible 
internal impedance. Find: 

(a) the RMS current in the circuit, 

(b) the mean rate of production of heat. 

[W] 

(a) The operations of resistors and induc- 

tors are described by the following 

equations relating voltage drop to 
current: 

SECTION F: ELECTRICITY AND MAGNETISM 

Ve = IR (resistor) 

dI 
= —L— © (induct Vi Kr (inductor) 

Use these equations to determine rela- 

tionships between peak voltage and peak 

current for both devices, when the 

current through éach device is given by 

I = h sin æt. By using the current Jp as 

a reference vector, draw (and explain) 

vectors representing peak voltage Vo for 

both devices. 
(b) (i) By drawing a suitable vector dia- 

gram derive a relationship between 

peak supply voltage Vs and peak 
output voltage Vp of the following 

circuit: 

= Vs sin wt 

(ii) Calculate the frequency at which 
V: 
ar = V2 when C = 10nF and 

R 
R = 1kQ. [W, °91] 

F160 A sealed box with two external terminals is 

known to contain a resistor and a capacitor 
connected in some way. 

When a potential difference of 32 V RMS ata 
frequency of 100 Hz is applied across the 
terminals of the box as shown above a current 
of 1.0mA RMS flows into it. If the frequency 
of the applied potential difference is gradu- 
ally increased, the current at first rises and 
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QUESTIONS ON SECTION F . 

F161 

F162 

F163 

then reaches a steady value of 2.0 mA RMS, 

no matter how high the frequency. There is 

no current when a DC power supply is used — 
instead. 

What is the most likely arrangement of the 

two components inside the box? Explain. 

Calculate the resistance of the resistor. [L] 

When an inductance L, a capacitance C and 

aresistance R are connected in series with a 

source providing an alternating potential 

difference V,acurrent J flows in the circuit. 

Explaining your procedure, sketch a vector 

(phasor) diagram to represent the .magni- 

tudes and phase relationships of the PDs 

across.L, C and R. 

Explain with the help of your diagram: 

(a) how the magnitude of V is related to the 

PDs across L, C and R, 

(b) how the phase of V is related to that of J. 

J) 

Define the terms impedance, reactance, 

frequency and phase angle as used in AC 

theory. 

Derive an expression for the resulting 

potential difference across the component 

when a sinusoidal current flows through (i) a 

resistor, (ii) a capacitor, and (iii) an 

inductor, and give the phase angle between 

the potential difference and the current in 

each case. Write down expressions for the 

reactance of a capacitor and an inductor. 

A 600 ohm resistor, a 5 uF capacitor and a 

0.8 H inductor are connected in series with 

the 240 V, 50 Hz mains supply. Deriving any 

expressions used, determine the current and 

the potential difference across each com- 

ponent. Explain why the sum of the potential 

differences is not 240 V. [W] 

What do you understand by the impedance 

of an electrical circuit? 

A series circuit consists of a resistor R and a 

pure capacitor C fed by an alternating EMF 

of frequency f. Show, by means of a vector 

diagram or otherwise, but with clear expla- 

nation, how you could find the impedance of 

this circuit. 

F164 

. rather than a resistor. 

F165 

F166 
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If the applied EMF has peak value 100 V, 

fos 50Hz uC =F and RE 5000 
find: 

(a) the peak current, 

(b) the peak PD across C. 

The PDs across C and R are simultaneously 

displayed on a double-beam oscilloscope. 

Sketch and explain what you would expect to 
find. 

Show that no energy is dissipated in C. [W] 

A heater is rated 1.00 kW 200 V. Itis required 

to use it on a 250 V 50 Hz supply. This may 

be done by placing either (a) a resistor or (b) 

an inductor in series with the heater. 

Calculate: 

(i) the resistance of the resistor, 

(ii) the inductance of the inductor if its 

resistance is 5.0 Q. 

State an advantage of using an inductor 

[AEB, ’82] 

(a) Define resistance, reactance and impe- 

dance. Give an expression for the 

reactance of (i) a capacitor and (ii) an 

inductor. 

Write an account of the vector method of 

finding the relationship between current 

and voltage in AC circuits. 
A lamp is rated at 120 V, 2 A. Calculate, 

deriving any expressions used, the value 

of (i) a resistor, (ii) an inductor, and 

(iii) a capacitor, which, when individu- 

ally connected in series with the lamp, 

will enable the lamp to be run at full 

rating from the 240V, 50Hz mains. 

Determine the power drawn from the 

mains in each case. State, with reasons, 
which of the three items (resistor, 

inductor, capacitor) you would choose 

for running the lamp. [W] 

(b) 

Explain the meaning of the term reactance, 

and derive an expression for the reactance of 

an inductor L when alternating current of 

frequency fis flowing through it. 

Show that no power is dissipated in an 

inductor when a current passes through it. 

A 2H pure inductor is connected in series 

with a 500 Q resistor across AC mains which 

have a frequency of 50 Hz. A high resistance 
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F167 

F168 

voltmeter connected across the mains reads 

240 V. What does it read when connected 

across (a) the resistor, (b) the inductor? 

What is the time interval between the instants 

at which the potential differences across the 
generator and the resistor reach their respec- 

tive maxima? [S] 

A 500Q resistor and a capacitor C are 

connected in series across the 50 Hz AC 

supply mains. The RMS potential differ- 

ences recorded on high impedance volt- 

meters Vi and V, are: Vi = 120V; 

V = 160V. 

Vi V2 

50 Hz 

(a) What is the current flowing in the 

circuit? 

(b) What is the power taken from the supply 

mains? 

(c) What is the capacitance of C? [S] 

Explain what is meant by the peak value and 

the root mean square value of an alternating 
current. 

When a sine wave alternating current is 

passed through a 100 Q resistor whose ends 

are connected to the Y-plates ofa cathode ray 

tube the trace on the screen is a vertical line 

30mm high. A steady potential difference 

applied between these plates gives a displace- 

ment of 0.5 mm per volt. Calculate the root 

mean square value of the alternating current. 

A long solenoid connected to a source of 12 V 

DC passes a steady current of 2 A. When the 

solenoid is connected to a supply of AC at 
12 V RMS and 50 Hz the current flowing is 
1A RMS. Calculate the inductance of the 
solenoid. 

State and explain how you would expect the 

values of current for both the AC and DC 

cases to differ from the above: 

F169 

F170 

F171 

F172 

SECTION F: ELECTRICITY AND MAGNETISM 

(a) when the solenoid is replaced by one of 

the same length and diameter wound 

with more turns of the same gauge of 

wire, 

as a bar of soft iron is introduced slowly 

into the original solenoid while the 

solenoid is connected to the supply. 

p [O & C] 

(b) 

A coil having inductance and resistance is 

connected to an oscillator giving a fixed 

sinusoidal output voltage of 5.00 V RMS. 

With the oscillator set at a frequency of 
50 Hz, the RMS current in the coil is 1.00 A 

and at a frequency of 100 Hz, the RMS 

current is 0.625 A. 

(a) Explain why the current through the coil 

changes when the frequency of the 

supply is changed. 

(b) Determine the inductance of the coil. 

(c) Calculate the ratio of the powers 

dissipated in the coil in the two cases. 

J] 

A constant voltage AC generator, of 20 V 

RMS and variable frequency, is connected in 

series with a resistor of resistance 2.0 Q, a coil 

of inductance 5.0H and a capacitor of 

capacitance 2.0 uF. The frequency is ad- 

justed until the current in the circuit has a 

maximum value of 2.0 ARMS. Calculate the 
resistance of the wire of the inductor and the 
value of this frequency. 

(Assume n? = 10.) [L] 

Sketch a curve to show how the current in an 
LCR series circuit varies with the frequency 

of the sinusoidal supply. Show the shape of 

the curve at very low and very high frequen- 

cies. Also illustrate the effect ofincreasing the 
resistance in the circuit. 

If L = 100mH, C = 10.04F, R = 50Q 
and the RMS voltage of the supply is 1.50 V, 
calculate values for: 

(a) the resonant frequency, 
(b) the maximum RMS current in the 

circuit. [AEB, °79] 

A tuning capacitor is to be used with a 10 mH 
inductor in an LC circuit of a radio to 
provide tuning of all stations broadcasting 
in the band from 500 kHz to 1.50 MHz. 
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(a) 

(b) 

The largest value of capacitance 

required is 10.1pF. What is the 
smallest value used? 

The capacitor is to be made as shown in 

the diagram using two semi-circular 

plates which are separated by an air gap 
of 1.00 mm. 

Fixed plate Moveable plate 

(c) 

(d) 

F173 (a) 

Calculate the diameter of the plates 

required. 

Permittivity ofair = 8.9 x 1071? F m7! 
State two ways of designing the capaci- 
tor so that the diameter can be reduced 

whilst giving the same maximum capa- 

citance. 
To change the range of tuning capaci- 

tance a 22 pF capacitor is connected in 

series with the variable capacitor. What 

is the new maximum capacitance? 

[AEB, 792] 

A cathode ray oscilloscope is set up with 

equal X and Y voltage sensitivities and 

the time base is switched off. In each of 

the following cases, sketch the trace you 

would expect to see on the screen. 

Explain why the traces have the shapes 

you have drawn. 
(i) A sinusoidal voltage of frequency 

150 Hz is connected across the X 

plates and a sinusoidal voltage of 

the same amplitude but of 

frequency 50Hz is connected 

across the Y plates. 

Aresistor, R, and a capacitor, C, are 

connected in series with a 50 Hz 

sinusoidal supply, which is not 

earthed. The values of the resis- 

tance and the capacitance are such 

that the voltages across R and C are 

of the same amplitude. The CRO is 

connected as shown in the diagram. 

(ii) 

745 

CRO: 

(b) A microphone is connected through 

an amplifier to the Y plates of a CRO 

whose time base is on and set to 

2mscm`!. The length of the trace is 
10cm. Two sources of sound, of fre- 

quencies 500 Hz and 600 Hz, which 

have the same loudness are placed near 

the microphone. 

(i) Calculate the beat frequency. 

(ii) Draw the trace you would expect to 

see on the screen. Show the 

corresponding time scale on the 

horizontal axis. [J, 89] 

F174 A resistance of 80 Q, a capacitance of 25 uF 

and an inductance of 0.10 H are connected in 

series to a 250 V (RMS) supply of pulsatance 

(w) of 300 radians s~}. 

(a) 

(b) 

(c) 

(d) 

By drawing a vector diagram for an R, 

L, C circuit, derive the equations for 

determining the impedance of the 

circuit. 

Find 
(i) the values of the capacitative reac- 

tance (Xc) and the inductive 

reactance (X1), 

(ii) the circuit impedance, 

(iii) the RMS current, 

(iv) the phase shift between the peak 

current and the peak potential 

difference, 

(v) the power factor. 
At what frequency would the circuit 

resonate? 
The PDs across L and C are displayed 

on a double beam oscilloscope. De- 

scribe how these would appear when 

(i) © X @,y (ii) © = @,, (ii) © > o, 
where œ, is the resonant frequency. 
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F175 

F176 

F177 

The diagram shows a resistor of resistance R 

in series with an inductor of inductance L, a 

capacitor of capacitance C and an alter- 

nating supply of RMS potential difference 

5.0 V and of frequency 1.00 kHz. The RMS 

potential differences across R, L and C are 

each 5.0 V and the RMS current is 100 mA. 

5.0 V RMS 
No 

C 

i i | 5.0 V l 5.0 V i, SOV 
i BMG ade ca RNS aa in RMS | 

(a) Calculate R, L and C. 

(b) Calculate peak values for: 

(i) the potential difference across C, 

(ii) the charge on C, 

(iii) the potential difference across L, 

(iv) the rate of change of current in L. 

(c) Explain why the rate of change of current 

in the inductor is a maximum when the 

charge on the capacitor has its maximum 
value. 

(d) Any change in the value of either L alone 

or C alone is accompanied by a drop in 

the peak value of the current. Explain 

this. [L] 

L =0.2H C = 10uF 
R = 1000 

S, 28.4 V RMS 

A series LCR circuit is set up as shown 

above. The frequency of the source S (of 
’ . 1000 

zero impedance) is Hz. Calculate for 
T 

the circuit 

(a) the impedance, 

(b) the RMS current, 

(c) the power dissipated. [W, 92] 

Explain the term phase difference as applied to 

circuits carrying sinusoidally alternating 
currents. 

` 

SECTION F: ELECTRICITY AND MAGNETISM 

In a series circuit containing an inductance 

L, a capacitance C and a resistance R, what 

are the phase relationships between the 
voltage and the current for each of the 

components? Using an appropriate vector 

diagram obtain an expression for the impe- 

dance Z ofsuch a circuit when the frequency 

of the applied EMF is f. What is the phase 
relationship between the current and the 

voltage across the whole circuit? 

A circuit consists of an inductor of induc- 
tance 1.0 H, a capacitor of capacitance 15 uF 
and a resistor of resistance 50 Q in series. 

Calculate the voltage necessary to pass an 

RMS current of 2.0 A through the circuit if 
the frequency of this voltage is 50 Hz. If the 

voltage is kept constant but the frequency 

varied, at what frequency will the current 

have its maximum value? [L] 

F178 (a) The impedance of a circuit containing a 

capacitor C and a resistor R connected 

to an alternating voltage supply is given 

by VR? + X?, where Xis the reactance of 
the capacitor. Define the two terms in 
italics. i 

The current in the circuit leads the 

voltage by a phase angle ġ, where 

tang = X/R. Explain, using a vector 

diagram, why this is so. 

An inductor is put in series with the 

capacitor and resistor and a source of 

alternating voltage of constant value but 

variable frequency. Sketch a graph to 

show how the current will vary as the 

frequency changes from zero to a high 
value. 

(b) An alternating voltage of 10 V RMS and 

5.0kHz is applied to a resistor, of 

resistance 4.0Q, in series with a capa- 

citor of capacitance 10 uF. Calculate the 

RMS potential differences across the 
resistor and the capacitor. Explain why 
the sum of these potential differences is 
not equal to 10 V. 

(Assume x? = 10.) [L] 

F179 (a) (i) Explain why power is transmitted 
bythe National Grid athigh voltages 
and why alternating currents are 
used. 
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(ii) The power output of a power 

station is 500 MW at an RMS PD 
of 132 kV. If the total resistance of 

the power line is 2.0 Q, calculate the 

RMS current in the line and the 

percentage power loss in transmis- 

sion due to heat produced in the 
power line. 

(b) In the circuit shown in the diagram 

resistor R has resistance 100Q, 

capacitor C has capacitance 20 uF and 

the pure inductor L has inductance 
0.20 H. 

NI 

The supply PD is sinusoidal. RMS 

potential differences and currents are 

referred to throughout. 

When the current in the circuit is 0.50 A, 

Vi, the PD measured across the induc- 

tor, is 25 V. 

(i) Calculate the reactance of L and 

the frequency of the supply. 
(ii) Calculate Vp, the PD across R, 

and Vc, the PD across C. 

(iii) Draw a phasor diagram showing 

Vr, Vi» Vcand Vs, the PD of the 

supply. 
Calculate Vs and the phase 

difference between the current 

and the supply voltage. [J, °92] 

(iv) 

F180 In the circuit shown below, the output of the 

generator is a 200 Hz, 2.5 V RMS sinusoidal 

signal. The diode may be assumed to be 

S 

= 
Y-plates 

5.0k2 oFcRO Oo 2.5V RMS 

F181 

F182 
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ideal. The Y-plate sensitivity and time-base 

of the cathode-ray oscilloscope (CRO) are 

set at 2.0Vcm™! and 1.0mscm™! respec- 
tively. 

Sketch full-scale diagrams to show the 

waveform observed when 

(a) S is closed and S, is open, 

(b) S; and S, are both open, 

(c) S; is open and S; is closed. [C, 791] 

A certain type of ammeter uses the heating 

effect of the current to produce the deflection 

of the pointer. Discuss whether the same 

calibration can be used for measuring direct 

currents and alternating currents. [C] 

(a) A sinusoidal alternating potential 

difference of which the peak value is 

20V is connected across a resistor of 

resistance 10 Q. What is the mean power 

dissipated in the resistor? 
(b) A sinusoidal alternating potential differ- 

ence is to be rectified using the circuit 

shown, which consists of a diode D, a 

capacitor C and a resistor R. Sketch the 

variation with time of the potential 

difference between A and B which you 

would expect and explain why it has that 

form. 

(c) A sinusoidal alternating potential differ- 

ence of constant amplitude is applied 

across the resistor R and an inductor L 

as shown below. 

— 
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F183 

F184 

F185 

Explain why the amplitude of the 

current through the circuit decreases as 

the frequency of the alternating potential 

difference is increased. 

(d) R L C 

~ 

A sinusoidal alternating potential differ- 

ence of constant frequency and ampli- 

tude is applied to the above circuit. 

Describe and explain how the ampli- 

tude of the current through the circuit 

changes as the capacitance of C is 

increased slowly from a very small value 

to a very large value. [O & C] 

Draw a circuit of a full-wave rectifier being 

used to drive a direct current through a 

resistor and explain its mode of action. (The 

mode of action of the individual diodes is not 

required.) [AEB, ’79] 

The circuit shows four junction diodes and a 

resistor, R, connected to a sinusoidally 

alternating supply. Sketch graphs showing 

the variation with time over two cycles of the 
supply of: 

(a) the potential of C with respect to A, 

(b) the potential of B with respect to A, and 

(c) the potential of B with respect to D. [L] 

The diagram shows three stages A, B and C 

required to produce a 5 V DC power supply 

from a 240V, 50Hz alternating mains 

supply. This question is about different 
aspects of its design. 

TRANSFORMER RECTIFICATION 

SECTION F: ELECTRICITY AND MAGNETISM 

sider ale 
STAGE B STAGE C 

SMOOTHING 

STAGE A 

(a) This section concerns stage A on its own. 

(i) Describe briefly the operation of 

the transformer. 

(ii) The transformer used is ideal and 

has 2700 turns on the primary coil 

and 40 turns. on the secondary. 

Show that the peak voltage across 

the secondary is about 5.0 V. 

(iii) Given that the maximum power 

output permissible without dama- 

ging the transformer is 10W, 

determine the maximum current 

drawn from the mains. How would 

you protect the transformer against 

overloading? 

(b) You are now to consider what happens 

when stage B is added to stage A, and a 

load resistor is connected between P and 

Q. i 

Assuming that the diode is ideal, sketch 

graphs to show the corresponding varia- 

tions of voltage with time between the 

output of stage A and that of stage B 

indicating the time scale and the peak 

voltages in each case. 

(c) In this section you are to consider the 

operation when stage C, the smoothing 

capacitor, is connected between P and Q 

firstly with no load connected and then 

together with a load. 

(i) The capacitor used is marked 

500 uF, 10 V. Explain the signifi- 
cance of the 10 V rating. 

(ii) Calculate the energy stored by the 

capacitor when the output voltage 
is 5 V and no load is connected. 

(iii) A load resistor of 100Q is now 

connected across the output term- 

inals. Assuming that the capacitor 

charges to the peak voltage during 

each cycle and that the charging 

time is negligible so that the 

capacitor discharges for a time 

equal to the period of the AC, 

calculate the minimum voltage 

across the capacitor. 



b 

QUESTIONS ON SECTION F 

(iv) Estimate the average power 

delivered to the load by the circuit. 

[AEB, ’90] 

MAGNETIC MATERIALS 
(Chapter 45) 

F186 Explain whatis meant by relative permeability. 

How do the relative permeabilities of 

diamagnetic, paramagnetic and ferromag- 

netic materials differ from each other? 

State two ways in which the relative perme- 

ability of a ferromagnetic material can be 

caused to change. 

F187 The data in the table below refer to two 
ferromagnetic materials: 

mea e 
Average value of relative permeability | 8000| 500 

Saturation flux density/T AA O E 

Coercive force/A m™' 80 |1200 
Remanence/T 1.4 | 1.2 

(a) With the aid of a suitable sketch graph, 
explain what is meant by (i) a hysteresis 

loop and (ii) the four quantities 

(remanence, etc.) in the table. 

(b) (i) From the data given in the table, 
sketch on a common graph the 

likely shapes of the hysteresis loops 

for the two materials. 
(ii) The two materials are soft iron and 

a steel; which is which? 

(iii) State, with reasons, which of the 
materials A and B you would use to 

make a permanent magnet. [ W ] 

F188 Name materials, one in each case, which are 

suitable for (a) a permanent magnet, (b) the 

core of an electromagnet, (c) the core of an 

749 

electric transformer. Explain, in terms of 

their magnetic properties, why these 

materials are used. [J] 

ELECTROLYSIS (Chapter 46) 

F189 A current of 1.5 A is passed through copper 

sulphate solution, of resistivity 0.4Qm, 

between two plane parallel copper elec- 

trodes, each of area 107? m°, 4mm apart. 

(a) What is the potential difference across 

the electrolytic cell? 

(b) What power is dissipated in the cell? 

(c) How long is required for 2g of copper 

(electro-chemical equivalent 3.3 x 

10-7kgC~!) to be deposited on the 
cathode? 

[S] 

F190 Calculate the volume at STP of the oxygen 
liberated in a water voltammeter by a current 

of 3 A flowing for 20 minutes. 

(The ECE of oxygen is 8.3 x 1078 kg C7! 
and the density of oxygen at STP is 

1.4kgm~°.) 

F191 Calculate the specific charge of a Cu*™ ion. 

(Faraday constant = 9.649 x 10*C molt, 
relative atomic mass of copper = 63.54.) 

F192 Calculate the steady current which must flow 

through an electroplating tank in order that a 

layer of silver with a uniform thickness of 

20 um may be deposited in 30 minutes on an 

article which has a surface area of 40 cm’. 

(Density of silver = 1.05 x 10*kgm™. 
Silver is monovalent and its relative atomic 
mass is 108. The Faraday constant 

= 9.649 x 10*C mol"!.) 
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MODERN PHYSICS 



47 
THE PHOTOELECTRIC EFFECT, 
WAVE-PARTICLE DUALITY 

47.1 THE ELECTRONVOLT 

The electronvolt (eV) is a unit of energy. It is equal to the kinetic energy 
gained by an electron in being accelerated by a potential difference of one volt. 

The work done when a particle of charge Q moves through a PD V is given by 
equation [39.6] as QV. The charge on the electron is 1.6 x 10~!° C, and therefore 
when an electron is accelerated through a PD of 1 V the work done is 

(6 x102) x (1) 

i.e. 16x 10-2] 

The work done is equal to the kinetic energy gained by the electron, and therefore 
the kinetic energy gained by an electron in being accelerated through one volt is 
KOTOR T, 

i.e. 

EXAMPLE 47.1 

Write .down the kinetic energy, in eV, of (a) an electron accelerated from rest 
through a PD of 10 V, (b) a proton accelerated from rest through a PD of20 V, (c)a 
doubly charged calcium ion accelerated from rest through a PD of 30 V. 

Solution 

(a) 10eV (Since an electron accelerated through 1 V would gain 1 eV, it 
follows from W = QV that an electron accelerated through 
10 V gains 10 eV.) 

(b) 20eV (Since the charge on the proton has the same magnitude as the 
charge on the electron, and an electron accelerated through 
20 V would gain 20 eV.) 

(c) 60eV (Since the charge on the calcium ion is twice that on an 
electron, and an electron accelerated through 30 V would gain 
30 eV.) 

752 
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QUESTIONS 47A 

753 

1. An electron is accelerated from rest through a An electron moves between a pair of electrodes 

PD of 1000 V. What is (a) its kinetic energy in in a vacuum tube. The first electrode is at a 

eV, (b) its kinetic energy in joules, (c) its potential of 50 V, and the electron has kinetic 

speed? energy of 20eV as it leaves it. What is the 
(leV = 1.602 x 10°!°J, mass of electron = potential of the second electrode if the electron 

9.110 x 10-7! kg.) just reaches it? 

2. Anelectron accelerated from rest through a PD The kinetic energy of an a-particle from a 

of 50V acquires a speed of 4.2 x 10°ms"!. 

Without performing a detailed calculation, 

write down the speed that a PD of 200 V would 

produce. 

radioactive source is 4.0MeV. What is its 

speed? 

(Charge on electron = 1.6 x 107! C, mass of 
a-particle = 6.4 x 10°?’ kg.) 

3. What is the kinetic energy, in eV, of a triply 

charged ion of iron (Fe**) which has been 

accelerated from rest through a PD of 100 V? 

47.2 THE PHENOMENON OF PHOTOELECTRIC 

EMISSION 

Electromagnetic radiation (usually visible light or ultraviolet) incident on a metal 

surface can cause electrons to be emitted from the surface. The phenomenon is 

called the photoelectric effect. (A broad outline of the experiments which 

established the nature of the effect is given in section 47.5.) 

The conclusions which can be drawn from detailed investigations of the effect are 

summarized below. 

(i) Emission occurs only if the frequency of the incident radiation is above 

some minimum value called the threshold frequency, and this depends 

on the particular metal being irradiated. (For example, the threshold 

frequency of sodium is in the yellow region of the visible spectrum, that of 

zinc is in the ultraviolet.) 

Gi) | Emission commences at the instant the surface starts to be irradiated. 

(iii) If the incident radiation is of a single frequency (above the threshold 

frequency), the number of electrons emitted per second is proportional to 

the intensity of the radiation. 

(iv) The emitted electrons have various kinetic energies, ranging from zero up 

to some maximum value. Increasing the frequency of the incident radiation 

increases the energies of the emitted electrons and, in particular, increases 

the maximum kinetic energy. 

(v) The intensity of the radiation has no effect on the kinetic energies of the 

emitted electrons. 
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47.3 THE INABILITY OF THE WAVE THEORY TO 
ACCOUNT FOR PHOTOELECTRIC EMISSION 

The photoelectric effect is due to electrons absorbing energy from the incident 

radiation and so becoming able to overcome the attractive forces of the nuclei. 

According to the wave theory of light the energy of the incident radiation is 

distributed uniformly over the wavefront. On the basis of the wave theory, 

therefore, each electron in the surface of an irradiated metal would absorb an equal 

share of the radiant energy. It is to be expected, therefore, that if the intensity of the 

radiation were very low, no single electron would gain sufficient energy to escape, 

or at least, that a considerable time would elapse before any electron did escape. 

Neither of these predictions is consistent with observation. Furthermore, an 

increase in intensity increases the energy falling on the surface and would be 

expected to increase the energies of the emitted electrons. This also is inconsistent 

with observation. The wave theory can offer no explanation of the frequency 

dependence of the kinetic energies of the emitted electrons, nor why there should 
be a minimum frequency at which emission occurs. 

47.4 EINSTEIN’S THEORY OF THE PHOTOELECTRIC 
EFFECT : 

In 1901 Max Planck had shown that the energy distribution in the black-body 
spectrum (section 17.10) could be accounted for by assuming that the radiation 
was emitted as discrete (separate) packets of energy known as quanta, the energy, 
E, of a quantum being given by 

[47.1] 

h = aconstant, now called Planck’s constant, equal to 6.626 x 10-34Js 

f = the frequency of the radiation. 

In 1905 Einstein extended this idea by suggesting that the quantum of energy 
emitted by an atom continues to exist as a concentrated packet of energy. A beam 
of light can therefore be considered to be a stream of particles (called photons), 
each of energy hf. At large distances from a point source of light the intensity is low 
because the photons are spread over a large area, but there is no diminution in the 
energy associated with each photon. (Note. The intensity of a beam of light is 
proportional to the number of photons per unit cross-section of the beam per unit 
time.) 

Einstein proposed that when a photon collides with an electron, it must either be 
reflected with no reduction in energy, or it must give up all its energy to the 
electron. The energy of a single photon cannot be shared amongst the electrons — 
no more than one electron can absorb the energy of one photon. It follows that (ina 
given time) the number of electrons emitted by a surface is proportional to 
the number of incident photons, i.e. to the intensity of the radiation. 
Furthermore, an electron can be emitted as soon as a photon reaches the surface, 
explaining why photoemission begins instantaneously. 
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Einstein reasoned that some of the energy imparted by a photon is actually used to 
release an electron from the surface (i.e. to overcome the binding forces) and that 

the rest appears as the kinetic energy of the emitted electron. This is summed up by 

Einstein’s photoelectric equation 

Rf = W +3mv? . [47.2] 

where 

i hf = the energy of each incident photon of frequency f, 

W = the work function of the surface, i.e. the minimum amount of 

energy that has to be given to an electron to release it from the 

surface, 

5mv? = the maximum kinetic energy of the emitted electrons. (Many 
of the emitted electrons are involved in collisions on their way 

. out of the surface and therefore emerge with energy which is less 

than the maximum.) 

That there should be a minimum frequency which causes emission follows 

immediately. If hf < W, there is not sufficient energy to release an electron, i.e. 

the threshold frequency, fo, is given by 

hf = W 
The corresponding maximum wavelength, 40, 1s given by 

Cc pen 
Ao n 

47.5 MILLIKAN’S VERIFICATION OF EINSTEIN'S 

PHOTOELECTRIC EQUATION AND 

MEASUREMENT OF h jè 

The photoelectric effect was discovered by Hertz in 1887. He had observed that a 

spark passes more easily between two electrodes if they are illuminated by 

ultraviolet radiation. Within a year of Hertz announcing his discovery, Hallwachs 

found that a negatively charged zinc plate loses its charge when it is illuminated by 

ultraviolet radiation, but that there is no effect with a positively charged plate. He 

concluded that the illumination causes the negatively charged plate to emit 

negatively charged particles. In 1899 Lenard established that these particles were 

electrons.* By 1902 he had shown that although the maximum kinetic energy of 

the emitted electrons was independent of the intensity of the incident radiation, it 

was affected by the frequency being used and by the nature of the illuminated 

surface. He also showed that the number of electrons emitted was proportional to 

the intensity of the radiation. It was these experimental results that Einstein 

explained in 1905. 

Lenard’s results were not sufficiently accurate to be considered a thorough test of 

Einstein’s theory. Since the theory had such far-reaching consequences, it was of 

vital importance that it be tested rigorously, and therefore in 1916 Millikan carried 

out a series of refined experiments — these completely verified Einstein’s theory. 

*The electron had been discovered two years earlier by J. J. Thomson. 
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Fig. 47.1 
Millikan’s apparatus to 
verify Einstein’s 
photoelectric equation 

SECTION G: MODERN PHYSICS 

A simplified form of the apparatuS used by Millikan is shown in Fig. 47.1. He chose 

to test Einstein’s equation by irradiating sodium, potassium and lithium, each of 

which has a loosely bound electron and therefore exhibits the photoelectric effect 

over a large range of visible frequencies. Photoelectric emission is a surface 

phenomenon, and therefore meaningful results can be obtained only if the 

emitting surfaces are chemically clean. The metals which Millikan used are very 

reactive and oxidize rapidly in the presence of air, and therefore the apparatus was 

evacuated. Any oxide that formed on the samples could be removed with the knife 

(B). The position of the knife was adjusted immediately before a sample was 

illuminated, so that by rotating the table (T) the surface of the metal could be 

pared off by moving it against the knife. 

Pump 

Monochromatic 

light 

Evacuated 

tube 

Variable 
DC supply = 

The target metal was irradiated with monochromatic light. The emitted electrons 
were collected by the electrode (C) and flowed to earth through the electrometer 
(E) -the electrometer therefore registered a current. (The electrode was coated with 
copper oxide, a material which shows no photoelectric emission with visible light.) 

By applying a positive potential to the target metal, Millikan was able to slow down 
the electrons. This prevented those that had been emitted with low values of 
kinetic energy from reaching the electrode, and the current through the 
electrometer decreased. He increased the potential until even those electrons 
which had been emitted with the maximum kinetic energy were unable to reach the 
electrode, whereupon the current fell to zero. The minimum potential which 
reduces the current to zero is called the stopping potential V. The work done by 
an electron in moving against the stopping potential is given by equation [39.6] as 
eV, where eis the charge on the electron. Since this work is done at the expense of 
the kinetic energy of the electron, it follows that 

eV = tmv? 

where 4 mv” = the maximum KE of an emitted electron. 

By Einstein’s photoelectric equation 

hf = W+5mv? 

W+eV = S I 
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Thus, for any given target material, a plot of V against f is linear if Einstein’s 
photoelectric equation is correct. Millikan irradiated each sample with beams of 
different frequencies and measured the corresponding stopping potentials. For 
each metal he obtained a graph of the form shown in Fig. 47.2, thus verifying 
Einstein’s equation. The results also provided an accurate value of h. 

Fig. 47.2 v 
Graph to verify Einstein's » 
photoelectric equation xfx 

x x 

xf — Gradient 
= h/e 

xf X 

Notes (i) Changing the target metal gives a graph with the same gradient (h/e) but 

different intercepts. 

(ii) The measurements also provide values of W. These are in good agreement 

with those found from thermionic emission (see Table 50.1). 

EXAMPLE 47.2 

Sodium has a work function of 2.3 eV. Calculate: (a) its threshold frequency, (b) 

the maximum velocity of the Photosig ons produced when the sodium is 

illuminated by light of wavelength 5 x 10~’ m, (c) the OPR potential with light 

of this wavelength. (h = 6.6 x 107% Js, c = 3.0 x 10°m s~}, leV = 1.6 x TO 

mass of electron m = 9.1 x 107°! kg.) 

Solution 

(a) The threshold frequency fo is given by 

hh = W 

Therefore, since 2.3eV = 2.3 x 1.6 x 10-”°J 

E a E OE a 

jeogeior215.601 0 Hz 
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QUESTIONS 47B " 

1. 

SECTION G: MODERN PHYSICS 

(b) By Einstein’s photoelectric equation 

hf = W+imv? 

h A = W +łįmv? 

6.6 x 107°4 x 3 x 108 

> LOT 
= 2.3 x 1.6 x LOT Rehm 

3.96 x 10°19 = 3.68 x 10° +4 mv? 

i.e. Smo = 0.28 x 10-” 

Therefore the maximum velocity v is given by 

2 x 0.28 x 10-19 
US | e a 

m 

is [0.56 x 10-19 

T 9.1 x 10-3! 
Le. © 

Ler o = 2.5 x Ims! 

(c) The stopping potential V is given by 

eV = imo? 

re 16x10 V a= 0 2a 

te, V= 08y. 

Calculate the energy of (a)a photon of 

frequency 7.0 x 10! Hz, (b)a photon of 
wavelength 3.0 x 1077 m. 
6.64.10 Js c= 0O mMms 

Calcium has a work function of 2.7eV. 
(a) What is the work function of calcium 
expressed in joules? (b) What is the threshold 
frequency for calcium? (c) What is the max- 

imum wavelength that will cause emission from 
calcium? 

(e= 1.6 x 10°" C, h =6.6 x 10t ]s c= 3.0 
x 10ê°ms7™!.) 

3. Gold has a work function of 4.9eV. 

(a) Calculate the maximum kinetic energy, in 

joules, of the electrons emitted when gold is 

illuminated with ultraviolet radiation of fre- 
quency 1.7 x 10? Hz. (b) What is this energy 
expressed in eV? (c) What is the stopping 
potential for these electrons? 

Cpe O h= G a 

Calculate the stopping potential for a platinum 
surface irradiated with ultraviolet light of 
wavelength 1.2 x 107 m. The work function 
of platinum is 6.3 eV. 
(h= 6.6 x 10Js, c= 3.0 x 10°ms7!, 
Roses ZEN 

g= 

47.6 THE PHOTOEMISSIVE CELL 

A photoemissive cell is shown in Fig. 47.3. If light of a frequency which is greater 
than the threshold frequency of the cathode-coating is incident on the cathode, 
electrons are emitted and move to the anode. A current (~ uA) flows in the 
external circuit. The size of this current increases with the intensity of the light. If 
the light beam is interrupted, the current flow ceases, and when the device is used 
with a suitable relay circuit it can be used to open doors, act as a burglar alarm, etc. - 
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Fig. 47.3 
Photoemissive cell and 

circuit 

Z759. 

Wire 
anode 

Vacuum a100 V 

Photoemissive 
cathode 

47.7 WWAVE-PARTICLE DUALITY 

The reflection and refraction of light are satisfactorily explained on the basis of 

light being a wave motion. Furthermore, light can be diffracted and can produce 

interference effects — convincing evidence that it behaves as a wave motion. Light 

can be polarized; it is therefore a transverse wave motion. Towards the end of the 

nineteenth century Maxwell showed, on entirely theoretical grounds, that 

electromagnetic waves could propagate through space; the velocity. of these 

waves is exactly the same as that of light. 

It seems paradoxical therefore that it is necessary to attribute particle properties to 

light in order to explain the photoelectric effect. What the reader must accept, 

though, is that the idea of light being a wave motion and the idea of it being a 

particle motion are merely two different models which help us explain the 

behaviour of light; neither is necessarily a literal description of what light is. 

In a thesis presented in 1924 Louis de Broglie, having reflected on the wave- 

particle duality of light, suggested that matter might also have a dual nature. He 

proposed that any particle of momentum p has an associated wavelength 4 (now 

called the de Broglie wavelength) given by 

where m is the relativistic mass* of the particle and v is its velocity. This 

relationship was confirmed in 1927 when Davisson and Germer succeeded in 

diffracting electrons. They used a single crystal of nickel as a diffraction grating, 

the regularly spaced atoms within the crystal acting as diffraction centres in much 

the same way as they do for X-rays. (The de Broglie wavelengths of electrons 

which have been accelerated by potentials in the range 1.5 V to 15 000 V are in the 

range 107° m to 10~!! m, similar to the wavelengths of X-rays.) 

Neutrons, protons, hydrogen atoms and helium atoms have also been diffracted. 

Neutron diffraction is used to study crystal structures. The wavelengths associated 

with macroscopic bodies are very much less than the width of any aperture through 

which such a body might pass, and any diffraction which occurs is too small to be 

observable. (The de Broglie wavelength ofa billiard ball moving at 1 m s lis ofthe 

order of 1077? m.) 

The de Broglie waves, though often referred to as matter waves, are not 

composed of matter. The intensity of the wave ata point represents the probability 

of the associated particle being there. 

*The special theory of relativity distinguishes between the mass mo of a stationary particle (the rest 

mass) and the mass m ofa particle moving with velocity v. Itcan be shown thatm = my (1 — v 2 ery, 

where c is the velocity of light. The distinction is unimportant if v < c. 
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QUESTIONS 47C 

1. Calculate the de Broglie wavelength of an 

electron moving at 3.0 x 10°ms"!. 
(h = 6.6 x 10= Js, mass of electron = 9.1 
ale ko) 

Calculate (a) the speed, (b) the de Broglie 

wavelength of an electron which has been 

accelerated from rest through a PD of 250 V. 

CONSOLIDATION 

SECTION G: MODERN PHYSICS 

e= 1.6x 10° C,h = 6.6 x 10-**Js, mass of 
electron = 9.1 x 1073! kg.) 

Calculate the de Broglie wavelength of an 

a-particle of energy 4.0 MeV. 

(e= 1.6% 107!) C, h= 6.6 x 10-** J s, mass of 
o-particle = 6.4 x 10°?’ kg.) 

The electronvolt is a unit of energy equal to the kinetic energy gained by an 

electron in being accelerated through a PD of 1 volt. 

In order to explain the photoelectric effect a beam of light (of frequency f and 

wavelength 4) is regarded as a stream of photons, each of energy E where 

fe pple E =h- 

The Photoelectric Effect 

Electromagnetic radiation incident on a metal surface causes electrons to be 
emitted from the surface. 

The maximum KE of the emitted electrons increases when the frequency ofthe 
radiation increases. 

The number of emitted electrons is proportional to the intensity of the 
radiation. 

The work function of a surface is the minimum amount of energy that has to be 
given to an electron to release it from the surface. 

The threshold frequency is the minimum frequency that will cause emission. 

Einstein's Photoelectric Equation 

hf = W+4mv’? 

Since hfcan be replaced by hc/A, W by hf, and $ mv? by eV, where V = stopping 
potential and fp = threshold frequency 

hf wW 1 my? 

ig = Oale or 

Ma hfo eV 

Millikan’s Experiment 

(i) Verified Einstein’s photoelectric equation. 

Gi) Provided an accurate value of A. 

(iii) Provided values of the work functions of the metals used. 
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hf = W+4mv? 

hf W+eV where V = stopping potential 

W pil i o WA 
e e 

The graph of V against f is a straight line (hence (i)) of gradient h/e (hence (ii)) 

and y-intercept — W /e (hence (iii)). 

Changing the target material changes the intercept, but not the gradient. 

Wave-Particle Duality 

A particle of mass m and velocity v has an associated wavelength A where 

pean 
mV 



48 
THE STRUCTURE OF THE 
ATOM, ENERGY LEVELS 

48.1 INTRODUCTION 

By 1900, the idea that matter was composed of atoms was well established. It was 

known that atoms contained negatively charged particles (electrons). It was also 

known that atoms as a whole are electrically neutral, and therefore they must have a 

positively charged component. No positively charged equivalent of an electron 

was known (positive ions are much more massive), and this led J. J. Thomson to 

propose the so called ‘plum-pudding’ model of the atom. In this model, the 

positive charge was supposed to be continuously distributed throughout a sphere 

in which the electrons were embedded -rather like plums in a pudding. The model 

had very limited success and, in particular, was totally incapable of accounting for 

the results of Rutherford’s «-particle scattering experiments. 

48.2 THE SCATTERING OF «a-PARTICLES 

Fig. 48.1 
Rutherford’s apparatus to 
investigate scattering of 
a-particles 

In 1909 Rutherford investigated the scattering of «-particles (positively charged 
particles resulting from radioactive decay) by thin films of heavy metals, notably 
gold. (The experiments were actually carried out by Geiger and Marsden under 
Rutherford’s direction.) The experimental arrangement is shown in Fig. 48.1. 

Microscope 

Zinc sulphide 
detector 

Source 

762 
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Fig. 48.2 
Scattering of «-particles 
by a nucleus 

A narrow pencil of a-particles from a radon source inside a metal block was 

incident on a thin metal foil. A glass screen coated with zinc sulphide was used to 
detect the scattered «-particles. Whenever a particle hit the screen it produced a 

faint flash of light (a scintillation). The experiment was carried out in a darkened 

room and the scintillations were observed through a microscope. The screen could 

be rotated about the metal foil, and by counting the number of scintillations 

produced in various positions in equal intervals of time, the angular dependence of 

the scattering was determined. The range of «-particles in air is limited to about 

5 cm, and therefore the apparatus was evacuated so that the particles would not be 

prevented from reaching the screen. 

The majority of the «-particles were scattered through small angles, but a few 

(about 1 in 8000) were deviated by more than 90°. 

The most popular model of the atom at the time was the plum-pudding model 

(section 48.1). The net charge at any point in such an atom is small, and therefore it 

would not be able to scatter an «-particle through a large angle. The large 

deflections which were observed might be thought to be due to successive 

deflections through small angles. However, Rutherford was able to show that the 

number of large deflections, though small, was far too high to be accounted for in 

this way, and he suggested that the large-angle scattering was due to a single 

encounter between an «-particle and an intense positive electric charge. In view of 

this, Rutherford proposed in 1911 that an atom has a positively charged core 

(now called the nucleus) which contains most of the mass of the atom and 

which is surrounded by orbiting electrons. On the basis of this model, 

Rutherford calculated that the number of particles scattered through an angle, 0, 

should be proportional to cosec* (0 /2). Geiger and Marsden performed a second 

series of experiments and verified this prediction in 1913. 

Large-angle scattering occurred whenever an «-particle was incident almost head- 

on to a nucleus (see Fig. 48.2). Since very few of the particles were scattered 

through large angles, it follows that the probability of a head-on approach is small 

and indicated that the nucleus occupies only a small proportion of the 

available space. (The nuclear radius is of the order of 1071 m; that ofan atom as 

a whole is about 107!° m.) 

G) Nucleus 

An atom is electrically neutral and therefore the positive charge on the nucleus 

must be equal to Ze, where e is the charge on the electron and Z is an integer equal 

to the number of electrons in the atom. According to Rutherford, the number of 

a-particles scattered in any given direction should be proportional to Z 2i Geiger 

and Marsden found that the scattering was proportional to the square of the atomic 

weight (now called relative atomic mass) of the scatterer. It had already been 

shown by Barkla (1911) that the atomic weight of an element was, to a first 



764 SECTION G: MODERN PHYSICS 

approximation, proportional to the number of electrons in each of its atoms, i.e. to 

Z. Therefore, Geiger’s and Marsden’s observation that the scattering was 

proportional to the square of the atomic weight was consistent with Rutherford’s 

prediction that it should be proportional to Z 2 _ further verification of the 

Rutherford model. 

48.3 THE BOHR MODEL OF THE ATOM. 

Although Rutherford’s model of the atom was completely consistent with the 

results of the «-particle scattering experiments, there was considerable opposition 

to it on theoretical grounds. An orbiting electron is constantly changing its 

direction and therefore is accelerating. It was well established (classical 

electromagnetic theory) that when a charged particle is accelerated it emits 

electromagnetic radiation. The orbiting electrons, therefore, could be expected to 

emit radiation continuously. This is not possible, for if an electron were to emit 

radiation, it would have to do so at the expense of its own energy and as a 

consequence it would slow down and spiral into the nucleus, in which case the 

atom would cease to exist. 

The problem was resolved by Neils Bohr in 1913. Bohr assumed that each electron 

moves in a circular orbit which is centred on the nucleus, the necessary centripetal 

force being provided by the electrostatic force of attraction between the positively 

charged nucleus and the negativey charged electron. On this basis he was able to 

show that the energy of an orbiting electron depends on (among other factors) the 

radius of its orbit. This much was obvious, but Bohr made two revolutionary 

proposals. NY 

(i) The angular momenta of the electrons are whole number multiples of h/2z, 

where / is a constant known as Planck’s constant. (Thus, the angular 

momentum does not have a continuous range of values, i.e. itis quantized. ) 

This means that the electrons can have only certain orbital radii, which in 

turn means that the electrons are allowed to have only certain values of 

energy (called energy levels). This nullifies the idea that the electrons 

should continuously emit radiation, for if they were to do so, they would lose 

energy continuously and would need to have a continuous range of energies 

available to them. The allowed energy levels are often referred to as 

stationary states, since an electron can remain in an energy level 
indefinitely without radiating any energy. 

Gi) An electron can jump from an orbit in which its energy is E2, say, to one 
which is closer to the nucleus and of lower energy, E, say. In doing so, the 
electron gives up the energy difference of the two levels by emitting an 
electromagnetic wave whose frequency, f, is given by 

a Bahk 7 [48.1] 

where h = Planck’s constant = 6.626 x 1074 Js. 

The principal justification for the Bohr model is that it predicts, to a high degree of 
accuracy, the wavelengths emitted by atomic hydrogen. It fails, however, when it is 
applied to more complex atoms. A second objection is that the model involves the 
arbitrary assumption that the allowed values of angular momentum are integral 
multiples of 4/27. (Over ten years later it was shown that electrons can be regarded 
as waves, and that the allowed values of angular momentum were consistent with 
the allowed orbits being exactly the right size to accommodate a stationary 
(standing) electron wave.) 
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48.4 

The current model of the atom is based on wave mechanics. The electrons are no 
longer considered to move in definite orbits, but exist as an ‘electron cloud’ 
throughout the volume of the atom — the Bohr radii are the most probable positions 
of the electrons. The concepts of discrete energy levels and transitions between 
them giving rise to the emission or absorption of radiation are retained. The 

existence of discrete energy levels (the energies of which are the same as those 
given by Bohr) is a natural consequence of the theory and there is no need to make 

any arbitrary assumptions. 

MATHEMATICAL TREATMENT OF THE 
HYDROGEN ATOM ACCORDING TO THE BOHR 
MODEL 

Consider an electron of mass m and charge e moving with velocity v in a circular 

orbit of radius r about a hydrogen nucleus.* The charge on the nucleus is also e. 

There is an inward directed Coulomb force acting on the electron, the magnitude 

of which, F, is given by equation [39.2] as 

t- ‘2 

ATLE9 r? 

The centripetal acceleration of the electron is v /r (see section 6.3). Therefore, by 

Newton’s second law 

v2 

TEE a 
T 

Combining these equations gives 

2 e mv? 

Amer bef [482] 

Multiplying each side of equation [48.2] by mr’ gives 

2 
= "= (mor)? [48.3] 
TEQ 

According to Bohr’s first proposal, the angular momentum mor is given by 

nh TA ET E man an (n ) 

Therefore, from equation [48.3] 

me2r % (2) 

ATE A 2m 

nh? &0 
i.e. p= 3 [48.4] 

nme 

The total energy, E, of the system is given by 

E = Ex +E, 
[48.5] 

*A hydrogen nucleus is much more massive than an electron and therefore it is a sufficiently good 

approximation to assume that the electron rotates about the nucleus, rather than about the centre of 

mass of the system. 
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where 

E, = the kinetic energy of the electron 

2 
mv“ = = s (from equation [48.2]) 

2 4néor dN) 

and 

E, = the potential energy of the electron 

Ifthe nucleus is considered to be a point charge, the electric potential at a distance r 

is given by equation [39.5] as 

e 

Aner 

Therefore, the work done in bringing an electron from infinity to a point a distance 

r from the nucleus is given by equation [39.6] as 

e? 

4TEor 

(The minus sign arises because the nucleus attracts the electron.) 

If the potential energy of the electron is taken to be zero when it is at infinity, then 

—e? 
Ey = 

ATtégr 

Substituting for Ep and E, in equation [48.5] gives 

] 2 2 re ee ee 

2 4neor Aneéor 

e? 

i.e. E = — 
BTEor 

Therefore, from equation [48.4] 

met 
E = - — = h ; 8eo2n2h? (n DA 95-32) [48.6] 

Notes (i) The energy is always negative (equation [48.6]). Work has to be done to 

remove the electron to infinity, where it is considered to have zero energy, i.e. 
the electron is ‘bound’ to the atom. 

(ii). Increasing values of rare associated with increasing values ofn and therefore 
with increasing (i.e. less negative) values of E. 

48.5 ENERGY LEVELS 

The energies of the electrons in an atom can have only certain values. These values 
are called the energy levels of the atom. All atoms of a given element have the same 
set of energy levels and these are characteristic of the element, i.e. they are different 
from those of every other element. The energies of the various levels can be 
calculated by using wave mechanics (and, in the specific case of the hydrogen 
atom, by using the Bohr model). It is convenient to express energy level values in 
electronvolts (see section 47.1), where one electronvolt (i.e. 1 eV) is equal t to 
1.6 x 107}? joules. 
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The energy levels of an atom are usually represented as a series of horizontal lines. 
Fig. 48.3 shows the energy level diagram of the hydrogen atom. Hydrogen has only 

one electron and this normally occupies the lowest level and has an energy of 
—13.6eV. When the electron is in this level the atom is said to be in its ground 

state. If the atom absorbs energy in some way (for example by being involved in a 

collision or by absorbing electromagnetic radiation), the electron may be 

promoted into one of the higher energy levels. (On the Bohr model the electron 
has moved into an orbit which is farther away from the nucleus.) The atom is now 

unstable — it is said to be in an excited state — and after a short, but random, 

interval the electron ‘falls’ back into the lowest level so that the atom returns to its 

ground state. The energy that was originally absorbed is emitted as an electro- 
magnetic wave. 

Fig. 48.3 Zero sf} =" 00 

Energy levels of the pis ——————— ret 

hydrogen atom 054 PER 

—0.85 ————— n = 4 

-1.51 —_—————m = 3 

-3.39 ———— n = 2 

Energy 
in eV 

—13.6 nee 1 

Each energy level is characterized by what is called a quantum number, n (see 

Fig. 48.3). The lowest level has n = 1, the next has n = 2, etc. The energy of the 

level which has n = ov is zero. If the electron is raised to this level, it becomes free of 

the atom. An atom which has lost an electron is said to be ionized, and therefore 

the energy required to ionize a hydrogen atom which is in its ground state is 

13.6 eV. 
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48.6 THE OPTICAL LINE SPECTRUM OF ATOMIC 
HYDROGEN 

Suppose that a hydrogen atom has acquired energy in some way, and that as a 

result its electron is in the energy level characterized by n = 4. After a short time the 

electron will return to the level with n = 1. There are four possible ‘routes’. 

(a) n= 4°35 “n= 3 — w= 2° — n=l 

(Dy = ee ee Se ee 

O n=! —a=2 — na 

(d n=4 — n=1 

This involves six different transitions, namely: 

n=4 — n= 3 n= 4 — n= 2 

n=4 — n=l n = 3 = H= 2 

n=3 — n= 1 1 = 2. e A el 

(n = 4 — n = 3 appears in both (a) and (b), n = 2 — n = 1 appearsin both (a) and 

(c)). Each transition involves the emission of an electromagnetic wave whose 

frequency depends on the difference in energy of the two levels involved. When 

there are large numbers of atoms the different transitions take place simulta- 

neously and radiation of many different frequencies is emitted. The line spectrum 

(see section 28.3) of hydrogen is composed of light of these frequencies. 

When an electron moves from a level with energy E, to one of lower energy, EF, the 
frequency, f, of the emitted radiation is given by 

[48.7] 

where h = Planck’s constant. When using this equation it is necessary to bear in 

mind that and f are normally expressed in the relevant SI units (Js and Hz 

respectively), in which case E; and E, must be expressed in joules. 

Suppose it is required to calculate the frequency, f, and the wavelength, /, of the 
radiation emitted as a result of an electron transition from n = 4 to n = 3. From 
Fig. 48.3 the energies involved are —0.85 eV and —1.51 eV, i.e. 

E, = —0.85eV = —0.85 x 1.6 x 10719 = —1.36 x Io} 

and 

E, =.=—15l1eV =*—1,51% 1.6%10°" = —2:.42.~ 10e] 

If the value of h is taken to be 6.6 x 10-*Js, then by equation [48.7] 

(=1.36 x 107?) — (—2.42 x 1071?) = 6.6 x 10734 x f 

i.e. OO MO =O. TO 

1.06 x 107! 

He G6 x 1038 
i.e. f = 1.6x 10“ Hz 
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Fig. 48.4 
The main spectral 
transitions of atomic 
hydrogen 

è 
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Also, A = c/f, where c = the velocity of light = 3 x 10°ms~!. Therefore 

. 3 x 108 
A= ——— 

16x 101 

i.e. 4 = 19x10 fm 

Wavelengths calculated in this way are in excellent agreement with those observed 

in the line spectrum of atomic hydrogen — providing convincing evidence of the 

existence of energy levels. 

Lyman Balmer Paschen 
series series series 

The spectrum of atomic hydrogen contains distinct groups of lines. The three 

most obvious groups are the Lyman series, the Balmer series and the Paschen 

series. The wavelengths of the lines in the Lyman series are in the ultraviolet and 

each is associated with a transition involving the level with n = 1 (see Fig. 48.4). 

The Balmer series involves transitions to the level with n = 2, and as a 

consequence smaller energy differences are involved and the wavelengths are in 

the visible. The lines of the Paschen series are in the infrared. 
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48A QUESTIONS 

1. Refer to Fig. 48.3. Calculate the frequency and (b) n=2 to n= 1. (h= 6.6 x 10*Js; 
wavelength of the radiation resulting from the c= 3.0 x 10°ms_!.) 

following transitions: (a)n=4 to n=2, 

48.7 IONIZATION AND EXCITATION POTENTIALS 

The minimum amount of energy required to ionize an atom which is in its ground 

state, i.e. to remove its most loosely bound electron, is called the first (or 

principal) ionization energy of the atom. For example, the first ionization 

energy of hydrogen is 13.6 eV, i.e. 2.18 x 107 !8J (see Fig. 48.3). The energy to 
remove the next most loosely bound electron is called the second ionization 

energy, etc. The first ionization energy is often referred to simply as the 

ionization energy. This is particularly so in the case of hydrogen which has 

only one electron and therefore no higher ionization energies than the first. 

It follows from the definition of the electronvolt that 13.6 eV is the kinetic energy 

gained by an electron in being accelerated through a PD of 13.6 V. Therefore, ifan 

electron which has been accelerated from rest by a PD of 13.6 V collides with a 

hydrogen atom, it has exactly the right amount of energy to produce ionization. 

This is a common method of producing ionization, and therefore the term 

ionization potential is often used. Ionization potential is expressed in volts and is 

numerically equal to the ionization energy. Thus, the ionization potential of 

hydrogen is 13.6 V. h 

The energy required to excite an atom which is in its ground state is called an 

excitation energy of the atom. For example, the first and second excitation 

energies of hydrogen are (approximately) 10.2 eV and 12.1 eV respectively (see 
Fig. 48.3). The corresponding excitation potentials are 10.2 V and 12.1 V. 

48.8 MEASUREMENT OF EXCITATION POTENTIALS 
BY ELECTRON COLLISION 

The spectroscopic evidence for the existence of discrete energy levels (see section 
48.6) is supported by the results of experiments in which electrons are caused to 
collide with gas atoms. The first successful experiments of this type were carried 
out by Franck and Hertz in 1914. A schematic form of the apparatus used in a 
Franck-Hertz type experiments is shown in Fig. 48.5. 

Electrons which have been emitted thermionically by the filament (F) are 
accelerated towards the grid (G) and pass through it. The anode (A) is slightly 
negative with respect to G and therefore the electrons are retarded as they move 
from G to A. If V; is slightly larger than V2, the electrons have sufficient energy to 
reach A and a current flows through the galvanometer. If V, is increased, the 
current increases at first (see Fig. 48.6). As the electrons move across the tube they 
collide with gas atoms, and at this stage the collisions are elastic, the electrons 
bounce off the atoms without losing any energy. As V, is increased further, 
eventually a point is reached when the electrons have exactly the right amount of 
energy to promote the atomic electrons to higher energy levels and inelastic 
collisions result. All the energy of a bombarding electron is given up to the atom 
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Fig. 48.5 Gas at low 
Apparatus for a Franck- pressure (~1mm 

Hertz type experiment of mercury) 

V, v, 

Fig. 48.6 Current in 

Typical results of a galvanometer 

Franck-Hertz type 
experiment 

with which it has collided. The electrons no longer have sufficient energy to reach 

A and the galvanometer current falls. By determining the value of V; at which this 

happens it is possible to calculate the excitation potential of the transition which 

has taken place. Increasing V, beyond this value causes the current to rise until V, 

is again such that the bombarding electrons can produce excitation, whereupon 

the current falls. 

48.9 ENERGY LEVELS IN ATOMS WITH MORE THAN 

ONE ELECTRON 

The energy levels of many electron atoms are arranged in groups, known as shells, 

the levels within any one group having similar energies. There is a limit to how 

many electrons can occupy a shell. That known as the K shell can contain no more 

than two electrons, the L shell has a maximum of eight, the Mshell has amaximum 

of eighteen, etc. (These numbers are given by 2n”, where n = 1, 2,3,....) When an 

atom is in its ground state the electrons occupy the lowest available energy levels. 

Thus sodium, which has eleven electrons, has two in the K shell, eigh
t in the Lshell 

and one in the M shell. (This simple situation breaks down for atoms with more 

than eighteen electrons because one of the energy levels in the N shell has less 

energy than one of those in the M shell.) 
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CONSOLIDATION 

a-Particle Scattering 

Some «a-particles are scattered through large angles — suggesting that an atom has a 

positively charged core (the nucleus). 

Only a few a-particles are scattered through large angles — suggesting that the 

nucleus is very much smaller than the atom as a whole. 

Bohr Model of Atom 

Electrons are allowed to have only certain orbital radii and therefore only certain 

values of energy (called energy levels). 

An electron may ‘jump’ from a level with energy E, to a lower level of energy E 

causing the emission of electromagnetic radiation of frequency f where 

E — E; = hf 

The principal justification for the Bohr model is that it predicts, to a high degree of 

accuracy, the wavelengths emitted by atomic hydrogen. 

An atom is in its ground state when all the electrons are in the lowest available 

energy levels. 

The ionization energy of an atom is the minimum amount of energy required to 

remove its most loosely bound electron when the atom is in its ground state. 
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X-RAYS 

49.1 INTRODUCTION 

X-rays are short (typically ~ 10°-!°m) wavelength electromagnetic radiation. 
They were discovered by Röntgen in 1895. 

49.2 PRODUCTION OF X-RAYS 

A modern form of X-ray tube is shown in Fig. 49.1. A focused beam of electrons is 

accelerated towards the target during the half-cycles that it is positive with respect 

to the filament. On collision the electrons decelerate rapidly and X-rays are 

produced. Over 99% of the kinetic energy of the electrons goes into producing 

heat. The target is a high-melting point metal such as tungsten or molybdenum 

embedded in a copper rod, the purpose of which is to conduct heat away from the 

target. The rod is cooled by epee ha oil through it or ae the use of es fins. 

The intensity of the X-rays increases wil the 
- the target and therefore depend on the fil: 

The penetrating power e aust) 
- operating voltage of the abe 

X-rays with low penetrating power are called soft X-rays, those with high 

penetrating power are called hard X-rays. 

Fig. 49.1 Alternating Target 

A Coolidge type X-ray supply ~100 000 V 

tube 

Filament = 

supply 

Cooled 
copper rod 

Concave f \ it 
focusing ¥ . ae 
cathode ea 

X-rays shielding 

Heated filament 
produces electrons 
thermionically 
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49.3 PROPERTIES OF X-RAYS 

G) 

Gi) 

(iii) 

(iv) 

(v) 

(vi) 

They travel in straight lines at the velocity of light. 

They cannot be deflected by electric or magnetic fields. (This is convincing 

evidence that they are not charged particles.) 

They penetrate matter. Penetration is least with materials of high density. 

They can be reflected, but only at very large angles of incidence. 

Refractive indices of all materials are very close to unity for X-rays so that 

very little bending occurs when they pass from one material to another. 

They cannot be focused by lenses. 

They can be diffracted. 

The following properties, (vii) to (x), are used to detect X-rays. 

(vii) 

(viii) 

(ix) 

(x) 

49.4 USES OF X- 

G) 

Gi) 

(iii) 

They ionize gases through which they pass. 

They affect photographic film. 

They can produce fluorescence. 

They can produce photoelectric emission. 

RAYS 

They are used in medicine to: 

(a) locate bone fractures, etc. 

(b) destroy cancer cells. 

They are used to locate internal imperfections in welded joints and 
castings. 

The spacings of the regularly arrayed atoms within crystals are such that 

crystals act as diffraction gratings for X-rays. Analysis of the diffraction 

pattern provides detailed information about the crystal structure. X-ray 
diffraction has been used to determine the structure of complex organic 
molecules. 

49.5 X-RAY EMISSION SPECTRA 

A typical X-ray spectrum is shown in Fig. 49.2. X-ray spectra have two distinct 
components. 

(i) 

Gi) 

A background of continuous radiation, the minimum wavelength of which 
depends on the operating voltage of the tube, i.e. on the energy of the 
bombarding electrons. 

Very intense emission at a few discrete wavelengths (an X-ray line 
spectrum). These wavelengths are characteristic of the target material and 
are independent of the operating voltage. 
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Fig. 49.2 
X-ray spectrum 

X-ray 
intensity Wavelengths of 

characteristic lines are 
independent of 
operating PD 

Continuous background 
intensity depends on 
operating PD and 
filament current 

Intensity = 0 

Wavelength 

Minimum wavelength (Amin) 
depends on operating PD 
(note abrupt cut-off) 

The continuous background is produced by electrons colliding with the target 

and being decelerated. The energy of the emitted X-ray quantum is equal to the 

energy lost in the deceleration. An electron may lose any fraction of its energy in 

this process. The most energetic X-rays (i.e. those whose wavelength is Amin) are 

the result of bombarding electrons losing all their energy at once. Since the energy 

of the electrons depends on the operating voltage, so also does Amin (see 

Example 49.1). X-rays with longer wavelengths are the result of electrons losing 

less than their total energy. 

The line spectrum is the result of electron transitions within the atoms of the 

target material. The electrons which bombard the target are very energetic 

(~ 100000 eV) and are capable of knocking electrons out of deep-lying energy 

levels of the target atoms. (This corresponds to removing an electron from an 

inner orbit on the Bohr model.) An outer electron may ‘fall’ into the vacancy 

created in its atom, and in doing so causes a high-energy quantum of 

electromagnetic radiation, i.e. an X-ray, to be emitted. The frequency of the X- 

ray is given by E = hf, where E is the difference in energy of the levels involved 

and h is Planck’s constant. Since the energy levels are characteristic of the target 

atoms, so too are the X-rays produced in this way. 

The essential difference between the transitions which give rise to X-rays and those 

which give rise to visible light is that the X-ray transitions involve deep-lying energy 

levels, the optical transitions do not. 

EXAMPLE 49.1 

Calculate the wavelength of the most energetic X-rays produced by a 

tube operating at 1.0x10°V. (h=6.6x10*Js, e=16x 10°C, 

c= 3.0 x 10°ms"!.) 

Solution 

The most energetic X-rays are those produced by electrons which lose all their 

kinetic energy on impact. 

KE on impact = work done by accelerating PD 

+.6n2107'25e00° (from equation [39.6]) 

1.6 x 107! joules 

Maximum KE lost = 1.6 x 10~'* joules 

Il 
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The energy of the corresponding X-ray quantum is hc/A min and therefore 

hc 
= 1.6 x 1071 

Amin 

$ 6.6 x 1074 x 3.0 x 108 
i.€. Awa 3 

16 x 10" 

i.e. Ade = 124x 105) m 

EXAMPLE 49.2 kinase eeu oR 

The current in a water-cooled X-ray tube operating at 60 kV is 30 mA. 99% of the 
energy supplied to the tube is converted into heat at the target and is removed by 

water flowing at a rate of 0.060 kgs~!. Calculate: (a) the rate at which energy is 

being supplied to the tube, (b) the increase in temperature of the cooling water. 

(Specific heat capacity of water = 4.2 x 10?Jkg !°C™!.) 

Solution 

(a) Rate of supply of electrical energy = 60 x 10? x 30 x 107? 

=o tu) 6 

(b) Rate of production of heat = 0.99 x 1.8 x 10? 

= 1782 J s7! 

Let A0 = increase in temperature of water 

Heat gained by water in 1 s = 0.060 x 4.2 x 10? A90 

SWORN; 

Since all the heat produced is removed by the water, 

DINE = L182 

1782 
Nore THA ve oy 

QUESTIONS 49A 

1. The most energetic X-rays produced by a 3. n = 3 ———— -11x 10? eV 
particular X-ray tube have a wavelength of n= 2 ———— -—26~x 10? eV 
2.1 x 10°-!'m. What is the operating PD of . he tube? n= 1 ——— —98 x 10? eV 

(= 1.6 « 10°" C,h = 6.6 x 10° Js, c= 3.0 The diagram shows the three lowest energy 
x108ms7!.) levels of an atom of the target material of an X- 

ray tube. What is the minimum PD at which the 
2. An X-ray tube which is 1% efficient produces tube can operate: (a) if the transition 

X-ray energy at a rate of 20Js~!. Calculate the n=3ton=1 is to be possible, (b) if 
current in the tube if the operating PD is 50 kV. n= 2 to n= 1 is to be possible? (c) What is 

the wavelength corresponding to the transition 
ni=B ton =l? 
(e= 1.6 x 107”? C, k = 6.6 x 1074] s, c = 3.0 
x 108ms7!.) 



X-RAYS 777 

49.6 X-RAY ABSORPTION SPECTRA 

Fig. 49.3 
X-rays passing through 
an absorber 

Fig. 49.4 
Variation of linear 
absorption coefficient of 
X-rays with wavelength 

In Fig. 49.3 a monochromatic beam of X-rays of intensity Jp is incident on 
a thickness x of some absorber. The intensity J of the emergent beam is 
given by 

d= de 

where 

u = aconstant for a given material and a given wavelength. It is called the 

linear absorption coefficient of the material at the wavelength 

concerned (m7!),. 

Monochromatic <— x> 
X-rays of 

X-rays of 
intensity h heehee 

Absorber 

The way in which u varies with wavelength (4) for a given absorber is illustrated 

in Fig. 49.4. As 2 is increased u (and therefore the absorption) rises rapidly 

until A= Ag. Up to this point (which is called the K absorption edge) 

absorption has mainly been due to the ejection of electrons from the K shell of 

the absorber (see section 48.9). The sudden drop in u at A = Ag occurs because 

X-rays of longer wavelength are not sufficiently energetic to eject K shell 

electrons. As 4 is increased beyond Apg the absorption increases again; the 

absorption now being due mainly to the ejection of electrons from the higher 

lying L shell. 

The three absorption edges designated as Lr, Ly and Ly, lie very close 

together and are taken as evidence that the L shell consists of three energy 

levels. Indeed, it is the fact that the energy levels are grouped in this way that 

leads us to think in terms of a shell structure. A group of five absorption edges 

(not shown) at longer wavelengths indicates that the M shell contains five 

levels, etc. 
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CONSOLIDATION “= 

X-rays are short wavelength electromagnetic radiation (2 ~ 107! m). 

The X-ray Tube 

The intensity of the X-ray beam increases with the number of electrons hitting 

the target and therefore increases when the filament current increases. 

The penetrating power (or quality) of the X-rays increases with the PD across 

the tube. 

The X-ray Emission Spectrum 

The energy of an X-ray quantum in the continuous background is equal to the 

energy lost by an electron as a result of being slowed down by hitting the target. 

The wavelength À min of the most energetic X-rays is given by 

he 

Amin 

= eV 

where V is the operating PD. 

The intense peaks are the result of electron transitions involving deep-lying 

energy levels of the target atoms. Their wavelengths are characteristic of the 

target material. 
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THE ELECTRON 

50.1 DEFLECTION OF ELECTRONS 

Fig. 50.1 
Deflection of an electron 
beam in an electric field 

In an Electric Field 

It follows from the definition of electric field intensity (section 39.3) that an 

electron in a field of intensity E is subject to a force F, given by 

where 

e = the charge on the electron (= 1.6 x 107! C). 

Since electrons are negatively charged, the force is in the opposite direction to the 

field. 

a Straight 

Parabolic 
Electron 
beam 

c Uniform 
electric field of 
intensity E 

Consider a beam of electrons, each moving with velocity v, entering a uniform 

electric field of intensity E which is perpendicular to their direction of motion 

(Fig. 50.1). Once in the field each electron is subject to a force eE in the positive 

direction of the y-axis, and therefore by Newton’s second law acquires an 

acceleration eE/m in this direction, where m is the mass of the electron. At the 

instant an electron enters the field its y-component of velocity is zero, and 

therefore after it has spent a time ż in the field it will have undergone a vertical 

displacement, y, given by equation [2.8] as 

|l © | = 

E E =| & — y Ta 

(5) r2 [50.1] 
m 

779 

i.e. y = 
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Fig. 50.2 
Deflection of an electron 

beam in a magnetic field 

SECTION G: MODERN PHYSICS 

The electron’s x-component of velocity is unaffected by the field and therefore x, 

its horizontal displacement from O, is given by 

Cie} [50.2] 

Eliminating ż between equations [50.1] and [50.2] gives 

Pe eE y 

Ligh 2mv2 j 

This is the equation ofa parabola, i.e. the path of the electron whilst in the field 

is parabolic. Once the electron has left the field its path is linear. Since the 

electron has gained a y-component of velocity whilst in the field and there has been 

no change in its x-component, its kinetic energy has increased. 

The situation is analogous to that of a particle in a uniform gravitational field. In 
each case the magnitude and direction of the force are constant. 

In a Magnetic Field 

Anelectron moving with velocity v at right angles to a magnetic field of flux density 

B experiences a force F, which is given by equation [41.10] as 

The force is perpendicular to both the field direction and the velocity and its 

direction is given by Fleming’s left-hand rule. 

Consider an electron moving with velocity v into a uniform magnetic field of flux 

density B which is at right angles to its direction of motion (Fig. 50.2). 

Boundary of a 
uniform magnetic 
field which is 
directed perpendicularly 
into the paper 

On entering the field at M the electron feels a force F as shown and is deflected. 
The force is at right angles to the direction of motion of the electron and can 
neither speed it up nor slow it down. When the electron reaches some other point 
N, the magnitude of the force acting on it is the same as it was at M (since none of 
B, e and v has changed) but the direction of the force is different. Thus, the force is 
perpendicular to the direction of motion at all times and has a constant magnitude, 
and therefore the electron travels with constant speed along a circular arc. The 
magnetic field does not change the kinetic energy of the electron. 

If the electron moves along an arc of radius r, then its centripetal acceleration v? /r 
is given by Newton’s second law as 

mv? 
Bev = —— 

r 
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Fig. 50.3 
Principle of a velocity 
selector 

EXAMPLE 50.1 

Fig. 50.4 
Diagram for Example 
50.1 
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Crossed Fields 

Ifa uniform electric field and a uniform magnetic field are perpendicular to each 
other in such a way that they produce deflections in opposite senses, they are 

known as crossed fields. If the forces exerted by each field are of the same size, 
then 

Bev = eE 

ie. v= E/B [50.3] 

Charged particles Crossed electric Charged particles 
with different charges, and magnetic with different charges 
masses and fields and masses but a 
velocities single velocity 

Fig. 50.3 shows how crossed fields can be used as a velocity selector, i.e. to select 

charged particles of a single velocity from a beam containing particles with a range 

of different velocities. The particles need not be electrons, and may have a range of 

charge-to-mass ratios. Slits S} and S, confine the particles to a narrow beam. The 

only particles which are undeflected, and therefore which emerge from slit S3, are 

those whose velocity v is given by v = E/B. 

The Bainbridge mass spectrograph (section 51.4) uses a velocity selector of this 

type. 

The determination of the charge-to-mass ratio (specific charge) of the electron by 

the method described in section 50.2 also makes use of crossed fields. 

Refer to Fig. 50.4. A beam of electrons is accelerated through a PD of 500 V and 

then enters a uniform electric field of strength 3.00 x 10? V m~! created by two 

parallel plates each of length 2.00 x 10-2 m. Calculate: (a) the speed, v, of the 

electrons as they enter the field, (b) the time, ż, that each electron spends in the 

field, (c) the angle, 0, through which the electrons have been deflected by the 

time they emerge from the field. (Specific charge (e/m) for 

electron = 1.76 x 101! C kg™!.) 

2.00 x 10°2m 

E = 3.00 x 10°V mA 

OV 

Electrons moving 
with speed v 
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EXAMPLE 50.2. 

SECTION G: MODERN PHYSICS 

Solution 

(a) 

(b) 

(c) 

The kinetic energy gained by an electron is equal to the work done by the 

PD. Therefore 

tmv? = eV 

; 2eV 
ie. v= . 

m 

= V2~x 1.76 x 10!! x 500 = 1.327 x 10” 

i.e. Speed on entering field = 1.33 x 10’ms"! 

The horizontal component of velocity is unaffected by the field between 

the plates and is therefore constant. It follows that t is given by 

2.00 x 10" pe SO 
L327. x40 

i.e. Time between plates = 1.51 x 107° s 

The electric field, H, exerts a force, F, on each electron where 

T ek l 

By Newton’s second law this gives each electron an acceleration, a, 

towards the top of the page, where 

F eE 
a = = 9 

m m ‘ 
On emerging from the field the electron will have gained a vertical 

component of velocity, v,, given by v = u + at (equation [2.6]) as 

E 
Oa = 0 (Z): 

: e 
1.€. Uy = (=) Sot 

m 

= 1.76% 10 x 3.00 x10 x 15075610 = 7.957 x 10° 

Since tan 0 = v,/v 

dh gre D Be Parga 
BiNSSRsehLOhsohiat & ses 

Pee 

Suppose that in an arrangement of the type described in Example 50.1, particles of 
charge, Q, and mass, M, are accelerated by a PD, V, and then enter a field of 
strength, E, between plates of length, d. Obtain an expression for the angle, 0 5 
through which the particles will have been deflected by the time they leave the 
plates. 
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Solution. 

The speed, v, on entering the field between the plates is given by 

f 20V 

The time, t, between the plates is given by 

The vertical acceleration, a, is given by 

_ QE 
M 

The vertical component of velocity, v,, is given by v = u + at as 

a 

v Mov? 

Ed 
ies (o= =op i.e tan (=) 

Note that 0 depends only on E, dand V- it does not depend on either Q or M. This 

result is interesting in itself, but it also serves to illustrate that we could have 

obtained the answer to Example 50.1 even if we had not been given the value of the 

specific charge of the particles involved. It further illustrates the effort that can be 

saved by not putting in numerical values until it is absolutely necessary! 

QUESTIONS 50A S20" 

1. Calculate the speed of a proton which has been 2. An electron is moving in a circular path at 

accelerated through a PD of 400 V. 3.0 x 10°ms~! in a uniform magnetic field of 

(Mass of proton = 1.67 x 10” kg, charge on flux density 2.0 x 10-4 T. Find the radius of the 

proton = 1.60 x 107}? C.) path. 
(Mass of electron = 9.1 x 10-*! kg, charge on 

electron = 1.6 x 107! C.) 

50.2 DETERMINATION OF THE SPECIFIC CHARGE (e/m) 

OF THE ELECTRON AND ITS DISCOVERY 

One form of apparatus used to determine e/m is shown in Fig. 50.5. Electrons 

which have been emitted thermionically by the filament are accelerated towards 

the cylindrical anode and pass through it. Two small holes on the axis of the anode 

confine the electrons to a narrow beam. When both fields (E and B) are zero the 

electrons reach the screen at X and produce fluorescence there. 
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Fig. 50.5 
Apparatus to determine 
e/m for the electron 

SECTION G: MODERN PHYSICS 

Cylindrical Magnetic Electric 
field (B) field (E) anode | 
into paper 

Filament a RE 

Heater ojo 

T ONA 
High-resistance 

voltmeter 

Fluorescent 

screen 

}---1 
Accelerating 
voltage (V,) 

If the velocity of the electrons on emerging from the anode is v, then 

eV, = 4mv? 
2 

rs - = a [50.4] 

where V, = the accelerating voltage. 

The position of X is noted and the magnetic field is switched on, deflecting the 

beam to Y. The electrons can be brought back to X by using the electric field, 

because it is arranged so that it exerts a force in the same region as the magnetic 

field but in the opposite direction. The electric field is switched on and is adjusted 

until the beam is again at X. The forces being exerted by each field must now be of 

equal size, and therefore 

Bev = eE 

1.€. Ong Ses rs 

Substituting for v in equation [50.4] gives 

seagate 
m 2V- B4 

The value of E is found from E = V/d, 

where V = the PD between the deflecting plates 

d = their (known) separation. 

The magnetic field is normally produced by a pair of Helmholtz coils (see 
section 41.4), in which case the value of B can be found from the current through 
them, their radius and the number of turns. The value of V, is read off directly from 
the voltmeter. 

Discovery of the Electron 

In 1897 J. J. Thomson used this method to determine the specific charge of 
cathode rays — the ‘rays’ which move from cathode to anode when an electric 
discharge is passed through a gas at low pressure. (The ‘rays’ were already known 
to be particles and there was evidence to suggest that in any particular discharge 
they all had the same specific charge, but there was no knowledge of the size of the 
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charge, or of whether it was different under different conditions.) Thomson found 
that the value of the specific charge did not depend on the nature of the gas nor on 
the electrode material, suggesting that the ‘rays’ were composed of previously 
unknown particles which are a basic constituent of all matter. The idea that the 

particles were fundamentally different from any particle known at the time was 
strongly supported by Thomson’s value for their specific charge — of the order of a 

thousand times that of the hydrogen ion as found from experiments in electrolysis, 
and this was the highest of any known particle. The relatively high value of the 

specific charge of the cathode ray particles could be due to them having a large 

charge, or a small mass, or both. Thomson assumed that they had the same charge 

as amonovalent ion, in which case they must be particles of very small mass. There 
is now no doubt that Thomson’s assumption was correct. The particles whose 

specific charge he had measured are what are now called electrons, and in view of 

this, Thomson is normally credited with having discovered the electron. 

50.3 DETERMINATION OF THE SPECIFIC CHARGE (e/m) 
OF THE ELECTRON BY USING A FINE-BEAM TUBE 

Fig. 50.6 
The fine-beam tube 

The fine-beam tube (Fig. 50.6) is a glass bulb containing hydrogen at low 

pressure. Electrons are produced by an electron-gun arrangement (see section 

50.7) at one side of the tube. The electrons collide with hydrogen atoms causing 

the atoms to emit light and so reveal the path of the electrons. A pair of Helmholtz 

coils (see section 41.4) provides a uniform magnetic field (directed perpendicu- 

larly out of the paper) which, provided it is sufficiently strong, deflects the 

electrons so that they travel in a complete circle. This circular path shows up as a 

luminous ring. 

Glass bulb containing 
hydrogen at low pressure 

| : 
Conical anodes. | Accelerating voltage (~200 V) 

Heated cathode Heater supply (~6 V) 

Path of electrons showing up 
as a ring of light 

If r = the radius of the electron path, 

v = the velocity of the electrons on leaving the electron gun, and 

'B = the magnetic flux density, 

then the force on the electron is Bev, the centripetal acceleration (see section 6.3) 

is v?/r, and therefore by Newton’s second law 

Bev = mv*/r [50.5] 
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Also, if the accelerating voltage (i.e. the PD between the anode and cathode of the 

electron gun) is V, then 

imo = eV [50.6] 

because (by equation [39.6]) eV is the work done by the accelerating PD, and 

tmv? is the kinetic energy gained by the electrons as a result. By equation [50.5] 

v = Br(e/m) i [50.7] 

By equation [50.6] 

uv = 2V (e/m) [50.8] 

By equations [50.7] and [50.8] 

(Br)’(e/m)” = 2V (e/m) 
e 2V 

m Br 

Hence e/m may be determined. 

A high-resistance voltmeter is used to measure V, and B can be found from the 

current through the Helmholtz coils, their radius and number of turns. The 

diameter, and therefore the radius, of the electron path can be measured by placing 

a mirror with a scale on it behind the tube and lining up the luminous ring with its 

image. 

50.4 MILLIKAN’S DETERMINATION OF e (1909) 

Fig. 50.7 
Forces acting on an oil 
‘drop in Millikan’s oil-drop 
experiment: (a) without 
electric field, (b) with 
electric field 

A Note on Terminal Velocity 

An object falling through air experiences a viscous drag (see section 12.9). Initially 
the downward force due to gravity is greater than the drag force and the object 
accelerates. Drag forces increase with velocity, and therefore as the object 
accelerates, the upward directed forcé due to the drag increases and eventually 
becomes equal to the gravitational force. Once this happens there is no further 
acceleration and the object is said to have reached its terminal velocity. 

Theory of Millikan’s Experiment 

The principle of Millikan’s experiment is to measure the terminal velocity of a 
small, charged oil drop falling under gravity, and then to oppose its motion with an 
electric field in such a way that it remains stationary. 

Upthrust + Upthrust + 
Viscous drag Electric force 

Oil Stationary 
drop _~ oil drop 

Terminal 
velocity v 

(a) Weight (b) Weight 
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When there is no electric field the forces acting on the drop are as shown in Fig. 

50.7(a). Once the drop has reached its terminal velocity it has no acceleration, and 
therefore 

Weight = Upthrust due to air + Viscous drag [50.9] 

But 

Weight = Volume of drop x Density of oil x g 

Therefore for a spherical drop 

Weight = ¢2r’p,g 

where 

r = radius of drop 

Po = density of oil. 

Also 

Upthrust = Weight of air displaced by drop 

= Volume of drop x Density of air 7 g 

i.e. Upthrust = Fnr’ p,g 

where 

Pa = density of air. 

By Stokes’ law (section 12.9) 

Viscous drag = 6nrnv 

where 

n = coefficient of viscosity of air. 

Substituting in equation [50.9] gives 

tnr p, g = $ nr pag + 6nrnv {50.10] 

When an electric field has been applied such that the drop is stationary, the forces 

acting on the drop are as shown in Fig. 50.7(b). The drop has no velocity and no 

acceleration and therefore 

Weight = Upthrust + Electric force 

3 = = 
i.e. 4nrp.g = En pag T OE [50.11] 

where 

O = the charge on the drop 

E = the electric field strength. 

Subtracting equation [50.10] from equation [50.11] gives 

6 
E Ou = [50.12] 

Millikan measured E and v and did a separate experiment to find 7. He was not 

able to measure r directly, but by equation [50.10] 

4nr(p.— pale = Onrne 
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Note 

Fig. 50.8 
Millikan’s apparatus to 
determine the charge on 
the electron 

Notes 
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` 

i ( Onv p 

1, r= a Ta ar aka E 

2(p, G Pa) 

Substituting for r in equation [50.12] gives 

1/2 

O E (o Ey ) o [50.13] 
E 2(Po a Pa)g 

The density of air at room temperature and pressure is less than one thousandth of 

that of oil, and except for very accurate calculations equation [50.13] can be 
replaced by 

E 

This of course is the result that would have been obtained had the upthrust due to 

the displaced air been ignored in the first place. 

Experimental Procedure 

The apparatus is shown in schematic form in Fig. 50.8. A and B are two metal 

plates which are accurately parallel to each other. (In Millikan’s apparatus the 
plates had a diameter of 20 cm and a separation of 1.5 cm.) An atomizer is used to 
create a fine mist of oil drops in the region of the small hole in the upper plate. The 
drops are charged, either positively or negatively, as a result of losing or gaining 
electrons through frictional effects on emerging from the atomizer. Some of the 
drops fall through the holes and are observed by reflected light through a low- 
power microscope. The eyepiece of the microscope incorporates a calibrated 
graticule so that the terminal velocity v ofany particular oil drop can be determined 
by timing its fall through a known distance. 

Variable supply Oil drops 
(with the inl ka + ae 
polarity epes 
shown hanes aggre aaa AY 
charged drops | A Light to illuminate 
can be brought i oil drops 
to rest) laaa a, B 

An electric field (~ 10° Vm~!) is applied at this stage and is adjusted so that the 
drop whose velocity has just been determined is held stationary. The strength E of 
this field is given by E = V /d, where Vis the PD between the plates and dis their 
separation. 

Millikan measured the charges on hundreds of drops. The charges were always 
integral multiples of 1.6 x 10! C, and he concluded that electric charge 
can never exist in fractions of this amount and that the magnitude of the 
electronic charge e is 1.6 x 107" C, i.e. Millikan established the atomicity of 
electricity. 

(i) For some measurements Millikan used X-rays to ionize the air through 
which the drops fell. When this was done the speeds of some of the drops 
changed suddenly (though not all at the same time). Millikan interpreted 
this as being due to the drops colliding with ions and acquiring positive or 
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negative charges according to whether they had collided with a positive ion 

or a negative ion. He found that the change in charge was always plus or 

minus a small whole-number multiple of e. 

(ii) A constant-temperature enclosure surrounded Millikan’s apparatus in 

order to eliminate convection currents. It also served to shield the 

apparatus from draughts. 

Gii) Millikan used a low-vapour-pressure oil to reduce problems due to 

evaporation. 

(iv)  Millikan’s actual technique was to cause the drops to move upwards under 

the influence of the electric field — we have considered the drops to be at rest 

in order to simplify the theory. 

(v) Millikan’s early results showed that it is necessary to use a modified form of 

Stokes’ law to account for very small drops. 

50.5 THERMIONIC EMISSION 

Table 50.1 
Thermionic and 
photoelectric work 
functions compared 

All metals contain some electrons which are free to move about within the lattice. 

Though the attractive forces exerted on these electrons by the atomic nuclei are 

not strong enough to bind them to particular atoms, they do prevent them from 

leaving the surface. When a metal is heated the energies of its electrons increase 

and some of them acquire sufficient energy to escape from the surface. The process 

is called thermionic emission. The rate at which electrons are emitted increases 

rapidly with temperature. It can be shown on theoretical grounds that if the 

electrons are drawn towards a positively charged electrode so that they constitute a 

current J, then 

[50.14] 

This is known as Richardson’s equation; A and W are constants which are 

characteristic of the emitter, k is Boltzmann’s constant and T is the temperature 

of the emitter in kelvins. 

In equation [50.14] W is the minimum amount of energy which has to be supplied 

to the metal to remove an electron from the surface of the metal; it is called the 

work function of the metal. There is good agreement between work function 

values estimated on the basis of the thermionic effect (i.e. from equation [50.14]) 

and those estimated on the basis of the photoelectric effect (see Table’50.1). 

Metal W/eV W/eV 
Thermionic Photoelectric 

Caesium 1.81 1.9 

Tungsten 4.52 4.49 

50.6 THE THERMIONIC DIODE 

Action and Construction 

The thermionic diode is used to rectify (Chapter 44) alternating currents. It has 

two electrodes — the anode and the cathode. The cathode is heated and emits 

electrons by the process of thermionic emission. When the anode is positive with 
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Fig. 50.9 
(a) Thermionic diode, and 
(b) its circuit symbol 
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respect to the cathode, the electrons emitted by the cathode are drawn to the anode 

and a current flows. When the anode is negative with respect to the cathode, the 

electrons are unable to reach the anode and there is no current flow. The device is 

often referred to as a diode valve because it allows current to pass in one direction 

only. 

The anode is usually in the form of a nickel cylinder which surrounds the cathode, 

and the two electrodes are sealed in a highly evacuated glass bulb (Fig. 50.9(a)). 

Highly evacuated 
glass tube 

Anode 

Nickel anode 

Nickel tube 
coated with 
barium/strontium 

id 
gades Cathode 

Cathode 
lead 

Heater 
Heater 
leads 

(b) 

(a) 

Two types of cathode are used. Most diodes are of the type illustrated and have an 

indirectly heated cathode. This is a nickel tube with a tungsten filament, called 

the heater, inside it. The tube is packed with a refractory powder such as alumina, 

the purpose of which is to insulate it electrically from the filament. The outer 

surface of the tube is coated with a mixture of barium oxide and strontium oxide. 
This mixture has a low work function (1.8 eV) and gives considerable thermionic 
emission at the relatively low temperature of 1100 K. The circuit symbol is shown 
in Fig. 50.9(b). A directly heated cathode is a simple filament and is usually 
made of thoriated tungsten (i.e. a tungsten wire with a monatomic layer of thorium 
on its surface). Thoriated tungsten has a work function of 2.6 eV (that of tungsten 
is 4.5 eV) and gives good emission at 1900 K. 

Both types of cathode are heated electrically. It follows that the potential at one end 
of a directly heated cathode is higher than at the other, and therefore the PD 
between the anode and the cathode varies from one part of the cathode to another. 
This is undesirable because it means that there can be no sharp cut-off in the 
electron flow to the anode. Another disadvantage of the directly heated cathode is 
that if AC is used to heat it, there is a similar alternating component superimposed 
on the current flowing to the anode. The indirectly heated cathode has neither of 
these disadvantages but it requires a slightly longer warm-up time. 

Characteristics 

The current which flows through a diode is called the anode current (I) and 
depends on the PD between the anode and cathode — the anode voltage (V). A 
plot of I against V for any particular cathode temperature (i.e. for any particular 
filament current, Iç) is called the characteristic of the valve at that temperature. 
Typical characteristics are shown in Fig. 50.10. The curves can be obtained using 
the circuit of Fig. 50.11. i 
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Fig. 50.10 
Current-voltage 
characteristics of a 
thermionic diode 

Fig. 50.11 
Circuit for investigating 
diode characteristics 
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Consider the situation when V = 0. Electrons are emitted by the cathode with a 

range of velocities, and some of the electrons have sufficient energy to reach the 

anode. Those emitted with low kinetic energies are prevented from reaching the 

anode because the electrons repel each other in the region between the anode and 

cathode, and as a result some are actually turned back towards the cathode. Large 

numbers of electrons gather together close to the cathode and exist there as an 

almost stationary cloud of negative charge called the space charge. A dynamic 

equilibrium exists in which the rate at which electrons enter the space charge is 

equal to the rate at which electrons leave it by being returned to the cathode and by 

moving to the anode. 

As V is increased the electron density of the space charge decreases so that its 

effect becomes less marked and an increasing number of electrons reach the 

anode. When V reaches a sufficiently large value the space charge ceases to exist 

and all the electrons reach the anode. Any further increase in V has very little effect 

on Í and the current is said to have reached its saturation value. The current is 

said to be space-charge-limited along AB in Fig. 50.10; it is temperature- 

limited along BC. At higher filament currents the cathode temperature is greater 

and more electrons are emitted, resulting in an increased saturation current. 

Theory shows that under space-charge-limited conditions 

where k is a constant which depends on the temperature of the cathode and the 

nature ofits surface. The relationship is known as the three-halves power law or 

the Langmuir—Child’s law. In practice the law is obeyed only approximately. 
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Notes (i) Modern valves emit so many electrons that saturation cannot be reached 

without causing damage to the valve. 

(ii) The saturation current is not quite constant but increases slightly with 

increasing anode voltage. This is because the increased electric field at the 

cathode decreases the work function slightly. 

(iii) | Because the electrons have finite velocities when they are emitted, some can 

reach the anode even when it is slightly negative with respect to the cathode. 

This reverse current exists for negative anode potentials of up to about 

0.5V. 

50.7 THE CATHODE RAY OSCILLOSCOPE (CRO) 

The principal component of a cathode ray oscilloscope is a cathode ray tube (Fig. 

50.12). The electron gun (i.e. the indirectly heated cathode, the grid and the 

anodes A, and A2) provides a beam of electrons which converge to a point on the 

screen. Typical potentials are: 

Cathode —1000V 

Grid —1000 V to — 1050 V 

A, (the focusing anode) —800V to — 700V 

Az (the accelerating anode) OV (i.e. earthed) 

The screen is coated with a phosphor such as zinc sulphide and fluoresces under 

the impact of the electrons. The grid is always negative with respect to the cathode 

but by making it less so, by use of the brightness control, the rate at which 
electrons pass through it can be increased in order to increase the brightness of the 
display. The anodes (A, and A3) are at different potentials and the non-uniform 
field between them focuses the electron beam. The focusing can be adjusted by use 
of the focus control which alters the potential of A}. The beam is accelerated 
primarily by Ap. 

Fig. 50.12 
Cathode ray oscilloscope Electron gun 
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There must be a return path for the electrons that hit the screen. This is provided 
by coating the inner walls of the tube with graphite which is electrically connected 
to Az and therefore is at earth potential. When the electrons hit the zinc sulphide 
they knock electrons from it. These secondary electrons are collected by the 
graphite coating and flow to earth. 
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Fig. 50.13 
Time base voltage 
(saw-tooth) 

793. 

Apart from the intentionally applied electric fields between the X and Y deflecting 

plates, the region between A; and the screen must be field-free to avoid spurious 

deflections of the beam. The graphite coating provides an equipotential surface 
and excludes external electric fields. A mumetal screen around the outside of the 

tube shields it from stray magnetic fields. One of each pair of deflecting plates is 

connected to Az (i.e. earthed) to reduce the effect of the field between it and the 

plates. 

When the time base is on, an internally generated saw-tooth voltage (Fig. 50.13) 

is automatically applied to the X-plates. This sweeps the electron beam from left to 

right at a constant rate. The particular sweep-rate is determined by the setting of 

the time base control (e.g. 100 ms, 10 ms, ... ,1 us for 1 cm of horizontal travel). 

The saw-tooth then returns the beam to the initial position at the extreme left of the 

screen almost instantaneously. The time taken for this right to left sweep is called 

the fly-back time. The brightness is automatically reduced to zero at the start of 

the fly-back. 

PD across Beam being 
X-plates swept from 

left to right 

RS 
Fly-back 

ae 

Time 

Ifa time-varying voltage V is applied to the Y-plates whilst the time base is on, the 

variation of V as a function of time can be investigated. The sweep time has to be 

synchronized with the frequency of V. If it is not, the waveform appears in a 

different position each time a sweep is made and the display drifts. To achieve 

synchronization a small fraction of V is automatically fed to a trigger circuit which 

produces a voltage pulse to initiate the fly-back at the same pointon V each time. 

50.8 USES OF THE CRO 

In addition to displaying waveforms, the CRO can be used to: 

(1) measure voltages (AC or DC), 

(ii) | measure frequencies, 

(iii) | measure phase differences, 

(iv) | measure small time intervals. 

Measurement of Voltage 

The voltage to be measured is applied to the Y-plates. If the time base is on, a 

sinusoidally alternating voltage produces a display of the form shown in Fig. 

50.14(a); a steady DC voltage appears as shown in Fig. 50.14(b). Voltage 

measurements can be made with the time base off, in which case it is normal 

practice to centralize the beam by using the X-shift control. When this is done 
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Fig. 50.14 
Display of voltages on a 
CRO with time base on: 
(a) AC, (b) DC 

Fig. 50.15 
Display of voltages on a 
CRO with time base off: 
(a) AC, (b) DC 

Fig. 50.16 
Measurement of AC 
frequency on a CRO 
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AC and DC signals appear as a vertical line and as a deflected spot respectively 

(Fig. 50.15). In the AC case the vertical height of the line represents the peak-to- 

peak value of the voltage (= 2\/2Vgms). In the DC case the magnitude of the 

voltage is represented by the vertical displacement of the spot from the zero 

position. In each case it is necessary to adjust the Y-sensitivity control (calibrated 

in V cm™!}) to give a display of a suitable size. For accurate work the calibration 

should be checked by applying a signal of known voltage. 

The CRO is a particularly useful instrument for measuring voltage because: 

(i) it has nearly infinite resistance to DC and very high (AC) impedance, and 

therefore draws very little current, 

(ii) it can be used for both AC and DC, 

(iii) it has no coil to burn out, 

(iv) it has instantaneous response. 

Measurement of Frequency 

This may be achieved by making use of the calibrated time base. (It is normally 
necessary to set the fine time base control to the CAL position and for the X-gain 
control to be set to minimum gain for the calibration to hold.) The signal whose 
frequency is to be measured is applied to the Y-plates. Suppose that a trace of the 
form shown in Fig. 50.16 is obtained when the time base setting is 10 mscm~!, and 
that three complete cycles occupy 8.7 cm. It follows that one cycle corresponds to 
8.7/3 = 2.9cm. The period T of the signal is therefore 2.9 x 10 = 29 ms = 29 
x10? s. Therefore 

1 1 
Frequency = T= Sree ae 34.5 Hz 
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Fig. 50.17 
Lissajous’ figures on a 
CRO produced by signals 
of equal strength 
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If the CRO does not have a calibrated time base, an unknown frequency can be 
determined by comparing it with a known one. If one cycle of the signal of 
unknown frequency fı occupies a horizontal distance d, and, with the same time 
base setting, one cycle of the signal of known frequency f occupies a distance dz, 
then 

Day goed 
Ja Eeu, 

Frequencies may also be compared by making use of Lissajous’ figures as 

described in Measurement of Phase Difference. 

Measurement of Phase Difference 

Suppose the phase difference of two sinusoidal signals is to be measured. With the 

time base off and the beam centralized, one signal is applied to the Y-plates in the 

usual way and the other is applied to the X-plates. (This provides a sinusoidally 

varying time base rather than the usual linear time base.) A series of patterns which 

are known as Lissajous’ figures results. Their shapes are determined by the 

frequency ratio and the phase difference of the two signals. Some examples are 

shown in Fig. 50.17. The frequency ratio corresponding to any particular figure 

can be determined by counting the number of times the figure crosses imaginary 

horizontal and vertical lines. For example, in Fig. 50.17 the Lissajous’ figure with 
fx/fx = 2/1 and a phase difference of 7/4 rad crosses the vertical 4 times and the 
horizontal twice, corresponding to fx/fy = 4/2 = 2/1. 

Phase difference/rad 

BA OE 
Se 
"2B 

For each frequency ratio the phase difference of the signals affects the shape of the 

figure. Thus, two signals which have the same frequency and are in phase produce 

a line at 45° to the horizontal; a phase difference of x /2 rad gives rise to a circle. 
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Measurement of Small Time Intervals 

If two events which are separated by a small time interval are each caused to 

produce a voltage pulse on a CRO, the horizontal separation of the pulses can be 

used together with the value of the time base setting to estimate the time interval 

between the events. l l ; 

A charged particle follows a parabolic path in a uniform electric field (except when 

it moves parallel to the field lines). 

A charged particle moving in a plane which is at right angles to a uniform magnetic 

field follows a circular path. 

An electrie field changes the kinetic energy of a chatged particle. 

A magnetic field cannot change the kinetic energy of a charged particle (because 

the force it exerts is always at right angles to the motion). 

For an electron in an electric field 

F=eE eV = mv? 

For an electron in a magnetic field 

mv? 
F = Bev Bev = 
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THE NUCLEUS 

51.1 STRUCTURE OF THE NUCLEUS, THE NUCLEONS 

Table 51.1 
The nucleons compared 
with the electron 

Every atom has a central, positively charged nucleus. Nuclear diameters are 

~107) m, atomic diameters are ~10~!° m. Over 99.9% of the mass ofan atom isin 
its nucleus. Atomic nuclei are unaffected by chemical reactions. 

Nuclei contain protons and neutrons* which, because they are the constituents 
of nuclei, are collectively referred to as nucleons. Their properties are compared 

with those of the electron in Table 51.1. The charge on the proton is equal and 

opposite to that on the electron, and it follows that (neutral) atoms contain equal 

numbers of protons and electrons. 

O eem | eon | e 
Mass |m. = 9.110 x 10! kg | mp = 1836m. |m, = 1839 m. 
Charge —1.602 x 1071? C +1.602 x 107!° C Zero 

The nucleons are held together by one of the four fundamental forces — the strong 

interaction. (The other three are weaker than this, and in descending order of 

effectiveness are the electromagnetic force, the weak interaction and the 

gravitational force.) The strong interaction (sometimes called the nuclear 

force) is a very strong short-range force, and it more than offsets the considerable 

electrostatic repulsion of the positively charged protons. 

51.2 ISOTOPES: DEFINITIONS 

Two atoms which have the same number of protons but different numbers of 

neutrons are said to be isotopes of each other. It follows that each atom contains 

the same number of electrons as the other and, therefore, that their chemical 

properties are identical. Isotopes cannot be separated by chemical methods. Some 

elements have only one naturally occurring isotope (gold and cobalt are 

examples); tin has the largest number — ten. 

The atomic number of an element was originally used to represent its position in 

the periodic table; it still does, but is now more meaningfully defined as above. 

*The nucleus of the common isotope of hydrogen is an exception: it has a single proton and no 

neutron. 
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Note 
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_ The mass number (« r nucleon number) A ofan atom is the number u 
- nucleons (i.e. protons + neutrons) i in its aua : oP 

The various isotopes of an element whose chemical symbol is represented by X are 

distinguished by using a symbol of the form 

AX 

where A and Z are respectively the mass number and atomic number of the 

isotope. The most abundant isotope of lithium (lithium 7) has 3 protons and 4 

neutrons, i.e. Z = 3and A = 3+4 = 7,and therefore itis represented by 3Li. 

Lithium 6 has only 3 neutrons and is written as $Li. The Z-value is sometimes 

omitted because it gives the same information as the chemical symbol (for 
example, all lithium atoms have 3 protons). 

Hydrogen is exceptional in that its three isotopes are given different names. The 

most abundant isotope has one proton and no neutron and is actually called 

hydrogen (1H). The other isotopes are deuterium (?D or 7H) and tritium (?T or 
1H). A deuterium nucleus is called a deuteron. 

The relative atomic mass 4, of an atom is defined by 

[51.1] 

It follows that the relative atomic mass of !2C is aeiy twelve, that of 1H is 
1.008, that of '$O is 15.995, etc. Note that the relative atomic mass of an 
atom is approsionntcly equal to the mass number of the atom. 

The unified atomic mass unit (u) is defined such that the mass of VCinleg 
(exactly). It follows that the mass of an atom expressed in unified atomic mass 
units is numerically equal to its relative atomic mass. The mass of a 12C atom is 
found by experiment to be 1.993 x 10~° kg, and therefore 

lu = 1.661 x 107” kg 

The definition of relative atomic mass given above (equation [51. 1]) applies to a 
single atom or single isotope. An alternative definition, which takes account of the 
natural isotopic composition of the element concerned, is 

[51.2] 

When dealing with a single isotope (which is usually the case in nuclear 
physics) equation [51.1] should be used. Equation [51. 2] is relevant in 
situations such as chemical reactions, where an element (normally) has its 
natural isotopic composition. Consider, for example, the case of uranium. On 
the basis of equation [51.1] the relative atomic mass of 233 aU = 235.04 and 
that of *38U = 238.05. The relative atomic mass of wane on the other 
hand, is given by equation [51.2] as 238.03. This is very close to the value for 
*92U, because over 99% of naturally occurring uranium is in the form of 
238, 
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The term nuclide is used to specify an atom with a particular number of protons 
and a particular number of neutrons. Thus $Li, 7Li, 1$O and !80 are four different 
nuclides. 

Isotopes are nuclides with the same number of protons. 

Isotones are nuclides with the same number of neutrons. 

Isobars are nuclides with the same number of nucleons. 

QUESTIONS 51A 

1. How many of each of the following particles are 

there in a single atom of iron 56 (3@Fe)? 
2. The two naturally occurring isotopes of copper 

have relative atomic masses of 62.9296 and 

(a) electrons, 

(b) protons, 

(c) neutrons, 

(d) nucleons, 

(e) negatively charged particles, 

(f) positively charged particles, 

(g) neutral particles. 

64.9278. (a) What are the mass numbers of 

these isotopes? (b) What are their masses in 

unified atomic mass units? (c) Calculate the 

relative atomic mass of naturally occurring 

copper, given that the isotope with a relative 

atomic mass of 62.9296 is 69.0% abundant. 

51.3 THE MASS SPECTROMETER 

Fig. 51.1 
Mass spectrometer 

Mass spectrometers can be used to determine the amounts of different gases 

present in a vacuum chamber. (The gases are often introduced purposely for 

analysis.) 

Suppose that one of the gases being analysed is neon. A beam of electrons (Fig. 

51.1) is caused to collide with the neon atoms and dislodges electrons from them 

producing positively charged neon ions (Ne* and Ne?*). The positive ions are 

accelerated towards a slit in a negatively charged plate (X). The ions pass through 

the slit and are further accelerated by an even more negatively charged plate (Y). 

The velocities of the ions on reaching Y depend on their charge-to-mass ratios and 

on the accelerating voltage. As the ions pass through the slit in Y they enter a 

uniform magnetic field which is directed into the paper. Under the influence of the 

field the ions move along semi-circular paths. 
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If the accelerating voltage is V, then an ion of mass M and charge Q reaches Y 

with a velocity v given by 

1 Fis zMu = QV 

If the magnetic flux density beyond Y is B, such an ion moves along a semicircular 

path of radius r, where 

Mv? . 

BQv = 

Eliminating v between these equations gives 

Q 2V 

M Br 

It follows that for any particular value of V and any given value of B only those 

ions which have a particular charge-to-mass ratio (Q/M) will travel along a path 

whose radius is such that they can pass through the narrow slit at Z and reach the 

detector. Ions of a different charge-to-mass ratio can be caused to reach the 

detector by altering V. (The magnetic field is constant.) The current produced by 

the ion detector is proportional to the number of ions present which have the 
relevant charge-to-mass ratio. By measuring the current and the accelerating 

voltage used to produce it, it is possible to determine the number of ions that are 

present with any particular charge-to-mass ratio. Since isotopes are characterized 

by their charge-to-mass ratio, the quantities of the various isotopes in the chamber 
can be found. 

Mass spectrometers were originally used to determine the proportions of the 

various isotopes of the elements. Nowadays they are used principally for chemical 

analysis and for leak detection. They are capable of detecting the presence of a gas 
which is exerting a pressure of as little as 1071? mm Hg. 

51.4 THE BAINBRIDGE MASS SPECTROGRAPH 

Fig. 51.2 
Mass spectrograph 

The mass spectrograph, like the mass spectrometer, is used to separate ions with 
different charge-to-mass ratios. Unlike the mass spectrometer, though, it uses 
photographic detection. There are various types; the essential features of that due 
to Bainbridge are shown in Fig. 51.2. Positive ions, produced by electron 
bombardment of the gas under investigation, emerge from the velocity selector 
(see section 50.1) with a range of different charge-to-mass ratios but the same 
velocity. 

__ Positive ions from 
velocity selector 

an" | | Smaller 

Photographic 
plate 

Uniform magnetic 
field directed 
into paper 
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On entering the semicircular region the ions come under the influence of a 

uniform magnetic field which is directed into the paper and is of flux density B. 
The ions move along semicircular paths and strike the photographic plate. For an 

ion of charge Q and mass M moving on a path of radius r 

2 Boo = Mv 

: Mv 
1e. r= —— 

OB 

Since v and B are constant, r depends only on the charge-to-mass ratio. It follows 

that the position at which an ion strikes the photographic plate depends only on its 
charge-to-mass ratio. The instrument is easily capable of distinguishing between 

different isotopes of a single element. The relative abundances of the various 

isotopes can be determined from the extents to which they have exposed the 

photographic plate. 

Nuclei contain protons and neutrons. 

A nucleon is a proton or a neutron. 

The strong interaction (or nuclear force) is the force that holds nucleons 

together inside the nucleus. 

Atoms which have the same number of protons are atoms of the same element. 

Two atoms which have the same number of protons but different numbers of 

neutrons are isotopes of each other. 

Atomic number (or proton number) Z of an element is the number of protons 

in the nucleus of an atom of the element. 

Mass number (or nucleon number) A of an atom is the number of nucleons 

(i.e. protons + neutrons) in its nucleus. 

Relative atomic mass (A,) 

Mass of atom 

eE One twelfth the mass of a '¢C atom B11) 

or 

ve Average mass of an atom of the element - [51.2] 

ý One twelfth the mass of a '¢C atom 

Equation [51.1] applies to a single atom or single isotope. Equation [51.2] applies 

when different isotopes of the element are present. 

The relative atomic mass of an atom is approximately equal to the mass number of 

the atom. 

The unified atomic mass unit (u) is one twelfth the mass of a 12C atom. 

The mass of an atom in unified atomic mass units is numerically equal to its 

relative atomic mass. 
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52.1 RADIOACTIVE DECAY 

In 1896 Becquerel noticed that some photographic plates which had been stored 

close to a uranium compound had become fogged. He showed that the fogging was 

due to ‘radiations’* emitted by the uranium. The phenomenon is called 

radioactivity, or radioactive decay; and the ‘radiations’ are emitted when an 

unstable nucleus disintegrates to acquire a more stable state. The disintegration 

is spontaneous and most commonly involves the emission of an «-particle or a 

B-particle. In both «-emission and f-emission the parent nucleus (i.e. the 
emitting nucleus) undergoes a change of atomic number and therefore becomes 
the nucleus of a different element. This new nucleus is called the daughter 
nucleus or the decay product. It often happens that the daughter nucleus is in an 
excited state when it is formed, in which case it reaches its ground state by emitting 
a third type of radiation called a y-ray. The emission ofa y-ray simply carries away 
the energy released when the daughter nucleus undergoes its transition to the 
ground state. Some radioactive substances decay in such a way that the daughter 
nuclei are produced in their ground states and therefore do not give any 
y-emission. Though most nuclides emit either «-particles or f-particles, some 
emit both. For example 64% of 733Bi nuclei emit -particles and 36% emit a- 
particles. 

92.2 «-PARTICLES (SYMBOL x OR 4He) 

An «-particle consists of two protons and two neutrons, i.e. it is identical to a 
helium nucleus. The velocity with which an «-particle is emitted depends on the 
species of nucleus which has produced it and is typically 6% of the velocity of light. 
This corresponds to a kinetic energy of 6 MeV, and the -particles are the most 
energetic form of ‘radiation’ produced by radioactive decay. Many «a-emitters 
produce «-particles of one energy only. Others emit a-particles with a small 
number of nearly equal, discrete values of energy. For example, 7}2Bi emits 
a-particles with energies of 6.086, 6.047, 5.765, 5.622, 5.603, and 5.481 MeV; 
those with 6.086 MeV and 6.047 MeV account for over 97% of the emission. 
a-particles are emitted by heavy nuclei. 

*Many of the ‘radiations’ are in fact particles; the term was applied before this was realized and is still 
in use. 
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Fig. 52.1 
Rutherford and Royd’s 
apparatus to confirm 
a-particles as helium 
nuclei 
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Since a-particles are charged and move relatively slowly, they produce 

considerable ionization (~ 10°. ion-pairs* per cm in air at atmospheric 
pressure). As a consequence they lose their energy over a short distance and, for 

example, are capable of penetrating only a single piece of paper or about 5 cm of 
air. 

When a nucleus undergoes «-decay it loses four nucleons, two of which are 
protons. Therefore 

(i) its mass number (A) decreases by 4, and 

(ii) its atomic number (Z) decreases by 2. 

Thus, if a nucleus X becomes a nucleus Y as a result of «-decay, then 

For example, uranium 238 decays by a-emission to thorium 234 according to 

238 234 4 
92 U — “og Th +3 & 

Note that the number of nucleons is conserved (238 — 234 + 4) and the charge is 

conserved (92 — 90 + 2). 

The specific charge (i.e. the charge-to-mass ratio) of the «-particles was measured, 
soon after their discovery, by deflecting them in electric and magnetic fields. This 

showed that the particles were positively charged, and that their specific charge was 

the same as that of a doubly ionized helium atom (i.e. a helium nucleus). 

Confirmation that «-particles are helium nuclei was provided by Rutherford and 

Royds in 1909. Their apparatus is shown schematically in Fig. 52.1. Radon, an a- 

emitting gas, was contained in a thin-walled glass tube A. The walls of this tube 

were less than 0.01 mm in thickness and could be penetrated by the «-particles 

produced by the radon. The particles were incapable of passing through the thick 

outer wall B and so were trapped in C. Although C was evacuated, traces of air 

E, 

Ez 

To mercury 

reservoir 

t 
Mercury 

Radon 

*Jonization results in the release of two charged particles — an electron and a positive ion, collectively 

known asan ion-pair. 
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remained, and the «a-particles picked up electrons as a result of ionizing air 

molecules and by colliding with the walls. After about a week the gas which had 

accumulated in C was compressed and forced into the narrow tube D by raising 

the level of the mercury. An electrical discharge passed between the electrodes E; 

and E, caused the gas to produce its emission spectrum. When this was examined 

it was found to be the spectrum of helium — final proof that «-particles are helium 

nuclei. = 

52.3 -PARTICLES (SYMBOL °f OR °e) 

These are very fast electrons (up to 98% of the velocity of light). In spite of their 

great velocities they have less energy than «-particles on account of their much 

smaller mass. Any given species of nucleus emits /-particles with a 

continuous range of energies. The maximum energies of the /-particles 

emitted by the naturally occurring nuclides vary from 0.05 MeV in the case of 

728Ra to 3.26 MeV in the case of 744Bi. 

f-particles are emitted by nuclei which have too many neutrons to be stable. 

Such a nucleus attains a more stable state (i.e. a lower energy state) when one of 

its neutrons changes into a proton and an electron. When this happens the 

electron is immediately emitted as a f-particle. The proton remains in the 

nucleus so that the nucleus has effectively lost a neutron and gained a proton, 

i.e. it has become a different element. There is no change in the total number of ` 

nucleons. Thus, when a nucleus undergoes f-decay: 

(i) its mass number (A) does not change, and 

(ii) its atomic number (Z) increases by 1, i.e. 

For example, carbon 14 decays by $-emission to nitrogen 14 according to 

4C — “N+ 2e 
Note that, as in «-decay, the number of nucleons is conserved (14 > 14 + 0) and 
the charge is conserved (6 — 7 — 1). 

B-particles are much less massive than «-particles and are much more easily 
deflected. The path of a f-particle through matter is therefore tortuous. Because 
they move quickly and are easily deflected, B-particles spend very little time in 
the vicinity of a single atom and therefore produce much less ionization than g- 
particles (~ 10? ion-pairs per cm in air at atmospheric pressure). The most 
energetic have ranges which are about 100 times those of «-particles. 

By deflecting £-particles in electric and magnetic fields Kaufman (1902) was able 
to establish that the particles were negatively charged and that their charge-to- 
mass ratio decreased with increasing velocity. A later series of measurements by 
Bucherer (1909) showed that the variation was in excellent agreement with the 
supposition that the particles were electrons whose mass was varying with velocity 
in the manner predicted by the Special Theory of Relativity. 
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52.4 y-RAYS (SYMBOL ?y OR y) 

y-rays are electromagnetic radiation of very short wavelength. The wavelength of 
the radiation is characteristic of the nuclide which produces it. Many nuclides 
produce y-rays of more than one wavelength; these wavelengths do not form a 

continuous spectrum, but are limited to a few discrete values. The wavelengths of 

the y-rays produced by naturally occurring radioactive nuclides are typically in the 

range 10°-'°m to 10-!* m, corresponding to energies of about 0.01 MeV to about 
1 MeV. (The y-rays produced by cosmic rays may have a wavelength of less than 

107" m, i.e. an energy of more than about 10? MeV.) It is not uncommon for X- 
rays to have a wavelength of 10°!!m. These differ from y-rays of the same 
wavelength only in the manner in which they are produced; y-rays are a result of 
nuclear processes, whereas X-rays originate outside the nucleus. 

In comparison with «-particles and f-particles y-rays produce very little ionization 

and are very penetrating. y-rays cannot be deflected by electric and magnetic 

fields. 

The properties of the ‘radiations’ are summarized in Table 52.1. 

Table 52.1 Summary of 
the properties of the 
‘radiations’ 

Nature Helium nucleus Fast electron Electromagnetic radiation 

Charge +3.2 x 107! C —1.6 x 10-%C 

Rest mass 6.4 x 10-7 kg = 4.0015u 9.1 x 107°! kg = 0.00055u 

Velocity ~ 0.06 c Up to 0.98c 

Energy ~ 6MeV ~ 1 MeV hf ~ 0.01 MeV 

Number of ion-pairs per cm of air ~ 10° ~ 10° ~ 10 

~ 4cm of lead reduces 

intensity to 10% 

Straight 

Yes (weak) 

Yes 

~ 500 cm of air 

~ 0.1 cm of aluminium 
Penetration ~ 5cm of air 

Path through matter Tortuous 

Ability to produce fluorescence 

Straight 

Yes (strong) 

Yes Ability to affect a photographic plate 

QUESTIONS 52A 

1. The following questions refer to «-particles, p- (i.e. the greatest charge-to-mass ratio), (I) have 

particles and y-rays. Which: (a) are emitted by tortuous paths through matter, (m) can be 

parent nuclei, (b) are emitted by daughter deflected by both electric and magnetic fields, 

nuclei, (c) cause the nuclei emitting them to (n) have a range of about 500 cm in air? 

change (i) mass number, (ii) atomic number, 

(d) are electrons, (e) are helium poelgis 2. Write down the numerical values of the letters a 

(f) typically nubaYE die RS NSi ERTE; to i in the following equations. 
(g) typically have the least energy, (h) have a 

continuous range of energies, (i) are most 224Ra — ĉa +$Rn 

easily absorbed, (j) produce the least ioniza- ae att. ' 

tion, (k) have the greatest specific charge abl epee FOr Ty 
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52.5 THE ABSORPTION OF «, 6 AND y BY MATTER 

Fig. 52.2 
Range of «-particles in an 
absorber 

Absorption of «-particles 

Many a-emitters produce «-particles of one energy only. The «-particles are said to 

be monoenergetic, and they have very nearly equal ranges in any particular 

absorber (Fig. 52.2). z 

Number of a-particles 
reaching detector 

Thickness of 
absorber 

Range 

The range in air of the particles coming from a source can be found by determining 

the number* of «-particles that reach a detector when it is placed at different 

distances from the source. As the detector is moved away from the source the 

number of -particles reaching it stays constant at first and then falls rapidly. An «- 

particle loses some of its energy each time it ionizes an air molecule. Since all the g- 

particles have the same energy initially, they each produce the same amount of 

ionization, but because of the randomness associated with the chance of an g- 

particle encountering an air molecule some travel a little further than others before 
giving up all their energy. This accounts for the tail on the curve and is known as 
straggling. The range is taken to be the maximum thickness that the majority of 
the «-particles can penetrate. 

The range in aluminium (say) is found by placing successively thicker sheets of 
very thin aluminium foil between the source and the detector. (The source and 
detector are as close as possible so that there is no absorption due to air.) This also 
gives a curve of the type shown in Fig. 52.2. The range is reduced in aluminium, by 
approximately the ratio of the density of aluminium to that of air. 

Absorption of £-particles 

The absorption of /-particles is complicated by the fact that the particles emitted 
by any nuclide have a continuous range of energies. Even if monoenergetic 
particles are selected by some means, it is still difficult to assess their range. This is 
because: 

(i) when f-particles are absorbed they sometimes eject high-speed electrons 
from the atoms of the absorber and these are easily confused with genuine f- 
particles, and 

(ii) B-particles are easily deflected and therefore many are scattered away from 
the detector and therefore are not counted even though they have not been 
absorbed. 

Over a limited thickness of absorber, however, the absorption of f-particles is 
approximately exponential. 

*In practice it is usually some quantity which is proportional to the number of particles that is 
measured. 
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Fig. 52.3 
y-rays passing through an 
absorber 

Fig. 52.4 
(a) The effect of absorber 
thickness on the intensity 
of y-rays transmitted. 
(b) Plot to determine the 
linear absorption 
coefficient 

Notes 
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Absorption of y-rays 

Many nuclides emit y-rays of more than one wavelength. If y-rays of a single 
wavelength are selected, their absorption is an exponential function of absorber 
thickness, i.e. 

[52.1] 

I = the intensity transmitted by a thickness d of absorber (Fig. 52.3) 

S~ | = the intensity of the y-rays incident on the absorber 

u = the linear absorption coefficient (or attenuation coefficient) of 

the absorber. The value of u depends on the nature of the absorber 

and the wavelengths of the y-rays. (Unit = m~}. 

d 

y-rays of a 

single wavelength Absorber 

It follows from equation [52.1] that 

log. I = log. (Io eH) 

= log, Ip + log, (e-™) 
i.e. log. I = —pd + log, Ip 

Plots of J against d, and log, J against d are shown in Fig. 52.4. The gradient of the 

latter gives 4. 

(a) I (b) 

eh loge! = l0gehb 
log. = —pd + logel 

fi Gradient = —ų, 
hence p 

0 d d 

(i) The absorption of y-rays increases with the atomic number of the material 

of the absorber. Atomic number has little effect on the absorption of «- 

particles and f-particles. 

(ii) | The exponential nature of y-ray absorption arises because, in most cases, a 

y-ray quantum loses all its energy in a single event, and therefore the 

fractional intensity of the beam falls by a fixed amount each time it traverses 

any given small thickness of absorber. 

(iii) | Equation [52.1] also holds for X-rays (see section 49.6). 
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52.6 THE INVERSE SQUARE LAW FOR -RAYS 

Note 

A point source of y-rays emits in all directions about the source. It follows that the 

intensity of the y-radiation decreases with distance from the source because the 

rays are spread over greater areas as the distance increases. This decrease in 

intensity is distinct from that produced by absorption. 

Consider a point source of y-rays, situated in a vacuum so that there is no 

absorption. The radiation spreads in all directions about the source, and therefore 

when it is a distance d from the source it is spread over the surface of a sphere of 
radius dand area 4 nd”. If E is the energy radiated per unit time by the source, then 
the intensity of the radiation (= energy per unit time per unit area) is given by J, 

where 

= E/(4nd?) 

i.e. I « 1/d? 

Thus the intensity varies as the inverse square of the distance from the source. The 

law is entirely true in vacuum. The absorption of y-rays by air at atmospheric 

pressure is very slight, and therefore the inverse square law can be taken to hold 

over large distances in air. 

The inverse square law holds for «-particles and f-particles in vacuum providing 
they are coming from a point source. The law does not apply to these particles in air 

because air absorbs them. 

52.7 EXPERIMENTAL VERIFICATION OF THE INVERSE 
SQUARE LAW FOR »-RAYS 

Fig. 52.5 
Apparatus to verify the 
inverse square law for 
y-rays 

The experimental arrangement is shown in Fig. 52.5. y-rays may be absorbed at 
any point in the Geiger—Miiller tube. Nevertheless, it is as if they are all absorbed at 
a single point (B). Neither the location of this point nor that of the source (A) are 
known and this makes it impossible to measure d directly. There is no real 
difficulty though, since, as can be seen from Fig. 52.5, d=x-+c and x is 
measurable and c, though unknown, is constant. 

Sealed d=x+c 
source | >] 
holder | 

Geiger-Müller tube 

Actual position Effective point of 
of source (A) detection (B) 

The aim is to verify that 

i.e. I xX OR Ty [52.2] 
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Since I is proportional to the corrected count rate R (i.e. the actual count rate 
minus the background count rate), equation [52.2] can be rewritten as 

R x 5 
(x +c) 

? k 
Le, x+te= Riz [52.2] 

where k is a constant of proportionality 

i.e. x = RRo'W4—¢ 

If a plot of x against R~'/? turns out to be linear, the inverse square law has been 

verified. The intercept when R~'/? is zero gives c — see Fig. 52.6. 

Fig. 52.6 
Graph to verify the 
inverse square law for 
y-rays 

52.8 THE EXPONENTIAL LAW OF RADIOACTIVE 
DECAY 

Radioactive nuclei disintegrate spontaneously; the process cannot be speeded up 

or slowed down. It follows that for large numbers of any particular species of 

nuclei the rate of decay is proportional to the number of parent nuclei 

present. If there are N parent nuclei present at time ¢, the rate of increase of N is 

dN /dt and therefore the rate of decrease, i.e. the rate of decay, is -dN /dt. It 

follows that . 

[52.3] 

`” Il a (positive) constant of proportionality called the decay - 

constant (unit = s~!) 

—dN/dt = the rate of decay and is called the activity of the source. 

When used in equation [52.3] the activity must be expressed 

in the relevant SI unit — the becquerel. One becquerel (Bq) 

is equal to an activity of one disintegration per second. Until 

recently activity has been expressed in curies. One curie 

(Ci) is defined as (exactly) 3.7 x 10!° disintegrations per 

second, i.e. 
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(Note. The variables, N 

. and t, are now on opposite 

sides of the equation.) 

Fig. 52.7 
Graph to illustrate the 
exponential nature of 
radioactive decay 
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Equation [52.3] can be rearranged as 

dN 
— = -iAd N t 

Hence 

dN > 
— d 
N l i 

1.6 log. N = —At+c [52.4] 

If the initial number of nuclei is No, i.e. if N = No when t = 0, then by equation 

[52.4] 

log.No = c 

Substituting for c in equation [52.4] gives 

log, N = —åÀt + log. No 

Hes log. N —log.No = —At 

N 
i.e. l — ] = -At raela (=) 

IN pee See 
1.€. No =e y 

i.e. [52:5] 

Equation [52.5] expresses the exponential nature of radioactive decay, i.e. that the 
number of nuclei remaining after time ¢ (i.e. the number of parent nuclei) 
decreases exponentially with time (see Fig. 52.7). It is known as the exponential 
law of radioactive decay. 

Number of nuclei 
remaining (N) 

No 

N Eha E Mele e] 
Tu 

2Th2 3Ti2 4T 2 Time tt) 

Thus, although it is impossible to predict when any particular nucleus will 
disintegrate, it is possible to say what proportion of a large number of nuclei will 
disintegrate in any given time. 
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52.9 HALF-LIFE (74,2) 

EXAMPLE 52.1 © 

If the life of a radioactive nuclide is taken to mean the time that elapses before all 
the nuclei present disintegrate, then it is clear from equation [52.5] (or from Fig. 
52.7) that the life of any radioactive nuclide is infinite, i.e. N = 0 when t = oo. It 
is not very useful, therefore, to talk about the life of a radioactive nuclide, and 

instead we refer to its half-life. The half-life of a radioactive nuclide is the time 

taken for half the nuclei present to disintegrate. If the half-life is represented 

by T)/2, then when t = T,/2, N = No/2, and therefore by equation [52.5] 

No 
A Sead 

i.e. L = eMn 

ie. log. (4) = -ATi 2 

ee HOS AT 

i.e. [52.6] 

The concept of half-life is illustrated in Fig. 52.7. The reader should verify, by 

selecting any point on the curve, that the number of nuclei halves whenever t 

increases by T;/2. The half-life of any given nuclide is constant, in particular, it 

does not depend on the number of nuclei present. Half-lives have a very wide range 

of values; this can be confirmed by inspection of Table 52.2. 

The experimental determination of half-lives is discussed in sections 52.17 and 

52.18. 

A sample of a radioactive material contains 10!8 atoms. The half-life of the 

material is 2.000 days. Calculate: 

(a) the fraction remaining after 5.000 days, 

(b) the activity of the sample after 5.000 days. 

Solution 

(a) Since N = No e`% the fraction, N/No, remaining after time t is given by 

NI == et 

No 

Here t = 5.000 days and A = 0.6931/2.000 day". 

tE ee x 5.000 = 1.7328 
2.000 

N= 1738 = 0.1768 
No 

i.e. Fraction remaining after 5.000 days = 0.1768 

(There has been no need to express t in s, nor to express A in s-!. We are 

concerned with At, which is a pure number and therefore any unit of time 

can be used for t as long as the reciprocal of the same unit is used for 2.) 
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dN 3 
ZAMER AN (b) T 

Here 

0.6931 
EA 18 nd —1 N = 0.1768 x 10 and«A.= o sake 3600 oan 3600 ° 

dN 0.6931 x 0.1768 x 10'8 i 

drit o 2.000 x 24 x 3600 

= —7.092 x 10!! s7! 

i.e. Activity after 5.000 days = 7.092 x 10!! Bq 

EXAMPLE 52.2 

An isotope of krypton (§7Kr) has a half-life of 78 minutes. Calculate the activity of 
10 ug of 8?Kr. (The Avogadro constant, Na = 6.0 x 10”? mol™!.) 

Solution 

To a good approximation, the relative atomic mass of an atom is equal to 

the mass number of the atom. It therefore follows (see section 14.3) that 

87 g of 87Kr contain 6.0 x 107? atoms ; 

| | 10x 10° x 6.0 x 103 ` 
10 ug of §2Kr contain a atoms 

= 6.90 x 10!° atoms 

dN 
EAEE AE 
dt ths 

Here N = 6.90x10!®© and A = LOT des 
78 x 60 

dN 0.6931 T 

Er a a Oe 
= —1.02 x 1057! 

i.e. Activity = 1.02 x 10° Bq 

EXAMPLE 52.3 De 

A sample of radioactive material has an activity of 9.00 x 10!? Bq. The material has 
a half-life of 80.0 s. How long will it take for the activity to fall to 2.00 x 10!2 Bq? 

Solution 

Since activity is proportional to the number of parent nuclei present (see section 
52.8), it follows from 

(Nica No ent 
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that 

ay 

where A = activity at time ż, and Ao = activity at t = 0. Rearranging gives 

jog, (2:00.10) _ _ 0.6931 
Se" 5 (ial Old tan sanaaca 

21.504 = 8.664 L102; 

174s 

i.e. Time for activity to fall to 2.00 x 10!* Bq is 174s. 

=> 

PN 
Se E 
ZS QUESTIONS 52B 

1. The half-life of a particular radioactive material 

is 10 minutes. Without using a calculator, 

5. Potassium 44 (44K) has a half-life of 20 minutes 
and decays to form }%Ca, a stable isotope of 

4. 

determine what fraction of a sample of the 

material will decay in 30 minutes. 

A Geiger counter placed 20cm away from a 

point source of y-radiation registers a count rate 

of 6000 s~!. What would the count rate be 1.0m 

from the source? 

A radioactive source has a half-life of 20s, and 

an initial activity of 7.0 x 10'? Bq. Calculate its 

activity after 50 s have elapsed. 

A sample of radioactive waste has a half-life of 

80 years. How long will it take for its activity to 

fall to 20% of its current value? 

6. 

calcium. 
(a) How many atoms would there be ina 10 mg 

sample of potassium 44? 

(b) What would be the activity of the sample? 
(c) What would the activity be after one hour? 
(d) What would the ratio of potassium atoms to 

calcium atoms be after one hour? 

(Na = 6.0.x 1073 mol"!.) 

What mass of radium 227 would have an activity 

of 1.0 x 10° Bq. The half-life of radium 227 is 

41 minutes. (Na = 6.0 x 107? mol’.) 

52.10 THE RADIOACTIVE SERIES 

Most of the radioactive nuclides which occur naturally have atomic numbers 

which are greater than that of lead. Each of these nuclides can be arranged in
 one or 

other of three series — the radioactive series. The series are known as the uranium 

series, the thorium series, and the actinium series. The first eight members of the 

uranium series are listed in Table 52.2. Thus 755U decays by a-emission to 

produce 734Th which is itself unstable and undergoes f-decay to give 731Pa, etc. 

The final member of each series is a stable isotope of lead — a different isotope in 

each case. 



814 

Table 52.2 
The first eight members of 
the uranium series 

SECTION G: MODERN PHYSICS 

Element Nuclide Half-life Radiation | Energy of « 

or B in MeV 

4.2 Uranium 4.51 x 10° years 

Thorium 24.1 days 

Protactinium 6.75 hours 

Uranium 2.47 x 10° years 

Thorium 8.0 x 10t years 

Radium 1620 years 

Radon 3.82 days 

Polonium 3.05 minutes 

Of the elements whose atomic numbers are less than that of lead, indium and 

rhenium are the only ones whose most abundant isotopes are radioactive. The 

half-life is very long in each case — 6 x 10!* years for 43In and >10'° years for 
187 75Re. 

52.11 RADIOACTIVE EQUILIBRIUM 

Consider a freshly produced sample of uranium 238 (the parent of the uranium 

series). Uranium 238 decays to produce thorium 234. Initially the rate of 
production of thorium will exceed the rate at which it is decaying, and the thorium 
content of the sample will increase. As the amount of thorium increases, its activity 
increases and eventually a situation is reached in which the rate of production of 
thorium is equal to its rate of decay. The half-life of uranium 238 is very much 
greater than the half-lives of its decay products, and therefore to a good 
approximation the rate of production of thorium is constant. It follows, 
therefore, that once the rate of decay of the thorium has become equal to its rate 
of production, the quantity of thorium in the sample will remain constant. 
Thorium decays to produce protactinium 234, and some time after the thorium 
content has become constant, the protactinium content will also stabilize. 
Eventually the amounts of each of the decay products in the series will be 
constant. The situation is known as radioactive equilibrium. At equilibrium the 
rate of decay of each nuclide is equal to its rate of production and it follows that all 
the rates of decay are equal. From equation [52.3] therefore 3 

AWN, = A2N> > ie 

where the subscripts 4, 2,... relate to the first, second, ... members of the series. 
Since 1; = 0.6931/T, and A, = 0.6931/T>, where T; and T are the half-lives of 
the first and second members of the series, then 

[52.7] 

52.12 ARTIFICIAL RADIOACTIVITY. POSITRON DECAY 

Radioactive nuclides which do not occur in nature can be produced by 
bombarding naturally occuring nuclides with atomic particles — notably with 
neutrons inside a nuclear reactor. For example, neutron bombardment of the 
common isotope of beryllium (;Be) results in the creation of 2Li—a radioactive 
isotope of lithium which does not occur in nature. The reaction is 

Be +) n — 3Li+!p 
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Other particles used in this way include protons, deuterons and «-particles. 

A number of artificially produced radioactive nuclides decay by emitting a 

positron. A positron is a positively charged particle which has the same mass as the 

electron and whose charge is numerically equal to that of the electron. For 

example, «-particle bombardment of '$F produces ??Na — an artificial isotope of 
sodium. This decays by positron emission (sometimes called positive B-decay) to 

produce {jNe — a stable isotope of neon. The reactions are: 

"oF +34 — jiNa +o n 
and 

22 22 0 
11Na — joNe + je 

(Positron) 

There are no naturally occurring positron emitters. 

52.13 SCHOOL LABORATORY SOURCES 

Table 52.3 
Sources used in schools 

The radioactive sources which are commonly used in schools are listed in Table 

52.3. Activities of 5 uCi are typical. 

a Americium Also emits y-rays. These are of low energy and of no 

importance. 

Also emits y-rays. These are of low energy and of no 

importance. 
Plutonium 

The f-particles actually come from yttrium — a decay 

product of strontium. 
Strontium 

Cobalt Also emits low energy f-particles. These are 

absorbed by the foil surrounding the source. 

The f-particles are actually produced by some of the 

decay products of the radium. 
Radium 

52.14 RADIOACTIVE DATING 

Uranium Dating 

The presence of 738U in some rocks allows estimates of their ages to be made. 

From the ratio of $Pb to 735U 

206 Pb is the stable end product of the uranium series (section 52.10). *38U is the 

parent of the series and therefore for every uranium atom that has decayed since 

the rock containing the uranium was formed, one atom of *35Pb will have been 

produced.* The ratio of 995Pb to 735U can be used to determine the age of the rock. 

*This ignores the small number of uranium atoms which have disintegrated but which are still in the 

process of becoming lead. 
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As an example of the method suppose that in a particular sample of rock the ratio of 

"SPb to ORL 0.6. If 

Ny = number of uranium atoms present and 

Np = number of lead atoms present, then 

Ny + N» = number of uranium atoms present initially. 

Therefore, from equation [52.5] 

Ny = (Nu + Np) e” [52.8] 

where bo 
A = the decay constant of “,,U 

t = the time for which the uranium has been decaying. 

Rearranging equation [52.8] gives 

Nu + Np» et 

Nu 

NP» ie Axe 14+— = 1.€ + No e 

But Np,/Ny = 0.6, and therefore 

1.6 = e” 

in which case, from calculator 

At = 0.4700 

The half-life of 738U is 4.5 x 10° years, and therefore 

0.6931 

~ 45x 109 

_ 0.4700 x 4.5 x 10° 

f, 0.6931 

À 

i.e. 

i.e. t = 3.1 x 10° years 

Ifit is assumed that there was no lead present when the rock was formed, then the 
age of the rock is 3.1 x 10° years. 

From the ratio of helium to 732U 

The decay process which eventually converts 738U to 7°$Pb involves the emission 
of eight w-particles and six f-particles. If it is assumed that the a-particles remain in 
the uranium-bearing rock as helium atoms, then the ratio of helium to uranium 
can be used to determine the age of the rock. 

Carbon 14 Dating 

The common isotope of carbon is the stable isotope 12C. A radioactive form of 
carbon, 'C, is formed in the upper atmosphere by neutron bombardment of PN 
the common isotope of nitrogen. The reaction is 

MN + in —> BC+ lp 
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The neutrons are produced by the interaction of cosmic rays with atmospheric 

nuclei. If it is assumed that cosmic ray activity has been constant for a period which 
is long compared with the half-life of !4C (5730 years), then for some considerable 
time the rate of decay of !4C must have been equal to its rate of production. This 
means that the ratio of '$C to '2C in the atmosphere will also have been constant for 
a considerable time. 

Living matter takes in carbon in the form of carbon dioxide from the atmosphere. 

When an organism dies it ceases to take in atmospheric carbon and its 14C content 
starts to decrease as a result of radioactive decay. The 12C content, on the other 

hand, stays constant and therefore from the moment of death the ratio of 14C to 
12G decreases. 

The radioactivity of carbon can be used to date archaeological samples. For 

example, the activity of a given mass of carbon taken from an ancient piece of wood 

can be compared with that of an equal mass of carbon from (say) a living plant. 

From this comparison it is possible to estimate the time that has passed since the 

wood was part of a living tree. 

As an example of the method suppose that an archaeological sample has an activity 

of 7.5 disintegrations per minute, and that an equal mass of carbon from a living 

plant has an activity of 15 disintegrations per minute. The activity of the sample is 

one half that of the present-day level and therefore its age is equal to the half-life of 

\4C, i.e. the sample is 5730 years old. 

Matter which has been dead for more than about 12 000 years cannot be dated in 

this way since its "4C content is too low to allow an accurate analysis. 

52.15 USES OF RADIOACTIVITY 

(i) | Cancer cells can be destroyed by y-radiation from a high-activity source of 

cobalt 60. Deep-lying tumours can be treated by planting radium 226 or 

caesium 137 inside the body close to the tumour. 

(ii) The thickness of metal sheet can be monitored during manufacture by’ 

passing it between a y-ray source and a suitable detector. The thicker the 

sheet the greater the absorption of y-rays. 

(iii) The exact position of an underground pipe can be located if a small quantity 

of radioactive liquid is added to the liquid being carried by the pipe. This also 

allows leaks to be detected; the soil close to the leak becomes radioactive. 

Provided a short-lived radioisotope is used there is no permanent 

contamination of the soil. 

(iv) A radioisotope is chemically identical to a non-active isotope of the same 

element, and therefore takes part in the same chemical reactions. Thus the 

rate at which iodine passes through the thyroid can be determined by feeding 

radioactive iodine to a patient and externally monitoring the subsequent 

radioactivity of the thyroid. Radioactive phosphorus is used to assess the 

different abilities of plants to take up phosphorus from different types of 

phosphate fertilizer. 

(v) Radioactive dating: see section 52.14. 
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52.16 RADIATION HAZARDS 

Table 52.4 

RBE values of some 

radiations 

The cells of the body may undergo dangerous physical and chemical changes as a 

result of exposure to radiation. The extent of the damage depends on: 

(i) the nature of radiation, 

(ii) the part of the body exposed to the radiation, 

(iii) the dose received. 

a-particles are absorbed in the dead surface layers of the skin and therefore do not 

constitute a serious hazard unless their source is taken into the body. y-rays can 

penetrate deeply into the body and are a serious hazard. 

The energy absorbed by unit mass of irradiated material is called the radiation 

dose. The unit is the gray (Gy) and 1 Gy = 1Jkg~!. Until recently the unit was 
the rad. (1 Gy = 100rad.) 

In order to take account of the different biological effects of the different radiations 

it is useful to define the effective dose as 

where RBE is the relative biological effectiveness of the radiation concerned. 
Approximate values are listed in Table 52.4. 

ByX 
n (slow) 

n (fast) 

a 

Fission fragment 

92.17 EXPERIMENTAL DETERMINATION OF THE 
HALF-LIFE OF RADON 220* 

If the half-life of a substance is short enough for its activity to decrease by a 
measurable amount in a reasonable time, its half-life may be determined directly 
by monitoring its activity as a function of time. It must be borne in mind, however, 
that the product of a radioactive decay is often itself radioactive, and care must be 
taken to avoid confusing the decay of such a product with that of the substance 
being investigated. 

The half-life of radon 220 (78¢Rn) is very different from the half-lives of its decay 
products, and therefore the observed decay rate is a very good approximation to 
that of the radon itself. Its half-life is also suitably short (55 s), and since itis a gas, it 
is easily isolated from its parent. 

72 Rn is an g-emitter and therefore any instrument which is capable of detecting a- 
particles can be used to monitor the activity. In the method outlined here, a 
Geiger—Miiller tube (with a suitably thin window) is used (see Fig. 52.8). An 
alternative method of detection is described in section 54.2. 72°Rn is one of the 

*The original name for the element radon was emanation; the term is now obsolete. The particular 
isotope radon 220 is often called thoron. 
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Fig. 52.8 
Apparatus to determine 
the half-life of radon 
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Screw Radon in Thin window 
clips cell (e.g. ‘cling film’) 

To scaler counter 
or ratemeter 

G-M tube G-M tube with thin 
close to window (e.g. MX 168/01) 
cell 

Valve 

Radon 

Thorium 
hydroxide 
in squeeze 
bottle 

decay products of *3?Th, the common isotope of thorium. The *2°Rn is 
conveniently obtained by squeezing a plastic bottle containing thorium hydroxide 

powder. The bottle is fitted with two valved tubes so that the radon can be fed into 

the cell without any escaping into the atmosphere. (It is very important that none 

of the radon and none of the powder is inhaled by the experimenter.)* The cell has 

a thin window through which the «-particles given off by the radon can pass. 

Method 

(i) Determine the background count-rate. 

(ii) Open the clips and squeeze the bottle. This forces radon into the cell. 

(iii) Close the clips. This isolates the radon in the cell from that being freshly 

produced by the thorium hydroxide. 

(iv) Immediately after closing the clips, start the scaler and a stopwatch. 

(v) Count for 10s. During the next 10s interval reset the counter and record 

the previous count. 

(vi) Repeat (v) so that counts are being made over 10 s intervals every other 10s. 

(vii) Continue for about 5 minutes. 

(viii) The count-rates obtained in this way can be taken to correspond to 5 s,25s, 

45 s, etc. 

(ix) Subtract the background count-rate to obtain the true count-rates (R). 

At any time ż the count-rate (R) is proportional to the activity (—dN/dt) which, 

from equation [52.3], is proportional to the number of undisintegrated nuclei (N), 

and therefore by equation [52.5] 

na Ro e~” 

where 

R = count-rate after a time t has elapsed 

Ro = initial count-rate (i.e. whent = 0) 

A = the decay constant of $g Rn 

* The experiment should be carried out in a fume-cupboard. 
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Taking logs to base e gives 

log. R = log. Ro — At 

Therefore, from equation [52.6] 

—0.6931 
log. R = ————1t + log, Ro 

Ti/2 

where Tj/2 is the half-life of 7§?Rn. Thus the gradient of a plot of loge R 
against t is —0.6931/T,,/2, hence Tj /2 (see Fig. 52.9). 

Fig. 52.9 
Plot to determine half-life 

log.R 

Gradient = —A 

—0.6931/T1/2 

\ 

52.18 DETERMINATION OF LONG HALF-LIVES 

The half-life of a long-lived nuclide cannot be determined by monitoring its 

decrease in activity as a function of time becawse the decrease is slight and cannot 

be measured with sufficient accuracy. Instead, long half-lives can be determined 
by measuring the activity of a known mass of the nuclide concerned. 

If m is the mass of the nuclide in grams, then the number of nuclei present, N, is 
given by 2 

mN, A 
Nee 

A, 

where N4 is the Avogadro constant (= 6.022 x 107? mol!) and A, is the relative 
atomic mass of the nuclide. Substituting for N in equation [52.3] gives 

aN _ Na 
dn A, 

a dN — —0.6931 mN; 
dt Ti /2 A, 

Hence the half-life, Tı j2, by measuring m and the activity (—dN/dz) in 
disintegrations per second. 

Ifa long-lived nuclide is in radioactive equilibrium (see section 52.1 1), its half-life 
can be determined from equation [52.7] provided that the half-life and relative 
amount of another member of the series are also known. 
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CONSOLIDATION © 

-particles (5a or $He) are identical to helium nuclei. 

B-particles (_°8 or _Ye) are (fast) electrons. 

y-rays (8y or y) are very short wavelength electromagnetic radiation. 

Properties of «, $ and y are summarized in Table 52.1. 

` -emission A new element is formed, 

A A-4 4 

ERCA k TLE 

B-emission A new element is formed, 

A A 0 

Pe nhs i ando 
y-emission y-rays are emitted by the daughter nucleus — no new element is 

formed. 

a-particles and y-rays are emitted with a single energy, or with a small number of 

discrete values of energy. 

B-particles are emitted with a continuous range of energies. 

Radioactive decay is spontaneous and therefore the rate of decay is 

proportional to the number of parent nuclei present. This leads to 

dN 

dt 

where 4 is a constant of proportionality called the decay constant. 

= —AN 

Solving this equation gives the exponential law of radioactive decay 

N = Ne” 

Because activity, A, and count-rate, R, are proportional to N, it follows that 

A = Ae and. R= Re™ ~ 

Activity is the rate of decay, i.e. the number of disintegrations per second. The 

unit of activity is the becquerel. 

One becquerel (Bq) = 1 disintegration per second. 

isthe 
dt 

Half-life (Tj /2) is the time taken for half the nuclei present to disintegrate. 

log.2 0.6931 

fel Seamus TT 

Activity = — = dN 

Inverse square law for y-rays 

The intensity, J, at a distance, d, from a point source of y-rays is given by 

1 ; constant 
Ix A 1.€. | t= p= 

The law is entirely true in vacuum, and is a good approximation in air. 
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NUCLEAR STABILITY. FISSION 
AND FUSION 

53.1 EINSTEIN'S MASS-ENERGY RELATION 

According to the Special Theory of Relativity a mass m is equivalent to an amount 
of energy E, where 

[53.1] 

c being the speed of light (~ 3 x 108ms~!). 

It follows that whenever a reaction results in a release of energy there is an 
associated decrease in mass. For example, when 1 kg of *3>U undergoes fission 
(see section 53.7) the energy released is approximately 8 x 10’? J, and therefore 
according to equation [53.1] there is a decrease in mass of 8 x 10!3/(3 x 108)? 
~ 9 x 10-4kg. This is a significant fraction of the initial mass of 23>U and can be 
measured. Chemical reactions, on the other hand, release relatively small amounts 
of energy and the associated decrease in mass is too small to be measured. For 
example, when 1 kg of petrol is burned the energy released is only5 x 10’ Jand, by 
equation [53.1], this corresponds to a decrease in mass of a mere 5.5 x 10-10 kg. 

The reader should be left in no doubt that no matter how a change in energy arises 
there is a change in mass. For example, an increase in temperature is accompanied 
by an increase in mass, as is an increase in velocity. 

The unified atomic mass unit (u) is defined in section 51.2, and 

lu = 1.661 x 107?" kg 

Therefore, from equation [53.1] 

lu = 1.661 x 10777 x (2.998 x 108)?J 

_ 1.661 x 10°?” x (2.998 x 108)? 
1.602 x 10-19 $ 

i.e. [53.2] 

822 
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53.2 BINDING ENERGY 

The mass of a nucleus is always less than the total mass of its constituent 
nucleons. The difference in mass is called the mass defect of the nucleus, i.e. 

The reduction in mass arises because the act of combining the nucleons to form 

` the nucleus causes some of their mass to be released as energy (in the form of 
y-rays). Any attempt to separate the nucleons would involve them being given this 

same amount of energy — it is therefore called the binding energy of the nucleus. 
It follows from equation [53.1] that 

It follows from equation [53.2] that 

Tables normally give atomic masses rather than nuclear masses and it is useful to 

redefine the mass defect as 

Consider, as an example of the calculation of binding energies, the case of the 

helium atom. It consists of two protons (each of mass 1.007 28u), and two 

neutrons (each of mass 1.008 67 u) and two electrons (each of mass 0.000 55 u). 

The total mass of the particles is 

2 x 1.007 28 + 2 x 1.008 67 + 2 x 0.00055 = 4.033 00u 

i The mass of a helium atom is 4.002 60 u, and therefore the mass defect is 

4.033 00 — 4.00260 = 0.0304u 

From equation [53.2], therefore, the binding energy of a helium atom is 

0.0304 x 932 = 28.3 MeV 

Note The binding energy of a nucleus is the energy required to break it up into its 

component neutrons and protons. The binding energy of an atom, on the other 

hand, is the energy required to break it up into its component neutrons, protons 

and electrons. The difference between the two is negligible, because the energy 

required to remove the electrons is very much less than that required to remove the 

neutrons and protons. For example, the binding energy of a helium nucleus is also 

28.3 MeV. 

A useful measure of the stability of a nucleus is its binding energy per nucleon 

(i.e. binding energy divided by mass number), since this represents the (average) 

energy which needs to be supplied to remove a nucleon. Fig. 53.1 shows the way 

this quantity varies with mass number for the naturally occurring nuclides with 

mass numbers in the range 2-238. It can be seen that the nuclides of intermediate 

mass numbers have the largest values of binding energy per nucleon. 36 Fe has a 

value of 8.8 MeV and is one of the most stable nuclides. Three nuclides, He, '¢C 
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Fig. 53.1 
Variation of binding 
energy per nucleon with 
mass number 

QUESTIONS 53A 

1. Calculate: 

(a) the mass defect, 

SECTION G: MODERN PHYSICS 

Building energy per nucleon/MeV 

40 80 120 160 200 240 

Mass number 

and ‘SO, lie significantly above the main curve. Though these are not the most 
stable of all nuclides, they are considerably more stable than those of adjacent 

mass. Note that !2C and !8O are respectively combinations of three and four 
a-particles. A combination of two a-particles would be §Be. The binding energy 
per nucleon of ’Be is slightly less than that of an a-particle, and therefore it is 

unstable and disintegrates to form two «-particles. 

Nuclides of intermediate mass number have the greatest binding energy per 

nucleon and therefore energy is released when two light nuclides are fused to 

produce a heavier one (fusion) and when a heavy nucleus splits into two lighter 

ones (fission). 

(Atomic mass of 738U = 238.05076u, 
mass of neutron = 1.008 67u, 

(b) the binding energy per nucleon for 738U. mass of proton = 1.007 28u, 
mass of electron = 0.00055u, 

lu = 932 MeV.) 

53.3 STABILITY AGAINST «-PARTICLE EMISSION 

A nucleus which undergoes radioactive decay by emitting an «-particle is able to do 
so because its mass is greater than the sum of the masses of the daughter nucleus 
and the emitted «-particle.* 

In order to illustrate this we shall consider 7}{Po, which decays according to 

?210Po — ° Pb + 4He 

The various terms in this equation can be taken to represent atoms rather than 
nuclei because each side of the equation involves the same number of electrons. 
From tables ; 

*Fulfilment of this condition does not guarantee that an «-particle is emitted. 
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Atomic mass of 743Po = 209.983u 

Atomic mass of *0°Pb = 205.974u 

Atomic mass of He = 4.003u 

The mass of the parent (209.983 u) is greater than the total mass of the products 

(205.974 + 4.003 = 209.977 u) — as required. 

It can be shown that about 98% of the energy provided by the decrease in mass is 

4 carried away as the kinetic energy of the «-particle; the remaining 2% is the recoil 

energy of the nucleus. (The-nucleus recoils in order that momentum is conserved.) 

53.4 STABILITY AGAINST (NEGATIVE) £-PARTICLE 
EMISSION 

If a nucleus is to decay by emitting a B-particle, the mass of the nucleus must be 

greater than the total mass of the decay products. Consider the possibility of $C 
decaying by (negative) B-emission. If it does, the relevant nuclear equation is 

ZC — 1N ee 

Adding six electrons to each side of the equation gives 

4C46_$e—14N+4+7_{e 

Bearing in mind that a carbon atom has six electrons and thata nitrogen atom has 

seven electrons, we can rewrite this equation as 

14 14 go — 7N 

where the terms now represent atoms rather than nuclei. From tables: 

Atomic mass of C = 14.0032u 

Atomic mass of ‘JN = 14.0031lu 

Thus the atomic mass of !4N is less than that of '§C and the decay is possible, and in 

fact does occur. = 

EXAMPLE 53.1 

Calculate the energy released when gallium 70 (39Ga) undergoes (negative) f- 

decay to produce germanium 70 (3%Ge). (Atomic mass of Ga = 69.92605u, 

of Ge = 69.92425u. lu = 932 MeV.) 

Solution 

The nuclear equation is 

Ga — Ge + Je 

Adding 31 electrons to each side of the equation gives 

Ga — Ge 
where the terms now represent atoms. 

Decrease in mass = 69.926 05 — 69.92425 = 0.001 80u 

Energy released = 0.001 80 x 932 = 1.68 MeV 
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QUESTIONS 53B © 

Radium 224 decays by -emission to produce 

radon 220 according to 

224 220 4 aghka —> “gekn + ote 

Calculate: (a) the decrease in mass, (b) the 

energy released. 

(Atomic mass of *23Ra = 224.02022u, of 
220Rn = 220.011 40u, of He = 4.002 60u. 
lu = 932 MeV.) 

Nitrogen 13 decays by positron emission (see 

section 52.12) to produce carbon 13. The 

relevant nuclear equation is 

BN —3C 4% 

SECTION G: MODERN PHYSICS 

Calculate: (a) the decrease in mass, (b) the 

energy released. 
(Atomic mass of !N = 13.00574u, of 
3C = 13.00335u. Mass of Ye and of _{e = 
0.00055u. lu = 932 MeV.) Hint — add 7 
electrons to each side of the nuclear equation. 

A nucleus decays to produce an a-particle of 

mass 4.00u and a daughter of mass 204u, 

releasing 5.21 MeV in the process. (a) Bearing 

in mind that the daughter nucleus recoils in 

order that momentum is conserved, calculate 

the value of the ratio: kinetic energy of «- 
particle /kinetic energy of daughter. (b) Hence 

find the kinetic energy of the «-particle. 

53.5 STABILITY AGAINST FISSION 

The fission process is discussed in section 53.7. The ideas of the last two sections 

apply, i.e. the total mass of the fission products is less than that of the nucleus which 

has undergone fission. 

53.6 STABILITY AND NEUTRON-PROTON RATIO 

Fig. 53.2 shows a plot of neutron number against proton number for all the known 

stable nuclides. It can be seen that among the light nuclei the tendency is for there 

Fig. 53.2 
Variation of neutron 
number with proton tan 
number for stable 
nuclides 

100 

no 
E 

2 
5 
2 80 

(a) 

o 
2 

z 3 60 

il 
N 
| 

<= 40 
Il 

z 

Too many neutrons 

to be stable 

and likely to RE g 

decay by hs 
emitting an =. :.8 + 

electron pit 

z fs 

Bu 

EAA 
sells ye Too many protons 
: 4 to be stable and 

likely to decay 

by emitting a 
positron 

20 40 60 80 
Z = Number of protons 



i 

NUCLEAR STABILITY. FISSION AND FUSION 827 

to be equal numbers of neutrons and protons. Heavy nuclei, on the other hand, 
have more neutrons than protons, the neutron-proton ratio reaching about 1.6 

with °SPb. A nuclide which would be represented by a point above the stability 
belt has too many neutrons to be stable and can acquire a more stable state by 
converting one of its neutrons into a proton, i.e. it emits a (negative) f-particle. A 

nuclide which lies below the stable region has too many protons and can correct 

this by converting one of its protons to a neutron, i.e. it emits a positron. 

53.7 NUCLEAR FISSION 

Nuclear fission is the disintegration of a heavy nucleus into two lighter 

nuclei. Energy is released by the process because the average binding energy per 

nucleon of the fission products is greater than that of the parent. 

As an example of a fission reaction, consider the bombardment of 73}U by slow 

neutrons. This can result in the capture of a neutron and the formate A 
which is unstable and undergoes fission. Many different pairs of nuclei can be 

produced by the fission of *35U, but in over 95% of the cases the mass number of 
the heavier fragment is bean 130 and 149. One possible reaction is 

735U +in — 3U — ' Ba + 3¢ Kr + 3 jn + Energy 

The energy released by the fission of a single uranium atom is about 200 MeV, and 

about 80% of this goes into providing the kinetic energy of the two fission 

fragments. These are often radioactive, and their subsequent decay accounts for a 

further 10% of the energy released. The remaining 10% appears as the kinetic 

energy of the neutrons which are ejected, and in the form of those y-rays which are a 

result of the fission process itself. 

Nuclear reactors (section 53.9) make use of controlled fission reactions to provide 

energy. The atom bomb makes use of an uncontrolled fission reaction. 

EXAMPLE 53.2 oe eee 

Calculate the energy released when 10 kg of *33U undergoes fission according to 

23517 +1 n — Ba +32Kr + 34n 
(Mass of 723U = 235.04u, of '{Ba = 140.91u, of 3¢Kr = 91.91u, of 

tate 1.01u,1u = 932MeV, Na = 6.02 x 10? mol.) 

Solution 

Mass difference = (235.04 + 1.01) — (140.91 + 91.91 + 3 x 1.01) 

= 020u 

Energy released = 0.20 x 932 = 186.4 MeV 

235.04 x 10-2 kg of 722U contains 6.02 x 10” atoms 

10 x 6.02 x 10” 235 FEE 
10kg of “^42 U contains r 

2.56 x 10” atoms 

Energy released by 10kg of ee 0 0 LOO A 

= 4.77 x 10” MeV 
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EXAMPLE 53.3 

Calculate the energy released when a uranium 236 nucleus undergoes fission 

according to 

236 146 87 1 AOPE TESA A E oll 

(Binding energy per nucleon of SU = 7.59 MeV, of *35La = 8.41 MeV, of 
SBE = 8.59 MeV.) 

Solution 

Binding energy of ‘38La = 146 x 8.41 = 1227.86 MeV 

Binding energy of -Br = 8/ X §59"=="/47 53 MEV 

Total binding energy after fission = 1227.86 + 747.33 = 1975.19 MeV 

Binding energy of 2U = 236 x 7.59 = 1791.24 MeV 

Increase in binding energy = 1975.19 — 1791.24 = 183.95 MeV 

Energy released = 184 MeV 

53.8 NUCLEAR FUSION 

Nuclear fusion is the combining of two light nuclei to produce a heavier 

nucleus. Energy is released by the process. An example is the fusion of two 

deuterium nuclei to produce helium 3: 

2H +? H—>3He + in + 3.27 MeV 

Reactions of this type (the conversion of hydrogen to helium) are the source of the 

Sun’s energy. Temperatures in excess of 10° K are required to provide the nuclei 

which are to fuse with the energy needed to overcome their mutual electrostatic 

repulsion. To date, this has been achieved only in an uncontrolled way, in the 

hydrogen bomb. The high temperature required for the fusion reaction is provided 
by the explosion of an atom bomb. 

The energy released by the fusion of two nuclei is very much less than that which 
results from the fission of, say, a uranium nucleus. However, it should be borne in 
mind that fusion involves very much less massive nuclei and, in fact, the energies 
provided per unit mass of reactants by the two processes are much the same. 

53.9 THE THERMAL REACTOR 

When a *53U nucleus captures a neutron and undergoes fission (section 53.7) an 
average of about 2.5 neutrons is released. (The actual number depends on just 
which pair of fission products is formed.) The principle of the thermal reactor is to 
cause these neutrons to produce more fission by being captured by other RU 
nuclei so that a chain reaction occurs. 

In natural uranium only about 1 atom in 140 is a7$3U atom- the rest are 228U. 238 U 
can be fissioned, but only by being bombarded with very fast neutrons. On the 
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other hand, slow neutrons are required to produce fission in 733U. The neutrons 
released by the fission of *33U are not fast enough to produce fission in 738U, but 
need to be slowed down before they can cause fission with 733U. 

The neutrons are slowed down by the use of a material called a moderator — 

commonly graphite, water or heavy water (D20). In a graphite-moderated reactor 

the uranium fuel is in sealed tubes which are arranged inside a block of graphite 

(Fig. 53.3). The neutrons released by the fission of *3}U collide with the atoms of 
the moderator and are slowed to such an extent that they are far more likely to 

cause fission of 733U than to be unproductively captured by 738U. 

Fig. 53.3 Sat Se Thick (= 5 m) Coolant: CO, gas (at 40 
The advanced gas-cooled concrete atmospheres and 640°C) 
reactor (AGR) — an ts x ey heated as a result of 

example of a graphite- pes ae 
r 

moderated thermal gactor core 
reactor 

—— 

Steam (at 170 
atmospheres and 
540°C) to turbines 

Heat 
exchanger 

Graphite Fuel rod — stainless CO, gas cooled as a 
moderator steel tube containing result of passing 

uranium (IV) oxide (uranium through the heat 
dioxide enriched to 2.3% exchanger 
235.) from the 0.7% *3,U of 
naturally occurring uranium 

A typical reactor of this type generates 660 MW of 
electrical power, and has 324 fuel rods and 81 

control rods 

Ideally, just over one neutron per fission is required to sustain the reaction; much 

higher rates than this would release energy too quickly and the reaction would go 

out of control. Control rods of boron-coated steel are used to keep the net rate of 

production of neutrons to the required level by capturing the necessary proportion 

before they can initiate fission. When the control rods are moved upwards out of 

the heart of the reactor, the number of neutrons left to produce fission is increased; 

when the rods are lowered, the number of neutrons is decreased. 

The heat energy produced by the fission reaction is removed by passing a coolant 

such as carbon dioxide or water through the reactor. The coolant then passes 

through some form of heat exchanger, producing steam to drive turbines which in 

turn generate electricity. A thick concrete shield prevents potentially harmful 

radiation from reaching the operators. 
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CONSOLIDATION 

ES me lu = 932 MeV 

Mass defect _ / Mass of neutrons co bee of ) 

of an atom  \protons and electrons atom 

The binding energy of an atom is the energy required to split it up into its 

component neutrons, protons and electrons. 

Binding energy = 932 x Mass defect 

(MeV) (u) 

Binding energy = Mass defect x c? 

J) (kg) (m s~!)* 

Fission The disintegration of a heavy nucleus into two lighter ones, 

accompanied by a release of energy and an associated decrease in mass. 

Fusion ‘The joining of two light nuclei to produce a heavier one, accompanied 

by a release of energy and an associated decrease in mass. 

The plot of binding energy per nucleon against mass number (Fig. 53.1) 

shows that there is an increase in binding energy, and therefore a release of energy, 

when two light nuclei fuse to produce a heavier one, and when a heavy nucleus 

undergoes fission producing two lighter ones. 

Energy released = Increase in binding energy 

Energy released = 932 x Decrease in mass ^ 

(MeV) (u) 

Energy released = Decrease in mass x c? 

(J) (kg) ms 

To calculate the energy released in x-decay When working with atomic 

masses the terms in the nuclear equation can be taken to represent atoms. 

To calculate the energy released in f-decay When working with atomic 

masses remember to add a suitable number of electrons to each side of the nuclear 

equation. 

The Thermal Reactor 

Moderator — slows the neutrons so that they are more likely to cause fission. 

Control rods — absorb neutrons so that the reaction does not go out of control. 

Coolant — carries away the heat generated in the reactor core. 
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DETECTORS OF RADIATION 

54.1 THE GEIGER—MULLER TUBE (G-M TUBE) 

Fig. 54.1 
A Geiger—Miller tube and 
circuit 

A Geiger—Miiller tube (Fig. 54.1) can be used to detect the presence of X-rays, y- 

rays and f-particles. Tubes with very thin mica windows can also detect a- 

particles. 

Cylindrical case Argon at 100 mm Hg 
doubles as + chlorine at 
cathode 0.1mm Hg 

a l 

® Output to 
scaler or 

9 ratemeter 

Thin 

mica 
window 

| HT supply 

Glass bead Wire 
to prevent anode 

sparkling = 

When one of these ionizing ‘particles’ enters the tube, either through the window 

or the wall, some of the argon atoms become ionized. The free electrons and 

positive ions which result are accelerated towards the anode and cathode 

respectively by the PD across the tube. The geometry of the tube is such that 

the electric field near the anode is very intense, and as electrons approach the 

anode they gain sufficient kinetic energy to produce further ionization. The 

electrons released by this ‘secondary’ ionization produce even more ionization so 

that there is soon a large number of electrons moving towards the anode — the 

resistance of the gas is said to have broken down. The positive ions are much mo
re 

massive, and move much more slowly, than the electrons, and after about 10s 

there are so many positive ions near the anode that the electric field around it is 

cancelled out. This prevents further ionization, and the electron avalanche and 

the associated anode current, cease to exist. Thus, the effect of a single ionizing 

‘particle’ entering the tube is to produce a relatively large current pulse. The 

process is called gas amplification and as many as 10° electrons can be released 

as a result of a single ionizing event. 

The positive ions move slowly towards the cathode. Some of the ions would release 

electrons from the cathode surface if they were allowed to collide with it. These 

electrons would initiate a second avalanche, and this would give rise to a third, and
 

so on, so that a whole series of current pulses would be produced. This would m
ake 

it impossible to know whether a second ionizing ‘particle’ had entered the tube. In 

order to ensure that only one pulse is produced by each ‘particle’ that enters it the 

tube contains a quenching agent — chlorine. (Bromine is used in some cases.) 

831 
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Fig. 54.2 
Variation of count rate 
with applied PD in a G-M 
tube 
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The argon ions are neutralized as a result of collisions with chlorine molecules 

before they reach the cathode, and, in effect, their energy is used to dissociate the 

chlorine molecules rather than to release electrons from the cathode. 

A resistor, R, of about 1 MQ, is connected in series with the tube and the HT 

supply. The current pulse from the tube creates a voltage pulse of about 1 V across 

R, and this can be amplified and fed to a scaler counter or a ratemeter. A scaler 

registers the number of pulses it receives whilst it is switched on; a ratemeter 

indicates the rate at which it receives pulses and registers it in counts per second. 

Immediately after a pulse has been registered there is a period of about 300 us 

during which the tube is insensitive to the arrival of further ionizing ‘particles’. 

This can be divided into two parts — the dead time and the recovery time. 

During the dead time the tube does not respond at all to the arrival of an ionizing 

‘particle’. The recovery time is the second stage of the period of insensitivity, and 

during this time pulses are produced but they are not large enough to be detected. 

The dead time is the time taken by the positive ions to move far enough away from 
the anode for the electric field there to return to a level which is large enough for an 

avalanche to start. The recovery time is the time which elapses while the argon ions 

are being neutralized by the quenching gas. The period of insensitivity limits the 

count rate to a maximum of about 1000 counts per second. 

Apart from those which arrive during the period of insensitivity, almost every «- 

particle and f-particle that enters a Geiger—Miiller tube is counted. y-rays and X- 

rays are more likely to be detected indirectly, as a result of being absorbed by the 

walls of the tube and releasing electrons in the process, than by direct ionization of 

argon atoms. They are only weakly absorbed and only about 1% are detected. 

Fig. 54.2 shows the way in which the count rate varies with the PD applied to a 

typical Geiger—Miller tube. When the applied PD is less than the threshold 
voltage there is not sufficient gas amplification to produce pulses which are large 

Count 
rate 

Cc 
B 

0 A 

250 350 450 550 650 

| Applied PD/V 
Threshold Operating 
voltage voltage 

enough to be detected. Between A and B, the proportional region, the size of any 
particular pulse depends on the ‘strength’ of the initial ionization; some of the 
‘particles’ which enter the tube produce less ionization than others and go 
undetected. In the plateau region (B to C) all the pulses have the same 
amplitude, irrespective of the ‘strength’ of the initial ionization. Every particle 
which produces any ionization at all is detected. This is the region in which the 
tube should be operated. If the voltage is increased beyond C, the quenching 
process becomes less and less effective and eventually a continuous discharge 
occurs. 

~ 
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54.2 THE IONIZATION CHAMBER 

A common form of ionization chamber is shown in Fig. 54.3. It is essentially a 

metal can containing a small brass platform mounted on the upper end of a metal 

rod. The can forms one electrode of the device; the metal rod is the other. The 

simplest types contain air at atmospheric pressure and are capable of detecting the 

ionization produced by «-particles and intense sources of /-particles. The source 

of the radiation may be either outside the chamber, or inside it, in which case the 

z platform provides a convenient means of supporting the source. When the source 

is outside the chamber a gauze ‘lid’ is used so that the particles can enter without 

appreciable absorption. 

Fig. 54.3 Lid 
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A typical -particle produces 10°-10° ion-pairs as it passes through the air in the 

chamber. The electrons are attracted to the can and the positive ions move to the 

central rod causing a current to flow in the external circuit. Fig. 54.4 illustrates the 

way in which this ionization current depends on the PD across the chamber. 

Between O and A the PD is not large enough to draw all the electrons and positive 

ions to their respective electrodes before some recombination has occurred. 

Between A and B the PD is large enough to prevent recombination but is not so 

high that it produces secondary ionization. The ionization current is said to have 

reached its saturation value (/,). Beyond B the PD is large enough to cause 

secondary ionization. The PD at which an ionization chamber is operated should 

be such that the ionization current has its saturation value. Under such conditions: 

(i) the ionization current is independent of fluctuations in supply voltage, and 

(ii) the ionization current is proportional to the rate at which ionization is being 

produced in the chamber. (The reader should contrast this with the case of 

the Geiger—Miiller tube, where the output is proportional to the number of 

ionizing particles.) 

Fig. 54.4 lonization 
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The ionization currents produced by the sources commonly used in schools are 

small — 107° A or less. This means that very sensitive current detectors are 

required; DC amplifiers and pulse electroscopes are suitable. The use of a DC 

amplifier is described in section 40.13. 

An ionization chamber and DC amplifier is a convenient alternative to a Geiger- 

Müller tube and scaler counter in the determination of the half-life of radon 220 
(section 52.17). The ionization chamber (with suitable inlet and outlet tubes) is 

substituted for the cell (Fig. 52.8). The correct operating voltage for the chamber 

being used can be found by carrying out a preliminary experiment in which the PD 

across the chamber is increased gradually until the ionization current saturates. 

54.3 THE DIFFUSION CLOUD CHAMBER 

Fig. 54.5 

Diffusion cloud chamber 

The cloud chamber (Fig. 54.5) displays the tracks of any ionizing agents which 

pass through it. It is superior to Wilson’s earlier expansion cloud chamber (section 

54.4) in that it does not have to be re-set before it can display a second track. 
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The base of the chamber is maintained at about —80°C by the solid carbon dioxide 
there. The top of the chamber is at room temperature and so there is a temperature 
gradient between top and bottom. The air at the top of the chamber is saturated 
with alcohol vapour from the felt ring. The vapour continually diffuses downwards 
into the cooler regions so that the air there becomes supersaturated with alcohol 
vapour. The excess vapour in the supersaturated regions can condense only if 
there are nucleating sites present. Condensation occurs on ionized atoms in 
preference to neutral atoms, and so if an ionizing agent passes through the 
supersaturated air, the ions produced along its path act as nucleating sites. The 
path therefore shows up as a series of small drops of condensation. 

a-particles leave dense, straight tracks; -particles produce less ionization and give 
thinner tracks. The tracks of fast f-particles are straight; those travelling more 
slowly are easily deflected and leave tortuous tracks. y-rays are uncharged and 
therefore must actually collide with an atom in order to ionize it. Since such 
collisions are rare, there is very little ionization along the path of the rays. However, 
when a collision does occur, the electron which is ejected has sufficient energy to 
ionize atoms along its path. All such paths originate on the path of the y-rays (Fig. 
54.6). X-rays produce a similar effect. 
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Fig. 54.6 
The effect of y-rays 
passing through a cloud 
chamber 
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54.4 THE WILSON CLOUD CHAMBER 

The Wilson cloud chamber, like the diffusion cloud chamber, shows up the paths 

of ionizing ‘particles’ which pass through it. Both types of chamber make use of the 

fact that a supersaturated vapour condenses more readily on ions than on neutral 

atoms. In the Wilson cloud chamber, a gas saturated with vapour is caused to 

undergo an adiabatic expansion; the gas cools and so becomes supersaturated with 

vapour. Various combinations of gas and vapour are used, e.g. air—water, air— 

alcohol, argon—water. 

54.5 THE BUBBLE CHAMBER 

The bubble chamber was invented by Glaser in 1951 and makes use of a 

superheated liquid. (A superheated liquid is one which is at a higher temperature 

than that at which it normally exists as a liquid under the prevailing pressure, and as 

such is unstable.) The ions produced in a superheated liquid by the passage of a 

charged particle act as nucleating sites on which bubbles form. ‘The path of such a 

particle (or ionizing radiation) therefore shows up as a train of bubbles. 

Bubble chambers are superior to cloud chambers in that the detecting medium is a 

liquid which, being more dense than the air (and other gases) used in cloud 

chambers, has a greater stopping power. This is particularly useful when particles 

with very high energies are being studied — such particles are likely to pass through 

a cloud chamber without producing any ionization at all. 

One of the most commonly used liquids is hydrogen. This provides an opportunity 

to bombard protons (hydrogen nuclei) with high-energy particles and to study the 

particles which result from the collisions. By using magnetic fields to deflect the 

particles, and by making use of the laws of conservation of energy and momentum, 

the charges, masses and speeds of the particles can be deduced. 

54.6 PHOTOGRAPHIC EMULSIONS 

Ionizing radiation passing through a photographic emulsion (silver halide grains in 

gelatin) has the same effect on the emulsion as light does. Plates which are 

intended for the detection of ionizing radiations are now produced commercially 

and have special emulsions with a high density of silver halide grains. The path of 

an ionizing particle which has passed through such a plate shows up as a well- 

defined track when the plate is developed. The tracks are short (typically 1 mm for 

a -particle) and microscopes have to be used to study them. 
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The method automatically provides a permanent record of the ‘particle’ tracks. 

The plates are easily portable making them convenient for the study of cosmic ray 

activity as balloons can carry them to considerable heights where cosmic ray 

activity is much greater than it is on the ground. A disadvantage is that the path 

lengths are too short to allow the measurement of any curvature due to a magnetic 

field. 
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SEMICONDUCTORS AND 
ELECTRONICS 

55.1 INTRODUCTION 

Semiconductors are materials whose electrical conductivities are higher 

than those of insulators but less than those of conductors. Though we 

normally think of semiconductors as being solids, some liquids are semiconduct- 

ing. Commonly used semiconducting materials include silicon, germanium, 

gallium arsenide, indium antimonide and cadmium sulphide, all of which are 

solids. 

Semiconductors have negative temperature coefficients of resistance, i.e. 

their electrical resistivities decrease with increasing temperature. Insulators also 

have negative temperature coefficients of resistance, and the distinction between 

semiconductors and insulators is only one of degree — all insulators are 

semiconductors at high temperatures and all semiconductors are insulators at 

low temperatures. Itis on the basis of their room-temperature resistivities that they 

are categorized. 

The extent to which a semiconductor conducts electricity is considerably affected 

by the presence of impurities. Very pure semiconductors are called intrinsic 

semiconductors; those to which impurities have been added are called extrinsic 

semiconductors. ; 

55.2 INTRINSIC SEMICONDUCTORS 

Fig. 55.1 
The basic tetrahedral unit 
of silicon and germanium 

Both silicon and germanium are tetravalent, i.e. each has four electrons (valence 

electrons) in its outermost shell. Both elements crystallize with a diamond-like 

structure, i.e. in such a way that each atom in the crystal is inside a tetrahedron 

formed by the four atoms which are closest to it. Fig. 55.1 shows one of these 

tetrahedral units. Each atom shares its four valence electrons with its four 

immediate neighbours on a one to one basis, so that each atom is involved in four 

covalent bonds. A two-dimensional representation of the crystal structure is 

shown in Fig. 55.2, and can be taken to represent either silicon or germanium. 
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Fig. 55.2 
Two-dimensional 
representation of the 
crystal structure of 
germanium or silicon 
at OK 
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At 0K all the valence electrons are involved in bonding, and so the crystal is a 

perfect insulator because there are no electrons available for conduction. At higher 

temperatures, however, some of the valence electrons have sufficient energy to 

break away from the bonds and move about the structure. The higher the 

temperature, the greater the number of ‘free’ electrons, accounting for the 

observation that the electrical resistivity decreases with increasing temperature. 

When an electron escapes from a bond it leaves behind a vacancy in the lattice. The 

vacancy is called a hole. Clearly, a hole is a region in which there is an excess of 

positive charge. If, in the course of its random motion through the solid, an 

electron comes near a hole, it is likely to be captured, in which case the hole ceases 

to exist. Since holes are continually being filled in this way and, at the same time, 

are continually being created as more electrons are freed from their bonds, it is as if 

the holes are moving randomly through the structure. Thus, in semiconductors 

there are two types of charge carrier — the electrons (negative) and the holes 
(positive). When a battery is connected the electrons drift towards the positive 
plate; the holes drift in the opposite direction. (The reader should not confuse 
positive holes with positive ions; the concept of electrical conduction by positive 
holes is merely a convenience.) 

Each hole in an intrinsic semiconductor is produced by the thermal excitation of a 
bound electron and therefore there is an equal number of free electrons and holes. 
However, the mobility ofan electron, i.e. its average drift velocity per unit electric 
field intensity, is usually greater than that of a hole, and because of this the 
contribution of the electrons to the total current is greater than that of the holes. 

95.3 EXTRINSIC SEMICONDUCTORS 

Small amounts (~1 part in 10°) of certain elements can be added to germanium 
(and silicon) without producing any distortion of the basic crystal structure. The 
process is known as doping and produces a considerable increase in conductivity. 
The atoms which are added are often referred to as impurities, but this is not to be 
taken to imply that there is anything haphazard or accidental about their inclusion, 
the process is very carefully controlled. The atoms which are added are either 
pentavalent (e.g. antimony, arsenic and phosphorus) or trivalent (e.g. indium and 
gallium). 
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We shall illustrate the effect of adding a pentavalent impurity by considering the 

particular case of antimony incorporated into a crystal of germanium. The 

antimony atoms occupy sites at which there would otherwise be germanium atoms 

(Fig. 55.3). Antimony has five valence electrons, only four of which are required 

for bonding. The fifth electron is very loosely bound, and needs only about 0.01 eV 

to become free. This is less than the average thermal energy of the lattice ions and 

therefore almost all the surplus electrons are liberated from their parent nuclei. 

The energy required to release an electron from a germanium—germanium bond, 

: on the other hand, is about 0.75 eV and therefore at ordinary temperatures only 
about 1 in 10° of these electrons is free. If germanium is doped to the extent of one 

part per million with antimony, then since each antimony atom contributes an 

electron which is available for conduction, the conductivity is increased by a factor 

of 10*. Since antimony and the other pentavalent elements which are used in 

doping donate conduction electrons to the structure, they are known as donor 

impurities. Germanium which has been doped in this way is called an n-type 

semiconductor because it is primarily negative charge carriers (electrons) that are 

involved when it conducts electricity. Since in an n-type semiconductor there are 

many more free electrons than holes, the electrons are called majority carriers 

and the holes are called minority carriers. It is worth stressing that the addition 

of a donor impurity leaves the crystal electrically neutral; the excess negative 

charge associated with the charge carriers is balanced by the excess positive charge 

at the sites of the antimony nuclei. 

Fig. 55.3 
Effect of adding a 
pentavalent impurity into 
a germanium crystal 

}= Antimony 

The ‘fifth’ valence 
electron of antimony 
is not involved in 
bonding 

The addition of a trivalent impurity (e.g. indium or gallium) to a crystal of 

germanium or silicon also produces a marked increase in conductivity. In this case 

the majority charge carriers are holes, and semiconductors of this type are called p- 

type semiconductors, Consider the effect of adding indium to a crystal of 

germanium. The indium atoms substitute for germanium atoms (Fig. 55.4). Each 

indium atom has only three valence electrons and therefore can form covalent 

bonds with only three of its four germanium neighbours. It requires very little 

energy for an electron in a nearby germanium-germanium bond to move across 

and fill the vacancy on the indium. At room temperature, lattice vibrations readily 

provide this energy, thus creating a hole on one of the germanium atoms. Because 

trivalent impurities accept electrons from the structure in this way they are called 

acceptors The majority carriers in a p-type material are holes. Like n-type 

semiconductors the crystal as a whole is electrically neutral, 
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Fig. 55.4 
Effect of adding a 
trivalent impurity into a 
germanium crystal 
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595.4 BAND THEORY TREATMENT OF CONDUCTION 

Fig. 55.5 
Energy levels of a pair of 
atoms 

The electrons in an isolated atom have a well-defined set of energy levels (section 
48.5). When two identical atoms are close together their electrons move under the 
influence of the combined electric fields of the two atoms and each previously 
single energy level splits into two levels, one higher and one lower than the 
corresponding level of the isolated atoms (Fig. 55.5). When large numbers of 
atoms are together, as they are in a crystal, the energy levels spread into bands (Fig. 
55.6). Each band contains a large number of levels, and these are so close together 
that, in effect, there is a continuous range of energies available to the electrons. The 
energy bands are separated by gaps in which there are no available energy levels. 
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If an electron is to take part in the conduction of an electric current, it must be 
capable of being accelerated by an applied PD and so must be capable of being 
raised to a slightly higher energy level. It follows that a material can conduct 
electricity only if some ofits electrons are in a band which does not contain its full 
quota of electrons, for otherwise the only energy levels which are available to the 
electron are in higher bands, in which case the energy differences involved are 
prohibitive. 
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The energy band diagrams of an intrinsic semiconductor and an insulator are 

compared in Fig. 55.7; in each case only the two highest bands are shown. (Bands 

which are lower than these are full and are of no interest.) 

Fig. 55.7 (a) (b) 
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In a semiconductor at 0 K (Fig. 55.7 (a)) the valence band is completely full and 

the conduction band is totally empty. The semiconductor therefore behaves like a 

perfect insulator because it has no electrons which can conduct a current. 

However, the forbidden gap is narrow (0.75 eV in the case of germanium, 1.1 eVin 

the case of silicon) and at room temperature (Fig. 55.7(b)) some of the electrons in 

the valence band gain enough energy from lattice vibrations to move up into the 

conduction band. This electron promotion creates an equal number of holes in the 

valence band. If the temperature is increased, there is even more thermal 

excitation of electrons into the conduction band and the conductivity increases. 

Insulators, like semiconductors at 0 K, have completely full valence bands-and 

totally empty conduction bands (Fig. 55.7(c)). However, in the case of an 

insulator the forbidden gap is large and, at room temperature, the number of 

electrons that can acquire sufficient energy to cross it-is so small as to be 

insignificant. At very high temperatures, or in very strong electric fields, a 

significant number of electrons may gain enough energy to be raised to the 

conduction band, in which case the insulator is said to have broken down. At even 

higher temperatures there are increased amounts of electron promotion and 

therefore, like semiconductors, insulators have negative temperature coefficients 
of resistance. 

Monovalent metals have valence bands in which only half the available energy 

levels are occupied. The valence bands of divalent metals are full, but are 

overlapped by their conduction bands. In each case, therefore, higher energy levels 
are available to the electrons — hence metals are good conductors. 

595.5 BAND THEORY TREATMENT OF EXTRINSIC 
SEMICONDUCTORS 

Fig. 55.8 
Energy bands of an 
n-type semiconductor 

The addition of a donor impurity to an intrinsic semiconductor creates extra 
energy levels just below the bottom of the conduction band (Fig. 55.8). At room 
temperature, lattice vibrations are easily capable of providing the small amount of 
energy (~0.1 eV) needed to raise the electrons in these levels to the conduction 
band. Once in the conduction band the electrons can conduct an electric current. 
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Fig. 55.9 
Energy bands of a p-type 
semiconductor 

The addition of an acceptor impurity to an intrinsic semiconductor creates extra 
energy levels just above the top of the valence band (Fig. 55.9). At room 

temperature these levels are occupied by electrons which have been thermally 
excited from the valence band. This leaves a large number of holes in the valence 

band and so increases the conductivity. 
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55.6 THE p-n JUNCTION DIODE 

Fig. 55.10 
Depletion layer in a p-n 

junction 

A single crystal of silicon or germanium which has been doped in such a way that 

one half of it is p-type and the other is n-type can be used as a rectifier. It is the 

existence of the junction between the two types of semiconducting material which 

gives the device its ability to rectify; it is therefore called a p-n junction diode. 

(Note. A junction formed simply by putting a p-type crystal in contact with an n- 

type would have too many imperfections to behave in a reliable fashion.) 

As soon as such a junction is formed, electrons from the electron-rich n-type 

material on one side of the junction diffuse into the p-type side and fill some of the 

holes there. At the same time, holes from the p-type side diffuse into the n-type 

material and are filled by electrons. This exchange takes place in a narrow (~1 um) 

region known as the depletion layer (Fig. 55.10). That part of the depletion layer 

which is in the n-type material has lost electrons and gained holes and is therefore 

left with a positive charge; the p-type side of the depletion layer becomes negative. 

Electric field due to 
excess charge in the 
depletion layer 

Depletion 
layer 

ins 
Excess ined Excess 
negative PNUNCHION positive 
charge charge 



844 

Fig. 55.11 
(a) A junction diode with 
forward bias, and (b) its 
current-voltage 
characteristic 
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Note that although the p-type material now has a net negative charge, it still 

contains many more holes than free electrons; the excess charge is due to the 

presence of negatively charged ions, and as such is immobile. Positive ions are 

responsible for the excess charge in the n-type material. Thus the diffusion 

establishes a potential difference across the junction (the so-called contact 

potential), and within a very short time of the junction being formed this becomes 

large enough to prevent any further diffusion. The size of the contact potential 

depends on the nature of the crystal, its temperature and the amount of doping, 

but it is typically a few tenths of a volt. 

Suppose that a battery, whose EMF is bigger than the contact potential, is 

connected across a junction diode as in Fig. 55.11(a) — the so-called forward bias 

connection. The polarity of the battery is such as to urge the majority carriers on 

each side of the junction to flow across it and so constitute a current. Since it is the 

majority carriers (electrons from n to p and holes from p to n) that are carrying the 

current, the current is appreciable (~mA). (The current in the connecting wires is 

of course carried by electrons only.) A typical forward bias characteristic (current 

against applied PD) is shown in Fig. 55.11(b). 
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Suppose now that the battery is connected as shown in Fig. 55.12(a) — the reverse 
bias connection. The polarity is such that only the minority carriers can cross the 
junction and therefore the current which flows is small. This reverse current is 
often referred to as the leakage current. A typical reverse bias characteristic is 
shown in Fig. 55.12(b); note that the scales are different from those in Fig. 
55-1 Li 
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Thus a junction diode has low resistance to current flow when it is forward-biased, 

but has high resistance to current flow in the opposite direction and therefore can 

be used as a rectifier. The circuit symbol for a junction diode is shown in Fig. 

55:13. 

Fig. 55.13 
Circuit symbol for a — p 

junction diode 
——> 

Current flows easily 
in this direction 

55.7 THE ZENER DIODE 

Fig. 55.14 shows the effect of applying a large reverse PD to a junction diode. 

There is a marked increase in current as the PD is increased beyond a critical 

breakdown voltage, Vz (sometimes called the Zener voltage). There are two 

distinct processes by which breakdown may occur — Zener breakdown and 

avalanche breakdown. 

Fig. 55.14 oppl PAV: * 
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Zener Breakdown 

Zener breakdown is the result of the electric field across the depletion layer 

becoming high enough to tear electrons away from their nuclei and so produce a 

large number of electron-hole pairs. This has a very marked effect on the number 

of minority carriers present (in particular) and leads to a massive increase in the 

reverse current. It is the predominant effect in diodes which have a high level of 

doping, and V; is typically less than 5 V. The process is reversible, the current 

returns to its pre-breakdown level when the applied PD is reduced below Vz. 

Avalanche Breakdown 

Avalanche breakdown occurs in diodes which have a low level of doping. These 

have wide depletion layers, and reverse bias PDs of as much as 200 V can be 

applied without the electric field across the depletion layer becoming large enough 

to produce ionization. However, with high PDs the minority carriers can gain 

sufficient energy to produce ionization by collision. The electrons which are 

ejected can themselves produce ionization and a current avalanche occurs. 

Zener Diodes 

Zener diodes are p—n junction diodes which are specifically intended to make use 

of one or other of these breakdown effects. When a Zener diode is used it is 

operated at a reverse bias voltage which is slightly higher than its breakdown 

voltage. Under these conditions the voltage across the diode is very nearly 

independent of the current through it, i.e. it is a voltage regulator. 

` 

55.8 THE JUNCTION TRANSISTOR (BIPOLAR 
TRANSISTOR) 

A junction transistor is a single crystal of semiconducting material doped in such a 
way that a piece of p-type material is sandwiched between two pieces of n-type 
material, or such that a piece of n-type is between two pieces of p-type. The two 
types are respectively called n-p-n transistors and p-n-p transistors, and are 
illustrated schematically in Fig. 55.15 together with their circuit symbols. The 
three regions of a junction transistor are called the emitter, the base and the 
collector. The current in an n-p-n transistor is due mainly to electrons flowing 
from the emitter to the collector; in a p-n-p type it is due mainly to the movement 
of holes, also flowing from the emitter to the collector. The arrowheads on the 
circuit symbols point in the direction of conventional current flow. In both types 
the base is very much thinner than the emitter and the collector, and is much more 
lightly doped. 

A transistor is normally sealed inside a light-proof case through which protrude 
three metal leads so that connections can be made to the emitter, the base and the 
collector. Nowadays the most widely used transistors are silicon n-p-n types.* 
These can be used at higher frequencies than the p-n-p types. This is because the 
main charge carriers are electrons and have greater mobilities than holes. The 
forbidden gap in silicon is larger than that in germanium and because of this silicon 
transistors are less influenced by temperature variations. 

*From now on we shall limit our discussion to the behaviour of n—p-n types. The reader should be 
able to apply this to p-n-p types by bearing in mind that (i) the polarities of the biasing voltages are 
the reverse of those used with n-p-n transistors, and (ii) the main charge carriers are holes rather 
than electrons. 
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Fig. 55.15 
Junction transistors: 

(a) n-p-n, (b) p-n-p 

Fig. 55.16 
Biasing of an n-p-n tran- 
sistor in the common- 

emitter mode 

d 

847 

(a) Electrons 

Emitter (E) Collector (C) E C 

B 

Base (B) 

Holes 
(b) a 

Emitter (E) Collector (C) E c 

B 

Base (B) 

When a transistor is in use the base-emitter junction is normally forward- 

biased and the base-collector junction is reverse-biased. In the case of an n— 

p-n transistor this means that the base must be positive with respect to the emitter, 

and the collector must be positive with respect to the base. 

Transistors can be connected into circuits in three different ways: the common- 

emitter connection, the common-base connection and the common- 

collector connection. The common-emitter connection is the most widely 

used and is the only one that we shall consider. 

Fig. 55.16 illustrates the way in which an n-p-n transistor is biased when it is 

operating in the common-emitter mode. Note that the emitter is common to the 

base circuit and the collector circuit. Provided the PD between the emitter and the 

base is large enough to overcome the contact potential (section 55.6) at the base- 

emitter junction, electrons (the majority carriers in the emitter) cross into the base 

Note that the PD 
between C and E is 
greater than that 
between B and E, 
and therefore the 
base-collector 

— Reverse junction is reverse-biased 
9 bias 
5 ® _ Forward 
uw bias 
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region. Because the base is very thin and is only lightly doped most of the electrons 

that enter the base diffuse to the base—collector junction before they can combine 

with holes in the base. On reaching the base—collector junction they are pulled 

across into the collector under the influence of the base—collector PD and so 

constitute a collector current, Ic. A few electrons combine with holes in the base 

and a few diffuse to the base lead. These two effects give rise to a small base current, 

Ig, in the form of electrons flowing out of the base into the external circuit. 

If the emitter current is represented by J, then by Kirchhoff’s first rule 

Te = Ty + Ie 

The values of Jg, Jz and Ic depend on the particular transistor being considered 

and on the biasing voltages applied, but typically; = 2mA,J~ = 1.98 mA and 

Iz = 0.02 mA. Note, in particular, that J, is much less than Ic. 

55.9 TRANSISTOR CHARACTERISTICS IN COMMON- 
EMITTER CONNECTION 

Fig. 55.17 
Transistor characteristics 

in the common-emitter 

mode 

In order to be in a position to determine how any particular transistor will behave in 

a circuit, it is necessary to have knowledge of the relationships which exist among 

the currents in the three sections of the transistor and the biasing voltages. These 

relationships are called the characteristics of the transistor and the information is 

usually presented as a set of curves. The three most important relationships for a 

transistor which is operating in the common-emitter mode are those shown in Fig. 
Sorta. 

(a) lgluA (b) Ic/mA 

40 

Approximately 
exponential 

20 

Vee/ V 

(c) le/mA 

Approximately 
linear 

lg/uA 
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The Input (Base) Characteristics 

These are plots of base current (Ip) against base-emitter voltage (Vg_) at fixed 

values of collector-emitter voltage (Vcg) — one such curve is shown in Fig. 

55.17(a). The shape of the curve is very like that of a forward-biased junction diode 

(Fig. 55.11(b)). The similarity arises because Ig, though much smaller than the 

emitter current, Jg, is an almost constant fraction of it, and J; is the current which, 

under the influence of Vp», is flowing across the base-emitter junction, and this is 

essentially a forward-biased junction diode. Note that J; is very small for values of 

Ver which are less than the contact potential (~0.5 V for silicon). 

The input (base) resistance is defined by 

Input resistance = ae (typically 10° Q) 
eA AL 

where A% is the small increase in Jg which corresponds to a small increase, A Vgg, 

in Veg. The curve is not linear, and therefore the value of the input resistance 

depends on the value of Vpr at which it is measured. It also has a slight dependence 

on Vcr. Under normal operating conditions, i.e. Vgg > 0.5 V, the input resistance 

is typically 10° Q. 

The Output (Collector) Characteristics 

These are shown in Fig. 55.17(b) and are plots of collector current (Ic) against 

collector—emitter voltage (Vc, ) at fixed values of base current (Jp). For values of 

Vcg which are greater than about 1 V, Ic increases only slightly with Vcg but is 

strongly dependent on Ip. Transistors which are being used as amplifiers are 

operated at values of Vcg which are to the right of the knee. The curves are linear in 

this region and the amplifier produces an undistorted output. 

The output resistance is defined by 

(often > 10° Q) 

where AJ is the increase in J, which corresponds to an increase AVcg in Veg in 

the region to the right of the knee. The value of the output resistance depends on 

the particular value of J, but, because Ic varies linearly with Vc, in this region, itis 

independent of Vcg. The output resistance is high (often > 10°Q),* a feature 

which is brought about by the reverse bias across the collector—base junction. 

The Transfer Characteristics 

These are plots of collector current (Qc) against base current (Ip) at fixed values of 

collector-emitter voltage (Vcr). One such curve is shown in Fig. 55.17(c). The 

graph can be obtained from Fig. 55. 17(b) and is approximately linear, reflecting 

the fact that J, is an almost constant fraction of Ic (and Ip). 

Fora fixed value of Vog, the static value of the forward current transfer 
ratio, 

hyg (formerly called the DC current gain, f) is defined by 

Its value is typically in the range 20-200, but it can be much higher. 

*The curves shown in Fig. 55.17(b) correspond to an output resistance of only about 107Q at 

Iz = 40pA. 
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The small signal forward current transfer ratio, hf, is defined by 

he = ey 

where AJ, is the change in collector current brought about by a change A J in base 

current at a fixed value of collector—emitter voltage. è 

Since the transfer characteristic approximates to a straight line through the origin 

Ak | Ic h 

AMAT te 

55.10 EXPERIMENTAL DETERMINATION OF 
COMMON-EMITTER CHARACTERISTICS 

Fig. 55.18 
Circuit to investigate 
n-p-n transistor 
characteristics in the 
common-emitter mode 

The common-emitter characteristics of an n-p-n transistor can be obtained, by 

using the circuit shown in Fig. 55.18. R,; and R3 may be high-resistance rheostats 

or wire-wound potentiometers. R, is a safety feature; its value should be such that 

even when R; is providing the maximum PD the base current does not exceed the 

maximum allowable for the particular transistor being studied. The voltmeters 

should have very high resistances — DC valve voltmeters are ideal. Alternatively the 

voltmeters may be connected between X and X’, and between Y and Y’ and 

corrections made for the PDs across the ammeters. (For example if the 

microammeter has a resistance of 1000Q and is registering a current of 20 A, 
the PD across it is 20 x 1076 x 10? = 0.02 V, and it is necessary to subtract this 
from the voltmeter reading to obtain the true value of Vz.) 

Potential divider Potential divider 
to provide Vge to provide Væ 

To Obtain the Input Characteristics (/s— Vee) 
Select a suitable value of Vor by adjusting R;. With Vor fixed at this value vary R, 
to obtain a series of values of J, at different values of Vie- 

To Obtain the Output Characteristics (ic— Vee) 
Select a suitable value of Iy by adjusting R}. With Iy fixed at this value vary R; to 
obtain a series of values of Ic at different values of Vor. Repeat for different values 
of J, to give a set of curves. 

To Obtain the Transfer Characteristics (i—i) 
Once the output characteristics have been plotted, corresponding pairs ofvalues of 
Ic and I, can be read off for any particular value of Vo. 
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55.11 THE TRANSISTOR AS AN AMPLIFIER IN THE 
COMMON-EMITTER CONNECTION 

Examination of the transfer characteristics of a transistor in common-emitter 

connection (Fig. 55.17(c)) reveals that a small change in base current produces a 

large change in collector current. For example, in the particular case shown, a 
change of 1 mA in collector current is brought about by a change of less than 10 uA 

in base current. It follows that if a small alternating current is superimposed on the 

steady base current, it will cause a much larger alternating current to be 

superimposed on the steady collector current, i.e. the transistor can amplify a 

current change. Furthermore, since the transfer characteristic is approximately 

linear, the amplification produces very little distortion, i.e. the amplified current 

has nearly the same waveform as the original current. 

The common-emitter circuit shown in Fig. 55.19 can be used to amplify small 

voltage changes. A single battery provides both the base-emitter bias and the 

collector—emitter bias — a feature which is made possible by the presence of the base 

bias resistor. The alternating PD which is to be amplified is applied across the 

input terminals. This causes a small alternating current to be superimposed on the 

steady current J, flowing into the base from the bias resistor. This results in a large 

alternating current being superimposed on the collector current, Ic, and therefore 

a large alternating PD is superimposed on the steady PD across the load resistor. 

Since the PD between X and Y is constant (= Vs), there is an equal and opposite 

alternating PD superimposed on the steady PD between emitter and collector. C2 

acts as a blocking capacitor and ensures that only the alternating component 

appears at the output terminals. C} allows the alternating input current to pass to 

the base and, at the same time, ensures that the steady biasing current from the bias 

resistor flows into the transistor and not into the AC input. 

Fig. 55.19 
Transistor used as a 
voltage amplifier 

Base 

bias 
resistor 

Load 
resistor 

Input 
e 

We shall now examine the circuit in more detail by considering a numerical 

example. In order to do so we shall assume that the characteristics of the transistor 

are those shown in Fig. 55.17 and that it is required to operate the amplifier such 

that in the absence of an input signal the steady collector current Ic = 2 mA, the 

collector-emitter voltage Vcr = 4V and the supply PD Vsti = 9 V2 ihe 

resistance of the base bias resistor is Rg, that of the load resistor is R. 
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To Calculate AL 

From Fig. 55.19 

Vs = IcR. + Vee 

9 = (2x 10-3)R, +4 

i.e. R, = 25x 10°Q 2 

To Calculate Re 

From Fig. 55.17(b), when Ic = 2mA and Væ = 4V, Ip = 20 pA. From Fig. 

55.17(a), when Iş = 20 uA, Vg = 0.8V. From Fig. 55.19 

Vs = IpRg + Vee 

j 9 = (20x 10°°)Rg + 0.8 

i.e. Rg = 4.1 x 10°Q 

To Calculate the Voltage Amplification 

Suppose that the PD across the input terminals increases from zero to A V; and that 

its polarity is such that the upper terminal becomes positive. There will be a 

corresponding increase AJ; in the base current given by 

ae A 

Ri + Rs 

where R; is the input resistance of the base-emitter junction and Rg is the internal 

output resistance of the alternating supply. If the transfercharacteristic is taken to 

be a straight line through the origin, then from section 55.9(c) the corresponding 

increase, AIc, in the collector current is proportional to AJ, and is given by 

Al. = hpAl, 

AY, 
Ri+Rs 

The increased collector current causes the PD across the load resistor to increase 
by AJ, Ri, and therefore the voltage between the collector and the emitter 
decreases by AV,, where 

Aly 

i.e. Al. == hep 

AV, = AIr R, 

AV; 
Le AV, = hg—— 1.e FER ER, R 

i.e. the voltage amplification AV,/AV; is given by 

AV, Ri 

Api} hre Ri + Rs 

For this particular example R, = 2500Q, hp; © 100 (from Fig, 55.17(¢)), 
Ri ~ 1000 Q (from Fig. 55.17(a) at Ig = 20 A), and therefore, if Be = 0 

AV, 

AV; 
The current amplification AJ, /AJz is given by 

Al, 

Alp 
It follows that the power amplification is approximately 100 x 250 = 25000. 

= 250 

= h ~ 100 
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Further Points 

(i) The PD between collector and emitter has decreased and therefore the 

potential at the upper output terminal has changed from 0V to —AV,. 

Thus, an increased potential at M has produced a decreased potential at N, 

i.e. there is a phase difference of z radians between the input and output 

signals. 

(ii) Riis the slope of the input characteristic (Fig. 55.17(a)) and depends on the 

` PD between emitter and base. It follows that unless Rs is both constant and 

is much greater than R;, the change in base current will not be even 

approximately proportional to the change in input voltage, in which case the 

waveform of the output voltage will not be a faithful reproduction of the 

input waveform. (In obtaining a numerical value for the voltage amplifica- 

tion we took R; to be zero, and therefore the figure arrived at (250) could be 

achieved only at the expense of considerable distortion.) 

(iii) The circuit shown in Fig. 55.19 is less complex than those actually used. In 
particular, there is no provision to prevent unwanted feedback of the 

amplified signal to the base emitter circuit, and there is nothing to prevent 

temperature changes producing undesirable effects through causing 

changes in base current. 

55.12 THE TRANSISTOR AS A SWITCH 

The common-emitter circuit shown in Fig. 55.20(a) acts as a switching circuit. 

The output voltage, V,, is equal to Vog (the PD between collector and emitter) 

and the way in which it depends on the input voltage, V;, is shown in Fig. 55.20(b). 

When V; = Othere is no base-emitter bias (i.e. Vg; = 0) and therefore the base 

Fig. 55.20 
(a) Transistor used as a 
switch, (b) variation of V, 

with V; 
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current, Ig, is zero. Since J, = 0, the collector current, Ic, is also zero. From 

Fig. 55.20(a), under all circumstances, 

Kg = Vs — hR [55.1] 

and therefore since Ice = 0 when V; = 0, it follows that when V; = 0, 

V, = Vs. If V; is increased, then providing it does not exceed V, (Fig. 

55.20(b)), there is very little increase in J, (and therefore in Ic) and so V, 

decreases only slightly. When itis in this state (i.e. V; < V1) the transistor is said to 

be cut-offand Ic ~ 0. If Vj;isincreased to V2, Icis appreciable and the PD across 

R, is almost as large as the supply voltage, V;. It follows from equation [55.1] that 

V, is approximately zero when V; = V3. Increasing V; beyond V3 has very little 

effecton J,, and therefore has very little effecton V,. In this state (i.e. V; > V2) the 

transistor is said to be saturated. 

Thus, by varying the input voltage, the transistor can be made to switch between 

two states — cut-off and saturation. The sharpness of the switching depends on the 

value of the resistance, Rg, in series with the base. Increasing Rg makes Vpg less 

sensitive to changes in V;, and so increases the value of V} — V1, i.e. it decreases 

the sharpness of the switching. 

The ability of transistors to switch between two distinct states is made use of in 

digital computers. A single transistor can be switched many millions of times in 

one second. The output from one switch can be used as the input of a second 

switch, and interlinking a large number of these switches in this way makes it 

possible to carry out complex arithmetical calculations at high speed. The 

switching circuits are called logic gates, and these are discussed briefly in section 
55.13. 

` 

55.13 LOGIC GATES 

Fig. 55.21 
(a) NOT gate, (b) its truth 
table 

NOT Gate (Inverter) 

The circuit shown in Fig. 55.20(a) acts as a NOT gate because, as explained in 
section 55.12, its output (V,) is high only when its input (V;) is not high. Thus, if 
an output (or input) voltage Vg is taken to represent the binary digit ‘1’ and an 
output (or input) voltage of (approximately) zero is taken to represent the binary 
digit ‘0’, then when the input = 1 the output = 0 and when the input = 0 the 
output = 1. (This system, in which the higher of the two voltages represents 1 
and the lower voltage represents 0, is known as positive logic.) The circuit symbol 
for a NOT gate is shown in Fig. 55.21(a)* and the function of the gate is 
summarized in the table in Fig. 55.21(b), which is known as a truth table. 

(a) (b) > S - F S F 

0 1 

1 0 

NOR Gate 

The circuit of Fig. 55.22(a) acts asa NOR gate. It has two inputs (A and B) and the 
output is high only when both inputs are not high, i.e. when neither A nor Bis high. 
The circuit symbol and truth table are shown in Fig. 55.22(b) and (c). 

*The symbols for the various logic gates in Figs. 55.21 to 55.25 show identifying labels. This is not 
strictly necessary but has been done to assist the reader. 
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Fig. 55.22 
(a) Circuit for NOR gate, 
(b) circuit symbol for 
NOR gate, (c) its truth 
table 

Fig. 55.23 
(a) OR gate, (b) its circuit 
symbol, (c) its truth table 

Fig. 55.24 
(a) AND gate, (b) its 
circuit symbol, (c) its 

_ truth table 

+Vs 

(a) R, 

Input A Output 

Input B 

OV 

(b) (c) 
A Input |Output 

A|B z 
O F 

B 0 

: 1 

0 

1 

OR Gate 

This has two inputs and operates in such a way that its output is high if one input or 

the other (or both) is high. It is actually a NOR gate followed by a NOT gate (Fig. 

55.23(a)) and as such is the opposite of a NOR gate. The circuit symbol and truth 

table are shown in Fig. 55.23(b) and (c). 

(a) (b) 

A 
O ° F 

B 

AND Gate 

This has two inputs and operates in such a way that the output is high only if one 

input is high and the other is also high. It consists of two NOT gates followed by a 

NOR gate (Fig. 55.24(a)). The circuit symbol and truth table are shown in Fig. 

55.24(b) and (c). 

(a) 

( c) 

Input | Output 
A,B F 

0 

1 

0 

1 

0 1 
1 
a O Q 

(b) 
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Fig. 55.25 
(a) NAND gate, (b) its 
circuit symbol, (c) its 
truth table 
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NAND Gate 

This has two inputs and operates in such a way that the output is high if either input 

or both inputs are low. It is an AND gate followed by a NOT gate (Fig. 55.25(a)) 

and as such is the opposite of an AND gate. The circuit symbol and truth table are 

shown in Fig. 55.25(b) and (c). 

(a) 3 

A Input 
A F 

0 1 

0 1 

1 1 

1 0 

55.14 THE BISTABLE MULTIVIBRATOR (FLIP-FLOP) 

Fig. 55.26 
Bistable multivibrator (or 

flip-flop) circuit 

A bistable multivibrator circuit is shown in Fig. 55.26. It consists of two transistors 

X and Y, each of which is connected in the common-emitter mode and which are 

arranged such that the collector of X is coupled to the base of Y via a resistance Rx, 

and such that the collector of Y is coupled to the base of X via a resistance Ry. Thus 

the output from X is linked to the input of Y and the output from Y is linked to the 

input of X. Rx and R,y are the load resistances of X and Y respectively. 

Suppose that initially the circuit conditions are such that there is no current 
flowing into (or out of ) the base of X. Recalling what was said in section 55.12 we 
note that X is cut-offand that its output voltage is Vz. Providing Rx is not too high, 
the fraction of Vs which is across the input of Y will be sufficient to saturate it. 
Thus the output from Y is (approximately) zero, and so although this output is 
linked to the input of X, it is not sufficient to prevent X remaining cut-off. 
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Suppose now that an external signal is applied to the input on the left so that a 

current pulse flows into the base of X. The pulse is amplified by X and fed to Y 

where it is amplified even more. Since the output of Y is connected to the input of 

X, the amplified pulse is returned to X. Each transistor reverses the phase of the 

pulse and therefore the returned pulse has the same phase as the original — an effect 

which is known as positive feedback. The process continues with ever larger 

pulses repeatedly being passed from X to Y and then from Y to X until X saturates. 

When this happens the output from X is zero, and therefore Y is cut-off. Thus the 

` circuit has been caused to ‘flip’ from its original state in which X was cut-off and Y 

was saturated to the opposite state — Y cut-off and X saturated. The transition takes 

place very rapidly. Both states are stable, and the circuit remains in whichever state 

it happens to be until it is triggered into changing by an external signal applied to 

the base of the transistor which is cut-off. The output, which can be taken from the 

collector of either transistor, is high when the circuit is in one state and is low when 

it is in the other state. 

Bistable multivibrators are used as binary counters and as frequency dividers. 

55.15 THE ASTABLE MULTIVIBRATOR 

An astable multivibrator circuit is shown in Fig. 55.27. It consists of two 

transistors, X and Y, each of which is connected in the common-emitter mode. 

They are arranged such that the output from X is coupled to the input of Y via a 

capacitance Cx, and such that the output from Y is coupled to the input of X via a 

capacitance Cy. Rix and Ry are the load resistances of X and Y respectively. 

Fig. 55.27 
Astable multivibrator 

circuit Ry 
(~47 KQ) 

Cy 

(~0.01 uF) 

Whenever the circuit is on, one of the transistors is conducting (i.e. saturated) and 

the other is cut-off. When X is conducting Cx discharges through Rx and turns Y 

on, whereupon Cy starts to discharge through Ry and eventually turns X on again. 

This sequence repeats indefinitely with a frequency which is determined by the 

time constants Cx Rx and Cy Ry. Thus the circuit has two quasi-stable states and 

switches periodically from one to the other. If the time constants are equal, the 

output voltage, V,, has the form shown in Fig. 55.28. The output can be taken 

from the collector of either transistor; the output from X differs in phase with that 

from Y by x radians. Because the waveform is approximately rectangular the 

circuit is often referred to as a square-wave oscillator. 

Astable multivibrators are used in the timing circuits of computers. 
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Fig. 55.28 
Voltage output 
(approximately square- 
wave) from an astable 
multivibrator 
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Time 

Period = kCy Ry = kCyRy, 

where k is a constant 

55.16 THE MONOSTABLE MULTIVIBRATOR 

Fig. 55.29 

Monostable multivibrator 

circuit 

Fig. 55.30 
The effect of a trigger 
pulse on the output 
voltage from a 
monostable multivibrator 

A monostable multivibrator circuit is shown in Fig. 55.29. It consists of two 

transistors, X and Y, each of which is connected in the common-emitter mode. 

The output of X is connected to the input of Y via a resistance Rx, and the output 

of Y is connected to the input of X via a capacitance Cy. The circuit has one stable 

state only, and this is such that X is conducting and Y is cut-off. The circuit can be 

switched into its unstable state (Y conducting, X cut-off) by applying a positive 

voltage pulse to the base of Y. Once Y is conducting, Cy starts to discharge 

through Ry, and eventually turns X on again, i.e. the circuit reverts to its stable 

state. The time that the circuit spends in the unstable state is proportional to 

Cy Ry and, in particular, is independent of the size and shape of the triggering 

pulse. Fig. 55.30 shows how the output varies with time as a result ofa trigger pulse 

being applied at the input. Since the shape of the output pulse is independent of the 

shape of the trigger pulse, the circuit can be used as a pulse-shaping circuit. 

Unstable 

Stable 
a 

Time 
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55.17 THE OPERATIONAL AMPLIFIER 

The term ‘operational amplifier’ was originally used in the field of analogue 
computing* to describe an amplifier circuit whose characteristics were such that it 

could be used to carry out mathematical operations such as addition, subtraction, 
differentiation and integration. Nowadays these amplifiers are available at modest 

prices (~50p) in integrated circuit form and because of this it is becoming 
increasingly popular to use them as general purpose amplifiers. 

Operational amplifiers can amplify both DC and AC voltages and have high input 

resistances (typically 2 MQ) and low output resistances (typically 200 Q). They 

have very large voltage gains (~10°) at low frequencies. 

The type 741 operational amplifier is commonly available and is manufactured as 

an ‘eight-pin dual-in-line package’ (see Fig. 55.31). 

Fig. 55.31 
A typical operational 
amplifier 

One of the eight terminals is not used and two will not concern us; the other five are 
shown on the circuit symbol in Fig. 55.32 and are the inverting input (—), the non- 

inverting input (+), the output, and the positive and negative voltage supplies 

(+V; and — V; respectively). 

Fig. 55.32 
Circuit symbol of an VAE: 
operational amplifier input 

Non-inverting 
input 

za V3(~—9 V) 

The internal circuitry of an operational amplifier is complex (the 741 contains 20 

transistors, 11 resistors and one capacitor), but it is not necessary to understand 

the behaviour of these circuit components in order to use the amplifier. All that is 

required is that the user understands the functions of the external terminals and is 

familiar with the characteristics of his particular operational amplifier and 

understands their significance. 

The complex circuitry of an operational amplifier can be represented by what is 

called its equivalent circuit. (An equivalent circuit is a theoretical circuit which is 

much simpler than the circuit it represents but which has the same input and 

*An analogue computer is distinct from a digital computer in that the data which it processes is 

input as a continuously varying quantity (usually a continuously varying voltage) rather than as a set 

of binary digits. For example, when an analogue computer is used to solve a differential equation the 

magnitudes of the variables in the equation are input as voltages and the output voltage is 

proportional to the solution of the equation. 
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Fig. 55.33 
(a) An actual circuit, 
(b) its equivalent circuit 

Fig. 55.34 
Equivalent circuit of an 
operational amplifier 
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output characteristics. The reader will already be familiar with the idea, though 

perhaps is unaware of it, in which case reference to Fig. 55.33 should convince.) 

The equivalent circuit of an operational amplifier is shown in Fig. 55.34. Thus an 

operational amplifier can be regarded as being a device which generates a voltage 

E given by 

E = A(V— V) [55.2] 

where A is known as the open-loop gain of the amplifier, and V; and V2 are the 

voltages applied to the inverting and non-inverting inputs respectively. The value 

of A depends on the frequency of the input voltage(s) and is very high at low 

frequencies. (The DC open-loop gain of a 741 is 10°.) Note that V,, the PD 

appearing at the output, will be less than E because of the non-zero output 

resistance, R,, of the amplifier. 

(a) 100 (b) 

50 

100 

Actual circuit Equivalent circuit 

internal input resistance 
internal output resistance 

vı 

It follows from equation [55.2] that when V, = 0, E = —AV, i.e. the output 

voltage is out of phase with the voltage applied to the inverting input (hence 

the name). When V, = 0, E = AV3,1.e. the output is in phase with the voltage 
applied to the non-inverting input. 

The maximum value of the output cannot exceed about 80% of either the positive 

or the negative supply voltages. It follows that with supply voltages of +9 V and 

—9V and a gain of 10° the output saturates when the PD between the input 
terminals is greater than about 70 uV. 

55.18 THE OPERATIONAL AMPLIFIER AS A VOLTAGE 
AMPLIFIER WITH NEGATIVE FEEDBACK 

Inverting Amplifier 

In the circuit shown in Fig. 55.35 a fraction of the output signal of the operational 
amplifier is fed back to the inverting input by way of the feedback resistor. Because 
it is the inverting input which is being used the feedback is out of phase with the 
input signal and so the process is known as negative feedback because it results in 
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Fig. 55.35 Feedback 
Operational amplifier resistor 

used with negative 
feedback as an inverting 
amplifier 

Vinput 

Voutput 

a reduction in the overall voltage gain. Although the gain is reduced, the system has 

the advantage of having a gain which is independent of the characteristics of the 

amplifier itself. As such the gain is highly stable and is constant over a large range of 

input voltages and frequencies. It can be shown that providing both Rp and R; are 

small in comparison with the input resistance of the operational amplifier (2 MQ in 

the case of a 741) and that the open-loop gain is very large 

[55.3] 

The minus sign takes account of the phase inversion, i.e. Vourpur is negative when 

Vinput is positive and vice versa. Equation [55.3] holds for positive and negative 

inputs which are not so large that the amplifier saturates. If V; = 9V, the 

maximum output voltage will be plus or minus about 7 V, in which case if the 

overall gain is — 10 (e.g. Re = 100kQ, Ra = 10k), saturation occurs for input 

voltages of plus or minus 0.7 V. A typical output/input characteristic is shown in 

Fig. 55.36. Note that the gain is exactly linear between the two saturated states. 

The characteristic can be obtained by using the circuit of Fig. 55.37; this is 

basically the same as that of Fig. 55.35 but shows the necessary power supplies, 

etc. In practice the positive and negative saturation voltages may not be equal. The 

asymmetry is associated with the fact that the meter used to measure Voutput aCts as 

a highly resistive load. 

Fig. 55.36 pba 

Output-input 
characteristics for the 
circuit of Fig. 55.35 

Voutput = 0.8 Vs 

V input 

tie 
_— Gradient = R, 

VO =~ —0.8 Vs 
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Fig. 55.37 
Circuit to obtain 
characteristics of Fig. 
55.36 

Fig. 55.38 
Operational amplifier 
used with negative 
feedback as a non- 
inverting amplifier 

SECTION G: MODERN PHYSICS 

2V 

Potential divider 
to provide a 
range of input 
voltages 

For a 741 with a DC input, equation [55.3] is valid for values of R/R, which are 

less than about 10°. The equation is valid for AC inputs with frequencies of less 

than about 10 kHz provided Rp/R4 is limited to about 10. 

Non-inverting Amplifier 

In the circuit shown in Fig. 55.38 the two resistors form a potential divider so that a 
fraction R,/(R, + Rp) of the output voltage is fed back to the inverting input by 

way of Rr. As with the circuit shown in Fig. 55.35, the signal is being fed back to 

the inverting input and therefore the process is one of negative feedback. In this 

case, though, the input signal is applied to the non-inverting input and this gives an 

output voltage which is in phase with the input voltage. It can be shown that 

provided both Rp and R, are small in comparison with the input resistance of the 

operational amplifier (2 MQ in the case of a 741) and that the open-loop gain is 
very large: 

Voupur  RatRe 1- 
eee a = — - = Z= 

oa ai Bs 

where f is the fraction of the output that is fed back to the input. Thus the gain 

depends only on the resistances Rp and R4. It is therefore independent of the 
characteristics of the amplifier itself, and so the amplifier is highly stable and the 
gain is constant over a large range of voltages and frequencies. A typical output— 
input characteristic is shown in Fig. 55.39 and may be obtained by using a suitably 
modified form of Fig. 55.37. 

Vinput Voutput 
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Fig. 55.39 
Output-input 
characteristic for the 
circuit in Fig. 55.38 

output 

Voutput pa 0.8 Vs 

Gradient = Rs 3 
A 

Vinput 

oa Voutput = = (8, Vs 

55.19 THE OPERATIONAL AMPLIFIER AS A VOLTAGE 
COMPARATOR 

Fig. 55.40 
Operational amplifier as a 
voltage comparator 

A voltage comparator circuit is used to compare the size of one voltage with that of 

another. A typical application is to sense when a varying input signal has reached 

the level of a steady reference voltage. Operational amplifiers can be used in such 

circuits, in which case the voltages being compared (V; and V2) are connected to 

the two inputs of the amplifier (see Fig. 55.40). The operational amplifier is being 

+9V 

v: 
Voutput 

used in the open-loop configuration, and therefore a difference of about 70 uV 

between V} and V; is sufficient to saturate it if a 9 V supply is being used (see 

section 55.17). Suppose that V, = 1V and that V} is a sinusoidally varying 

voltage whose maximum value is 2 V. When V2 is more than about 70 uV greater 

than V, (i.e. > 1.00007 V) the amplifier saturates and the output voltage has a 

constant value of about 7 V. When V3 is more than about 70 pV less than V, 

(i.e. < 0.999 93 V) the amplifier is again saturated and the output has a constant 

value of about —7 V. Thus the circuit switches from one saturated state to the other 

as the input swings above and below the reference level. The situation is illustrated 

in Fig. 55.41 and can be investigated by using the circuit of Fig. 55.42. The 

alternating signal and the output are viewed simultaneously on a double-beam 

CRO. The 10kQ potential divider enables V to be set to the desired value. The 

2.7kQ resistor is necessary to provide a DC path to ground if the signal generator is 

AC-coupled. 

The circuit shown in Fig. 55.43 is a voltage comparator circuit. The PD across the 

series combination R; + R3 is the same as that across R; + R4, and it therefore 

follows that if R,/R2 > R3/R4, Vi > V2, in which case the output voltage V, is 

negative. If R,/Rz < R3/Ra, Vi < V2, and V% is positive. 
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Fig. 55.41 
To illustrate the action of 

the circuit in Fig. 55.40 

Fig. 55.42 
Circuit to obtain Fig. 
55.41 

Fig. 55.43 
A voltage comparator 
circuit 
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Voutput 

If R; (say) is a light-dependent resistor (LDR) or a thermistor, the output voltage 
will flip from one saturated state to the other as the light level or temperature rises 
or falls above or below some critical value determined by the values of Ro RS R; 
and the characteristics of the particular LDR or thermistor. Used in conjunction 
with a relay the circuit can be caused to switch on or off some auxiliary lighting or 
heating system. 
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The circuit also provides a very sensitive means of measuring the value of an 

unknown resistance. If Ri, R2, R and R, are the four resistance arms of a 
Wheatstone bridge circuit, V, = 0 only when R,/R, = R/R, exactly. Since 

V, and V2 need differ by only about 70 uV to saturate the amplifier, any slight 

deviation from this balance condition will cause the output to change markedly. 

Thus the operational amplifier and the meter used to measure V, are taking the 

place of the galvanometer in a conventional Wheatstone bridge circuit. 

55.20 THE OPERATIONAL AMPLIFIER AS AN ASTABLE 
MULTIVIBRATOR 

The circuit is shown in Fig. 55.44. It produces a square-wave output of period T, 

where 

Fig. 55.44 
Operational amplifier as 
an astable multivibrator 

Vo 

R, (~1.0kQ) 

Output (= V) 
C (~4700 pF) 

R, (~1.8 kQ) 

OV 

Suppose that V, < V, initially. Since V; is applied to the inverting input and 

Vi < Vo, Vo is positive, and equal to Vj, say. (Bearing in mind the comments at 

the end of section 55.17, V; will be less than the supply voltage, Vs.) V2 is the PD 

across R,, and therefore 

R2 
V = =V: 

a Ri +R, ° 

For convenience we shall put V) = RV; where 

R pre er 
R, + R2 

At any stage, the potential at X (the upper plate of the capacitor) is V,. The 

potential at Y is V¿, and therefore the potential at X is less than that at Y-* The 

capacitor will therefore be being charged through R, and but for the action of the 

amplifier it would continue to be charged until the potential at X became equal to 

that at Y. However, as soon as the potential at X exceeds kVj, V, is greater than 

V, and the output voltage V, becomes negative and equal to — V; , whereupon V2 

becomes —kV{. The potential at X is now greater than that at Y. The capacitor 

starts to discharge through R and the potential at X falls. As soon as it reaches —k Ves 

V; is again less than V2, and therefore the output flips back to its original value of 

+V; and the cycle starts again. The situation is shown graphically in Fig. 55.45. 

45% oie wh ipewhere ki el eh ar Vj, i.e. the potential at X is less than the potential at Y. 



866 

Fig. 55.45 
Waveforms for circuit of 

Fig. 55.43 
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Time (t) 

Vg 

kv 

kVg + Vg 

Time (t) 

To show that T = 2CRlog,(1 + 2R2/R1) 
Consider the situation at some time t when the capacitor is charging, e.g. a point 
such as A (Fig. 55.45). The potential at the upper plate of the capacitor is in the 
process of changing from —k V; to Vj, a change of (1 + k) Vz, and therefore, since 
att = 0, V, = —kV%, 

Vi = RV + (1 + A)VE(L — eV) 
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Switching occurs when V, = kV; andt = T, and therefore 

kV; = —kV; + (1 +k)V:(1 — e7T/CR) 

2k T EA e Ti/CR 
l+k = 
eM/OR — 1 — 2k/(1 +k) 

= (L= k)/(1,+ k) 
à a eMCR — (14k) /(1 +) 

TPS CR ie: (3) 

The discharge time T, is equal to J, because the charging and discharging 

processes take place under equivalent conditions. The total period T is therefore 

equal to 27}, i.e. 

T= 3CRlog, | ince 
Since ducswadlRuctelal allah tea bR, 4 2R,)/(Ry + Rj) and (ieee 
R,/(R; + R2); therefore 

n Ri + = 
R 

2CR log, ( 
1 

i.e. T = 2CRlog.(1 + 2R2/R:) 

55.21 THE WIEN BRIDGE OSCILLATOR 

The frequency of oscillation of the multivibrator circuit of section 55.20 is 

determined by the time-constant of the R-C combination. In the oscillator which 

is about to be described the frequency of oscillation is determined by the resonant 

frequency of the feedback circuit. 

Fig. 55.46(a) shows an operational amplifier version of a Wien bridge oscillator. 

The circuit produces an output voltage V, which varies sinusoidally with 

frequency f where 

1 

I = paR 

The oscillator makes use of positive feedback, i.e. a fraction of the output from the 

operational amplifier is fed back to its non-inverting input in phase with the voltage 

already at the input. This is then amplified to offset the attenuation introduced by 

the feedback loop and reappears at the output. 

An integral part of the circuit is the combination of resistors and capacitors shown 

in Fig. 55.46(b) and known as a Wien network. It will be useful to discuss the 

properties of this network before explaining the operation of the oscillator circuit 

itself. 

The Wien network is an AC potential divider. In Fig. 55.46(b) an alternating 

voltage V, is applied across the whole network and an alternating voltage Vs 

appears across the parallel R-C combination. In general there will be a phase 

difference between V;and V, (see Chapter 43) but it can be shown that at one 

frequency only, namely 1/(27RC), V;and V, are in phase with each other. It can 

also be shown that at this frequency V;has its maximum value of V, jo: 
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Fig. 55.46 
(a) Operational amplifier 
version of a Wien bridge 
oscillator. (b) The Wien 
network 
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R (~10 kQ) 
(a) 

R (~100 kQ) 

C(~1nF) 
Output 

o 

R (~100 kQ) 

Note. The ratio R,/R, is critical and in practice is unlikely to 

be exactly 2 since the values of R and C in the Wien network are 

unlikely to be exactly as stated by the manufacturer. At least 

one of R, and R, should therefore be provided by a resistance 

box so that the required ratio (close to 2) can be found by trial 

and error. 

Cc | 

we Və 

G R igi 
In Fig. 55.46(a) the input to the Wien network is the output from the operational 
amplifier. When the oscillator circuit is first switched on small stray currents 
(noise) of many different frequencies start to flow and produce an output voltage 
V, which is itself comprised of voltages of a whole range of frequencies. A fraction 
V;/V, of this output is fed back to the non-inverting input of the operational 
amplifier. The feedback is in phase with the signal at the input (i.e. positive) only 
for that component of the output voltage which is at a frequency of 1 /(2nRC). It 
follows that providing the amplifier is producing sufficient gain, oscillations of this 
frequency increase in amplitude; those of other frequencies do not. 

(b) 

At a frequency of 1/(27RC), V; = 4 Vo, i.e. only one-third of the output is fed 
back to the non-inverting input. In order to offset this attenuation the operational 
amplifier needs to produce a voltage gain of 3. The gain is provided by way of the 
negative feedback applied to the inverting input. Bearing in mind that the signal 
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being amplified is applied to the non-inverting input, we see that the operational 

amplifier is being used as a non-inverting amplifier with negative feedback (see 

section 55.18). The gain is therefore (R; + R2)/R; and so we require 

R, + R2 

Ry 
i.e. R, = 2R; 

= 

55.22 THE LIGHT-DEPENDENT RESISTOR 

The light-dependent resistor (or LDR) is a semiconductor device whose 

resistance depends on the amount of light falling on it — the greater the intensity 

of the light (visible, ultraviolet or infrared), the lower the resistance. The circuit 

symbol is shown in Fig. 55.47. 

Fig. 55.47 “a 
Circuit symbol of LDR ` 

A typical LDR consists ofa pair of grid-like electrodes evaporated on to the surface 

of a semiconductor such as cadmium sulphide. The resistance of the cadmium 

sulphide decreases when light falls on it because the light provides energy to release 

bound electrons from their atoms, and so increases the number of electrons and 

holes available for conduction. 

A commonly used LDR (the ORP12) has a diameter of 14 mm and a resistance 

which ranges from about 100 Q in bright light to 10 MQ in the dark. ‘The response 

time for a change of this magnitude is of the order of 100 ms. 

Light-dependent resistors can be used as photographic exposure meters or, in 

conjunction with relays, as light-activated switches. 

55.23 THE LIGHT-EMITTING DIODE 

The light-emitting diode (or LED) is a p-n junction diode which emits light when 

a current (typically 20 mA) flows through it in the forward direction. The circuit 

symbol is shown in Fig. 55.48(a). The current provides a continuous supply of 

Fig. 55.48 (a) (b) 

The light-emitting diode: 3 An 

(a) circuit symbol, (b) AC A 

operation A 

E) —\ _, 
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electrons and holes moving across the junction in opposite directions. Some 

electron-hole recombination occurs in the region around the junction, and 
whenever it does a quantum of energy is released. (In the band theory model this 

corresponds to an electron ‘falling’ from the conduction band or one of the donor 

levels just beneath it in the n-type region to the valence band or one of the acceptor 

levels in the p-type region.) In a normal junction diode (one made from silicon or 

germanium, for example) this energy is all dissipated as heat, but light-emitting 

diodes are made from semiconducting materials which are such that some of the 

energy is emitted as light. The colour of the light depends on the composition of 

the semiconductor — gallium phosphide gives green light and gallium arsenide 

phosphide gives red or yellow light according to the relative proportions of gallium, 

arsenic and phosphorus. In each case the light is emitted as a narrow band of 

wavelengths. Light-emitting diodes made from gallium arsenide emit infrared 

radiation. $ 

These materials do not transmit light readily. In order that the light can escape, 

either the n-type or the p-type region has to be extremely thin (~1 um) so that the 

junction (where the light is produced) is very close to the surface. 

Light-emitting diodes are used as indicator lamps, and in the seven-segment 

displays commonly used on radio alarm clocks and early pocket calculators. They 

are small, cheap, reliable, mechanically robust, consume very little power and can 

be switched on and off at high speed. As with an ordinary diode, the current 

through an LED increases rapidly with voltage when it is forward-biased. Unless 

the current is being provided by some form of constant current source, the LED 

should be connected in series with a resistor to limit the current and prevent 

damage to the junction. They should also be protected from reverse bias — a reverse 

bias of as little as 5V can destroy them. Fig. 55.48(b) shows an LED being 

operated from an AC supply. The resistor limits the current through the LED 

when itis forward-biased, i.e. when A is positive. When A is negative the (ordinary) 
diode is forward-biased and its resistance is then very much lower than that of the 
resistor. As a consequence all but a small fraction of the supply PD is across the 
resistor and there is no danger of damaging the LED. 

55.24 THE PHOTODIODE 

Fig. 55.49 
Circuit symbol of 
photodiode 

This is a p-n junction diode in a case which has a transparent region or ‘window’ so 
that the junction can be exposed to light (visible or infrared). It is operated under 
reverse bias conditions, and in the dark the current is the normal leakage (minority 
carrier) current which might be as little as 1 nA. When light falls on the junction 
extra electron-hole pairs are created and the current increases, very nearly in direct 
proportion to the intensity of the light. 

A photodiode has very much faster response (~0.1 us) than an LDR. The circuit 
symbol is shown in Fig. 55.49. 

và 
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55.25 ELECTRICAL TRANSDUCERS 

These are devices which convert electrical energy into non-electrical energy or vice 
versa. 

An input transducer (or sensor) converts a non-electrical signal (such as sound or 

light) into an electrical signal that can be input into an electronic system such as an 

amplifier. An output transducer converts the electrical signal which is the output of 

the electronic system into a non-electrical signal. (See Fig. 55.50.) Some examples 

of transducers are given in Table 55.1. 

Input Electronic Output 
transducer system transducer 

Examples of electrical Input transducer Output transducer 

transducers Microphone Loudspeaker 

LDR 

Fig. 55.50 
To illustrate the function 

of transducers 

Non-electrical Electrical Electrical Non-electrical 

Thermistor 

Strain gauge 

Record-player pick-up 

55.26 MODULATION 

Ifa radio wave is to carry useful information, such as speech or music, it needs to be 

modified in some way. The process is known as modulation and is commonly 

amplitude modulation or frequency modulation. 

Amplitude Modulation (AM). 

In amplitude modulation (Fig. 55.51) the amplitude of the high frequency radio 

signal (the carrier wave) is made to vary in sympathy with the amplitude and 

frequency of the much lower frequency information signal (e.g. the audio 

frequency signal from a microphone). The information signal is known as the 

modulating signal. ‘ 

Fig. 55.51 
Amplitude modulation Le BS nly? 

(a) unmodulated (RF) 
carrier wave, (b) audio 
frequency modulating 
signal, (c) amplitude 
modulated signal 

(a) (b) 

(c) 
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Frequency Modulation (FM) 

In frequency modulation the amplitude of the carrier wave is kept constant, but its 

frequency is increased or decreased by an amount proportional to the amplitude of 

the modulating signal and at a rate which is proportional to the frequency of the 

signal — see Fig. 55.52. FM is a more complicated process than AM but it has the 

advantage of not being susceptible to changes in amplitude produced by 

extraneous signals (noise) and so gives better reception. ` 

Fig. 55.52 
Frequency modulation 

Maximum frequency Minimum frequency 
corresponds to maximum corresponds to maximum 
positive value of negative value of 
modulating signal modulating signal 

Bandwidth 

It can be shown that the amplitude modulated signal of Fig. 55.51(c) may be 

regarded as being made up of the carrier wave (of frequency f.) together with a 

signal of lower frequency, fe — fm, and one of higher frequency, fe + fma (where fon 

is the frequency of the modulating signal). The signals of frequency fe — fa and 

fc + fm are known as side frequencies. In practice, òf course, the modulating 
signal has a whole range of frequencies, each of which produces its own pair of side 

frequencies. There are therefore two bands of frequencies, known as sidebands, 

lying above and below the carrier frequency. If the highest frequency in the 

modulating signal is 4kHz, for example, then the total spread in frequency is 

8 kHz. This is called the bandwidth of the signal. In general, the bandwidth of 

an AM< signal is twice the highest frequency contained in the (audio 

frequency) modulating signal. The bandwidth ofa frequency modulated signal 

is somewhat greater than that of an amplitude modulated signal carrying the same 
range of audio frequencies. 

The BBC uses a bandwidth of 9kHz for its amplitude modulated medium 
waveband, the frequencies of which lie between 540 kHz and 1600 kHz. This is a 
range of 1060kHz and the band can therefore accommodate 1060/9 ~ 118 
different signals without any overlap. The frequency modulated, VHF band (from 
88 MHz to 108 MHz) uses a bandwidth of 200 kHz (= 0.2 MHz) and so can carry 
20/0.2 = 100 simultaneous transmissions. 

55.27 PULSE CODE MODULATION (PCM) 

This is a form of analogue to digital (A/D) conversion in which the analogue 
signal (an audio frequency sine wave for example) is ‘sampled’ at regular intervals 
and represented as a binary number which can be transmitted as a series of voltage 
pulses. 

As an example of the process, consider the analogue signal shown in Fig. 55.53(a): 
The signal shown is sampled at times ft), t2, t3,..., and its amplitudes at these 
times are then allocated to one or other of eight voltage levels designated as 0, 1, 
2,...57 (Fig. 55.53(b)). The corresponding binary numbers are then transmitted 
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Fig. 55.53 
Illustration of pulse code 
modulation (a) analogue 
signal, (b) digital coding, 
(c) reconstructed 
analogue signal 

(a) 

Voltage level 

t t ts ty ts te t tg tg 

Sampling time 

Binary code 

iit 

Sample time 

NY OWN ® & w a WNW] Voltage level 
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as a train of voltage pulses using a 3-bit code. When the signal is received it is 

converted back to analogue form using a digital to analogue (D/A) converter. 

The reconstituted form of the signal of Fig. 55.53(a) is shown in Fig. 55.53(c). 

This ‘stepped’ waveform is only a poor copy of the original signal. A much more 

faithful reproduction would have been obtained had the signal been sampled more 

frequently and had a greater number of voltage levels been used. 

British Telecom’s System X uses PCM and samples the signal at 125 us intervals 

(i.e. 8000 times per second) and represents it as an 8-bit binary code using 256 

different voltage levels. 

A major advantage of PCM is that the signal is protected from the effects of noise 

and from any distortions introduced by the various components of the 

transmission system. However distorted the pulses might become, as long as 

their presence can be detected, the code can still be recognized. A second 

advantage of the system is that a number of different signals can be interleaved. 

Each 8-bit number requires only about 4 us of sampling time, and therefore since 

each signal is sampled only once every 125 us, about 30 different signals can be 

interleaved and sent down a single transmission line — a system known as 

Multiplexing. 

55.28 OPTICAL COMMUNICATION SYSTEMS 

Fig. 55.54 
Light propagation in an 
optical fibre. 

Communication systems in which signals are transmitted along optical fibres as a 
series of pulses of light are now widespread. $ 

An optical fibre consists of a glass core (~ 0.1 mm in diameter) surrounded by a 

glass.cladding of lower refractive index, and whichis protected by a plastic coating. - 
Most of the light that enters the fibre hits the core/cladding boundary at such an 

angle that it undergoes total internal reflection and so is trapped in the core (Fig. 
55.54). 

Core Cladding of \ 
lower refractive Protective 
index than core coating 

Note. There is only a small difference in refractive index (typically 0.07) 
between the core and the cladding. The critical angle for the core/cladding 
boundary is therefore large (typically 72°) in which case all the light that 
undergoes total internal reflection and travels along the fibre is approximately 
parallel to the fibre axis. All the possible light paths are therefore of 
approximately the same length and so produce very little increase in the 
duration of each pulse. 

The light source must be capable of being switched on and off very rapidly so that 
high data transmission rates can be achieved. (Systems currently in use carry 
140 Mbits s~}, the equivalent of nearly 2000 simultaneous telephone channels, on 
a single fibre.) Furthermore, the light should have only a narrow spread of 
wavelengths so that problems due to dispersion (i.e. due to the different 
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wavelengths travelling at different speeds) are avoided. Low power lasers and 
LEDs have been specially developed for the purpose. The ‘light’ is actually 

infrared, at a wavelength where the core glass produces very little absorption 

(0.84 um, 1.3 um or 1.55 um). A photodiode is used to detect the signal. 

An optical fibre has a number of advantages over the traditional copper cable. 

(i) It is cheaper, lighter and easier to handle than a copper cable with the same 

signal carrying capacity. 

(ii) | There is much less attentuation of the signal and therefore fewer repeater 

stations are required. 

(iii) Itis free from electrical interference. 

(iv) An alternating current in a copper wire can induce a similar current in an 

adjacent wire so that the two signals become superimposed — this is known 

as ‘crosstalk’ and is not a problem with optical systems. 

(v) An electrical signal radiates electromagnetic waves which can be detected 

along the entire length of the cable. This cannot happen with an optical 

signal and therefore total security of transmission is much more likely. 
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QUESTIONS ON SECTION G 

PHOTOELECTRIC EFFECT AND 

WAVE-PARTICLE DUALITY 

(Chapter 47) 

G1 

G2 

G3 

G4 

G5 

An «a particle accelerated between a pair of 

parallel plates in a vacuum tube acquires a 

kinetic energy of 10° eV. What is the potential 

difference between the plates? [W] 

Describe the principal experimental facts 

concerning the photoelectric effect, and show 

how they are explained by the quantum 
theory. 

Describe how Planck’s constant h can be 

determined by experiments on the photo- 

electric effect. [S] 

Light of frequency 6.0 x 10!* Hzincident ona 

metal surface ejects photoelectrons having a 
kinetic energy 2.0 x 107!°J. 

Calculate the energy needed to remove an 

electron from the metal (work function). 

Very briefly indicate how you would determine 
experimentally the kinetic energy of the 
photoelectrons. 

(The Planck constant = 6.6 x 10-**Js.) [S] 

Light of wavelength 0.50 um incident on a 
metal surface ejects electrons with kinetic 
energies up to a maximum value of 2.0 x 
10-” J. What is the energy required to remove 
an electron from the metal? If a beam of light 
causes no electrons to be emitted, however 
great its intensity, what condition must be 
satisfied by its wavelength? 

(The Planck constant = 6.6 x 10734Js, the 
speed of light = 3.0 x 108ms7!.) [S] 

The maximum kinetic energy of photo- 
electrons ejected from a tungsten surface by 
monochromatic light of wavelength 248 nm 
was found to be 8.6 x 10~?°J. Find the work 
function of tungsten. 

(The Planck constant, h = 6.6 x 10°-**Js; 
speed of light, c = 3.0 x 108m s~!; electro- 
nic charge, e = —1.6 x 107}? C.) [C(O)] 

G6 When a metallic surface is exposed to mono- 

G7 

chromatic electromagnetic radiation electrons 

may be emitted. Apparatus is arranged so that 

(a) the intensity (energy per unit time per unit 

area) and (b) the frequency of the radiation 

may be varied. If each of these is varied in turn 

whilst the other is kept constant what is the 

effect on (i) the number of electrons emitted 

per second, and (ii) their maximum speed? 

Explain how these results give support to the 

quantum theory of electromagnetic radiation. 

The photoelectric work function of potassium 

is 2.0eV. What potential difference would 

have to be applied between a potassium 

surface and the collecting electrode in order 
just to prevent the collection of electrons when 
the surface is illuminated with radiation of 
wavelength 350 nm? What would be (iii) the 
kinetic energy, and (iv) the speed, of the most 
energetic electrons emitted in this case? 

(Speed of electromagnetic radiation in 
vacuo = 3.0x10®ms-!. The electronic 
charge = —1.6x10°71°9C. Mass of an 
electron = 9.1 x 10°3!kg. The Planck 
constant = 6.6 x 1074 Js.) [L] 

List the important experimental facts relating 
to the photoelectric effect, and explain how 
Einstein’s equation accounts for them. 

A clean surface of potassium in a vacuum is 
irradiated with light of wavelength 5.5 x 
10-7 mand electrons are found just to emerge, 
but when light of wavelength 5 x 10-7 m is 
incident, electrons emerge each with energy 
3.62 x 10-° J. Estimate the value for Planck’s 
constant h. 

Deduce the effect of irradiating in vacuum (a) 
a copper surface, and (b) a caesium surface, 
with light of wavelength 5 x 10~7 m, given that 
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the work functions of copper and caesium are, 

respectively, 6.4 x 107!° J and 3.2 x 107” J. 

(Velocity of light = 3 x 108 ms™!.) [W] 

G8 Einstein’s equation for the photoelectric 

emission of electrons from a metal surface 

under radiation of frequency v can be written 

as 

hv = Fm? + @, 

where me is the mass of an electron, v the 

greatest speed with which an electron can 

emerge and ¢ is a quantity called the work 

function of the metal. 
(a) Explain briefly the physical process with 

which this equation is concerned. 

(b) Describe briefly an experiment by which 

you could determine the values h/e and of 
dQ. 

(c) For sodium the value of @¢ is 

3.12 x 10-!°J, and the wavelength of 
sodium yellow light is 590 nm. 
(i) Explain why electrons are emitted 

when a sodium surface is irradiated 

with sodium yellow light, and calcu- 
late the greatest speed of the emitted 

electrons. ` 
(ii) Estimate the ‘stopping potential’ for 

these electrons, assuming that no 

contact potential differences are 

involved. 

(Take the value of the speed of light in 

vacuum, c, to be 3.00 x 10° m s7}, the Planck 

constant, h, to be 6.63 x 10-**Js, the electro- 

nic charge, e, to be —1.60 x 1071? C, and me to 

be 9.11 x 107°?! kg.) [O] 

G9 (a) When electromagnetic radiation falls ona 

metal surface, electrons may be emitted. 

This is the photoelectric effect. 

(i) State Einstein’s photoelectric equa- 

tion, explaining the meaning of each 

term. 

(ii) Explain why, for a particular metal, 

electrons are emitted only when the 

frequency of the incident radiation is 

greater than a certain value. 

(iii) Explain why the maximum speed of 

the emitted electrons is independent 

of the intensity of the incident 

radiation. 

(b) A source emits monochromatic light of 

frequency 5.5 x 10'*Hz at a rate of 

0.10W. Of the photons given out, 
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0.15% fall on the cathode of a photocell 

which gives a current of 6.0 uA in an 
external circuit. You may assume this 

current consists of all the photoelectrons 

emitted. Calculate: 
(i) the energy of a photon, 

(ii) the number of photons leaving the 

source per second, 
(iii) the percentage of the photons falling 

on the cathode which produce 

photoelectrons. 
(c) (i) Calculate the wavelength associated 

with electrons which have been 

accelerated from rest through 

3000 V. 
(ii) Indicate one situation where you 

would expect electrons of about this 
energy to behave as waves. Give a 

reason for your answer. 
(The Planck constant = 6.6 x 107%% Js, the 
electron charge = 1.6 x 1071? C, the elec- 
tron mass = 9.1 x 107°! kg.) [J, 791] 

G10 (a) Write down an expression for the energy 

of a photon, explaining the meanings of 

the symbols used in your expression and 

giving the units of the physical quantities 

involved. 

(b) Inanexperiment with a vacuum photocell 

the maximum kinetic energy of the 

electrons emitted was measured for 

different wavelengths of the illuminating 

radiation. The following results were 

obtained. 

Maximum kinetic Wavelength/ 

energy/10~'° J 107 m 

3.26 

Use these results to plot a linear graph and 

derive a value for Planck’s constant. 

(c) If the experiment were repeated with 

radiation of wavelength (i) 

7.5 x 107m, (ii) 2.8 x 107m, would 

photoelectrons be emitted and, ifso, what 

would be their maximum kinetic energy? 

(d) Describe and explain how the graph 

might change if a different metal were 

used for the surface of the photo-cathode. 

Speed of light, c = 3.00 x 10°ms"'. [J] 
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G11 Light of photon energy 3.5 eV is incident on a 

plane photocathode of work function 2.5 V. 

Parallel and close to the cathode is a plane 

collecting electrode. The cathode and collec- 

tor are mounted in an evacuated tube. 

(a) Find the maximum kinetic energy Emax of 

photoelectrons emitted from the cathode. 

(Express your answer in eV.) 

(b) Find the minimum value of the potential 

difference which should be applied 

between collector and cathode in order 

to prevent electrons of energy Emax from 

reaching the collector for electrons 

emitted (i) normal to the cathode, (ii) at 

an angle of 60° to the cathode. [C] 

G12 (a) (i) Explain what is meant by photoelectric 
emission. 

(ii) Briefly describe a simple experiment 

to demonstrate this effect qualita- 
tively. 

(b) Write down Einstein’s photoelectric 

equation and explain the meaning of 
each term in it. 

(c) In an experiment in photoelectricity, the 

maximum kinetic energy of the photo- 

electrons was determined for different 

wavelengths of the incident radiation. 

The following results were obtained: 

Maximum kinetic energy/eV 

Use the results to determine 

(i) the work function for the metal, 

(ii) a value for Planck’s constant. 

(d) Gi) Describe how a photocell functions. 

(ii) Describe one practical application of 

a photocell. 

(¢ = 3x 10®ms,e = 1.6 x 10-C,) 

[W, °90] 

G13 (a) (i) Electrons may be emitted from a 
surface by thermionic emission or by 

Photoelectric emission. Distinguish 
between the two. 

Gi) Describe the construction ofa simple 
photocell. 

(b) G) Write down Einstein’s photoelectric 
equation relating the maximum 
kinetic energy Emax of the photo- 
electrons with the frequency f of the 
incident radiation and with the work 
function ¢ for the emitting surface. 

SECTION G: MODERN PHYSICS 
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Beton 5 

3 

f/10'* Hz 
Fig: 1 

(ii) The graph shows how Emax varies 

with f for a particular surface. Use 
the graph to find the value of 

(1) Q, 
(II) the threshold wavelength of the 

radiation. 

(iii) Describe and explain the effect of 

increasing the intensity of the inci- 
dent radiation. 

(c) A photocell of work function¢@ = 1.0eV 

is connected to the circuit shown in Fig. 2. 

The wavelength of radiation incident on 

the cell is gradually decreased and the 

output of the amplifier continuously 

monitored. Fig. 3 gives the variation of 

wavelength and amplifier output with 
time. Using Figures 2 and 3 calculate 
the wavelength at time T. 

anode 
cathode 

Radiation 
Photocell 

Output 

Fign2 

Amplifier 
Wavelength A output 

RA 
~ -~ d. S l 

l 
T~ 

|] 
L 
| 

Time 
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(Charge on an electrone = —1.60 x107! C, 

Speed of light c = 3.00 x 10°ms™!, the 
Planck constant h = 6.63 x 1074 Js.) 

[W, °92] 

G14 Explain the physical processes described by 

the Einstein photoelectric equation hy = 

tmv + hvo, and state the significance of each 

term. y 

Describe briefly how the values of % and vg can 

be determined. 

An argon laser emits a beam of light of 

wavelength 4.88 x 107 m, the power in the 
beam being 100 mW. How many photons per 

second are emitted by the laser? If the beam 
falls on the caesium cathode of a photocell, 

what photoelectric current would be observed, 

assuming 10% of the photons are able to eject 

an electron? Given that the limiting frequency 

Vo of caesium is 5.2 x 10'*Hz, what reverse 

potential difference between the cell 

electrodes is needed to suppress the photocell 

current? 

(The Planck constant = 6.6 x 10°**Js, the 
speed of light = 3.0 x 10°ms-!, the elec- 
tronic charge = 1.6 x 107” C.) [S] 

G15 What is meant by photoelectricity? Describe the 
main features of photoelectric emission. Give 
an expression for the kinetic energy of the 

photoelectrons emitted from a surface, ex- 

plaining what is meant by work function, the 

threshold frequency (or cut-off frequency) and 

Planck’s constant. 

Describe an experiment to verify the equation 

for the kinetic energy of the photoelectrons, 

and show how the work function of the surface 

and Planck’s constant can be obtained. 

A monochromatic light source provides a 5 W 

beam of radiation of wavelength 4.5 x 10-7 m 

and this beam liberates 10'° photoelectrons 

per second from the surface of a sodium block. 

The threshold wavelength of sodium is 

55 x 20) m. 

(a) Calculate the magnitude of the photo- 

electric emission current (in amperes) 

given by (i) this arrangement, (ii) an 

otherwise identical one with a 10 W beam, 

and (iii) a 5W beam of wavelength 

6 x 1077 m. 

(b) If, in the original arrangement, the 

sodium block were electrically isolated, 
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the emission of photoelectrons would 

cause it to acquire a positive potential. 
Find the steady value which it would 

eventually reach. 

(Electronic charge = 1.6 x 1071? C; the 
Planck constant = 6.6 x 104 Js; speed of 
light = 3 x 108 ms™!.) [W] 

G16 (a) (i) What is a photon? 
(ii) Show that E, the energy of a photon, 

is related to A, its wavelength, by 

Edm) 1,99 A0-*° 

where W is measured in J and 4 is 

measured in nm. 
(b) Two metal electrodes A and B are sealed 

into an evacuated glass envelope and a 

potential difference V, measured using 

the voltmeter, is applied between them as 

shown in Fig. 1. 

Variable 
d.c. supply 

Fig. 1 

B is then illuminated with monochro- 

matic light of wavelength 365 nm and J, 

the current in the circuit, is measured for 

various values of V. The results are shown 

in Fig. 2. 

= 0 1 2 YN 
Fig. 2 

(i) From this graph, deduce the PD 

required to stop photoelectric 

emission from B. 

(ii) Calculate the maximum kinetic 

energy of the photoelectrons. 
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G17 (a) 

(iii) Deduce the work function energy of 

B. 

(The Planck constant = 6.6 x 10t] s, 
the electron charge = 1.6 x 107” C, 
velocity of light = 3.0 x 108ms7!.) 

[C, 91] 

When electromagnetic radiation falls on a 

metal surface, electrons may be emitted. 

Use the quantum theory to explain the 

following experimental observations. 

(i) For a particular metal, electrons are 

emitted only when the wavelength of 

the radiation is less than a certain 

value. 

(ii) The number of electrons emitted per 

second increases as the intensity of 

the radiation increases. 

(b) Indicate one piece of experimental 
evidence showing that particles have 

wave properties. [J, °89] 

G18 (a) What are the dimensions of (i) energy, 
(ii) momentum, (iii) the Planck con- 
stant, h? 

It can be shown that the total energy E of 

a particle is related to its momentum p and 

its Mass mọ when at rest, by the equation 
E? peT med 

where c is the speed of electromagnetic 

radiation in vacuo. Show this equation to 

be dimensionally correct. 

(b) Given that mp is zero for a photon, use the 

above equation to derive an expression for 

the momentum of a photon in terms ofits 

wavelength. 

(c) Estimate the potential difference across 

which an electron should be accelerated if 

itis to have the same energy as a photon of 

ultraviolet radiation. Support your esti- 

mate with a calculation, by choosing a 

suitable value for the wavelength of the 

electromagnetic radiation. You may 

assume that the value of the product hc 
is 2.0 x 107-7? Jm. 

(Charge on electron = —1.6 x 107!9 C.) 

J] 

G19 Find an expression for the de Broglie wave- 
length of an electron in terms of its kinetic 
energy E, the electron mass m,, and the Planck 
constant h. [C] 

SECTION G: MODERN PHYSICS 

G20 Calculate the de Broglie wavelength of an 

electron which has been accelerated from rest 

through a PD of 104 V. 

(Electron charge = 1.6 x 1071? C, electron 
mass = 9.1 x 10-3! kg, Planck’s constant = 
6.6 x 107°% Js.) 

ATOMIC STRUCTURE AND 
ENERGY LEVELS (Chapter 48) 

G21 

G22 

G23 

The atomic nucleus may be considered to be a 
sphere of positive charge with a diameter very 

much less than that of the atom. Discuss the 

experimental evidence which supports this 
view. Describe briefly how the experimental 

evidence was obtained. [J] 

What do you understand by the term nuclear 

atom? 

Alpha particles in a narrow parallel beam are 

scattered by a thin metallic foil. State the 

results of such an experiment and explain why 

they are evidence forthe nuclear atom. 

Explain why: 

(a) such an experimentis carried out in vacuo, 

(b) the incident alpha particles are confined 
in a narrow parallel beam, 

(c) the foil is thin. [J] 

Experiment shows that if a fine beam of alpha 
particles is directed normally on to a thin gold 
film 

(a) most of the alpha particles go straight 
through the film with undiminished 
speed, and 

(b) a small proportion of the alpha particles is 
strongly deflected. 

How do you explain these two observations? 

Write down an approximate value for the ratio 
ofthe diameters ofa gold atom and its nucleus. 

Use this ratio to calculate a value for the 
density ofthe nucleus ofa gold atom given that 
the density of gold is 19.3 x 10° kgm™. 

[L, 792] 

G24 Describe the principle of the experiment which 
established the nuclear model of the atom, 
explaining how the deduction is made from 
the observations. 
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G25 

G26 

The emission spectrum of the hydrogen atom 

consists of a series of lines. Explain why this 

suggests the existence of definite energy levels 

for the electron in the atom. 

By considering the intervals between the 

energy levels explain the spacing of the lines 
in the visible hydrogen spectrum. 

The ionisatiqn potential of the hydrogen atom 

is 13.6 V. Use the data below to calculate: 

(a) the speed of an electron which could just 

ionize the hydrogen atom, 

(b) the minimum wavelength which the 

hydrogen atom can emit. 

(Charge on an electron = —1.60 x 107'°C. 
Mass of an electron = 9.11 x 107°! kg. The 
Planck constant = 6.63 x 10~*4Js. Speed of 
light = 3.00 x 10°ms™!.) [L] 

(a) Sketch, on the same diagram, the paths of 

three alpha particles of the same energy 

which are directed towards a nucleus so 

that they are deflected through (i) about 

10°, (ii) 90°, (iii) 180° respectively. 

(b) For the deflection of 180°, describe in 

qualitative terms how (i) the kinetic 
energy, (ii) the potential energy of the 

alpha particle varies during its path, 

assuming the nucleus remains stationary. 

(c) If, in (b) above, the alpha particle has an 

initial kinetic energy of 1.60 x 107!° J and 

the nucleus has a charge of +50e, calculate 

the nearest distance of approach of the 

alpha particle to the nucleus. 

(Magnitude of the electronic 

e =-1.60 x 10°C. 

charge: 

Permittivity of free space: & = 10-°/36z or 

8.85 x 10-!2Fm7!.) T 

(a) What are the chief characteristics of a line 

spectrum? 

Explain briefly how line spectra are used: 

(i) in analysis for the identification of 

elements present; 

(ii) in astronomy for estimating the 

component in the line of sight of the 

velocity of a star relative to the Earth. 

(b) The figure below representing the lowest 

energy levels of the electron in the 

hydrogen atom, gives the principal 

quantum number n associated with 

each, and the corresponding value of the 

energy, measured in joules. 
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Energy 

—0.60 x 10° J 

—0.87 x 10-9 J 

—1.36 x 10°'9J 

—2.42 x 10° J 

—5.43 x 10°19 J 

1 Ground state -217x10 

(i) Calculate the wavelengths of the 

lines arising from the transitions 

marked A, B, C, D on the figure. 

(ii) Show that the other transitions that 

can occur give rise to lines which are 

in either the ultraviolet or the 

infrared regions of the spectrum. 
(iii) The level n = 1 is the ‘ground 

state’ of the unexcited hydrogen 

atom. Explain why hydrogen in its 

ground state is quite transparent to 

light emitted by the transitions A, B, 

C, D, and also what happens when 

21.7 x 107!9J of energy is supplied 
to a hydrogen atom in its ground 

state. 
(Take the value of the speed of light in 

vacuum, c, to be 3.00 x 10°ms~!, and 
that of the Planck constant, h, to be 

6.63 x 10734Js.) [O] 

G27 (a) Calculate the energy of one photon of 

light emitted within the D-lines of a 

sodium lamp if the wavelength of the 

D-lines is 589 nm. 

(b) In a 200 W sodium street lamp, 30% of 

input electrical energy is emitted within 

the D-lines. How many photons of light 

are emitted within the D-lines per second? 

th = 6.6.x 10-3*Js,¢ =.3.0 x10" ms_*.) 
[W, °91] 

G28 The ionisation energy for a hydrogen atom is 

13.6 eV if the atom is in its ground state. It is 

3.4 eV if the atom is in the first excited state. 

Explain the terms ionisation energy and excited 

state. 

Calculate the wavelength of the photon 

emitted when a hydrogen atom returns to the 
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G29 

G30 

G31 

ground state from the first excited state. Name 

the part of the electromagnetic spectrum to 

which this wavelength belongs. 

(Electronic - charge, e = —1.60 x 107! C, 
the Planck constant, h = 6.63 x 107**Js, 
speed of light, c = 3.00 x 108m s7™!.) 

[L, ’92] 

The energy levels of the hydrogen atom are 

given by the expression 

E, = =2:16 x 10-'*/n7J 
where 7 is an integer. 

(a) What is the ionization energy of the atom? 

(b) What is the wavelength of the H, line, 

which arises from transitions between 

n = 3andn = 2 levels? 

(The Planck constant = 6.6 x 10734 Js, the 
speed of electromagnetic radiation = 3.0 x 

10° ms7!.) [S] 

The lowest energy level in a helium atom (the 

ground state) is —24.6 eV. There are anumber 

of other energy levels, one of which is at 
—21.4eV. 

(a) Define an eV. 

(b) (i) Explain the significance of the 

negative signs in the values quoted. 

What is the energy, in J, of a photon 

emitted when an electron returns to 

the ground state from the energy 
level at —21.4 eV? 

Calculate the wavelength of the 

radiation emitted in this transition. 

The electronic charge, e = 1.6 x 

10-1? C. The speed of electro- 
magnetic radiation, c = 3.0x 

10°m s-!. The Planck constant, 
nes 6.651 S, 

(c) Helium was first discovered from obser- 

vations of the absorption spectrum pro- 

duced by helium in the Sun’s atmosphere. 

(ii) 

Gii) 

What is an absorption spectrum? 

[AEB, ’89] 

The frequencies f of the spectral lines emitted 
by atomic hydrogen can be represented by the 
expression 

where ais a constant and n; and n, are integers 
with n > nı. 

G32 

G33 

SECTION G: MODERN PHYSICS 

Given that the ionisation potential for atomic 

hydrogen is 13.6 V: 
(a) Calculate the energies (in eV) of the 

quanta emitted by electronic transitions 

between the levels given by 

(i aE 2. Me 
(ii) ip 1, Mo =a 2. 

(b) State in which parts of the spectrum these 

quanta are found. [W, 92] 

Hydrogen atoms in a discharge tube emit 

spectral lines whose frequencies f are given by 

where c = 3x108ms"!, Ry = 1.10 x 
10’ m“ and n, and m are any positive whole 

numbers. 

(a) Calculate (i) the highest and (fi) the 

lowest frequencies in the Lyman series 
of spectral lines. 

(nı = 1 in the Lyman series.) 

(b) Multiply each answer in (a) by A (Planck’s 

constant h = 6.6 x 10°-**Js) and state 
what each answer represents. [W, 790] 

Some of the energy levels of the hydrogen 

atom are shown (not to scale) in the diagram. 

Energy/eV 0.00 

—0.54 

—0.85 

~1.51 

—3.39 

— 13.58 Ground state 

TeV = 1.6 x10789 

(a) Why are the energy levels labelled with 
negative energies? 

(b) State which transition will result in the 
emission of radiation of wavelength 
487 nm. Justify your answer by suitable 
calculation. 
What is likely to happen to a beam of 
photons of energy (i) 12.07eV, (ii) 
5.25 eV, when passed through a vapour 
of atomic hydrogen? 
(LeVi=el.6 x02) 

(c) 

[O & C, °92] 
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G34 (a) 

(b) 

G35 (a) 

(b) 

(i) Describe briefly the Bohr model for 

the hydrogen atom, and 

(ii) state the important assumptions that 

Bohr made. 
The table shows some of the energy levels 

for the hydrogen atom. 

ra Energy/eV 

0 
—0.54 

—0:85 

Bisa 

3.39 

—13.6 

(i) Define the electron volt. 

(ii) Explain why the energy levels are 

given negative values. 

(iii) How might the atom be changed 

from state e to state c? 

(iv) State which level corresponds to the 

ground state. 

(v) Calculate the ionization energy of 

atomic hydrogen in joules. 

(vi) The result of the Bohr theory for the 

hydrogen atom can be expressed by 

where n; and n, are whole numbers: 

for the ground state ny = 1. 

Calculate the value of Ry. 

(h = 6.6 x 10-%4Js; e= —1.6 x 10°C; 

c=3 x 108ms"!.) [W] 

(i) Explain what is meant by “electron 

energy levels’ in an atom. 

(ii) How does this concept account for 

the characteristic emission line 

spectrum of an element? 

(iii) Describe a simple laboratory 

demonstration of line spectrum 

emission. 

The diagram below represents the lowest 

energy levels of the electron in the 

hydrogen atom, giving the principal 

quantum number n associated with each 

level and the corresponding values of the 

energy. 

(i) Why are the energies quoted with 

negative values? 
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n Energy in eV 

6 —_——_$S $s Ks _ 0.8 
er rcs (54 
8 

3 Ahoy 

Ps inet ae 2 =3.39 

G d stat 1 round state 13.6 

(ii) Calculate the wavelength of the line 

arising from the transition A, indi- 

cating in which region of the elec- 

tromagnetic spectrum this occurs. 

(iii) What happens when 13.6eV of 

energy is absorbed by a hydrogen 

atom in its ground state? 

(c) (i) Explain, in terms of electron energy 

levels, how X-ray line spectra are 

emitted, pointing out differences 

between production of X-ray line 

spectra and optical line spectra. 

(ii) Electrons are accelerated from rest 

through a potential difference of 
10kV in an X-ray tube. Calculate 

the minimum wavelength of the 

X-rays emitted. Why do the remain- 
der of the X-rays emitted have longer 

wavelengths than this? 

(e = 1.6x LO" Gs h = 6.6 x 10-*Js, 

c =3.0 x 10°ms™:.) [W, 91] 

X-RAYS (Chapter 49) 

G36 What are X-rays and how are they produced? 

Do you thinkit would be possible, in principle, 

to obtain an X-ray line spectrum from 

hydrogen? Give reasons in support of your 

answer. 

G37 Explain how the radiation from an evacuated 

X-ray tube is affected by changing (a) the 

filament current, (b) the filament-target 

potential difference, (c) the target material. 

UJ] 

G38 Give a labelled diagram showing the essential 

components of a modern X-ray tube. 

State briefly how you would control electri- 

cally (a) the intensity, (b) the penetrating 

power of the emitted X-rays. [S] 
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G39 (a) When atoms absorb energy colliding with 
moving electrons, light or X-radiation 

may subsequently be emitted. For each 

type of radiation, state typical values of the 
energy per atom which must be absorbed 

and explain in atomic terms how each 

type of radiation is emitted. 

(b) State one similarity and two differences 

between optical atomic emission spectra 

and X-ray emission spectra produced in 

this way. 

(c) Electrons are accelerated from rest 

through a potential difference of 

10 000 V in an X-ray tube. Calculate: 

(i) the resultant energy of the electrons 

in eV; 

(ii) the wavelength of the associated 

electron waves; 

(iii) the maximum energy and the mini- 

mum wavelength of the X-radiation 

generated. 

(Charge of electron = 1.60 x 107!°C. 
Mass of electron = 9.11 x 1077! kg. 
Planck’s constant = 6.62 x 104 Js. 
Speed of electromagnetic radiation in 
vacuo = 3.00 x 108 ms™!.) [J] 

G40 The potential difference between the target 

G41 

and cathode of an X-ray tube is 50 kV and the 

current in the tube is 20 mA. Only 1% of the 

total energy supplied is emitted as X-radia- 
tion. 

(a) What is the maximum frequency of the 
emitted radiation? 

(b) At what rate must heat be removed from 

the target in order to keep it at a steady 
temperature 

(The Planck constant, h = 6.6 x 1074] s; 
electron charge, e = —1.6 x 107!1° C.) [C] 

(a) Explain briefly why a modern X-ray tube 

can be operated directly from the output 
of a step-up transformer. 

(b) An X-ray tube works at a DC potential 
difference of 50kV. Only 0.4% of the 
energy of the cathode rays is converted 

into X-radiation and heat is generated in 

the target at a rate of 600 W. Estimate (i) 
the current passed through the tube, (ii) 
the velocity of the electrons striking the 
target. 

(Electron mass = 9.00 x 1073! kg. Electron 
charge = —1.60 x 107! C.) J] 

SECTION G: MODERN PHYSICS 

G42 (a) A 900W X-ray tube operates at a DC 

potential difference of 30kV. Calculate 

the minimum wavelength of the X-rays 

produced. 

(b) Calculate the current through the tube. 

(c) If 99% of the power is dissipated as heat, 

estimate the number of X-ray photons 

produced per second. 

(h = 6.6x10-4Js, c= 3.0 x 10°ms™!, 
EE NAOS [W, 792] 

G43 (a) Place the following radiations in ascend- 

ing order of photon energy, giving 

approximate values to these energies: 

X-rays, visible, infrared, ultraviolet. 

(b) Describe briefly the atomic or molecular 

processes involved in the production of 

X-rays and infrared radiation. [W, 91] 

THE ELECTRON (Chapter 50) 

G44 A beam of electrons travelling with speed 

1.2 x 10’ ms! in an evacuated tube is made 

to move in a circular path of radius 0.048 m by 

a uniform magnetic field of flux density 
B = 1.4mT. 

(a) Calculate, in electronvolts, the kinetic 

energy of an electron in the beam. (The 

charge on an electron = 1.6 x 107! C 
and LeNo=3.1.46> 10e% 4) 

(b) A similar technique is used to accelerate 
protons to very high speeds. Protons with 
energies of 500GeV can be held by 
magnetic fields in circular orbits of 
radius 2 km. 

Suggest why such a large radius orbit is 
necessary for high energy protons. [L] 

G45 (a) Give the equation for the force on a 
particle carrying a charge e: 
G) in an electric field of intensity E, 
(ii) while moving with velocity v at right 

angles to a magnetic field of flux 
density B. 

(iii) Draw diagrams to indicate the 
directions of the forces. (Make sure 
that you show the direction of the 
fields in relation to + and —,and N 
and S.) 

(b) A beam of electrons is directed into a 
region of uniform magnetic field of flux 
density B along a path at right angles to 
the direction of B. 
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Hydrogen ions 

(i) What is the path followed by the 

electrons when they enter the field? 

(ii) Explain why this path is followed. 

(c) Hydrogen ions moving at various speeds 

are directed at a region of combined 

electric and magnetic fields as shown in 

the diagram below. The electric field is 

between two parallel plates 10 mm apart 

with a potential difference V across them, 

while the magnetic field of flux density 

0.1 T is at right angles to the electric field. 

Region of 
magnetic field 
(into paper) 

(i) Calculate the value of V required so 

that ions of speed 100ms‘! pass 

through the region of the two fields 

without being deviated. 

(ii) What is the kinetic energy per ion as 

they leave the combined fields? 

(lu = 1.67 x 10°?’ kg.) [W, 790] 

G46 A beam of protons is accelerated from rest 

G47 

through a potential difference of 2000 V and 

then enters a uniform magnetic field which is 

perpendicular to the direction of the proton 

beam. 

If the flux density is 0.2 T calculate the radius 

of the path which the beam describes. 

(Proton mass = 1.7 x 10°?’ kg, electronic 

charge = —1.6 x 107" C.) [L] 

Electrons, accelerated from rest through a 

potential difference of 3000 V, enter a region 

of uniform magnetic field, the direction of the 

field being at right angles to the motion of the 

electrons. If the flux density is 0.010T, 

calculate the radius of the electron orbit. 

(Assume that the specific charge, e/m for 

Mactnonsestl2s:xel0h-G@kge! 2» «([AEB;79*) 
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G48 (a) An electron (mass m, charge e) travels 

with speed v in a circle of radius r in a 

plane perpendicular to a uniform mag- 

netic field of flux density B. 

(i) Write down an algebraic equation 

relating the centripetal and electro- 

magnetic forces acting on the elec- 

tron. 
(ii) Hence show that the time for one 

orbit of the electron is given by the 

expression T = 212m/Be. 
(b) Ifthe speed of the electron changed to 2v, 

what effect, if any, would this change have 

on: 
(i) the orbital radius r, 

(ii) the orbital period T? 
(c) Radio waves from outer space are used to 

obtain information about interstellar 
magnetic fields. These waves are pro- 

duced by electrons moving in circular 

orbits. The radio wave frequency is the 

same as the electron orbital frequency. 

(The mass ofan electronis 9.1 x 107°! kg, 
and its charge is —1.6 x 1071? C.) 

If waves of frequency 1.2MHz are 

observed, calculate: 

(i) the orbital period of the electrons; 

(ii) the flux density of the magnetic field. 
[O, 792] 

G49 (a) A beam of singly ionized carbon atoms is 

directed into a region where a magnetic 

and an electric field are acting perpendi- 

cularly both to each other and to the 

beam. The fields have intensities 0.10 T 

and 1.0 x 10*NC™! respectively. If the 
beam is able to pass undeviated through 

this region, what is the velocity of the ions? 

(b) The beam then enters a region where a 

magnetic field alone is acting. As a result 

the beam describes an arc of radius 

0.75 m. Calculate the flux density of this 

magnetic field. 

(Mass of carbon atom = 2.0 x 10°*°kg; 

Pa TO OCS [S] 

G50 Describe, giving the theory and a labelled 

diagram of the apparatus, a method of 

determining e/m for the electron. 

In an evacuated tube, electrons are accelerated 

through a potential difference of 500V. 

Calculate their final speed, and consider 
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G51 

G52 

whether this depends on the accelerating field 
being uniform. After this acceleration, the 

electrons pass through a uniform electric field 

which is perpendicular to the direction of 

travel of the electrons as they enter the field. 

This electric field is produced by applying a 

potential difference of 10V to two parallel 

plates which are 0.06 m long and 0.02 m apart. 

Assume that the electric field is uniform and 

confined to the space between the two plates. 

Determine the angular deflection of the 

electron beam produced by the field. 

(e/m for the electron = 1.76 x 101! Ckg™!.) 

[W] 

Two parallel metal sheets of length 10 cm are 

separated by 20mm in a vacuum. A narrow 

beam of electrons enters symmetrically 

between them as shown. 

2 10cm — 

When a PD of 1000 V is applied between the 

plates the electron beam just misses one of the 

plates as it emerges. 

Calculate the speed of the electrons as they 

enter the gap. (Take the field between the 
plates to be uniform.) 

(e/m = 1.8 x 10'' Ckg™!.) [W, ’92] 

An ion source supplies ions of different 

velocities to an arrangement of three aper- 

tures X, Y and Z, which are arranged on the 

same straight line as shown in the figure below. 
The region between apertures Y and Z 

contains a uniform magnetic field of flux 

Uniform electric field E Uniform magnetic field B 
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density B and a uniform electric field of 

intensity E. Both fields are at right angles to 

each other and also at right angles to the line 

joining the apertures. Derive the condition for 

ions to pass through all three apertures. 

[W, °91] 

G53 (a) Describe by means of a diagram and a 

simple equation the force due to (i) an 

electric field, (ii) a magnetic field, acting 

on an electron moving at right angles to 

each field. 

Hence explain how an electric field and a 

magnetic field may be used in the 

selection of the velocity of negatively 

charged particles. 

(b) Ions having charge +Q and mass M are 

accelerated from rest through a potential 

difference V. They then move into a 

region of space where there is a uniform 

magnetic field of flux density B, acting at 

right angles to the direction of travel of the 

ions, as shown below. [C, 792] 

Region of uniform magnetic field 
directed into plane of paper 

[PER ao | Et oe eee l 
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x x x x x x x x i] 
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be Se FOR x | 
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Path of ions ap ent E a -= 

(i) Show that v, the speed with which 
the ions enter the magnetic field, is 
given by 

PE fb ats 

VM 
(ii) Hence derive an expression, in 

terms of M, Q, B and V, for the 
radius of the path of the ion in the 
magnetic field. 

Gii) Briefly describe and explain any 
change in the path in the magnetic 
field of an ion of twice the specific 
charge (i.e. for which the ratio Q/M 
is doubled). [C, °92] 

G54 Describe a method by which the charge /mass 
ratio e/m of the electron has been determined. 
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2cm 
Electron koer | 

gun 

ý 5mm 

15cm 
5kV 

Calculate the deflection sensitivity (deflection 

ofspotin mm per volt potential difference) ofa 

cathode ray tube from the following data: 

Electrons are accelerated by a potential 

difference of 5.0kV between cathode and 

anode; 

(Length of deflector plates = 2.0 cm; 

Separation of deflector plates = 5.0mm; 

Distance of mid point of deflector plates from 

screen = 15.0cm.) [S] 

G55 A heated filament and an anode with a small 

hole in it are mounted in an evacuated glass 

tube so that a narrow beam of electrons 

emerges vertically upwards from the hole in 

the anode. A uniform magnetic field is applied 
so that the electrons describe a circular path in 

a vertical plane. 
(a) Draw a diagram showing the path of the 

electrons and indicate the direction of the 

magnetic field which will cause the beam 

to curve in the direction you have shown. 

Explain why the path is circular. 

(b) Derive an expression for the specific 

electronic charge (e/m) of the electrons 

in terms of the PD between the anode and 

filament, V, the radius of the circular 

path, r, and the magnetic flux density, B. 

(c) What value of B would be required to 

give a radius of the electron path of 2r, 

assuming that V remains constant? If Bis 

now held constant at its new value, what 

value of V will restore the beam to its 

former radius? 

(d) Describe and account for the changes in 

(i) kinetic energy, (ii) momentum which 

an electron undergoes from the instant it 

leaves the heated filament with negligible 

velocity until it has completed a full circle 

in the magnetic field. [J] 

G56 The diagram shows a type of cathode ray tube 

containing a small quantity of gas. Electrons 

from a hot cathode emerge from a small hole in 
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a conical shaped anode, and the path sub- 

sequently followed is made visible by the gas in 

the tube. 

Path followed 
by the electrons 

Anode 

Cathode 

(a) The accelerating voltage is 5.0 kV. Cal- 
culate the speed of the electrons as they 

emerge from the anode. 
(b) The apparatus is situated in a uniform 

magnetic field acting into the plane of the 

diagram. Explain why the path followed 
by the beam is circular. Calculate the 

radius of the circular path for a flux 

density of 2.0 x 10° T. 
(c) Suggest a possible process by which the 

gas in the tube might make the path of the 

beam visible. 
(Specific charge of an electron = 1.8 x 

10!! Ckg"!.) [AEB, ’87] 

G57 (a) Explain what is meant by quantization of 

charge. 

(b) Acloud of oil droplets is formed between 

two horizontal parallel metal plates. 

Explain the following observations: 

(i) In the absence of an electric field 

between the plates, all the oil droplets 

fall slowly at uniform speeds. 

(ii) On applying a vertical electric field, 

some droplet speeds are unaltered, 

some are increased downwards, 

whereas some droplets move up- 

wards. [W, 90] 

G58 (a) A charged oil drop falls at constant speed 

in the Millikan oil drop experiment when 

there isno PD between the plates. Explain 

this. 

(b) Such an oil drop, of mass 4.0 x 107" kg, 

is held stationary when an electric field is 

applied between the two horizontal plates. 
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If the drop carries 6 electric charges each 

of value 1.6 x 107}? C, calculate the value 
of the electric field strength. 

(Assume g = 9.8ms ”.) [L] 

G59 (a) Acharged drop of oil is held stationary in 
the space between two metal plates across 

which an electric field is applied. Explain 

with the aid of a diagram how the forces 

acting enable the drop to remain 
stationary. 

(b) In an investigation using the above 

arrangement the voltage across the plates 

is recorded. The drop is then given a 

different charge and the voltage adjusted 

until the drop is stationary again. This 

procedure is repeated several times and 

the voltage recorded on each occasion. 

The following voltage values were 
obtained: 

142, 425, 569, 709, 999. 

Discuss whether these results support the 

notion that the charge on the drop is a 

multiple of some fundamental value. [S] 

G60 In a measurement of the electron charge by 

Millikan’s method, a potential difference of 

1.5kV can be applyed between horizontal 

parallel metal plates 12mm apart. With the 

field switched off, a drop of oil of mass 10~!* kg 
is observed to fall with constant velocity 

400 yms~'. When the field is switched on, 
the drop rises with constant velocity 

80 ums~'. How many electron charges are 

there on the drop? (You may assume that the 

air resistance is proportional to the velocity of 

the drop, and that air buoyancy may be 
neglected.) 

(The electronic charge = 1.6 x 107!°C, the 
acceleration due to gravity = 10ms~”.) [S] 

G61 (a) In an experiment to attempt to confirm 
Millikan’s conclusion that the electron 
carries a discrete charge, a charged oil 
droplet of known mass was held station- 
ary between a pair of parallel horizontal 
plates by an electric field. The PD 
producing the field was measured. The 
charge on the drop was changed and the 
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new voltage to maintain equilibrium was 

measured. The experiment was repeated 

and the following results were obtained. 

225 
. 110 

150 

50 

(i) Draw a diagram which shows the 

forces acting on the oil drop when it 

is held stationary in the field. State 

the origins of the forces. 
(ii) Suggest a means by which the 

charge on the oil drop could be 

changed. 

(iii) Explain clearly how these measure- 

ments suggest that Millikan’s con- 

clusion was correct. 

(iv) The separation of the parallel plates 

was 0.020m. Making the assump- 

tion that the oil drop in the first set of 

observations carried an excess of 

two electrons, calculate the force 

acting on the oil drop when the PD 
was switched off. 

The charge on an electron, e = —1.6 x 
10,3? C. 

(b) In order to determine the mass of an 

electron the specific charge of an electron 
has first to be found. 

(i) State what is meant by the term 

specific charge and state the unit in 

which it is measured. 
(ii) Describe an experiment to determine 

a value for the specific charge. Your 

account should include 

—a diagram of the apparatus show- 

ing essential circuitry 
—the experimental procedure stat- 

ing clearly the measurements you 
would make 

—an explanation of the theory of the 
method. [AEB, 790] 

G62 In Millikan’s experiment an oil drop of mass 
1.92 x 10°'*kg is stationary in the space 
between the two horizontal plates which are . 
2.00 x 10°*m apart, the upper plate being 
earthed and the lower one at a potential of 
—6000 V. State, with the reason, the sign of the 
electric charge on the drop. Neglecting the 
buoyancy of the air, calculate the magnitude of 
the charge. 
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G63 

G64 Describe, with the 

G65 

With no change in the potentials of the plates, 

the drop suddenly moves upwards and attains 

a uniform velocity. Explain why (a) the drop 

moves, (b) the velocity becomes uniform. 

(The acceleration due to gravity = 10m s™°?.) 

J) 

A small oil drop, carrying a negative electric 

charge, is falling in air with a uniform speed of 

8.00 x 10> ms! between two horizontal 
parallel plates. The upper plate is maintained 

at a positive potential relative to the lower one. 

Draw a diagram showing all the forces acting 

on the drop, stating the cause of each force. 

Use the following data to determine the charge 

on the oil drop. 

(Radius of drop = 1.60 x 10-° m. 
Density of oil = 800 kgm. 
Density of air =;1.30 kgm. 
Viscosity of air = 1.80 x 105 N s m~™?. 
Distance between 

plates = 1.00 x 10? m. 
PD between plates = 2.00 x 10° V. 

Acceleration of free 

fall, g 10ms~?.) [L*] 

necessary theory, some 

experiment by which the charge on the 

electron has been determined. 

An oil drop, of mass 3.2 x 10-7" kg, falls 

vertically with uniform velocity through the 

air between vertical parallel plates 3 cm apart. 

When a potential difference of 2000V is 

applied between the plates, the drop moves 

with uniform velocity at an angle of 45° to the 

vertical. Calculate the charge on the drop. 

The path of the drop suddenly changes, 

becoming inclined at 18°26’ to the vertical; 

later, the path changes again and becomes 

inclined at 33°42’ to the vertical. Estimate 

from these data the elementary unit of charge 

(electron charge). [S] 

(a) Describe, giving a labelled diagram, the 

essential constructional features of the 

cathode ray tube and outline how the 

electron beam is focused, varied in 

intensity, and deflected. 

In a cathode ray tube the electrons are 

accelerated through a potential difference 

of 500 V and then pass between deflecting 

plates which are 0.05 m long. 

(b) 
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(i) Calculate the time it takes an 

electron to pass between the plates. 

If the PD across the plates is 10 V 

DC and the plates are 1 cm apart, 

calculate the angle through which 

the electrons are deflected. 

Explain why the deflection pro- 

duced by an alternating voltage, 

applied to the deflecting plates, can 

be zero at some high frequency. 

1.76 x 10!! Ckg™!.) 

(ii) 

(iii) 

(e/m. = [W] 

G66 Two signals of identical voltage, amplitude 

G67 

KO, 

and frequency, but different phase, are fed to a 

cathode ray oscilloscope, one to the X plates 

and one to the Y plates. 

Sketch and briefly explain what form of trace 

you would get if the phase difference was (a) 

zero, (b) 90°, and (c) 180°. [W] 

(a) Draw a labelled diagram of a cathode ray 

tube showing to which of the electrodes 

the following controls would be con- 

nected: brilliance, focus, X and Y shifts, 

time base. (Details of the circuitry are not 

required.) 
Calculate the accelerating potential which 

would be required to give the electrons a 

velocity of 2.0 x 10”ms™!. Indicate on 
your diagram between which electrodes 

this potential would be applied and show 

the polarity. 
Explain how you would use an oscillo- 

scope to measure an alternating potential 

difference of the order of 10 V peak-to- 

peak. (You may assume that ań alternat- 

ing PD of 5 V peak-to-peak is available.) 

What is the RMS value of a peak-to-peak 

voltage of 10.0 V? 
Sketch the waveform which you would 

expect to see if the Y plates of an 

oscilloscope were connected to a sinu- 

soidally varying PD of frequency 100 Hz 

and the X plates were connected: 

(i) toa PD with a saw-tooth waveform 

(b) 

(d) 

of frequency 50 Hz, 

(ii) to a PD with a sinusoidal waveform 

of frequency 50 Hz, 

(iii) together and earthed. 
(Specific electronic charge e/m = 1.76 x 

10°* Gke! [AEB, ’79] 
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G68 (a) With the aid of sketch graphs, one in each 

instance, describe how the displacement 

of the spot from the centre of the screen of 

a cathode-ray oscilloscope varies with 

time when the time-base is (i) linear, 

(ii) sinusoidal, there being no potential 

difference between the Y plates. 

(b) Describe how you would calibrate a 

sinusoidal signal generator at frequen- 

cies of 100, 200 and 300 Hz, using a CRO 

and a sinusoidal signal generator provid- 

ing a standard frequency of 100 Hz. 

(c) In the diagram A is an alternating voltage - 

supply, S is a standard resistor of 10 000 Q 

resistance, R is a resistor of comparable 

resistance and B is a CRO. With the 

internal time-base switched off, the trace 

is as shown. Account for the form of the 

trace and explain how the resistance of R 

could be determined from measurements 

on this trace if the X and Y deflection 

sensitivities, in Vmm_~!, are known. 
(d) State and explain one possible advantage 

of this method of measuring the resistance 

of R. [J] 

NUCLEAR PHYSICS (Chapters 
51—54) 

G69 Chlorine has a proton number (atomic number) 

17 and, as occurring in nature, a relative atomic 

mass 35.5. There are two naturally occurring 
isotopes of chlorine, with nucleon numbers (mass 
numbers) 35 and 37. Explain the meaning of 
the terms in italics. What further information 
can be obtained from the data given? Calculate 
the relative abundance of the two isotopes in 
naturally occurring chlorine. 

Explain why it is impossible to separate the 
different isotopes of an element by ordinary 
chemical means. 

G70 

G71 

G72 

plate P 

+2 x 
Photographic xix 

xX 
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Describe in outline one method by which the 

existence of different isotopes of an element 

can be demonstrated. [L] 

Describe, and give the theory of, a mass 

spectrometer for measuring the charge /mass 

ratio e/M of positive ions. 

Mention some of the uses of the mass 

spectrometer. 

An examination of copper (atomic number 

29) in the mass spectrometer shows two lines 

corresponding to relative atomic masses 62.93 

and 64.93 respectively. The relative atomic 

mass of copper is found by chemical methods 

to be 63.55. What is the proportion of each 

isotope of copper? What elementary particles, 

and how many of each, comprise the atoms of 

the two copper isotopes? [S] 

Describe and give the theory of, a mass 

spectrometer for measuring the charge /mass 

ratio e/M of positive ions. 

The mass of the singly charged neon isotope 

ioNe” is 3.3 x 10-76 kg. A beam of these ions 
enters a uniform transverse magnetic field of 

0.3 T, and describes a circular orbit of radius 

0.22 m. What is: 

(a) the velocity of the ions, 

(b) the potential difference which has been 

used to accelerate them to this velocity? 
(The electronic charge = 1.6 x 107!9 C.)[S]} 

The diagram shows a mass spectrometer used 
for measuring the masses of isotopes. It 
consists of an ion generator and accelerator, 
a velocity selector and an ion separator, all ina 
vacuum. 

Magnetic field 
into paper 

lon separator 

Velocity 
selector 

lon accelerator 
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In one experiment, tin ions, each of which 

carries a charge +1.6 x 107!° C, are produced 
in the ion generator and are then accelerated 

by a p.d. of 20000V. Tin has a number of 

isotopes, two of which are tin—118 (!!8Sn) and 
tin-120 ('7°Sn). 
(a) (i) State one similarity and one differ- 

ence between the isotopes of tin. 

(ii) Assuming that an ion of tin—120 is at 

rest before being accelerated, show 

that the final speed after acceleration 
is 177kms"!. 

Mass ofanucleon = 1.7 x 10-7” kg 

(iii) What will be the final speed of anion 
of tin—118? 

(b) In practice all ions produced by the ion 

generator have a range of speeds. A 

velocity selector is used to isolate ions 

with a single speed. In the velocity selector 

the force produced by the electric field is 
balanced by that due to the magnetic field 

which is perpendicular to the plane of the 

paper. 
(i) The plates producing the electric 

field have a separation of 2.0cm. 

The potentials of the plates are 
marked on the diagram. What is 

the magnitude of the force on an ion 

due to this electric field in the 

velocity selector? 

Write down the equation which 

must be satisfied if the ions are to 

emerge from the exit hole of the 

velocity selector. Define the terms in 

the equation. 
(iii) What magnetic flux density is 

required if ions travelling with a 

speed of 177kms! are to be 
selected? 

(c) After selection the ions are separated 
using a magnetic field on its own, as 

shown in the diagram. 

(i) Explain why the ions move in 

circular paths in this region. 

Show that the radius of the path is 

directly proportional to the mass of 

the ion. 

(iii) The ions are detected using the 

photographic plate P. Determine 

the distance between the points of 

impact on the photographic plate of 

the two isotopes of tin when a 

magnetic flux density of 0.75 T is 

used in the ion separator. 

(ii) 

(ii) 

G73 

891 

(d) Explain whether the distance between the 

points of impact of the ions would be the 

same, greater or smaller for two isotopes 

of uranium, one with a nucleon number of 

236 and the other 238, assuming that they 

have the same velocity as the tin ions. 

[AEB, ’92] 

Define nucleon number (mass number) and 

proton number (atomic number) and explain 

the term isotope. Describe a simple form of 

mass spectrometer and indicate how it could 

be used to distinguish between isotopes. 

In the naturally occurring radioactive decay 

series there are several examples in which a 

nucleus emits an « particle followed by two f 

particles. Show that the final nucleus is an 

isotope of the original one. What is the change 

in mass number between the original and final 

nuclei? [L] 

G74 Part of the actinium radioactive series can be 

G75 

represented as follows: 

Q, tá T — »,, 

Po 

The symbols above the arrows indicate the 

modes of decay. 
(a) Write down the atomic numbers and 

mass numbers of Tl, Po and Pb in this 

211p; 
338i 

series. 
(b) What is a possible mode of decay for the 

stage TI to Pb? [C(O)] 

Explain the following observations: 
(a) Aradioactive source is placed in front ofa 

detector which can detect all forms of 

radioactive emission. It is found that the 

activity registered is noticeably reduced 

when a thin sheet of paper is placed 

between the source and the detector. 

(b) A brass plate with a narrow vertical slit is 

now placed in front of the radioactive 

source and a horizontal magnetic field, 

normal to the line joining source and 

detector, is applied. It is found that the 

activity recorded is further reduced. 
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(c) The magnetic field in (b) is removed and a 

sheet of aluminium is placed in front of 

the source. The activity recorded is 

similarly reduced. 

(d) The aluminium sheet in (c) is replaced by 

a sheet of lead and the detector records 

much less activity. This activity is not 

affected by the reintroduction of the 

magnetic field. [AEB, ’83] 

G76 A certain «-particle track in a cloud chamber 

has a length of 37 mm. Given that the average 

energy required to produce an ion pair in air is 

5.2 x 107-!8J and that -particles in air pro- 
duce on average 5.0 x 10° such pairs per mm 

of track, find the initial energy of the «-particle. 

Express your answer in MeV. 

(Electron charge = 1.6 x 107! C.) [C] 

G77 (a) You are required to carry out an experi- 

ment to determine the count rate 

measured when different thicknesses of 

aluminium sheet are placed in turn 

between a radioactive source and a G-M 

tube. How could you obtain a reliable set 

of results so that you could plot a graph of 

the measured count rate due to the source 

against the thickness of the aluminium 

sheet? You may assume that a set of 

absorbers is available as well as a rate- 

meter or scaler and the usual apparatus of 

a physics laboratory. 

(b) The table below refers to an experiment 

similar to that described in (a). Mean 

count rates due to the source are shown 

with the thicknesses of different alumi- 

nium absorbers. 

Absorber thickness/ Mean count rate/ 

mm count min! 

(i) Plot a graph of mean count rate 

against absorber thickness. 

(ii) When a sheet of aluminium foil is 

folded into 16 thicknesses and 

positioned between the source and 

detector, the mean count rate is 815 
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count min™!. Use the graph to 
determine the thickness of a single 

sheet of the foil. 
(iii) The uncertainty in the count rate 

due to the randomness of radio- 

active emission is +30 when the 

count rate is 815 count min’. Use 

this information and the graph to 

find the uncertainty in the thickness 

of the aluminium you have calcu- 

lated in (ii). 

(c) The following results were also obtained 
with the same experimental arrangement 

as that described in (b): 

aluminium absorber, 3.50mm thick, 

count rate due to source = 12 count 

min A 
lead absorber, 3.50 mm thick, count rate 

due to source = 10 count min™!. 

Explain the significance of these results. 

[J, °92] 

G78 What is gamma-radiation? Explain one way in 
which it originates. 

An experiment was conducted to investigate 

the absorption by aluminium of the radiation 

from a radioactive source by inserting alumi- 

nium plates of different thicknesses between 

the source and a Geiger tube connected to a 

ratemeter (or scaler). The observations are 

summarised in the following table: 

Thickness of aluminium | Corrected mean count rate 

/cm /min~' 

Use these data to plot a graph and hence 

determine for this radiation in aluminium the 

linear absorption coefficient, (defined by 

dI 1 ; A 
EINA tae, where I is the intensity of the 

incident radiation and dI is the part of the 
incident radiation absorbed in thickness dx). 

Draw a diagram to illustrate the arrangement 
of the apparatus used in the experiment and 
describe its preliminary adjustment. 

What significance do you attach to the words 
‘corrected’ and ‘mean’ in the table? [J] 
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G80 

Activity/ 
104 Bq 

(a) What are gamma-rays? Mention one way 

in which they originate. 

(b) Describe, with the aid of a labelled 

diagram, how you would verify experi- 

mentally the inverse square law for 

gamma-rays using a _ Geiger—Miiller 

tube. Discuss the precautions you would 

take and explain how you would present 

your results graphically. 

The window of a gamma-ray detector has 

an area of 4.0 x 1074m? and is placed 

horizontally so that it lies 2.0 m vertically 

above and on the axis of an effective point 

source of gamma-rays. When a sheet of 

gamma-ray absorber is introduced 

between source and detector, the initial 

rate of arrival of gamma-rays at the 

widow, 60 photon min™!, can be main- 

tained only by moving the gamma-ray 

detector vertically down through 0.20 m. 

Estimate (i) the rate of emission of 

gamma-rays from the source and (ii) the 

percentage of gamma-rays effectively 

absorbed by the sheet. [J] 

(c) 

A sample of iodine contains 1 atom of the 

radioactive isotope iodine-131 (1711) for every 

5x10’ atoms of the stable isotope iodine- 

127. Iodine has a proton number of 52 and the 

radioactive isotope decays into xenon-131 

(°1Xe) with the emission of a single nega- 

tively charged particle. 
(a) State the similarities and differences in 

composition of the nuclei of the two 

isotopes of iodine. 

(b) What particle is emitted when iodine-131 

decays? Write the nuclear equation which 

represents the decay. 

(c) The diagram shows how the activity of a 

freshly prepared sample of the iodine 

G81 

G82 

G83 

G84 

G85 
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varies with time. Use the graph to 

determine the decay constant of iodine- 

131. Give your answer in s~!. 
(d) Determine the number of iodine atoms in 

the original sample. [AEB, 791] 

A radioactive source has a half-life of 20 days. 

Calculate the activity of the source after 70 

days have elapsed if its initial activity is 

10'° Ba. 

The radioactive isotope 74Po has a half-life of 
3min, emitting « particles according to the 

equation 

218Po — a + *Pb. 
What are the values of x and y? 

If N atoms of 743Po emit «-particles at the rate 
of 5.12 x 10*s~!, what will be the rate of 
emission after + hour? [S] 

(a) In the uranium decay series *38U decays 
by stages to 735U. 
(i) Why is the new nucleus given the 

symbol U? 
(ii) Identify the total number and types of 

particles that have been emitted in 

this transformation. 

An isotope of the element radon has a 

half-life of 4 days. A sample of radon 

originally contains 10'° atoms. 

(Take 1 day to be 86 x 10°.) 

(b) 

Calculate: 
(i) the number of radon atoms remain- 

ing after 16 days. 

(ii) the radioactive decay constant for 

radon; 

(iii) the rate of decay of the radon sample 

after 16 days. [O, 792] 

The half-life of ??P is 2.5 minutes. Calculate 
the mass of ?2P which has an activity of 
10’? Ba. 

(The Avogadro constant = 6.0 x 10° mol.) 

The activity of a particular radioactive nuclide 

falls from 1.0 x 10!! Bq to 2.0 x 10'° Bq in 10 
hours. Calculate the half-life of the nuclide. 
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G86 Calculate the activity of 2.0 ug of $$Cu. 

(The half-life of $§;Cu = 13 hours. 

The Avogadro constant = 6.0 x 107’ molt.) 

G87 The radioactive isotope of iodine '*'I has a half 

life of 8.0 days and is used as a tracer in 

medicine. Calculate: 

(a) 

(b) 

the number of atoms of '*'I which must 

be present in the patient when she is tested 

to give a disintegration rate of 6.0 x 

Osa 
the number of atoms of '*'I which must 

have been present in a dose prepared 24 

hours before. [J, 91] 

G88 The activity of a mass of !4C is 5 x 10° Bq and 
the half-life is 5570 years. Estimate the 

number of '4C nuclei present. 

(In 2 ~ 0.69.) J] 

G89 (a) A sample initially consists of No radio- 

(b) 

G90 (a) 

(b) 

active atoms of a single isotope. After a 

time tthe number N of radioactive atoms 

of the isotope is given by: 

Na Nje” 

(i) Sketch a graph of this equation and 

show on the graph the time equal to 

the half-life of the sample, 7},2. 

Explain what is meant by the disin- 

tegration rate of the sample and 

represent this on the graph at zero 

time and at time 7},,. State the ratio 

of these two disintegration rates. 

(iii) Explain the physical significance of 

the constant 4 in the equation above. 

If you are provided with a small gamma 

ray source of very long half-life, describe 

the arrangement you would use, and the 

measurements you would make to inves- 

tigate the inverse-square law for gamma 

rays. Show how you would use your 

measurements to verify the law. [J] 

(ii) 

Discuss the assumption on which the law 

of radioactive decay is based. What is 

meant by the decay constant À and the half- 

life Tı of a radioactive isotope? Show, 
from first principles, that 

AT, /2 = 0.69 

Outline an experiment to verify the decay 

law if a fairly weak radioactive source with 

(c) 

G91 (a) 

(b) 

(c) 

(d) 

(e) 
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Tı» about an hour is available. Make clear 

the readings you would take and the way 

in which you would use them. 
At a certain time, two radioactive sources 

R and S contain the same number of 

radioactive nuclei. The half-life is 2 hours 

for R and 1 hour for S. Calculate: 

(i) the ratio of the rate of decay of R to 

that of S at this time. 

(ii) the ratio of the rate of decay of R to 

that of S after 2 hours. 

(iii) the proportion of the radioactive 

nuclei in S which have decayed in 2 

hours. [O & C, 792] 

The various isotopes of an element X are 

distinguished by using the notation IX. 

Explain the meaning of A, Z and of the 

term isotope. 

Radioactive sources which might be used 

in schools are Ra which emits «, 8 and y 

rays, and °°Sr which emits £ rays only. 

(i) List three safety precautions which 

need to be taken into account when 

using such sources. 

The half lifeof °Sr is 28 years. When 

its activity falls to 25% of its original 

value it should be replaced. After how 

many years should it be replaced? 

(i) Explain briefly how f particles are 

emitted by the nucleus. 

When *;$Ra emits an « particle it 
decays to radon (Rn). Write down a 

balanced equation for this change. 

Radioactive isotopes have many applica- 

tions merely by virtue of being isotopes. 

Describe and explain one such applica- 
tion. 

(i) Describe briefly Rutherford’s « par- 

ticle scattering experiment and sum- 

marise the evidence that it provided 

for the nuclear model of the atom. 

(ii) How would the results be different if 

aluminium foil were used instead of 
the gold foil in such an experiment? 

[W, °90] 

(ii) 

(ii) 

G92 In 420 days, the activity of a sample of 
polonium, Po, fell to one-eighth of its initial 
value. Calculate the half-life of polonium. 
Give the numerical values of a, b, c, d, e, fin 
the nuclear equation 

BPO Ga A + Fy 
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A point source of y-radiation has a half-life of 

30 minutes. The initial count rate, recorded by 

a Geiger counter placed 2.0m from the 

source, is 360s !. The distance between the 

counter and the source is altered. After 1.5 

hour the count rate recorded is 5s~!. What is 

the new distance between the counter and the 

source? [L] 

(a) (i) What are alpha, beta and gamma 

rays? 

(ii) Describe briefly one method 

whereby they may be distinguished 

from one another experimentally. 

(b) Explain what is meant by: 

(i) radioactive decay, 

(ii) radioactive decay constant, 

(iii) half life, 
(iv) the becquerel. 

(c) (i) A newspaper article stated that the 

NASA Galileo space probe to Jupiter 

‘contained 49lb of plutonium to 

provide 285 watts of electricity 

through its radioactive thermonuc- 

lear generator (RTG)’. 

(Note: An RTG is a device for 

converting thermal energy pro- 

duced by fission into electrical 

energy.) 

Assuming that the plutonium is 

3°Puy, which is built into a small 
nuclear reactor and that the effi- 

ciency of the RTG is 10%, what is 

the maximum time for which the 
RTG will supply the required energy 

output? 
(Take the energy emitted for each 

nuclear disintegration of the 23°Du to 

be 32pJ, Na = 6.0 x 10” mol}, 
1lb = 0.45kg.) 

(ii) What factors will tend to: (I) 

increase, (II) decrease your esti- 

mate of the time? [W, 791] 

When iron is irradiated with neutrons an isotope 

of iron is formed. This isotope is radioactive 

with a half-value period (half-life) of 45 days. 

Give the meanings of the terms printed in 

italics. 

A steel piston ring of mass 16 g was irradiated 

with neutrons until its activity due to the 

formation of this isotope was 10 microcurie. 

Ten days after the irradiation the ring was 
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installed in an engine and after 80 days 

continuous use the crankcase oil was found 

to have a total activity of 1.85 x 10° disinte- 

grations per second. Determine the average 

mass of iron worn off the ring per day 

assuming that all the metal removed from the 

ring accumulated in the oil and that one curie 

is equivalent to 3.7 x 10'° disintegrations per 

second. [J] 

Discuss the assumptions on which the law of 

radioactive decay is based. 

What is meant by the half-life of a radioactive 

substance? 

A small volume of a solution which contained 

a radioactive isotope of sodium had an activity 

of 12000 disintegrations per minute when it 

was injected into the bloodstream ofa patient. 

After 30 hours the activity of 1.0 cm? of the 

blood was found to be 0.50 disintegrations per 

minute. If the half-life of the sodium isotope is 

taken as 15 hours, estimate the volume of 

blood in the patient. [J] 

A tube containing an isotope of radon, °%¿Rn, 
is to be implanted in a patient. The radon has 

an initial activity of 1.6 x 10* Bq, a halflife of 4 

days and it decays by alpha emission. To 

provide the correct dose, the tube, containing 

a freshly prepared sample of the isotope, is to 

be implanted for 8 days. 
(a) (i) What are the proton (atomic) 

number and the nucleon (mass) 

number of the daughter nucleus 

produced by the decay of the radon? 

(ii) State one reason why an alpha 

emitter is preferred to a beta or 

gamma emitter for such purposes. 

Determine: 

(i) the decay constant for radon in s~ 

(ii) the initial number of radioactive 

radon atoms in the tube. 

(c) The operation to implant the tube has to 

be delayed. 

Ignoring the effects of any daughter 

products of the decay, determine the 

maximum delay possible if the patient is 

to receive the prescribed dose using the 

source. [AEB, 792] 

(b) 
1 

*19Bi is a radioactive isotope of bismuth with a 
half-life period of 5.00 days, which emits 

negative beta particles. Explain the italicized 
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terms in the above statement and the signifi- 

cance of the numbers 210 and 83. 

Describe experiments you would do to verify 

that alpha and gamma radiations from 7)3Bi 
are negligible. (You are not required to 

explain the principles underlying the action 

of any detector you may use.) 

This isotope appears to be an ideal source of 

beta particles for an experiment you wish to 

perform. Assuming that for your experiments, 

which run continuously for 300 hours, the 

strength of the source must not fall below 

10 wCi, what strength of source is required at 

the start of an experiment? [O & C] 

G99 A decay sequence for a radioactive atom of 
radon—219 to a stable lead—207 atom is as 

shown below. 

pelo) 
fee) a 

ie) ol 

Number of protons 

foe) > 

125 1260027, 128 129.4430 8131 132 61433 

Number of neutrons 

(a) What do the numbers on the symbol 

297 Pb represent? 
(b) G) Write down a nuclear equation 

representing the decay of 7}?Rn to 
215, 
84 

(ii) Write down the name of the particle 

which is emitted in this decay. 

(c) (i) What particle is emitted when °} Bi 
decays? 

(ii) What happens within the nucleus to 

cause this decay? 

(d) The half-life of 71?Rn is 4.0s. At time 
t = 20s, what fraction of the radon 

atoms present at time t = 0, will be 

undecayed? [C, 792] 

G100 The potassium isotope {2K has a half-life of 
12 hr, and disintegrates with the emission ofa 

y-ray to form the calcium isotope 52Ca. What 
other radiation besides y-rays must be 

emitted? How many electrons, protons, and 

neutrons are there in an atom of the calcium 
isotope? 

G101 
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The amount of radiation received in unit 

time by a person working near a radioactive 

source, commonly called the dose rate, is 

measured in rem hr _!. The safety regulations 

forbid dose rates in excess of 7.5 x 

10~* rem hr~!. The y-ray dose rate from the 
2K source is found to be 3 x 107° remhr! 
at a distance of 1m. What is the minimum 

distance from this source at which it is safe to 

work? 

After how long will it be safe to work at a 

distance of 1 m from this source? [S] 

(a) Why is radioactive decay described as a 

‘random process’? 

(b) The equation for the rate of decay of a 

radioactive nuclide is 

dN 
——— = AN 

dt 

where N is the number of atoms 

surviving at time ¢, and / is the constant 

for the particular decay. 

(i) Obtain the expression for the value 

of N attimet, given that N = No 

whent = 0. 

Define the half-life, 7\/2, for the 

decay, and express it in terms of À. 

Obtain the expression for the 

number of nuclei that have disin- 

tegrated during the period up to 

time z. 

(c) The hydrogen isotope 7H (tritium) is a 

f-emitter of half-life 12.3 years. 
(i) Outline briefly how you would 

identify the emission as f-particles, 

and how you would measure the 
half-life of the decay. 

What is the difference in structure 
between a tritium atom and an 

ordinary hydrogen atom, and what 

is the product of the tritium decay? 

[O] 

(ii) 

(iii) 

(ii) 

G102 Explain what is meant by (a) radioactivity, 
(b) half-life. 

Why is it necessary to specify the half-life of a 
radioactive substance rather than the full life? 

Describe how you would determine experi- 
mentally the half-life of a radioactive sub- 
stance of comparatively short half-life 
explaining how you would calculate the 
result from your observations. | 
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G104 

G105 

Describe an experiment to demonstrate the 

sign of the charge carried by one form of 

radiation from radioactive substances. [L] 

How are (a) the atomic number, (b) the 

atomic mass number ofa radioactive nucleus 

changed by the emission of (i) an a-particle, 

(ii) a f-particle, (iii) a y-ray? 

Very briefly explain how the nature of 
a-particles has been established. 

How may the half-life of a radioactive 

material, of which the half-life is known to 

be about 10 minutes, be determined? [S] 

(a) Explain what is meant by radioactive 

decay, and state the nuclear changes 

that accompany the emission of an 

a-particle, a f-particle and a y-ray 

photon. 

(b) What do you understand by the half-life 

of a particular decay process? Given that 

the activity of a source undergoing a 

single type of decay is Io at time ż = 0, 

obtain an expression in terms of the half- 

life Ty. for the activity J at any 

subsequent time t. 

(c) A demonstrator has a thorium hydro- 

xide preparation which produces thoron 

gas with a half-life of 56 seconds. 

Describe how he would demonstrate: 
(i) that radioactivity involves decay, 

with a half-life that can be 

measured; 

(ii) that radioactive decay is a random 
process. [O] 

(a) Explain what are meant by the half-life 

and the decay constant of a radioactive 

isotope. 

(b) Atthe start ofan experiment a mixture of 

radioactive materials contains 20.0 yg of 

a radioisotope A, which has a half-life of 

70s, and 40.0ug of radioisotope B, 

which has a half-life of 35 s. 

(i) After what period of time will the 

mixture contain equal masses of 

each isotope? What is the mass of 

each isotope at this time? 

(ii) Calculate the rate at which the 

atoms of isotope A are decaying 

when the masses are the same. 

(Molar mass of isotope A = 234g, the 

Avogadro constant = 6.0 x 10°? mol") 
[AEB, ’87] 
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G106 (a) Radioactive decay is a random process 

in which the time of decay of an 

individual nucleus cannot be pre- 

dicted. The decay of a radioactive 

substance follows an exponential law 

with a well-defined decay constant. 

Explain how these two statements are 

consistent. 

(b) You are given a small radioactive source 

believed to emit two different types of 

radiation. Describe tests you might carry 

out to identify the radiations present. 

(c) The isotope of bismuth of mass number 

200 has a half-life of 5.4 x 10° s. It emits 
alpha particles with an energy of 

82 xX 107E]. 
(i) State the meaning of the term kalf- 

life. 

Calculate for this isotope: 

(ii) the decay constant, 
(iii) the initial activity of 1.0 x 10~° 

mole of the isotope, 

(iv) the initial power output of this 

quantity of the isotope. 

(Na = 6.0 x 107? mol.) [S] 

G107 A Geiger—Miiller tube was fixed with its axis 
horizontal at a place on a bench well removed 

from all known radioactive sources. Back- 

ground count rate measurements were made 

by recording counts over several ten-minute 

periods. The following counts were obtained 

for five such periods: 290, 277, 273, 263 and 

247. Find the mean background count rate in 

counts per minute. 

A weak radioactive source was then mounted 

on the axis of the tube with its protective grille 

facing the end window of the tube, so that it 

could be moved along the axis to give various 

distances s between the grille and the end- 

window, as in the Figure below. 

Source 

a ee [] 

a= 
Counts, N, were taken over four-minute 

periods for the various values of s, with 

results as follows: 
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the wood dies the carbon 14 decays, its half 

life being 5600 years. 4g of carbon from a 

piece of dead wood gave a total count rate of 

20.0 disintegrations per minute. Estimate 

the age of the piece of wood. 

(Avogadro constant = 6.0 x 10” mol"!. 
One year = 3.16 x 10” seconds. 
In2 = log.2 = 0.693.) LCA] 

*Too rapid for the 

counter. 
G112 (a) The radioactive isotope °% Th emits an 

alpha particle to become the isotope ;Ra. 
Copy this table adding further columns for Explain the meanings of the superscript 
values ofn and 1/,/n, where nis the corrected and subscript numbers 228 and 90 and 
count over four minutes, i.e. counts recorded state the values of a and b. 

minus background counts. (b) The graph shows how the activity in 

It is thought that the relationship between n counts per minute (c.p.m) of 1.00g of 
processed carbon decreases as it ages. and s is likely to be of the form 

1/,\/n = k(s+ x), where k and x are con- 
stants. Plot a graph of 1/,/n against s/mm, 
and use it to obtain values for k and x. 

F ae What practical significance can be attached 
to x? 

a 

Fase nen 

eke see S 

5 
i a) a TE ka Plot a further graph of Ign against 

lg((s + x)/mm) and find its gradient. [S] 

Eee eee 
G108 Uranium ores contain one radium 226 atom 

for every 2.8 x 10° uranium 238 atoms. 

Calculate the half-life of 733U given that the 
half-life of °% Ra is 1600 years. (726Ra is a 
decay product of 738U.) 

Activity/c.p.m 

C] 
ši 

SIRSTIESEE HEH H+ 
FH T] 

Coo 

G109 A uranium-bearing rock is found to contain 9 

uranium 238 atoms for every 8 helium atoms 

present in the rock. Assuming that the decay 

process which eventually converts a uranium 
atom to lead involves the emission of 8 200 ae LA 20.000 
a-particles, calculate the age of the rock. sorb 

(Half-life of 733U = 4.5 x 10° years.) 

ai A E S a 

HEH 

(i) State the half-life of the radioactive 
G110 Wood from a buried ship has-a specific isotope present in the carbon. 

activity of 1.2 x 10*Bqkg~! due to 1!4C, (ii) 0.50 g of similarly processed carbon 
whereas comparable living wood has an taken from some ancient charcoal 
activity of 2.0 x 10*Bqkg~!. What is the gave a measured activity of 5.0 
age of the ship? c._p.m. Estimate the age of the 

(Half life of “C = 5.7 x 10? years.) charcoal [S] 
[W, °90] G113 (a) Explain the significance of the charac- 

i ° f ters H, 1 and 2 in the expressi 
G111 Living wood takes in radioactive carbon 14 aiia 

from the atmosphere during the process of 1H 
photosynthesis, the proportion of carbon 14 and hence state what is meant by an 
to carbon 12 atoms being 1.25 to 101°. When isotope. | 
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G114 

G115 

G116 

G117 

(b) Copy and complete the following 

equations: 

(De. "2 The..,. 

(ii) 733Th > 734Pa+.... 
(c) Sketch a graph of the variation of 

binding energy per nucleon with atomic 

mass number. Use your sketch to 

explain why (i) fusion and (ii) fission, 

occur. . [W, 791] 

Explain what is meant by the binding energy 

of a nucleus. Using the following data 

calculate the binding energy per nucleon, in 

MeV, of an alpha particle. 

(Mass of proton = 1.0080u. Mass. of 

neutron = 1.0087u. Mass of alpha 

particle = 4.0026u. lu is equivalent to 

930 MeV.) J) 

In the fusion reaction 7H + 7H = 3He-+ $n, 
how much energy, in joules, is released? 

(Mass of 7H = 3.345 x 10°’ kg; 7H = 
5.008 x 10-27 kg; łHe = 6.647 x 10-27 kg; 
air = l.O7 > XO ke. 
Speed of light = 3.0 x 108m s™!.) L] 

234U_ decays by spontaneous emission 
to *33Np. 
(a) What decay process has occurred? 

(b) How does the nucleus of U-234 differ 

from the nucleus of Np-234? 

(c) The particle emitted in the decay 
process has kinetic energy. What is the 

source of this energy? [L] 

(a) (i) Explain what is meant by the mass 

defect of an atomic nucleus. 

(ii) Describe how the binding energy of 

an atomic nucleus can be found 

with the aid of this quantity. 

(b) (i) Sketch a graph to show how the 

binding energies per nucleon of 

atomic nuclei vary with nuclear 

mass. 

(ii) Explain how details of your graph 

can be used to identify an isotope 

that can undergo nuclear fission. 

(c) (i) Two isotopes of lead, 208Pb and 

210Pb, have atomic masses 

207.977u and 209.984u respec- 

tively. Calculate the mass defect 

(in u) of an atom of each of these 

isotopes. 
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(The mass of a neutron is 1.009 u, 

and that of a hydrogen atom is 

1.008 u.) 

(ii) One (only) of these isotopes is 

radioactive. What further calcula- 

tion would identify the unstable 

isotope? Outline the steps in this 

calculation and give your conclu- 

sion. 

(d) Aradioactive gas G (contained in a thick 

glass flask) emits alpha radiation accom- 

panied by gamma radiation. G has a 

half-life of a few days and decays to a 

substance S that emits alpha radiation 

only. S decays to products with negli- 

gible activity. 

Describe an experimental procedure to 

establish an accurate value for the half- 

life of G. [O, 792] 

G118 Explain the term nuclear binding energy. 

Sketch a graph showing the variation of 

binding energy per nucleon number (mass 

number) and show how both nuclear fission 

and nuclear fusion can be explained from the 

shape of this curve. 

Calculate in MeV the energy liberated when 

a helium nucleus (He) is produced (a) by 

fusing two neutrons and two protons, and 

(b) by fusing two deuterium nuclei (7H). 
Why is the quantity of energy different in the 

two cases?. 

(The neutron mass is 1.008 98 u, the proton 

mass is 1.00759u, the nuclear masses of 

deuterium and helium are 2.01419u and 

4.002 77 u respectively. 1 u is equivalent to 

931 MeV.) ' [L] 

G119 (a) Explain the meaning of the symbol *35U. 

What is meant by an isotope? 

(b) Certain types of nucleus may sponta- 

neously lose a small amount of mass by 

the process known as radioactivity. 

(i) Describe the nature of the radia- 
tions which may be emitted during 

this process. 
(ii) Define radioactive decay and briefly 

explain how this leads to the 

dN 
ion —— = —AN. equation = 

Why is there a negative sign? 
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(iii) Sketch the variation of N with time 

and explain what is meant by half 

life. 

Draw a sketch of the variation of 

binding energy per nucleon with 

mass number. Use the sketch to 

explain why nuclear fusion occurs 

in some circumstances and nuclear 

fission in others. 

(ii) Explain why very high tempera- 

tures are required for nuclear 

fusion. 

(iii) A future fusion reactor might use 

the reaction 

(c) G) 

2H +? H — å He + energy 

to produce useful energy. From the 

following data calculate the 

number of reactions required to 

produce 1 J of energy. 

(iv) Calculate the mass of fH required 
to provide 1 J of energy. 

(Mass of 7H = 2.0136amu, Mass of 
He = 4.0015amu, Lamu = 1.661 x 
HO tke, Velocity, of hight er 
3.00 x 108m s7!) [W, °92] 

G120 (a) Explain the meaning of the term mass 

difference and state the relationship 

between the mass difference and the 

binding energy of a nucleus. 

(b) Sketcha graph ofnuclear binding energy 

per nucleon versus mass number for the 

naturally occurring isotopes and show 

how it may be used to account for the 

possibility of energy release by nuclear 

fission and by nuclear fusion. 

(c) The Sun obtains its radiant energy 

from a thermonuclear fusion process. 

The mass of the Sun is 2 x 10°° kg and 

it radiates 4 x 10°?kW at a constant 

rate. Estimate the life time of the Sun, 

in years, if 0.7% of its mass is 

converted into radiation during the 

fusion process and it loses energy only 

by radiation. (1 year may be taken as 

3 x 10’s.) 
(The speed of light, c = 3 x 108 ms7!.) [J] 

G121 Anelectron and a positron (a particle of equal 

mass to an electron but with positive charge) 

may annihilate one another, producing two 

G122 

G123 
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y-ray photons of equal energy. What is the 

minimum energy of each of these photons? 

(Mass of electron, me = 9.1 x 10-*' kg; 
speed of light, c = 3.0 x 10°ms!.) [C] 

Radioactive decay occurs by either « or f 

emission. Write down the general equation 

for the decay of an isotope X with nucleon 

number A and proton number Z to an 

isotope Y by (a) «-emission, (b) /-emission. 

Part of a radioactive series consists of the 

following sequence of emissions: «, a, P, «, P, 

a. Draw this part of the series on a N against 

Z graph. (N is the number of neutrons in a 

nucleus.) What are the total changes in N 

and Z during this part of the series? 

How does the ratio N:Z vary for stable nuclei 

throughout the Periodic Table? Discuss the 

relevance of this variation to (i) the fact that 

in a radioactive decay series the ~-emissions 

are interspersed with f emissions, and (ii) 

the likely radioactivity of the fission frag- 

ments in a nuclear fission. 

The isotopes with the longest half-lives 

occurring in the four natural radioactive 

decay series have half-lives of 1.4 x 101° 

years, 4.5 x 10° years fil 108 years and 

2.2 x 10* years respectively. What is the 

significance of the fact that only those series 

containing the three longest half-lives occur 

naturally in the earth? [L] 

(a) (i) Explain what is meant by the 

nucleon number and the nuclear 

binding energy of a nucleus. 

(ii) Sketch a fully labelled graph to 

show the variation with nucleon 

number of the binding energy per 

nucleon. Hence explain why fusion 

of nuclei having high nucleon 

numbers is not associated with a 

release of energy. 

(b) A rolling mill produces sheet alumi- 

nium, the thickness of which must be 

kept within certain limits. In order to 

achieve this, the thickness of the sheet is 

monitored as it leaves the final set of 

rollers. The monitor consists of a 

B-particle source and a detector placed 
as shown below. 
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Roller 

Source 

wk Aluminium sheet 

oS 
Detector 

(i) Discuss the advisability, or other- 

wise, of using a f-emitting source 

which has 

(1) a high activity, giving a count 

rate many times that of back- 

ground, 

(2) a short half-life. 

(ii) For sheets of aluminium about 

1mm thick, the f-particle count 

rate C/s™! is known to vary with 
thickness x/mm according to the 
expression 

C= Grew os 

where C)/s~! is the count rate 
when x = 0. 

Calculate the ratio 

maximum count rate 

minimum count rate 

when x = 1.00 mm and x varies by 

+5.0%. [C, °92] 

G124 Two reactions which occur in the upper 

atmosphere are: 

MN +in — 14C + |H 
MN +1 n — 2C 43H 

Explain the meaning of the subscript and 

superscript numbers. Calculate in MeV the 

energy involved in each reaction. Explain the 

significance of these quantities. The data 

given below is for atomic masses although the 

reactions are nuclear. Why is this acceptable? 

The !4C produced in the atmosphere in the 

first reaction above is radioactive. Carbon 

from carbon dioxide in the atmosphere is 

absorbed by living material as long as it is 

alive. The half-life of '¢C is 5600 years. 

Explain the meaning of the last statement. 

How can the above information be used to 

establish the age of a piece of ancient wood? 

G125 

G126 

G127 
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(Mass of neutron = 1.008 67u. 

Mass of 1H = 1.007 83u. 

Mass of 7H = 3.01605u. 

Mass of '2C = 12.00000u. 
Mass of 4C = 14.003 24u. 

Mass of 4N = 14.003 07u. 
lu = 931 MeV.) [L] 

Explain the meanings of the superscript 238 

and the subscript 92 in 738U. 

How, if at all, would these numbers become 

altered by (a) the emission of one « particle, 

(b) the emission of one f particle, and (c) the 

absorption of one neutron? 

Give an example of a fusion reaction and 

explain where reactions of this kind occur in 

nature. 

The mass of the isotope {Li is 7.018 u. Find 
its binding energy given that the mass of !H is 
1.008 u, the mass of the neutron = 1.009 u 

and 1u = 931 MeV. [W] 

Explain why the mass of a nucleus is always 

less than the combined masses of its con- 

stituent particles. 

Naturally occurring chlorine is a mixture of 

two isotopes, ??Cl with a relative abundance 
of 75% and 37Cl with a relative abundance of 
25%. Explain fully what is meant by this 
statement, and describe briefly how the 

relative abundance of the two isotopes could 

be verified experimentally. 

When natural chlorine is irradiated with slow 
neutrons from a reactor, another isotope of 

chlorine of mass number 38 is produced 

which decays by f-emission. What nuclear 

reaction would you expect to be responsible 

for producing this isotope, and what are the 

mass number and atomic number of the 
nucleus remaining after the /-decay? 

[O & C] 

In a controlled thermal fission reactor what is 

the function of (a) the moderator, (b) the 

control rods, and (c) the coolant? 

A typical fission reaction is 

233U + on > Mo + '57La + 20n + 7_1€ 
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G128 

G129 

Calculate the total energy released by 1 g of 

2U undergoing fission by this reaction, 
neglecting the masses of the electrons. 

(Mass of neutron = 1.009u. 

Mass of 3Mo = 94.906u. 
Mass of '2°>La = 138.906u. 
Mass of 233U = 235.044 u. 
lu = 1.66% 10-*" ke. 
Number of atoms 

atoms = 6.02 x 10”. 
Speed of light = 3.00 x 10®°ms~!.) 

in one mole of 

[L*] 

A control rod to limit the rate at which a 

nuclear reactor is working is made from 

boron which is sealed in a casing. A boron 

atom ('2B) is able to capture a neutron; an 
atom of lithium (Li) and an alpha particle 

being produced in the process. As a result 

helium gas is produced which occupies the 

spaces between the atoms in the rods which 

may be assumed to have a crystalline 

structure. 

Each cubic metre of the control rod can 

absorb 1.5 x 10?’ neutrons before it must be 

replaced. 

(a) State the difference between a crystalline 

structure and an amorphous structure. 

(b) Write down an equation for the nuclear 

reaction which takes place in the control 

rods. 

(c) Howmany moles ofhelium are liberated 

in each cubic metre of control rod? 

(d) The boron atoms themselves occupy 

75% of the total volume occupied by 
the rods. Calculate the pressure inside 

the casing, at a temperature of 300K, 

just before the rod is replaced. 

(Molar gas constant R= 8.3Jmol7!K"}, 
Avogadro constant Na = 6.0 x 107? mol~!.) 

[AEB, ’90] 

(a) In terms of the constituents of atomic 

nuclei, explain the meaning of (i) atomic 

number, (ii) mass number, (iii) isotope. 

Account for the fact that, although 

nuclei do not contain electrons, some 

radioactive nuclei emit beta particles. 

Cobalt has only one stable isotope, 

Co. What form of radioactive decay 

would you expect the isotope °°Co to 

undergo? Give a reason for your answer. 

(b) 

(c) 

G130 

G131 

G132 
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(d) The radioactive nuclei 7}{Po emit alpha 
particles of a single energy, the product 

nuclei being *35Pb. 
(i) Using the data below, calculate the 

energy, in MeV, released in each 

disintegration. 

Explain why this energy does not 

all appear as kinetic energy, Ex, of 

the alpha particle. 
Calculate E,, taking integer values 

of the nuclear masses. 

Mass (u) 

209,936 730 

205.929 421 

4.001 504 

(1 atomic mass unit, u = 931 MeV.) [J] 

(ii) 

Gii) 

Nucleus 

210 anO 

206 PD 

-particle 

Describe the structure of a Geiger-Müller 

tube. Why are some tubes fitted with thin end 

windows? Why does the anode of a Geiger- 

Miller tube have to be made of a thin wire? 

Explain the principle of operation of a 

cloud chamber. Describe and explain the 

differences between the tracks formed in 

such a chamber by alpha and beta particles. 

A radioactive source has decayed to 1/128th 
of its initial activity after 50 days. What is its 

half-life? [L] 

Draw a labelled diagram of an ionization 

chamber. How is the ionization current 

measured? [L] 

(a) The path ofa charged particle through a 

cloud chamber appears as a thin white 

line. What does this line consist of and 
how is it formed? 

How may the tracks of beta particles be 

distinguished from those of alpha parti- 

cles in the absence of any deflecting 

electric or magnetic fields? 

The diagram shows an exaggerated view 

of the track of a beta particle as it passes 

through a thin sheet of lead in a cloud 

chamber. A uniform magnetic field acts 
into the paper, through the whole region 
shown in the diagram, and the beta 
particle moves in the plane of the paper. 

(b) 
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(c) 

G133 (a) 

counts minute 

Count rate] 

Thin lead sheet 

(i) Is the beta particle travelling in the 

direction P to Q or Q to P? Explain 

your reasoning. 

(ii) Does this beta particle carry a 

positive or negative charge? Explain 

your reasoning. : 

A ieK atom has mass 39.964 001 u and a 
4°Ca atom has mass 39.962 582 u where 
1 u equals 1.6604 x 10-2’ kg. The speed 
of light in vacuum is 3.00 x 10®°ms"}. 
(Gi) Write down an equation which 

describes the decay of a {}K atom 
into a $0Ca atom and identify the 
particle emitted by the nucleus. 

(ii) Why, in the decay process, does the 

number of extranuclear electrons 

increase by one? 

(iii) Calculate the energy released from 

the 49K nucleus during the decay. 
(iv) Describe one possible mode of 

decay of a 48K nucleus into a {gAr 
nucleus. [L] 

A G—M tube is exposed to a constant 

flux of alpha particles. The graph below 

shows how the recorded count rate 

depends on the potential difference 

across the tube. 

Draw and label a diagram of a G-M 

tube. Outline its working principle with 

reference to what happens when an 

450 500 550 600 650 
PD across tube/V 

(b) 
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alpha particle enters the tube. Explain 

why there is an upper limit to the rate 

at which a G-M tube can detect 

a-particles. 

How do you account for: 

(i) the sharp rise in the recorded count 

rate at A, 

(ii) the ‘plateau’ at B, and 

(iii) the uncontrolled rise 

recorded count rate at C? 

State what potential difference you 

would choose for the Geiger counter 

whose response is shown in the graph. 

Give one good reason for your choice. 

A small amount of °^Na is smeared on to 

a card and its activity falls by 87.5% in 

45h. What is the half-life of 7*Na? 
Describe how you would use a G-M 
tube in conjunction with a suitable 

counter to measure the half-life of 

?24Ņa. Explain carefully how the result 

is found from the measurements. 

0.693 1 

half-life 

in the 

(Decay constant = 

SEMICONDUCTORS AND 
ELECTRONICS (Chapter 55) 

G134 Distinguish between intrinsic and extrinsic 

conduction in semiconductors. Explain the 

terms donor impurity and acceptor impurity. 

[AEB, 79] 

G135 What is the difference between intrinsic and 

extrinsic conduction in semiconductors? Ex- 

plain the effect of an increase of temperature 

on intrinsic conduction. How does this differ 

from the effect of an increase in temperature 

on a metallic conductor? [AEB, ’79] 

G136 (a) Give a typical sketch of the energy bands 

or levels at which electrons may reside in 

a pure semiconductor, such as silicon. 

(b) Use your sketch to explain briefly: 

(i) electric conduction in pure silicon 

due to holes and electrons, 

(ii) the variation of semiconductor 

resistivity with temperature. 

[W, 91] 
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G137 

G138 

G139 

G140 

Give an account of the mechanism of the flow 

of electric current in n-type and p-type 

semiconductors. 

Explain what is meant by the Hall effect, and 

show how it can be used to distinguish 

between n-type and p-type semiconductors. 

What are the important differences between 

(a) the resistivities of metals and semicon- 

ductors, (b) the variation of these resistivities 

with temperature? [S] 

Describe how the energy levels of electrons in 

solids differ from those in free atoms. 

Distinguish, in terms of the filling of such 

energy levels, between metals, insulators and 

intrinsic semiconductors. 

Explain why the addition of small quantities 

of suitable impurities to an intrinsic semi- 

conductor may result in a considerable 

decrease in its resistivity. 

The mobility u of charge carriers in a 

conductor is defined by the equation 

v = WE, where v is the drift velocity 

produced by an electric field E. A rod of p- 

type germanium of length 10 mm and cross- 

section area 1 mm? contains 3 x 107 holes 

per mł, the electron density being negligible. 

Given that the mobility of the holes is 
0.35m7V-! s!, what is the resistance 

between the ends of the rod? 

1.6 x 10-'°C.) 
[O & C] 

(Electronic charge e = 

Give a brief account of electrical conduction 

in solids, pointing out the basic differences 

between insulators, conductors and semi- 

conductors. 

Explain what is meant by n-type and p-type 

semiconducting material. How are these 

used in a semiconductor diode? Discuss 

and explain the action of this diode as a 

rectifier. [L] 

Silicon has a valency of four (i.e. its electronic 

structure is 2:8:4). Explain the effect of 

doping it with an element of valency three 

(i.e. of electronic structure 2:8:3). 

Explain the process by which a current is 

carried by the doped material. 

Describe the structure of a solid-state diode. 

G141 

G142 

G143 

©) 
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Draw a circuit diagram showing a reverse- 

biased diode and explain why very little 

current will flow. 

Suggest why a suitable reverse-biased diode 

could be used to detect alpha-particles. [L] 

>. 

(a) (i) What are meant by electron energy 

bands in a solid? 

(ii) Draw diagrams to show how these 

bands are arranged in conductors 

and in semiconductors. 

(iii) Explain how the conduction pro- 

cess in an intrinsic semiconductor 

gives rise to an increase in conduc- 

tivity with temperature. 
Draw a diagram of a circuit used to 

investigate the characteristics of a junc- 

tion diode and draw the graph which 

would be obtained. 

Describe, with reference to the motion 

of electrons and holes, how a potential 

barrier is set-up at a p-n junction. How is 

a p-n junction able to rectify an alter- 

nating current? What effect does the 

presence of minority carriers have on 

this process? [AEB, ’79] 

(b) 

(c) 

Explain the difference between a p-type 

and an n-type semiconductor. If you 

were given samples of each type of 

material, what experiments could you 

perform in order to identify them? 

Explain how a p-n junction acts as a 

rectifier, and describe how it is used in a 

practical rectifying device. 

Draw a diagram of a circuit in which an 

n-p-n transistor acts as a common 
emitter voltage amplifier. Explain how 

the circuit responds to a small input 

voltage change, and show how the 

output voltage can be calculated. [O] 

(c) 

What is intrinsic semiconduction? Discuss in 
terms of band theory the effect of tempera- 
ture upon the conductivity of intrinsic 
semiconductors. 

What are meant by ‘n-type’ and ‘p-type’ 
semiconducting materials? Discuss these 
materials in terms of valence electrons. 
Explain the operation of a rectifying device 
made from n-type and p-type semiconduct- 
ing materials. 
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G144 

H 
The diagrant shows a p-n-p transistor and its 

associated power supplies. Explain why the 

current I. is considerably greater than the 

current J. [L] 

What is meant by a semiconductor? Explain 

how the conductivity of such a material 
changes with (a) temperature, and (b) the 

presence of impurities. 

Describe the structure of a solid state diode, 

explaining the nature of the semiconducting 

materials from which it is made. Explain the 

action ofthe diode in rectifying an alternating 

current. 

The diagrams above show simple forms of 

transistor voltage amplifiers using (i) a p-n-p 

transistor, and (ii) an n-p-n transistor. 

Choose one of these circuits and explain the 

functions of the components R, R2, Cı and 

C2 . (State which circuit you are considering.) 

[L] 

905 

G145 In the transistor circuit shown in (a), suitable 

potential differences are applied to the 

terminals AB and CD respectively. 

Input 

G146 (a) 

Output 

(a) Is the transistor n-p-n or p-n-p? 

(b) Sketch graphs to show how the current I 

in the collector circuit varies with the 

potential difference V for different 

values of the current 7 in the base circuit 

of the top figure above. 
If the transistor is used in the simple amplifier 

circuit shown in Figure (b) above. 

(c) to which of the terminals, E, F is the 

positive terminal of the power supply 

connected? 
(d) What would be the effect on the gain of 

the amplifier if the resistor R were 

increased in value by about 10%? [S] 

What is meant by (i) an n-type semi- 

conductor, (ii) a p-type semiconductor? 

Give one example of each, and explain 

how its characteristic property arises. 

(b) The diagram represents a junction 

transistor (either p-n-p or n-p-n) in 

which a thin region of one material 

(shaded) separates two regions of the 

other. Electrodes E (emitter), B (base) 

and C (collector) are attached as shown. 

(i) Draw a diagram showing suitable 

biasing of the electrodes for one 

of these types of transistor, and 
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E 

(c) 

G147 (a) 

(b) 

(c) 

R; 

5.0 V 

B 

explain why the collector current Ke 

is much greater than the base 

current l. 

(ii) Sketch typical transfer characteris- 

tics showing the collector current Ie 

against the collector-emitter vol- 

tage V for different base currents. 

Show how the current amplifica- 

tion factor f can be derived from 
these. 

Draw a diagram of a simple common- 

emitter amplifier circuit for small alter- 

nating voltages, and state suitable values 

for the components, given that f is 

approximately 50. [O] 

For an npn transistor in the common- 

emitter configuration draw a circuit 

diagram of an arrangement for measur- 

ing the collector current as a function of 

the collector-emitter voltage for several 

values of the base current. 

By reference to your diagram show how 

you would vary the base and collector 

currents and indicate the purpose and 

range of any meters in the circuit. 

State the observations you would make 

and draw a family of curves representing 

the results you would expect to obtain. 

The diagram shows an npn transistor 

circuit in which the base current, Jp, is 

0.20 mA; the collector current, Ic, is 

Ic 

10.0 V 
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10.0mA; and the collector-emitter 

voltage, Vce, is 5.0V. Neglecting the 

base-emitter voltage, calculate the 

resistance of each of the resistors R; 

and R>. 

If by subsequently altering R; only, Vcr 

were adjusted to*2.5 V what would then 

be the value of Ic? [J] 

G148 Fig. 1 shows an arrangement for investigat- 

ing the characteristics of a transistor circuit. 

The input voltage V; is varied using the 

potentiometer, P. The corresponding output 

voltage V, is shown graphically in Fig. 2. 

Vin volts 

0 1 2 3 

V,in volts 

Fig. 2 

The circuit is to be used as an alternating 

voltage amplifier. The input voltage must 

first be fixed at a suitable value by adjusting P. 

(a) Suggest the most suitable value for this 

fixed input voltage, explaining your 
answer. 

(b) A sinusoidally alternating voltage of 

amplitude 0.5V is superimposed on 

this fixed voltage. What will be the 

amplitude of the output voltage 

variations? Will the output variations 

be sinusoidal? Justify your answers. 
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(c) 

G149 (a) 

(b) 

(c) 

G150 (a) 

Sketch one complete cycle of the output 

voltage which would be obtained if the 

amplitude of the superimposed sinu- 

soidal voltage were increased to 1.5 V. 

[AEB, ’83] 

(i) In the context of semiconductors, 

what is meant by p-type and n-type 

materials? What conduction pro- 

cesses occur in such materials when 
a potential difference is applied 

across them? 

Explain why a junction between a 

p-type and n-type material can act 

as a rectifier. 

The figure shows a circuit incorporating 

an npn transistor whose current ampli- 

fication factor hg (f) is 50. 

(ii) 

+6V 

2000 

6kQ 

ov 

(i) Ignoring the base-emitter voltage, 
calculate the base current and 

emitter current when the input 

voltage V; is 1.5V. What is the 

output voltage V,? 

Draw a sketch-graph to show how 

the output voltage V, changes as 

the input voltage V; is increased 

from 0 V up to 6 V. Explain briefly. 

The resistance of a cadmium sul- 

phide light-dependent resistor (LDR) 

decreases when it is illuminated. Design 

transistor circuits using an LDR: 

(i) to switch on a 6V filament lamp 

when darkness falls; 
(ii) to switch off a 6V filament lamp 

when darkness falls. [O] 

Gi) 

Explain why, when a p-n junction diode 

is connected in a circuit and is reverse 

biased, there is a very small leakage 

current across the junction. How will 

the size of this current depend on the 

temperature of the diode? 

(b) 

(c) 

G151 (a) 

(b) 
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Sketch the output characteristic (Ic 

against Vo) for a typical n-p-n tran- 

sistor in common-emitter mode. Suggest 

typical values for Jc and Vcr on the axes 

and indicate how the base current varies 

over the family of curves. 

+6V 

Explain with the aid of the characteristic 

the meaning of the terms (i) saturation, 

and (ii) cut-off, applied to the silicon 

transistor in the circuit shown. What 

bias conditions exist at the transistor 

junctions when it is in each of these 

states? 
The input voltage to the circuit in part 

(b) is varied in the way shown on the 

graph below. Copy this graph and on a 

sketch graph drawn to the same scale 
show how the output voltage, Vo, varies 

with time. 

V/V 

el 

0 
0 50 100 150  t/ms 

Given that the DC current gain for this 

silicon transistor, æ, is 80 and that 

Re = 1.5kQ, determine a value for 

Rp if the transistor is to saturate for a 

minimum input V; equal to 3.0V. [L] 

A semiconductor material may have an 

extrinsic conductivity due to the pre- 

sence of donor impurities or acceptor 

impurities. Explain the meanings of each 

of the terms in italics. 
The circuit shown provides a visual 

warning when the temperature rises 
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above a predetermined level. It incorpo- 

rates a thermistor T, the resistance of 

which decreases as temperature rises. 

When the temperature is low the lamp is 

off. Explain the action of the circuit as 

the temperature rises from a low value. 

[AEB, ’86] 

Be 
Complete the truth table for the simple 

combination of logic gates shown above. 

Construct a truth table for the combination 

of logic gates shown above. 

G154 (a) 
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The diagram represents a NAND gate 

with two inputs, T; and T2, and an 

output X. Copy the truth table above 
and complete it. 

Show how a NAND gate can become a 

NOT gate. 

(b) L 

Draw up a truth table for the combina- 

tion of NAND gates shown above. [L] 

G155 1 
A 

B g 

(a) Determine the truth table for the above 
circuit. 

(b) Which single gate would provide exactly 

the same function? [W, 791] 

G156 (a) 
AO 

The NOR gate combination in Figure 1 
acts as an AND gate. Copy and 
complete the truth table. 
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(b) An aircraft door is locked by two bolts A 

and B each of which operates a sensor 

giving a logic 1 when the bolt is fully 

inserted? A further sensor C gives a logic 

0 output when the door is shut. 

A circuit using logic gates is required to 

give logic output 1 only when both bolts 

are inserted and the door is shut. 

By completing a copy of its truth table, 

show that the circuit of Figure 2 meets 

this requirement. 

(c) Draw a circuit using two-input NOR 

gates only that performs the same logic 

function. [O, °92] 

G157 (a) Write down the complete truth table for: 

(i) an AND gate, 

(ii) an OR gate. 

(b) Three square-wave generators are con- 

nected to a system of gates, as shown in 

Fig. 1. The output of square-wave 

generator S% is shown in Fig. 2. The 

outputs of the other two generators have 

909 

9958 058 S, output 

Fig. 2 

a similar shape and they oscillate 

between the same voltage levels. 
(i) In the time interval fromz = 0 to 

t = 0.5s, how often does the 

output go high at X? State your 

reasoning. 
(ii) Inthe same time interval how often 

does the output go high at Y? 

(iii) What happens at the output Z over 

a time interval of 2s? Justify your 
answer. [AEB, 792] 

100 kQ 

10 kQ 

Vout 

OV 

The diagram above shows an inverting 

amplifier operated from a + 15 V supply. 

(a) Calculate the voltage gain of the 

amplifier. 

(b) A sinusoidal PD of 0.50V RMS and 

frequency 1.0kHz is applied to the 

input. 

(i) Using the same set of axes showing 

suitable voltage and time scales, 

sketch the variation with time of 

the input PD and of the output PD 
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(ii) On a separate set of labelled axes, 

sketch the variation with time of the 

output PD if the input PD were 

2.0V RMS and the frequency 

remained unchanged. [J, ?90] 

G159 (a) The operational amplifier shown in the 

(b) 

diagram can be used as a voltage 

amplifier. Describe how you would 

+9V (supply) 

Output 

—9 V (supply) 

determine experimentally its DC input/ 
output characteristic for positive and 

negative input voltages. Include a la- 

belled circuit diagram showing how the 

amplifier is connected to a suitable 

power supply and explain how you 

obtain different input voltages using a 

potential divider. Suggest suitable 

ranges of voltmeters you would use to 

measure V; and Vo given that the 

resistance of R, = 10kQ and the 

resistance of R, = 100kQ. 

Output voltage 

Vo/V 

Input voltage 

The table above shows typical results for 

a voltage amplifier similar to that shown 

above. Draw the input/output charac- 
teristic and, by reference to it, explain 

what is meant by (i) voltage gain, 

(ii) saturation and (iii) inversion. State 
the range of input voltages for which the 
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amplifier has a linear response and cal- 

culate the voltage gain within this range. 

(c) A sinusoidal voltage of frequency 50 Hz 

is applied to the input terminals of the 

amplifier described in (b). Sketch graphs 

on one set of axes showing how the 

output voltage varies with time when the 

input voltage is (i) 0.5 V RMS, (ii) 1.0 V 

RMS. In each case indicate the peak 

value of the output voltage and 

comment on the waveform. [J] 

G160 In the operational amplifier circuit of Fig. 1, 

Vi = +2.0V. 

Fig. 1 

(a) Calculate the output potential V,. 

(b) The input signal V; is then replaced by 

the signal shown in Fig. 2. Copy this 

diagram and add to it the corresponding 
output potential V,. 

G161 The diagram on the next page shows an 
operational amplifier used as an astable 
multivibrator. 
(a) Assuming that initially the capacitor is 

uncharged and that V, is positive, 
explain how a square wave output i 
produced. 
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(b) Explain how the form of the output 
would change if the resistance of the 

resistor between the points A and B were 

increased. [J] 

This question is about the design of an 

experiment to investigate the frequency 

response of an amplifier. In the experiment 

the gain of an amplifier is to be investigated 

over a range of frequencies. 

The diagram shows the circuit of the 

amplifier to be investigated. The opera- 

tional amplifier may be assumed to be ideal. 

It is to be operated using a —15 V—0-+15 V 

supply which is not shown. 

Ri 

OV 

(a) (i) Select from the following list the 

two resistors you would use for R, 

and R, so that the gain of the 

amplifier at low frequencies would 

be as near to 30 as is possible. 

1kQ, 2.7 KQ, 4.7 KQ, 10 kQ, 

39 kQ, 150 kQ 

(ii) Calculate the expected low fre- 

quency gain of the amplifier using 

the resistors you have chosen. 

91i 

(b) A sinusoidal input signal is to be 

provided by an uncalibrated oscillator 

which has a variable frequency with a 

range 1 Hz to 1 MHz. The output has a 

peak value which is constant at 2 V for all 

frequencies. 
(i) Explain why this voltage is too 

large for investigating the fre- 

quency response of the amplifier. 

(ii) Draw a diagram to show how you 

would reduce this voltage to a 

suitable magnitude using compo- 

nents from the list in (a)(i) and 

calculate the new peak output 

voltage. 

(iii) Explain how you would proceed to 

measure the DC gain of the 

amplifier given that a 2V DC 

supply is available. Indicate 

clearly the instrument(s) you 

would use, where the instruments 

would be connected and the 

measurements you would make. 

(iv) Describe how you would use an 

oscilloscope to calibrate the oscil- 

lator and use the calibrated oscil- 

lator to investigate the frequency 

response of the amplifier. 

(v) Draw a graph indicating the shape 

of the frequency response graph 

you would expect. [AEB, ’89] 

In the above circuit P, Q, R and S form part 

of a Wheatstone bridge network in which an 

operational amplifier circuit is used to detect 

the difference between the voltages V, and 

V2. 
(a) The output voltage in this circuit, V,, is 

given by V, = A(V, — V2) where A is 

the open-loop gain of the amplifier and 

V, must lie between 9 V and —9 V. Show 
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(b) 

(c) 

that, if d = 90000, then V, should be 

either 9V or —9V if the difference 

between V, and V; exceeds 100 uV. 

If the resistances P and Q are each 

10kQ and R is the resistance of a 

variable standard resistor, outline how 

you would use the arrangement to 

determine the resistance S, which is of 

the order of a few kQ. 

A typical centre zero galvanometer has a 

resistance of 40Q and is graduated in 

divisions of 0.1mA. If you were to 

choose between such a meter and the 
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Give a qualitative explanation for 

the shape of the curve. 

(ii) Calculate the PD across C 10s after 

the switch is opened. 

(c) The components P, Q, X and C shown 

in Fig. 2 are connected in a circuit with 

an operational amplifier as shown in Fig. 

3. The capacitor is uncharged, switch S 

is closed and the light emitting diode 

(LED) is off (unlit). 

(i) Explain why the LED comes on 

6.9 s after the switch is opened and 

then remains lit. 
above operational amplifier as a null 

detector, which would you choose, and 

why? J] 
P 

100 kO 
G164 (a) For the circuit shown in Fig. 1, calculate 

(i) the PD across Q, (ii) the PD across 
Yi 

Q 
100kQ 

Fig. 3 

(ii) Why is a resistor connected in 

series with the LED? What 
change, if any, would be observed 

if the resistor were replaced with 
Fig. 1 . one with a higher resistance? 

Gii) State two ways of increasing the 

time delay between closing the 

switch and the LED lighting. 

Explain how one of these ways 

produces the desired effect. 

[J, 91] 

(b) In Fig. 2, capacitor C is initially 

uncharged and switch S is closed. 

(i) Sketch a graph of the variation of 

the PD across C with time from the 
instant when the switch is opened. 

G165 In the circuit shown the light emitting diode 
(LED) is turned ON when the moisture 
content in the soil, in which the probes are 
placed, falls below a certain value. The 
moisture content at which the circuit 
switches is determined by the position of 
the wiper W of the potentiometer PQ. 
The moisture affects the resistance between 
the probes. 

(a) Explain why the conductivity of the soil 
increases when it is wet. 
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(b) 

(c) 

913 

Explain how the circuit operates so that 

the LED is ON when the moisture 

content of the soil is below a certain 

value but OFF when the moisture 

content is above that value. 

State two ways in which the circuit may 

be changed so that the circuit switches at 

a lower moisture content. [AEB, ’90] 



A1 
SI UNITS 

A1.1 BASIC UNITS 

The international system of units known as SI units (Système International d’Unités) 

is based on the seven units listed in Table Al.1. These are called basic units, and 

the particular seven used in the system are chosen for convenience — not out of 

necessity. Three of the basic units are defined below; some of the others are 
defined at relevant places in the text. 

Table A1.1 p Basic quantity 
The basic units 

Mass kilogram 

Length metre 

Time second 

Electric current ampere 

Temperature kelvin 

Amount of substance mole 

Luminous intensity candela 

The metre (m) is the unit of length and is equal to 1 /299 792 458 of the distance 
travelled by light in vacuum in one second. 

The kilogram (kg) is the unit of mass and is equal to the mass of the 
International Prototype kilogram (a platinum-iridium cylinder) kept at 
Sèvres, Paris. 

The second (s) is the unit of time and is the duration of exactly 9 192 631 770 
periods of the radiation corresponding to the transition between the two hyperfine 
levels of the ground state of a caesium 133 atom. 

A1.2 DERIVED UNITS 

Apart from the radian and the steradian,* all the other units used in the system are 
called derived units. Derived units are formed by multiplication and/or division 
of one or more basic units without the inclusion of any numerical factors (e.g., one 
coulomb = one ampere x one second). Some derived units are relatively 
complex when expressed in terms of the basic units, and, for convenience, are 
given special names (e.g. the kg m? s7 A~? is called the ohm, Q). Much used units 
also have special names (e.g. the A s is called the coulomb, C). Those derived units 
which have special names and are used in this book are listed in Table Al.2. The 
symbol for a unit which is named after a person has a capital letter. 

*The unit of angle (the radian) and the unit of solid angle (the steradian) are officially designated as 
subsidiary units and can be treated as being either basic or derived as convenience dictates. 

914 
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Table A1.2 Deri s 
Derived units with special wis aa 
names 

Force newton 

Pressure pascal 

Energy, work joule 

Power watt 

Frequency hertz 

Charge coulomb 

x Electromotive force volt 

Resistance ohm 

Conductance siemens 

Inductance henry 

Capacitance farad 

Magnetic flux weber 

Magnetic flux density tesla 

N 

Pa 

J 
W 

Hz 

C 

V 

Q 

S 

H 

F 

Wb 

T 

A1.3 PREFIXES 

Prefixes are used with the unit symbols to indicate decimal multiples or 

submultiples. Most of the standard prefixes are listed in Table A1.3. 

Submultiple Symbol | Muitiple| Prefix | Symbol 

kilo k 

mega 

Table A1.3 
Standard prefixes 

v hO BERO 

Note lcm =1x10’*m inan = fx 10°" i 

101074 m* Imm? = 1x 10m? 

1 x 10-° m? Imm? = 1 x 10° m? 

1 cm? 

1 cm? 



A2 

DIMENSIONS AND 
DIMENSIONAL METHODS 

A2.1 DIMENSIONS 

The dimensions of a physical quantity indicate how it is related to the basic 
quantities listed in Table A1.1 of Appendix 1. For example, area is obtained by 
multiplying one length by another (terms such as breadth, width, distance, radius 
are merely convenient ways of saying length) and therefore the dimensions of area 
are those of length squared. We represent the underlined statement by using the 
notation 

[Area] = 14 

Volume is the product of three lengths and therefore 

[Volume] = L? 

Density is mass divided by volume and therefore 

[Density] = ML? 

where M denotes ‘dimensions of mass’. Speed is distance divided by time and 
therefore 

ispecd|.= La 

where T denotes ‘dimensions of time’. Force is mass multiplied by acceleration 
and therefore 

(Force) = MULT? 

Taking the dimensions of current, temperature and amount of substance to be 
represented by I, © and N respectively, the reader should convince himself of the 
following:* 

[Specific heat capacity] = L?T-?@7! 

[Molar heat capacity) = ML? T-2@-!N-! 

[Thermal conductivity) = MLT ©-! 

[Electrical potential] = ML?T-3]"! 

[Electrical resistance] = ML? T I~? 

*Assuming, of course, that he is already familiar with the way in which the quantities in square 
brackets are defined. 

916 
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Quantities which have no units associated with them are dimensionless (e.g. 

refractive index). Some quantities (e.g. angle) are dimensionless even though they 

have an associated unit. Note also: 

[Frequency] = T! 

[Angular frequency] = T~! 

A2.2 DIMENSIONAL HOMOGENEITY 

If an equation is correct, each term in it must have the same dimensions as every 

other. Suppose we are told that a force F moves a body of mass ma distance s in 

timez, wheret = 2ms/F. The dimensions of the left-hand side of the equation are 

simply T. Bearing in mind that 2 is a number and therefore is dimensionless and 

that [m] = M, [s| = Land [F] = MLT ’, we see that the dimensions of the 

right-hand side are ML/(MLT~) = T°’. Thus, the dimensions of the right- 

hand side are not the same as those of the left-hand side and therefore the equation 

cannot be correct. 

Notes (i) The method does not tell us where the equation is wrong. 

(ii) Ifthe dimensions had been the same on each side of the equation, we would 

know only that it might be correct, for the method does not provide a check 

on any numerical factors. 

A2.3 DIMENSIONAL ANALYSIS 

The fact that an equation must be dimensionally homogeneous enables 

predictions to be made about the way in which physical quantities are related to 

each other. An example of the method is given below. 

Period of a Simple Pendulum 

Experiment shows that the period of a simple pendulum is independent of the 

amplitude of oscillation providing it is small. Therefore it may reasonably be 

supposed that for small oscillations the period depends only on the mass m of the 

bob, the length / of the string and the acceleration due to gravity g. If we express the 

relationship as 

Period = km*l*g* 

where kis a dimensionless constant and x, y, and z are unknown indices, then since 

each side of the equation must have the same dimensions 

[Period] = [m*][/”][g*] 

T = ML (LT-?)' 

fe ee Aas 



918 APPENDICES 

Equating the indices of M, L and T on each side of the equation gives 

(forM) eax. 

Gor DL) 0 = y+z 

(for T) 1 = —2z 

Solving gives x = 0, z = — + vE Ł, The relationship is therefore 

Period = km?l!/2g-1/2 

3 ; l 
i.e. Period = ky/— 

E 

Dimensional analysis does not provide the value of the dimensionless constant k; a 

mathematical analysis of the type carried out in section 7.3 does. However, there 

are situations where mathematical analysis is too difficult; dimensional analysis is 

particularly useful in such cases and we make use of it in sections 12.7 and 12.9. 
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RELEVANT MATHEMATICS 

A3.1 SYMBOLS 

=; egual to 

# not equal to 

œ% approximately equal to 

~ ofthe order of, i.e. within a factor of ten of. 

(Note: 99.7 ~ 100,170 ~ 100) 

> greater than 

‘> much greater than 

> greater than or equal to 

% not greater than 

< less than 

< much less than 

< less than or equal to 

£ not less than 

œx proportional to 

means the average value of x sl 

means the modulus of x, i.e. the value of x. without regard to whether it is 

negative. For example, | — 3| = |3| = 3. 
R 

A3.2 INDICES 

ime e 

x? x x? 23 x (a+ 4) 

xt tx? = x(2-?) 

ong 
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A3.3 THE BINOMIAL EXPANSION 

If—1 <x < 1 (i.e. if |x| < 1), then for all values of n 

; n(n—1) »  n(n—1)(n—2) , (1+) p iste EARE Ka e 

If |x| < 1, then terms in x”, x°,... may be ignored, and therefore 

(l+x)"+1+nx 

and 

(1 — x)” »1-—nx 

For example, if |x| « 1 

(Fx) ai Fo V aTa 

(las sa (1—x)? itis 

Also 

= (1+a)(1 +8)! 

~ (1+a«a)(1-— £) if |B|<1 

If, in addition, |æ | « 1, then the term in wf may be ignored, and therefore 

A3.4 QUADRATIC EQUATIONS 

If 

ax’ +bx+e = 0 

then 

_ -b+ V0 — 4ac 
2a 

A3.5 DEGREES AND RADIANS 

Refer to Fig. A3.1. The value of the angle 0 expressed in radians is given by 

Oe 

Fig. A3.1 

ĘĄ s = Distance 
along the arc 



RELEVANT MATHEMATICS 921 

Foracomplete circles = 2zr, and therefore the angle 0 at the centre (i.e. the angle 

for a complete revolution) is given by 

> 2arjr = 2n radians 

The angle at the centre of a circle is 360°, and therefore 

2nrad = 360° 

i.e. mrad =n 180° 

i.e. Imad fS SRS (approx.) 

 A3.6 TRIGONOMETRIC RELATIONS 

Refer to Fig. A3.2. 

sin@ = a/c 

coso = b/c 

tano = a/b 

es sin 0 

cos 0 

sin?0 + cos?0 

Fig. A3.2 

The values of the sines and cosines listed below are worth remembering: 

cosecO = 1/sin@ 

sec?) <= 1/cos? 

cot@ = 1/tand 

sin (90° — 0) = cos 0 

cos (90° — 0) = sin 0 

1 tan (90° — 0) = cos 0 

y a 

ies m 
b 

0 

30 

sin(a+ f) = sin a cos f + sin f cos a 

sin (a — B) = sinacos f — sin f cos & 

cos (a +f) = cosacos f — sin a sin f 

cos (« — p) = cos & cos f + sin « sin f 
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See? 

sin a + sin f 

sina — sin f = 

cosg + cosßf = 2cos( 5E) cos (272) i 

cos& — cos f = -2sa( $£) (=£) 

l bo eh æ] 

ZEEN 

| 
D 

We 

O © Dn 

iN 

R 

w|i 

Ron) 

pee kB 

A3.7 THE SINE AND COSINE RULES 

For any triangle, such as that in Fig. A3.3 

T eas (sine rule) 
snd sinB  sinC 

a = b? +c?—2becosA (cosine rule) 

Fig. A3.3 

Note that when A = 90° this reduces to 

a= 4+ (Pythagoras’ theorem) 

A3.8 SMALL ANGLES 

If 0 is small 

sin 0 x 0 (expressed in radians) 

tan ~ 0 (expressed in radians) 

cos? x 1 

These relationships are examined in the table below. 
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Note how the relationships become less accurate as 0 increases. Note also the exact 

relationships 

lim sin 0 am 

0—0 @ =a 

and 

lim tan 0 ST 

0—0 0 = 1 

_A3.9 PERIMETERS, AREAS AND VOLUMES 

Area of a triangle = sabsinC (Fig. A3.4) 

Circumference of a circle = OEP 

Area of a circle yd 

Surface area of a sphere = 4nr* 

Volume of a sphere = igr 

Area of curved surface of a cylinder = 22rh 

Volume of a cylinder ey a 

Area of curved surface ofa cone = ar (1 = slant height) 

Volume of a cone =inrh (h = height) 

Fig. A3.4 

a 

b 

A3.10 THEOREM OF INTERSECTING CHORDS 

Refer to Fig. A3.5. For any two chords 

AX.XB = CX.XD 

Fig. A3.5 > 

w 
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A3.11 LOGARITHMS 

Logarithms to base 10 are called common logarithms and are represented by 

logio or lg. If 

logiox = y then Lo. 10> 

Logarithms to base e are called natural (or hyperbolic or Napierian) 

logarithms and are represented by log, or In. If 

logy = oy then sige = Wa 

For logarithms to any base 

log(A x B) = logA+logB 

log (A +B) = logA — log B 

log (4°) = plogA 

Two useful relations are 

logy,10* =x 

and 

loge = x. 

A logarithm to some base a can be expressed in terms of a logarithm to some other 
base b by 

\ 

log,x = log,b x log,x 

In particular 

log.x*= log.10 x log, $x 

log.x = 2.3026 log, 5x 

For IE ti celentie sl x T) 

ae 
log.(1 +x) = x-—+—-... e TA 

Therefore if |x| « 1 

log.(1 + x) = x — x? /2 

A3.12 DIFFERENTIATION 
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A3.13 INTEGRATION 

x 

‘dein 

log.x + C 

Gs 

*C is the constant of integration. 

A3.14 LINEAR GRAPHS 

If there is a linear relationship between two variables x and y, then they are related 

by 

y = mx+c 

where m and c are constants, i.e. y = mx + c is the equation of a straight line. 

The gradient of the line is m; the intercept on the y-axis is c (see Fig. A3.6). Note 

that although the graph is linear, it does not pass through the origin (x = 0, 

y = 0), and therefore yis not proportional to x. The equation can be rearranged 

to give (y—c) = mx, i.e. (y — c) is proportional to x. 

Fig. A3.6 y 
y= mx+ec 

<= 
Gradient = m 

Suppose that in some experiment a series of pairs of values of two measured 

quantities x and y have been obtained. Suppose also that it is suspected that x and y 

are related by 

where a and b are constants. The relationship between x and y is not of the form 

y = mx + cand therefore a graph of y against x would not be linear. A graph of y 

against 1/x, however, would be linear and would have a gradient of a and an 

intercept on the y-axis of b. Thus if y° is plotted against 1/x and a straight line 

results, the original suspicion (i.e. that y? = a/x +b) will have been verified. The 

advantage of a straight line graph is that it is easy to see whether the graph is linear 

or not; it is not easy to see whether a curved graph curves in the required manner. 
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Refer to the table below. The reader is advised to confirm (by rearranging the 

equations in the first column so that they are in the form y = mx + c) that the 

plots listed in the fourth column do indeed produce linear graphs and that the 

gradients of these graphs are as listed in the fifth column. 

Relationship Variables | Unknown Plot Gradient 

constants A 

T, m T? vsm 

LY Iys V3/2 

I,V log I vs log V 

Ky y/x vs x? 

A3.15 USEFUL MATHEMATICAL CONSTANTS 

nm = 3.14159 J/2 = 1.41421 

n’ = 9.86960 ~ 10 V3 = 1.73205 

e = 2.71828 1//2 = 0.70711 



VALUES OF SELECTED 
PHYSICAL CONSTANTS 

Quantity 

Speed of light in vacuum 

Planck’s constant 

Electronic charge 

Mass of electron 

Charge-to-mass ratio of electron 

Mass of proton 

Mass of neutron 

Unified atomic mass unit 

Permittivity of vacuum 

Permeability of vacuum 

Faraday constant 

Avogadro constant 

Molar gas constant 

Boltzmann’s constant 

Stefan’s constant 

Gravitational constant 

Density of water (0 °C) 

Density of water (20 °C) 

Density of mercury (0 °C) 

Density of mercury (20 °C) 

Density of air (0 °C)* 

Density of air (20 °C)* 

Speed of sound in air (0°C)! 
Speed of sound in air (20°C)! 
Standard atmospheric pressure 

Standard atmospheric pressure 

* = dry and at a pressure of 760.0 mmHg. 

T= dry + 0.03% COz by volume. 

Value 

2.998 x 10m s~! 
6.626 x 10°*4Js 
1602x 10 2C 
9.110 x 10°! kg 
1.759 x 10'' Ckg™} 
1.673 x 10°?’ kg 
1.675 x 10-2” kg 
1.661 x 10°?’ kg 
8.854 x 10°12 Fm"! 

4r x 107 Hm! 

9.649 x 10*C mol"! 
6.022 x 10” mol“! 
8.314J K~! mol"! 
138) x 10 IK 
5.670 x 10 Wm? K’ 
6.672 x 10 Nm kg- 
9.998 x 10° kgm’ 
9.982 x 10° kgm? 
1.360 x 10kg m~? 
1.355 x 10fkgm 
1.293 kgm? 
1.204kg m~? 
3.315 x 10?m s7! 
3.436 x 107ms 
7.600 x 10? mmHg 
1.013 x 10° Pa 
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ANSWERS TO QUESTIONS 
1A-53B 

QUESTIONS 1A 

1. (a) 25N at 16.3° to 24N and 73.7° to 7N 

(b) 43.6N at 23.4° to 30 N and 36.6° to 20N 

(c) 52.3N at 46.0° to 50N and 64.0° to 40N 

(d) 43.8N at 136.7 ° to 20N and 13.3° to 60N 

2. 76.2m at E 66.8° S 

3. (a) 10ms™! (b) 50ms™! due N 
4. 13.0ms! atN 259° W 

QUESTIONS 1B 

1. (a) 26.0N,15.0N (b) 25.0ms~!, 43.3ms~! 
2. (a) 153N (b) 129N 
3. 48.8N at 44.2° to 20.0N and 45.8° to 60.0N 

QUESTIONS 2A 

5 SHU =e 
. 7.0ms~ in direction of 60 N force 
. 2.0ms~ at 37° to 40N and 53° to 30N 
G 

(a) 5.0 ms? 
-20x 10N 

- 5.0kg 

- 45x 10 N 

. (a) 4.0ms? (b) 15.4N 

. (a) 1.6KN_ (b) zero 

. (a) 3.02kN (b) 1.12kN 

(b) 2.0 ms? 

—_ pt 

QUESTIONS 2B 

=< 12N 

- 20N 

S10 107 Ni 

. 9.4 x 10? kg 
52 x 10 N 

36N 

7m” 

QUESTIONS 2C 

. 80ms"! 
90m 

I2ms 

(a) 4.0ms? 
125m 

4.0s 

- (a) 3s. (b) 25,48 

> 25ms 320s 
3.0s 

. (a) 20ms"! 
- 25.6 KN 

1 

(b) 20ms"! 

(c) 1.5s,4.5s 

(b) 20ms™! 
PSP RIAN ERY NE m 

QUESTIONS 2D 

1. (a) 1.25s (b) 22.9ms™! at 19.1 ° below horizontal 
2. (a)°3.9s (b) 89m 

3. (a) 150m (b) 52m 

930 

4. 0.90ms"! 
5. (a) 5.0m (b) 40m (c) 22.4ms™! at 26.6° below 

horizontal 

6. 1500m 

QUESTIONS 2E 

. 3ms7! 

. mv/M 

. 80kg 

. 9.2ms™! 
4v nA bh WN = 

QUESTIONS 2F 

1. A: 1.75m s™! in original direction of B, 

B: 1.85 m s™! in original direction of A l 
2. —5u/3 (mass m), u/3 (mass 2m) f 
3. (a) 4.41m (b) 2.17m 

QUESTIONS 2G 

1. (a) 13ms`™! dueN (b) 3ms™! due N 
2. (a) 1.5Ns (b) 50N 
3. (a) 160Ns (b) 80ms™} ` 
4. 80ms7! 

QUESTIONS 3A 

1. (a) zero (b) 120N m anti-clockwise (c) 120 Nm 
anti-clockwise (d) zero (e) 60Nm 

anti-clockwise - 

2. (a) 69N m clockwise (b) 51 Nm 

anti-clockwise (c) 120 N m anti-clockwise 

QUESTIONS 4A 

. P>ASN. OSAN 
- (a) 61.0N (b) 35.0N 

- (a) 77.8N (b) 59.6N 
- 66.4°, 91.7N 

- 5.5 W (C), 8.5 W (D) 

. (a) 4N (b) 28N 

- (a) 0.58 W (b) 0.5 W upwards 

from B 

9. (a) 50N (b) 30N at 90° to wall 

ONANAN (c) 0.29 W away 

Hint — make use of the fact that there are three forces 
acting on the sphere. 

QUESTIONS 4B 

1. (a) 7a (b) 5a 

2. 95cm 

3. (a) 1.6cm 

4. 0.25cm 
(b) 5.9cm 

QUESTIONS 5A 

1. 2.4x 10°J 
2. yv? — 2gh 



ANSWERS TO QUESTIONS 

- 1.6 x 10°J, 1:6 x 10°N 

. (a) 2.9x 10?J (b) 32N 
2.0ms"! 

662.5. 103,.N 

- (a) 70J (b) 14N 

- 45ms7} 
0.4J CHAAMS Ww 

QUESTIONS 5B 

- 125W 

. 7.5 x 102 kg 

. 10x 107 W 

. 30ms™? 
- 8.0 kW 

ee LOA Aw awd = 

- QUESTIONS 6A 
1. (a) 60ms"! (b) 3.2revs"! (c) 0.31s 

(d) 1.2 x 10?ms~? 
. 0.8m 

- 3.8N 

. 4rads"! 
7.5rads—! 
24.1 hours 

aia (b) /4gr (c) V2er (d) v5gr 
- 160 

ver 

QUESTIONS 6B 

Pa 37" 

2. m(g — 0.47), \/5g/2 
3. 4rads“! 

4. 6.7 N, 22cm 

QUESTIONS 6C 

1. (a) 5.0rads™? (b) 1.5Nm (c) 57 
2. (a) 0.60rads™? (b) 8.7rads™! 

QUESTIONS 6D 

1. (a) 45Nm (b) 283J (c) 53rad s`! 
2. (a) Hoop (b) No (c) Disc 

QUESTIONS 7A 

. 3.1ms7} 1 

2. 5.6m, 3.3m s7! 

3. 64cms"! 
4. (a) 0.46s (b) 1.54s (c) 0.54s (d) 0.38s 
5. (a) 5.0m (b) 10ms! (c) 20ms? 

QUESTIONS 8A 

1. 2.7 x40 °N 

2. 1.9 years 

3. 6.0 x 10% kg 

QUESTIONS 10A 

1. (a) 2.20 x 10?Pa (b) 1.02 x 10°Pa 
2. 1.03 x 10° Pa 

3. 770mmHg 

4. 19.6m 

5. (a) 30mmHg (b) 800mmHg (c) 1.96 x 10? Pa 

931 

QUESTIONS 11A 

1. (a) 4.0 x 10° (b) 2.8 x 108Pa (c) 1.3 x 107 m? 
(d) 35N 

QUESTIONS 13A 

1. 87°C 
2. 369.2K 
3. (a) 369.5K (b) 369.2 K (because it is measured at a 

lower pressure) (c) 368.9K 

QUESTIONS 13B 

A U Nm 

© C © x _ © 
[e] 

= 

. (a) @) (70—6)°C (ii) (0 — 18)°C 
(b) (i) 36(70—6)J Gi) 840 (0 — 18)J 
(c) 20.1°C 

QUESTIONS 13C 

1. 6.8 x 10*J 
2. 3.8 x 10°J 
3. 1.56 x 10°J 

QUESTIONS 14A 

1: 102°C 
2. 66.2cm? 
3. (a) 2.31 (b) 1.39 x 10% (c) 4.62g (d) 1.93kgm? 

QUESTIONS 14B 

1. (a) 2 (b) V2 
WO Gans 
3. (a) 4.0 (b) 3.6 

QUESTIONS 18A 

f- 35° 
2. (a) 70° (b) 26° 
3. 24.4° 

QUESTIONS 19A 

1. (a) 120cm, virtual (b) 13.3cm, virtual (c); 8.6 cm, 

virtual (d) 100cm, real (e) 33.3 cm, real. 

QUESTIONS 19B 

1. (a) 2x (b) 0.6x 

2. (a) 60cm (b) 15cm, 30cm 

3. (a) 60cm (b) 30cm 

QUESTIONS 20A 

1. (a) 20cm (b) 100cm, real 

2. (a) 16cm (b) concave 

QUESTIONS 21A 

1 72cm 

2. (a) 85.0cm (b) 16 (c) 0.40cm 

3. (a) 60.0mm (b) (i) 75.0mm (ii) 15.0 mm 

(c) 1.2mm (d) 33.3 
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QUESTIONS 21B 

1. 0.88 cm 

2. (a) 5.0cm (b) 0.7 cm 

QUESTIONS 21C 

1. (a) long sight (b) converging (c) 27.8cm 

(d) 27.8 cm 

QUESTIONS 23A 

1. (a) x (b) ; (c) 5 (ot >) (d) 0 (e) = (f) x 

(@) 0 ws 

QUESTIONS 25A 

he Seale 

2. 0.96mm (Not 1.0 mm!) 

3. (a) A,B (b) AXE (c) D,G (d) A,C (e) A,D 

QUESTIONS 26A 

1. (a) 16.6° (b) 34.8° 
2. 600mm! 

QUESTIONS 30A 

1. 515Hz 

2. 34Hz 

QUESTIONS 32A 

1. (a) 250Hz (b) 750Hz 
2. 4f 

QUESTIONS 33A 

1. (a) 1200Hz (b) 800 Hz 
2. (a) 425Hz (b) 850Hz 

QUESTIONS 35A 

1. (a) 529.4Hz (b) 470.6Hz (c) 531.3 Hz 

(d) 472.7Hz (e) 629.0Hz (f) 467.7 Hz 

(g) 527.0Hz (h) 391.9 Hz 

2. (a) 0.680m (b) 0.680m (c) 0.640m (d) 0.720m 

(e) 0.620m (f) 0.620m (g) 0.740m (h) 0.740m 

QUESTIONS 35B 

17x10 "m 

QUESTIONS 36A 

1. 8.0A 
2. 4.0mA 
3. 5.1 x 105 Q 
4. (a) 4.7x10°A (b) 1.2 x 10°Am~ 

QUESTIONS 36B 

. (a) 8.02 (b) 1.5A (c) 9.0V (d) 3.0V 

. (a) 1.5Q (b) 8.0A 

. (a) 0.5A (b) 1.5A (c) 2.0A 
AUNE 

(£) 0.3A (g) 0.9A 
5. (a) 1.5A (b) 1.0A 

. (a) 3.092 (b) 5.0Q (c) 1.2A (d) 2.4V (e) 3.6V 

ANSWERS TO QUESTIONS 

QUESTIONS 36C 

1. (a) 2.0A (b) 0.20A (c) 2A (d) 1.5A (e) 0.75A 

QUESTIONS 36D 

Died S00? O 

Ph SO) 

QUESTIONS 36E 

1. (a) 0.25A (b) 7.5V (c) 9.0V 
2. (a) 1.5A (b) 1.22 
3. 2.0kQ 
4. 12V, 4.02 
5. 55V 

QUESTIONS 36F 

1. 0.88A 

QUESTIONS 36G 

1. (a) 050A (b) 25W (c) 0.50W 

QUESTIONS 39A 

1. (a) -1.8 x 10V (b) 9.0 x 106 N C7! from C to A 
2. (a) 3.6 x 106V (b) 7.8 x 107” N C7! at 90° to AB 

directed away from AB 

QUESTIONS 39B 

1. (a) AtoB (b) 2.0x10Vm~! (c) 2.0 x 10° Vm! 
(d) 8.0 x 10°87 (e) 0. (£) 4.0 x 10-N 

QUESTIONS 39C 

1. (a) 6.0x 10V (b) 7.2x10°V (c) 7.2x 10°V 

QUESTIONS 40A 

1. 36 uC (3.0 uF), 60 uC (5.0 uF) 

2. (a) 48uConeach (b) 12V (4.0 uF), 8.0 V (6.0 uF) 
3. (a) 36 uC (X), 36 uC (Y); 24 uC (Z) 

(b) 9V (X), 3V (Y), 12V (2) 

QUESTIONS 40B 

1. (a) 30.04A (b) 24.6 uA 

QUESTIONS 41A 

Nee exe Ones ls 

2. (a), 3.2 X10 T ©) 48x 10° T (o) 25CM 

3. (a) 0.24N (b) 0.24N (c) 6.4 x 107'4*N 

Note. The mention of 30° is a red herring in (b) and 

(c). In (b) the field lines which pass through the 

conductor are at 90° to it. In (c) the field lines which 

pass through the path of the electron are at 90° to the 
path. 

(a) (b) (c) 
| Force Force 

Force ee 

QUESTIONS 42A 

1. (a) 9.6mV (b) 9.6mV (c) 8.3mV 

QUESTIONS 42B 

1. (a) 0.35A (b) 0.14As7! (c) 4.45 
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QUESTIONS 42C 

1. 60mJ 

QUESTIONS 42D 

1. 0.42V 

QUESTIONS 42E 

1. (a) 40V (b) 10960V (c) 4000W (d) 1096kW 
(e) 1100kW (£) 99.6% 

2. 63.6% $ 

QUESTIONS 43A 

1. (a) 2.8A (b) 3.3A (c) 2.4A (d) 15A 

QUESTIONS 43B 

1. (a) 802 (b) 0.25H 

-~ QUESTIONS 43C 

1. (a) 6.8 x 10°Q (b) 35mA 
2. (a) 159Q (b) 0.628A 

QUESTIONS 43D 

1. (a) 67.72 (b) 74.192 (©) 1.35A (d) 91.4V 
(e) 40.5V 

2. (a) 174Q (b) 41.8° 

QUESTIONS 43E 

1. (a) 159Q (b) 188Q (c) 1.28A (d) 163W 

QUESTIONS 43F 

1. (a) 519Hz (b) 25W 
2. (a) B A ()B (dA OHC HOHA (gy) A 

Wha ©B OB ®A OMA MC 

QUESTIONS 47A 

1. (a) 1000eV (b) 1.602 x 107!°J 
(c) 1.875 x 10’ms"! 

mg ATIO ms 
- 300 eV 

30V 

4 10° ms NAUN 

QUESTIONS 47B 
. (a) aooe 0) 6.6x 10E] 

. (a) 3.4 x 107] (b) 2.1eV (c) 2.1V 

. 4.0V A UNm 

. (a) 4.3x 10°] (b) 6.5 x 10Hz (c) 4.6x 107m 

933 

QUESTIONS 47C 

1. 2.4x 107m 
2. (a) 94x 10°ms (6) 7.7, x10 m 
Sa TA 10 Em 

QUESTIONS 48A 

1. (a) 6.2 x 10! Hz, 4.9 x 107m (b) 2.5 x 10" Hz, 
1.2x 10-7m 

QUESTIONS 49A 

1. 59kV 
2. 40mA 
3. (a) 87KV (b) 72KV (c) 1.4x 10° m 

QUESTIONS 50A 

TSA MOR 
2. 8.5 cm 

QUESTIONS 51A 

1. (a) 26 (b) 26 (c) 30 (d) 56 (e) 26 (£) 26 

(g) 30 
2. (a) 63,65 (b) 62.9296u, 64.9278u (c) 63.5490 

QUESTIONS 52A 

1. (a) ap by Oa Gid aaf (d F 
C) a CE) a (ry MA Oa Or DP 
@ f maf @ B 

2. a=4, b=2, c=220, d= 86, e= 210, f=0, g—84, 

h =0, i= 0 

QUESTIONS 52B 

1.3 
2. 240s"! 

3. 1.2 x 10? Bq 
4. 186 years 
5. (a) 1.4x 10% .(b) 7.9 x 10!°Bq (c) 9.8 x 10° Bq 

(d) 1:7 

. 13x 10-2g a 

QUESTIONS 53A 

1. (a) 1.93542u (b) 7.58MeV 

QUESTIONS 53B 

1. (a) 0.00622u (b) 5.80 MeV 
2. (a) 0.00129u (b) 1.20 MeV 
3. (a) 51 (b) 5.11 MeV 



ANSWERS TO SECTION 
QUESTIONS 

The Examination Boards accept no responsibility whatsoever for the accuracy or method of working in the answers given. These are the 
sole responsibility of the author. 

SECTION A 

Al 

A61 

A63 

38 N horizontally, 32 N vertically 

36 N at 56° to the horizontal 

54.1 N to the right at 20 ° below the horizontal 

BI aAA] 
(b) Gi) 11.3° (c) 17.0° 

8.75ms!, (a) 385N (b) 770N 
172 ms™ 
(a) 1.92 x 10° kgs! 
0.051 kg 

55, 50m5; 11.25 m57! 

(a) 45m (b) 63.4° 

(a) 15s (b) 1181m 
80.0 m, 2.90 x 10°J 
Ims +2.25] 
0.087 ms“! 
2/3 
(b) G) 0.60m s~? 

(iv) 50kg 

(a) 0.60ms 2 
0.75 

2.57 x 10° ms! at 43.2 ° to the original direction of the 
proton 

(a) 1.6 x 10?ms7! 

(b) G) 57N 
V2kg (A), 1kg (C) 
23.1 N (CD), 11.6 N (AB) 

520 N (X), 380 N (Y) 
16cm 

2.0 cm 

(a) 506 N at 90° to the wall 

ground 

(b) (i) 410N 

(d) 500N (e) 15kW 

(b) Gi) 550N (iii) 2.75 x 106 Pa 

(b) 2.22 x 1072 ms~2 

Gi) 7508m (ii) 1.2 x 104N 

(b) 225J (before), 81.4J (after) 

(c) 0.027° 

(b) 1121 N at 63° to the 

OF 105-1 

(a) 10ms"! (b) 24J, 12.65ms"} 
(a) 300ms-!_ (b) 89.64] 
319.4ms"! 
(a) 0.15ms~! (before), 0.060 ms™! (after) 
(c) 4.6 x 10~*J (before), 1.8 x 10~*J (after) 
2.5 x 10°N, 1.54 x 10°N 

(a) 4.3x10°-7J (b) 0.66ms"! 
5.0ms* 
2ms™! (A), 4ms~! (B), 0.3m from A 
2ms_! (P), 6ms~! (Q), 15ms~!, 60750 W 
(a) 125m (b) 62N 
(a) 45m (b) 400N 

(a) G) 250m (ii) 4.0 x 10°N 
Gii) 2.0 x 10¢kgms-, 2.0 x 10° N 

(b) 8.0ms“!, 2.0 x 10°J, 8.0 x 104] 
(a) 4.0ms* (b) 7.1ms7! 
(c) ©) 5.0N (i) 5.0N (iii) 3.6ms7! 

(c) 0.44ms"! 

A64 

'A65 

A67 

A68 

A69 

A70 

A71 

A73 

A74 

A75 

A77 

A79 

A80 

A81 

A82 
A83 
A85 

A86 

A88 
A89 

A90 
A91 

A92 
A93 
A95 

A96 
A97 

A98 
A99 

A101 

A102 

A103 

A105 

A106 
A107 
A108 

A109 

A112 

A113 

A115 

A116 
A117 

A118 

A119 

A120 

A121 

A122 

A125 

A127 

A128 

A130 

(a) 3.0ms? (b) 45k] (c) 30kW 
(a) 1.1 10?ms (b) 0.16m 
1.85 x 10°N, 3.3ms~2 
(a) 2.0ms? (b) 1.2x10*kgms! (c) 2.7x 10°J 
(a) 1.4x10*W (b) 7.0 X 10? W, 3.0 x 104W 

(a) (i) 100N (i) 10J (b) 57.7N (c) 57.7N 

(a) 2.5 x 10*kgs! (b) 7.1x10°Js-! (ce) 2025 
90N 

(a) 0.13rads"! (b) 2.7 x 10° N towards centre of 
circle 

0.68 revs"! 
31 rev min™! 

(a) G) 3.2ms"! (ii) 2.2ms"! (b) 0.20N 
(a) 9.0x107J (b) G) 2.7ms (ii) 1.8ms—! 

(iii) 0.55N 
(a) 8N (b) 8N 
(a) 0.01J (b) 2ms™ (c) 20ms? (d) 0.15N 

(b) 18.5N (c) 12.25m 

(b) 157J 
8.9 revs! ‘ 
(b) (i) 2.0 107J Gi) 10km 
58.9 rev, 235.6s 

(b) (i) 2.9 x 107J, 29km 
(c) 1.07rads“!, 0.161 ms7! 
(a) 49rads™? (b) 5.4 x 10-27Nm 
(c) Gi) 2.0 x 10? rads“! (iii) 80 Nm 
(a) 0.08ms! (b) 2/2s 
(b) G) 0.10ms (ii) 0.25ms~? (iii) 1.5 x 10-7] 
(a) 0.026ms™* (b) 0.014ms~*; P = 0.05, Q = 2/6 
168ms_! 
0.42ms"} 
0.2J 

(d) 9.63 x 10" Hz 
(a) 0.25ms"!, 0.016J 
(b) 0.12J 

(a) G) 0.05m (ii) 1.0s, 1.8 m s~? 
a = 15 mm, @ = 27/3 s7}, € = 7/2 rad 
(c) G) 3.38 x 10] (ii) 3.45N, 2.55 N 
(d) 139N 

(a) 0.2ns (b) 1.25 x 10-*J 
(a) 1.2N (b) (i) 2.9 Hz (ii) 3.3 ms? 
16 Hz 

6.3 cm 

(c) (i) 100kg (ii) 5.03 Hz 
(a) (i) 3.lrads™} (ii) 0.30 m s~? 
(b) G) 1.0N (ii) 0.79s, 0.04J 
889N 

14.4N, 24.5h 

(d) 3.91 x 10-*N (e) 2.65x10-*N (fH 0.001% 
6.0 x 1074 kg 
9.0m 

5 x 10% kg 
(a) Gi) —5.36 x 10° J kg" 
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(b) G) 2.68 x108N (ii) 2.59 x 10fms~! 
Gii) 2.43 x 107s 

A131 2 x 10% kg 
A133 3.37 x 10° 

A134 1.1 x 10?kgm™? 
A136 0.35%, 27 days 

A138 5.3 x 10°J; 3.9 x 108m, 2.7 x 10°37 ms? 

A141 (b) 6.1 km 

A143 (a) —6.3 x 10’Jkg! (b) —8.9 x 10°Jkg"! 
A144 (d) 1.07 x 10” J 
A145 (c) (i) 1.26 x 10’Jkg! (ii) 1.26 x 10!#J 

A146 (b) 5.4 x 10% kg (c) 6.9 x 1071! N m?’ kg? 
A147 (a) (i) —40.0 MJ kg~!, —26.7 MJ kg! 

Gi) 5.33 x 10!"J, 1.07x 10°N (iii) 11. kms7? 
A148 (b) (i) 4.4 x 108J, 2.1 kms 
A149 (a). (iv) 7.9 x 10?ms_!, 5.1 x 103s 

(b) (i) 4.2x 107m (ii) 0.28s (iii) 81.3° 

SECTION B 

B2 (c) 500Nm™! (d) 1.22 x 10!* Hz 
B4 2x 10°7!J, 4 x 10*J kg"! 

BS (a) 4.5 x 107? eV 
B6 1.3 x 10-7°J 
B7 1.25 x 10-72 m,5x10 m 
B8 (a) 3.1x10°°m (b) 2.8x 10°-7'J 
B9 (a) 3.7x10?kgm™ (b) 3.5 x 10° kgm? 

B10 1.6kg (X), 1.2 kg (Y) 

B11 1.81 x 10° Pa 

B12 36.8cm 

B13 3.2 
B14 (a) 4.7 x 10° kgm”? 
B15 15N 
B16 16g 
B17 9.0 x 10?kgm ? 
B18 (a) 600kg (b) 0.91 ms? 
B19 (a) 4.0 mm 

B22 1.6 x 10” 
B24 «= —4, E i 

B25 274p 10-°J, 0.35ms' 

B26 5cm 

B27 761.9mmHg 

B28 30mm 

B29 7.5 x 10-2 N m`!. The water would rise to only 4.3 cm 

B30 (b) 7mm 

B32 (c) 4.5 x 1074], 10V/3ms! 
B33 (b) (i) 7.3 x 10° N m`! 

B34 (a) 1mm (b) 5.5 x 10°7J 

B35, 2.6 x 1074 m? 
B36 7 x 106 N m°, 0.14J 

B37 (c) 0.45m? 
B38 1.5 x 108 Pa 
B39 (a) 8:1 (b) D/9 
B40 (c) (ii) 1.2 x 10°-7J 

B41 6.25 x 10!!! Nm”? 

B42 (b) (i) 50N (ii) 1.8 x 10-3 m, 4.4 x 10°7J 

Gii) 0.85mm (iv) 0.084 m from B 

B43 (b) (i) 2.0 x 10!'Pa (ii) 9.6 x 10° N 

(iii) 3.6 x 10°Jm~? 

B44 5.1 x 10°Nm ”, 0.63s 

B45 (a) 50N (b) 0.5J 

B47 5mm 

B48 (a) 3:2 (Cu:Fe) (b) 6.0mm, 4.0mm (c) 780N 

B49 (a) 589N,589N (b) 10.046m (c) 25.2] 

B51 (a) 3.0x10* (b) 6.0 x 107 Pa (c) 1.44 x 10°J, 

1.56 x 107J 
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B52 (a) 1020°C (b) 1.8 x 108 Pa 
B53 (c) (i) 2.5 x 108Pa Gi) 0.10J (iii) 0.20J 

(v) 1.9 x 10!! Pa 
B55 (b) (i) 1.lmm (ii) 17x102] 
B56 2.8 x 10°m (a) 2.0x 10®Pa (b) 3.0J 

(c) 1.4 x 10!° Pa, 3.0mm 
B59 (b) 1.9 x 10!! Pa 
B61 (a) 0.1m (A), 0.2m (B) (b) 2Nm™! 

B62 (c) Gi) 5.0mm 

B63 (c) (i) 2.0ms™! + (ii) 3.9 x 10? kgs"! 
B64 (c) (i) 2.8ms™!} (ii) 5.7 x 10° m’s~! 
B65 2.97 x 10N 
B66 (a) 2.0ms`! (b) 0.8m. The second hole must be 

20 cm above the base of the tank 

B67 (b) (ii) 1.1 x 10° Pa 
B68 (a) 133ms™!} (c) 120ms™!, 1.82 x 10° Pa 
B71 (c) 15.8ms"! 
B74 7.6cm 

B75 6000 N m`? 

B76 (b) (iii) 386mm 
B80 (a) (ii) 5.0x107m (b) (iii) 169ms! 
B82 2, 2.19 

B83 (b) 24ms"! 
B84 A = 15cm’g's!, B=15cm''!s |, radius = 0.2 cm 

B85 (b) (ii) 0.45Nsm~ 
B86 (b) (i) 5.0 x 10~4 m’ 

SECTION C 

C4 290K 

C6 (a) 37°C (b) 50°C 

C7 16.6°C, 17.0°C 

C8 49.04°C 

C9 (b) (ii) 23°C (approx) (iii) 0°C, 100°C 

C10 (f) 364.21 K; 367.86K 

C11 0.45 W 

C12 279Jkg K"! 
C13 5.7V 

C14 6000Jkg-! K~, 10% 
C15 1700} kg"! K! 
C16 (d) 2.91 x 10?Jkg-! K~}, 12.3 W 
C17 4 

C18 (b) Gii) 57.6°C 
C19 0.67 kg 
C20 (a) 250W (b) 2.50 x 10*Jkg! (c) 167Jkg 1K" 
C21 0.1225 kg 
C22 1.67 x 10? Jkg K! 
C23 88% 

C24 0.0396 kg 
C25 7.4% 

C26 (c) 1.6 x 107J, 7.0% 
C27 2.4 x 104 Jkg!, 2.0 x 10° Jkg-? K~! 
C28 (a) (i) 3.6 x 10*J Gi) 15.8g 

C29 1.1 x 10° Pa 
C30 30m 

C31 745mm 

C32 (b) 4.6mol (c) 517ms"! 

C33 (a) 1.33 x 10°Pa (b) 2ginA,lginB 

C34 (a) 2.1 x 10°mol (b) 60kg 

C35 40 

C36 (b) (i) 2.3kg Gi) 1.4kg ii) 3.1 x 10!” s7! 
C37 0.33 kg 

C38 (a) 8.3JK-! mol! (b) 14x 10-?JK" 
(c) 6.3 x 10-2] 

C39 (a) 0.32g (b) 4.8x 10% (c) 14x 10?ms? 
C40 1.81(2) x 10°J, 1.85(5) x 10°J, 6.1 x 10? Jkg 1? K~? 
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C42 (d) 552ms7! 
C43 (b) (i) 2.57 x 10-*kg (ii) 240J 
C44 (a) (i) 40.2 (ii) 14.1 kg (iii) 141 kgm™ 

(iv) 146ms} 
C46 (b) (i) 6.0x 1073 (ii) 3.6 x 10?! (iii) 483 ms7! 
C47 (a) (i) 2.4x 10? (ii) 150J 
C48 (a) 1.07:1 (b) 4:1 (©) 1.15:1 
C51 (b) (i) 1.2x 10m? (ii) 1.9 x 107J 

(c) G) 31J Gi) 21J iii) 52J 
C52 (a) 2.26 x 10°J (b) 1.69 10°J (c) 2.09 x 10°J 
C54 (a) 1.2x 107? (b) 2.6x10°Pa (c) 91J 
C55 (b) (ii) 75.0) (d) (i) 50.0J (ii) 83.3] 
C56 (b) 7.2 x 10?J (c) (i) 8.0kN (ii) 1.6 MPa 
C59 (d) (i) 4.75 x 10° m? (ii) 984K 

Gii) (1) 29.1JK~! mol"! (2) 4.92 x 10-4 m? 
(3) 1.76 x 10°J (4) 4.39 x 10°J 

C60 1.44 x 10*Jkg-! K~}, 1.03 x 104 Jkg-! K~! 
C61 (a) 3000K (b) 600Jkg-! K-', 783] kg}; 268 ms~! 
C63 1.07 x 10° Jkg-! K~! 
C67 (a) 2.4x 10°J (b) (i) 1.1 x 10°Pa 

(ii) 8.8 x 10t Pa 

C68 (c) (i) 40x10 N (ii) 5.7 x 10?N 

(iii) 6.6 x 10? N 

C69 (b) (iii) 150K 

C70 1.7 x 107? kg, 60K, 7.3 x 102 J kg! K~! 
C71 (b) 3.76 x 10° ms™! 
C72 (a) 1250cm? (b) 1.38 x 10° Pa 
C73 (b) 7.44 x 10°m? (d) 1.66 
C74 (b) (i) 301.2KatAandC,150.6KatB (ii) 4375J 

(iti) 3125J (iv) 625J (v) 625J 

C75 (c) 2.4(5) x 10°Pa (d) 2.5 x 10° Pa, 2.1 x 10° Pa, 
31 

C76 (a) 1.47 x 10°J (b) 1.69 x 10°J 

C77 (c) (i) 2.2x 10*J (ii) 3.1 x 10°J 
C82 (c) 2.3 x 10° m? 
C84 (b) (ii) a = 0.362 N mî mol”, b = 4.27 x 10> m? 
C85 (c) (i) 127K, 36.9K (d) 1.05 x 10°J, 3.06 x 10?7J 

C86 (c) (i) 9.9x 10-7 kg (ii) 1.9 x 1024 

(iii) 4.7 x 10? ms“! 
C87 (c) (i) 1024kPa (ii) 533K 

C91 (c) (i) 540J (ii) 60J 

C94 1.01 x 10° Pa 

C96 9 x 10? Pa 

C97 1.7 x 10*Nm~”, 3.0 x 107Nm~, 82% 

C99 (c) (ii) 2.0kPa (iii) 1.5kPa 

C100 (d) (i) 80kPa (nitrogen), 20 kPa (oxygen) 

Gi) 0.27kgm~?* (iii) 1.2kgm~? 
C101 3.9 x 10°Jkg™! 
C103 (a) 1.60 x 10°J (b) 1.33 x 10°J 
C104 5.03% 

C105 (a) 90J (b) (i) 70J (ii) 20J 

C106 1.22 x 10?JK"! 

C107 (a) 0 (b) 40JK"! 

C108 (c) 19.6% 

C110 (a) 0 (b) 4.2x10°J (c) —3.0 x 10°J 

C111 3.0 x 10? °C m™! (copper), 5.5 x 102°C m~! 
(aluminium) 

C112 0.2°C, 2.4 x 10°Jkg" 

C113 1.9x 10° W 

C114 240 W, 232 min 

C115 48.1 W, 2.16g 

C116 (d) 2.6°C 

C117 6400 W, 66:1 

C120 102.5°C 

C121 (a) 4.0kW 

ANSWERS TO SECTION QUESTIONS 

C122 (a) 0.02 (b) 0.008 
C123 94% 
C128 (a) (ii) 1.5 x 10?°Cm"!, 29W 
C129 (b) 10°C (c) Gi) 3.0 x 10° KW, 1.0 x 10° W, 

9.8 W 
C130 6.5 x 102 Js7! m~, 2.0 x 107° mms“! 
C132 (e) 9.0kW (£) 88W 
C133 (b) (ii) 507°C 
C134 6.78 x 1072 Ks"! 
C137 1105K 
C138 1073K 
C139 2021K 
C141 19W m~! 
C143 (a) 0.19nm (b) 1.07 mm 

C144 378K 

SECTION D 

D1 (a) 19.5° (b) 10.5° 
D2 18.6° 

D3 38.5° 
D4 26.4° 
D5 1.6 

D6 40.2° 

D8 27.9° 

D9 (b) (i) 60°4 (ii) 48°27 
D10 39.6° 

D11 37.2°, 48.6° 

D12 32.77°, 41.05° 
D13 (b) 1.50 

D14 3.17° er 

D15 (a) 1.5cm high, 30 cm from lens on opposite side from 
object 

(b) 1.0cm high, 20 cm from lens on same side as object 
D16 20cm; 40 cm from lens 

D18 100cm 

D19 30cm above lens, diameter = 6mm 

D20 5mm, 5mm, 25.0mm 

D21 100cm from diverging lens on same side as object 
D23 2.6mm 

D24 100mm, 95mm 
D25 0.2 m (diverging) 

D27 (a) 70cm (b) 135cm 
D30 (b) 100cm 
D31 (a) 6cm behind the mirror, 1.5x (b) 3.3 cm behind 

the mirror, 0.83 x 

D32 40cm 

D33 (a) 414mm to 50mm (b) 6to5 
D36 16.0 cm from the second lens and between the lenses; 

27.8 cm away on the side remote from the object 
D37 (a) 41.7mm (b) 90 (c) 10.7 mm 
D38 (b) 110mm 

D40 (c) 22.7 mm, 37.5 
D42 (a) 550mm (d) 10 (e) 55mm from eyepiece lens 
D44 400 mm (objective), 50 mm (eyepiece) 
D45 (b) 60mm 
D46 4.0 cm 

D47 112.4cm, 15.6 
D48 (a) 160 (b) 25.2mm (c) 0.938 mm 
D49 (c) (i) 1.84cm 
D50 0.18(2) cm; 20 cm from second lens on the same side as 

the first lens; 0.91 cm 

D51 9.1 x 10-4 rad 

D52 (a) 2.1cm (b) 112.5cm 

D53 100 
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D54 (b) (if) 1042 cm, 24 (iii) 5.3 cm behind 

eyepiece (c) (i) 1064cm 
D55 (a) 0.029cm (b) 0.55cm (c) 0.11 rad 

D58 (a) (i) 50mm (b) 2.6mm away from the film 

D59 0.065s 

D60 (c) 1.75cm; 11, 32 ms 

D61 43° cm, cm, 100 cm (diverging) 
D62 f = 200 cm diverging 

D63 f = 30cm converging 

D64 665 cm 
D65 (a) f = 400 cm diverging (b) 444cm to infinity 
D66 (a) 42$cm converging (b) 40cm 
D67 (b) (i) —2.0m~!, 0.28m 
D68 200 cm (diverging), 50 cm (converging) 

D69 3.1 x 104m, 300 revs"! 
D71 3.0(2) x ms 

SECTION E 

E1 6.0 x 10*m 

E4 (a) 3.3x10?ms! (b) 6.6 x 104*ms! 
E5 (a) (i) 7.5° (light), 45.6 ° (sound) 

E12 342ms`! 
E13 (a) 1.5m 

E14 5.0 x 107m 

E15 (b) 1.79 x 107? rad, 0.064 mm 
E17 1.5 x t074 rad 

E18 (b) 0.28mm (c) (i) 0.23mm 
E19 6.43 x 107m 

E20 (b) 711 nm, 427 nm 

E21 (b) 0.021° 
E23 15x 107m 

E25 (b) 9.82 x 10-°m 
E26 2.7mm 

E28 (b) (iii) 1.26 x 105m 
E29 (a) 25cmfromcard (b) 20cm 

E31 2.4 x 10°m 
E32 4.60 x 1077 m (violet), 6.90 x 10~7 m (red); 66.9 ° 

E33 640nm, 480 nm; 28.7 ° 

E34 (a) 0.96° (b) 0.34cm 
E36 600nm, 2.85 x 10°, 43.2° 

E37 (c) 1.04cm 

E38 4.34 x 107m 

E39 (a) 5.5x10°m! (b) (i) 6.2x 107m i) 4 
E40 (a) 13.6° (b) 70.5° 
E44 53.1° 

E45 (a) 1.6 (b) 32° 
E55 (a) 1.83s (b) 19% 
E56 (a) 3.2 x 10?ms! (b) 1.6 x 10->ms?, 0.13m 

E57 31/8, 300 Hz 
E58 1.41 

E59 (b) (i) 91.3Hz (ii) 87.8Hz 
E60 (a) 1.5 x 10?ms"!_ (b) 1.8 x 10°N m? 

(c) 1.8 x 10!!Nm” 

E61 (ay 20. (b) f —0.7;0.76% 
E63 (d) 71.5cm 

E64 (a) 300ms™ (b) 9.0kg 

E65 (a) 250Hz (b) 1.4 x 10°N 

E66 1.7 x 10° Hz 

E67 (b) (i) 514Hz (i) 512 mm 

E68 1.0 x 10? Hz 

E69 336ms! 

E70 (a) 320ms™! (b) 10cm (c) 40cm (d) 1200 Hz 

E71 5.1 Hz 

E73 0.83m 

937 

E74 (b) (ii) 340ms~! (iii) 34.6cm 
E76 336ms! 

E77 348ms_!, 8.26mm 
E78 (a) (i) 340ms! (ii) 696mm below top of tube 
E79 (c) Gi) 341ms™!, 12mm (iii) 207 Hz 
E82 (a) 1.75m, 16 Hz 

E84 (b) 0.38m, 4.1N 
E85 0.066mm 

E86 (a) (i) 1700Hz (ii) 0.050m 
E87 330ms!, 579mm 
E90 362ms! 
E94 514 Hz, 545 Hz 

E95 425Hz 

E96 1.11f, 1.10f 
E97 (b) (i) +0.00343nm (ii) zero 

E98 (c) 2.2 x 108m 
E99 1.02 x 10 ms™! 

E100 (b) 37.8 ms™!, 302m 
E101 (b) 92.1 kHz 
E103 (a) (ii) 1.9% 
E104 (b) 57.6Hz (c) 2.7 Hz 
E105 (b) 5.0 x 10fms™} (c) 2.8 x 10m 

SECTION F 

F1 (a) 5.0A (b) 2.0V (c) 10V (d) 12V 
F2 4.8 x 107 Qm 

F3 11.3V 

F4 0.59A 

F6 (b) 9.5 x 10? ms"! 
F7 (a) 3Q (b) 40 
F8 0.25A 

F9 (a) (i) 0.067A (ii) 0.033A (iii) 4.0V 
(b) (i) zero (ii) 0.054A (iii) 2.16 V 

F10 8.0 V,50Q 

F11 0.5A 

F12 60V,48V 

F13 40Q, 400 

F14 5V 

F15 (a) 9995 Qin series (b) 2.5 x 107° Q in parallel 

F16 (a) 0.05A (b) 0.0125A (c) 0.5V 
F17 14 950Q in series 
F18 60.4V 

F19 9.6V 
F20 (a) 3609 (b) 0.96V 
F21 (b) (ii) 3.3V (1.8 kQ), 8.7 V (4.7 kQ) 

(c) Gi) 10.3kQ (d) 3.9V,8.1V 

F22 2.29V 

F23 (b) 2.0 mA, 2.48 MQ 
F24 (b) (i) 4.0A (ii) 2.5Q (iii) 3.5Q 

F25 (b) 1.189 (c) 18.3V (Vj), 13.2 V (V2) 
F26 24.50 : 

F27 (b) (ii) 7.0 V 

F29 2.0A 

F30 (a) 2.09 (b) 1.44W 

F31 (a) 1209 (b) 25.3W 
F32 (b) (i) 12 (i) 3.75J 
F33 (a) 3.75V (b) 19mW 

F34 0.367 m 

F35 (a) (i) 5.0A (ii) 100V (b) 2.1 
F36 (a) 76.82 (b) 3.49m 
F37 (b) 6.02 (c) 500% 
F39 (a) 0.718A (b) 4.19W, 2.095 x 107° kW h 

(c) 8.17V,3.59V (d) 9.15W,0.592W (e) 3.602 
F40 (b) (i) 78Q (ii) 8.0 x 10° W (d) (i) 28W 

F42 (a) 0.25m from oneend (b) 24A 
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F43 
F44 

F46 

F47 

F48 

F49 

F50 

F52 

F53 

F54 

F55 

F56 

F58 

F59 

F60 

F62 

F64 

F65 

F68 

F69 

F70 

F71 

F72 

F73 

F74 

F75 

F76 

F77 

F78 

F79 

F80 

F81 

F82 

F83 

F84 

F85 

F86 

F87 

F88 

F89 

F92 

F95 

F96 

F97 

F98 

F100 

F101 

F102 

F104 

F108 

F109 

F113 

F118 

(a) 17-225C (b) 1.21 x10 Qm 
(b) (i) 2.46A (ii) 0.500 V m~}, 4.90 x 10 A m~?, 

10.2 x 108 Qm 
(c) (i) 4.0V (iii) 6.7Q, 14.4W 
(c) 0.3902 
2V 
50Q 
24V 

82.5 cm, 1.29 V 

19, 5.04V 

(c) 50.2Q 

(a) (iii) 1.36V (iv) 18.6 mW 
(c) 294.72 
(b) 6.330 mV 
(b) (i) 0.075m 
6.0 x 10-8] 
—24 mJ 

(a) S060 EN w) SRT e 

(c) 1.8 x 10V 
(b) G) 2.0x107°N (ii) 2.0 x 10° N 

Gii) 6.0 x 10-*J (iv) 0 (v) 0 
(a) 1.45 SIOS N 1.45 10 

(i) 36uA (ü) 1.44x 106V (iii) 51.8W 
(a) LIC (b) 28x10] 

(c) 2.5 x 106 V m~! 
(a) 1.5V (b) 0.56V (c) 1.5V 

(b) 3uF (c) 36 uC (A, and B1), —36 uC (A; and B3) 

1323 NE 
G) 5 x 104V m~! 

Gii) 2.2 x 10~6J 

133 uC on each; 133 uC 

1475 J; an increase of 983 J 

1.13 x 10°Vm™!; (a) 226V (b) 2.2 x107! F 
(c) 5.65 x 10-°J 

4y: 12V, 2x 10 Vm! 

(b) @ 1.54F Gi) 108yJ (iii) 9.0V 
7 

(ii) 4.4 x 10-2 F 

0.2 uF; 0.25 mJ 
0.45]; 0.15J 
(a) 5.18 10-°J (b) 1.56 x 10-8J, 1.04 x 10-°N 
36 uJ, 24 uJ; (a) 36pJ,384uJ (b) 36 uJ, 54 uJ 
40V 
50J, 333] 

(a) 1x107C (b) 1000V (c) 4x 10°] 
(a) 4uConeach (b) 24C (M), 8uC N) 

(b) Gi) (D 164] AD 324J 
(b) @ 2.0 x 1074C (ii) 4.0 x 10-3J 

(iii) 2.0 x 10°-7J 
(c) Gi) 20ms (ii) 92ms 

(a) (i) 24uC, 144yJ (ii) 4.8 V, 57.6 uJ 
(b) (iii) 33 MQ (approx.) 

1.35 x 10-7 C; 3 times; 84.4 V 

Initially 3 x 10~° C on each; finally 1 x 107° C and 
Sx 102G; 1.2 x 10-8 J 
500 uF 
4 

9x 10-°N 
218 

(a) 13x 10°N (b) 1.54; 115g 
(b) (i) 1.6x 10T (ii) zero 

1.08:1 

(a) 10 (b) 0.25 

(a) 3.0x 105ms~! (b) 1.0(4) x 1029 m? 
(HE35 1073 m7s- ty 9d) 10:89 
0.24A 

F120 

F121 

F122 

F123 

F124 

F127 

F129 

F130 

F134 

F135 

F136 

F137 

F138 

F139 

F143 

F144 

F145 

F146 

F147 

F148 

F149 

F150 

F152 

F153 

F154 

F155 

F157 

F158 

F159 

F160 

F162 

F163 

F164 

F165 

F166 

F167 

F168 

F169 

F170 

F171 

F172 

F173 

F174 

F175 

F176 

F177 

F178 

F179 

F182 

F185 

F189 

F190 

F191 

F192 
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(a) (i) 6.0x 10° Wb (ii) 3.0V 

(a) 0.7A (b) 7.8 x 107*J 

(a) 0.24 cos0Wb (b) 15V 

(b) (i) 0.128 Wb, 2.6 x 107? V (ii) 1.1 mA, 

60% 107 T 
(b) (i) 140ms, 2.5V (c) G) 75mA (ii) 0.11 W 

16 mV 

(a) 4.0A (b) 2.0As™! . 

(a) (i) 0 (ii) 2V (iii) 0.1A (iv) 1V (v) Is 

(a) (i) 0.30As™! (ii) 0.24A (c) 1.2J 

(a) Gi) 4.0A (i) 1.0As! (iii) 0.5 As! 

(b) 268 divisions 

4mH, 1.25As"! 

(a) (Gi) 50kW (ii) 340V (iii) 70.6% 

(b) (ii) 500 W 

100 uC 
(a) 2.5x107Wb (b) 25uC 
(b) (i) 0.2T 

0.5A 

(a) 1A (b) 2A (c) 2A 

(b) (i) 100kJ, 300 kJ 

(a) 7.1V (b) zero 

7.5mA, 750 mA 

(a) (Gi) 35V (ii) 8.0 x 10°37 F 

(b) 30Q (c) 92mH 

80 Hz; 400 uF 

(a) 0.10A, 40V (b) 3.0W 

(a) (i) 0.50A (ii) 2400 (iii) 2400 
(b) Gi) 416Q (iii) 7.7 uF 

(a) 40Q (b) 2.9x10-7H (c) 0.22rad 
(a) Vr = 3.0 V RMS, V= 4.0V RMS (c) 0.64rad 

(a) 47.2A (b) 8.91 x10 W 
(b) Gi) 1.6 x 10t Hz 
1.6 x 107?Q 

0.337 A; 202.2 V, 214.3 V, 84.6 V 
(a) 0.124A (b) 78.6V 
Gi) 10Q (ii) 69mH 

(b) Gi) 600, 480W (ii) 0.33H, 240 W 
(iii) 30.6 uF, 240 W 

(a) 149V (b) 188V, 2.9ms 

(a) 0.240ARMS (b) 28.8W (c) 4.77 uF 
0.21 A, 33 mH 

(b) 11.5mH (c) 2.56:1 

8 Q, 50 Hz 

(a) 159Hz (b) 0.03A 

(a) 1.13pF (b) 5.4cm (d) 6.9pF 

(b) (i) 100 Hz 
(b) (i) Xc = 1339, X, =30.0Q (ii) 131Q 

Gii) 1.91A (iv) 52° (v) 0.61 (c) 101 Hz 
(a) 50.0 Q, 7.96 mH, 3.18 uF 
(b) G) 7.07V Gi) 22.5uC (iii) 7.07V 

(iv) 8.9 x 10? A s7! 
(a) 141Q (b) 0.20A (c) 4.0W 
227 V, 41.1 Hz 
TONG 62 

(a) Gi) 3.79 x 10° A, 5.7% 
(b) G) 500,40Hz (ii) Ve =50V, 

Vc =100V (iv) 90V, 56° 
(a) 20W 

(a) Gii) 0.042 A (RMS) 
(c) Gi) 6.25 x 10°J (iii) 3.4V (iv) 0.17W 
(a) 2.4V (b) 3.6W (c) 4.0 x 103s 
2100m 
3037x 10  Gikg l 
0.42 A 
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SECTION G G76 6.0 MeV 
G1 500V G77‘ (b) (ii) 0.015cm (iii) +0.001 cm 

G78 0.11 cm7! G3 1.96 x 107!°J 
G4 1.96 x 107" J, >1.01 x 1076 m 
G5 4.45eV 
G6 1.5V, 2.5 x 107!’ J, 7.3 x 10° ms”? 
G7 6.64 x 10-4Js 
G8 (c) (i) 2.35 x 10°ms™! (ii) 0.157V 
G9 (b) (i) 3.6x 1079] Gi) 2.8 x107 s7! Gii) 9.1% 

(c) @ 22x10 m 
G10 (b) 6.7 x 10°] (c) (i) no emission (ii) electrons 

emitted with a KE of 3.74 x 107! J 
G11 (a) leV (b) @ 1V (ii) 0.75V 

G12 (c) (i) 3.4 x 107°] (ii) 6.68 x 10-74Js 

G13 (b) Gi) (D 2.6 x 10°] (ID 7.5x 10-7m 
(c) 1.24 x 10-°m 

G14 2.5 x 10!" s7}, 3.9 mA, 0.39 V 

G15 (a) (i) 1.6x10°A (ii) 3.2x 10-°A (iii) zero 
(b) 0.5V 

G16 (b) (i) 1.0V Gi) 1.6x 10-9 J (ii) 3.8 x 10-9J 
G20 1.2x10°'m 

G24 (a) 2.19 x 10°ms"! (b) 9.14 x 108m 
G25 (c) 1.44 x 107} m 
G26 (b) (i) 661 nm, 489 nm, 436 nm, 412 nm 

G27 (a) 3.4x 1079] (b) 1.8 x 10 s7 
G28 1.22 x 107 m 
G29 (a) 2.16 x 10718] (b) 6.6 x 107m 
G30 (b) Gi) 5.1 x 107°] ii) 3.9 x 10-7m 
G31 (a) (i) 1.9eV (ii) 10.2eV 
G32 (a) (i) 3.3 x 10°Hz (ii) 2.5 x 10 Hz 
G34 (b) (vi) 1.1 x 107 m`! 

G35 (b) Gi) 6.6 10-7m (c) Gi) 1.2 x 107m 
G39 (c) G) 10000eV (ii) 1.23 x 10"! m 

(iii) 160x 10 5], 1.24 x 101m 
G40 (a) 1.2 x 10° Hz (b) 9.9 x 10W 
G41 (b) @ 12mA (ii) 1.33 x 108 ms”? 
G42 (a) 4.1x10`!m (b) 30mA (c) 1.9 x 10” s~! 

G44 (a) 4.0 x 10° eV 
G45 (c) G) 0.1V Gi) 8.4 x 1024) 

G46 3.3cm 

G47 1.8cm 

G48 (e) G) 83x 1077s (ii) 4.3 x 105T 
G49 (a) 1.0x10°ms (b) 1.7x 10?T 
G50 1.33 x 10’ms“}, 1.71° 

G51 6.7 x 10’ms"! 
G54 6x 10? mm V`! 
G56 (a) 4.2 x 10’ms™! (b) 0.12m 

G58 (b) 41kVm"! 
G60 6 
G61 (a) (iv) 3.6 x 10- N 
G62 6.4 x 101C 

G63 468x10 VC 

G64 4.8 x 10 2? C; 1.6 x Loma 

G65 (b) (i) 3.8 x 10s -G9 29° 

G67 (b) 1.14x 10V (c) 3.53 V 
G69 75% 35Cl, 25% }7CI 
G70 69% (62.93), 31% (64.93) 
G71 (a) 3.2 x 10°ms™! (b) 10.6kV 
G72 (a) Gii) 179ms™! (b) @ 3.2 x 1075 N 

Gii) 0.11T (c) Gii) 0.50cm 

G79 (c) (i) 7.5 x 10f min™! Gi) 19% 

G80 (c) 1.0 x 10s! (d) 1.0 x 10!8 

G81 8.8 x 10° Bq 

G82 50s"! 
G83 (b) (i) 6.3 x 108 (ii) 2.0 x 10° s7! 

Gii) 1.3 x 10° Bq 
G84 11 yg 

G85 4.3 hours 

G86 2.8 x 10!! Bq 
G87 (a) 6.0 x 10!! (b) 6.5 x 10}! 
G88 1.27 x 107° 
G90 (c) (i) 1:2 Gi) 1:1 (iii) 75% 

G91 (b) Gi) 56 years 

G92 140 days; a= 210, b = 84,c=4,d=2,e=0,f=0 

G93 6.0m 

G94 (c) (i) 6.2 x 10!'s 
G95 4.0 mg per day 

G96 6.0 x 10° cm? 
G97 (b) (i) 2.0x 10-°s"! (ii) 8.0 x 10° (c) 40 hours 

G98 >57 uCi 
G99 (d) 4 

G100 2.0 m; 24 hours 

G105 (b) (i) 70s, 10.0ug (ii) 2.5 x 104 s7! 

G106 (c) (ii) 1.3 x10 4s! (iii) 7.7 x 10” s7! 

(iv) 63 W 

G108 4.5 x 10° years 
G109 6.8 x 10° years 
G110 4.2 x 10? years 
G111 8700 years 

G112 (b) (ii) 3.8 x 10° years 
G114 7.16 MeV 
G115 2.79 x 107!7J 

G117 (c) (i) 1.813u, 1.824u 
G118 (a) 28.3MeV (b) 23.8 MeV 
G119 (c) (iii) 2.6 x 10! (iv) 1.7 x 10°Y kg 

G120 (c) 1.1 x 101! years 
G121 8.2 x 10°J 
G123 (b) (iii) 1.06 
G124 +0.624 MeV, —4.01 MeV 

G125 39.1 MeV 
G127 8.53 x 10!°J 

G128 (c) 2.5 x 10?mol (d) 2.5 x 10’ Pa 

G129 (d) (i) 5.40(4) MeV (iii) 5.30(2) MeV 

G130 7.1 days 
G132 (c) (iii) 2.1 x 107” J 
G133 (b) 15 hours 

G138 60Q 

G147 2.5 x 10*Q (R,), 5.0 x 107 Q (R2), 15 mA 

G148 (a) 1.5V (b) 1.5V 

G149 (b) (i) 250 4A, 12.75 mA, 3.5 V 

G150 (c) 60kQ 
G157 (b) (i) 100 times (ii) never 

G158 (a) 10 
G159 (b) 8 
G160 (a) —4.0V 
G162 (a) (i) 4.7kQ, 150kQ (ii) 33 

G164 (a) (i) 4.5V (ii) 6.0V (b) Gi) 5.7 V 



aberration 

chromatic 

spherical 

absolute pressure 

absorption edge 

absorption spectra 

X-ray 

AC circuits 

capacitative 

inductive 

sinusoidal 

square-wave 

AC generator 

acceleration 

angular 

centripetal 

due to gravity 

uniform 

acceptor impurities 

accumulator 

achromatic doublet 

activity 

A/D conversion 
adhesive force 

adiabatic processes 

adiathermanous 

advanced gas-cooled reactor 

aerofoil 

AGR 

air cell 

air track 

air wedge 

Airy’s disc 

Alnico 

alpha-particles 

absorption of 

range of 

scattering of 

alternating current 

alternating EMF 

alternator 

AM 

ammeter 

amorphous polymers 

amorphous solids 

ampere, the 

Ampére’s law 

ampere-turns per metre 
amplifier 

amplitude (of oscillation) 

amplitude (of wave motion) 

amplitude modulation 

analogue computer 

analogue/digital conversion 
analyser 

AND gate 

Andrews’ experiments on CO, 

Andrews’ isothermals for CO, 

INDEX 
Parentheses indicate a page where there is a minor reference. 

366, 

474, 

373 

395 

164 

777 

475 

777 

674-93 

679, 

677, 

13,35,91, 94,1015 

STD, 

268, 

802, 

(534) 

680 

678 

675 

676 

653 

149 

627 

621-2 

851, 860, 
614 

862 

940 

angle of contact 

angle of friction 

angular acceleration 

angular frequency (AC) 

angular magnification 

angular momentum 

angular velocity 

anion 

anisotropy 

anode 

anomalous expansion of water 

antinodes 

aperture 

of camera 

of mirror 
apparent depth 

Aquadag 

Archimedes’ principle 

armature 

of AC generator 

of DC generator 

of DC motor 

artificial radioactivity 

astable multivibrator 

astronomical telescope 

atmosphere, the 

atomic number 

atomic radius 

atomicity of electricity 

attenuation coefficient 

avalanche breakdown 

Avogadro constant 

Avogadro’s law 

back EMF 

Bainbridge mass spectrograph 

balancing columns 

Ballistic galvanometer 

calibration of 

Balmer series 

band spectra 

Barkla 

Barton’s pendulums 

base (of transistor) 

base resistance (of transistor) 
basic units 

beat frequency 

beat period 

beats 

mathematical treatment of 
Becquerel 

becquerel, the 

Bernoulli’s equation 

consequences of 

658, 660 

800 

166 

668-71 

671 

769 

475 

840-3 

872 

72 

161 

763 

477 

846 

849 

914 
481, 482 

482 

481—4 

483 

802 

809 

197 

198 
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beta-particles 

absorption of 

binding energy 

binding energy per nucleon 

binomial expansion 

Biot—Savart law 

bipolar transistor 

bistable multivibrator 

Bitter patterns 

black body 

black body radiator * 

energy distribution of 

blooming 

bobbin 

body-centred cubic structure 

Bohr model of atom 

Bohr radii 

boiling 
Boltzmann’s constant 

Bourdon gauge 

Boyle temperature 

Boyle’s law 

experimental investigation of 

breaking stress 

Brewster’s law 

bridge rectifier 

brittle material 

Brownian motion 

bubble chamber 

Bucherer 

bulk flow (speed of) 

bulk modulus 

bulk strain 

bulk stress 

Bunsen burner 

cadmium sulphide 

caesium chloride structure 

calcite 

Callendar and Barnes’ continuous flow calorimeter 

calorimetry 

camera 
capacitance 

measurement of 

capacitative reactance 

capacitors 

analogy with spring 

coaxial cylindrical 

concentric sphere 

discharge of 

electrolytic 

energy of 

in AC circuits 

in parallel 

in series 

isolated sphere 

paper 
smoothing 
time constant of 

variable air 
capillary depression 

capillary rise 

carbon 14 dating 

carburettor 

804, 805 

806 

146, 823 

823 

920 

616 

846 

856 

704 

312 

312 

313 

447 

544 

155 

764 

764 

280 

256 

166 

215 

249 

.258 
181 

469 

695 

182 

145 

835 

804 

204 

187 

188 

188 

198 

869 

156 

469 

241 

237-48 

402 

589 

606, 608, 669 

680 
589-610 

609 
591 
591 
601 
605 
598 

679, 680 
594 (599) 

595 
591 
604 
696 
602 
606 
176 
176 
816 
198 

Carnot cycle 

airier wave 

Cassegrain reflecting telescope 

cathode 
cathode ray oscilloscope, see oscilloscope 

cathode rays 

cation 
. Caustic curve 

cavity radiator 

cells in parallel 

cells in series 

centre of curvature (of mirror) 

centre of gravity 

centre of mass 

centripetal acceleration 

centripetal force 

charge 

conservation of 

density 

determination of sign of 

discrete nature of 

measurement of 

charge distribution of a conductor, 

charge sensitivity of ballistic galvanometer 

charged conductors 

charging by induction 

Charles’ law 

experimental investigation of 

chromatic aberration 

circle of confusion 

circular motion 

cleavage planes 

Clément and Désorme’s method 

close packing 

cubic 

hexagonal 

closed pipes 
compared with open pipes 

cloud chamber 

diffusion 

Wilson’s 

cobalt steel 

coefficient of limiting friction 

coefficient of performance 

coefficient of restitution 

coefficient of sliding friction 

coefficient of thermal conductivity 

coefficient of viscosity 

coercivity 

coherence 

cohesive force 

collector (of transistor) 

collimator 

collisions 

classification of 

colours in thin films 

commutator 
components of vectors 

compound microscope 

compressibility 

compressive stress 

concurrent forces 
condenser (see capacitors) 

conductance (electrical) 

conduction band 

705, 

608, 

SUT 

- 

SS 

202, .204, 
699, 

941 

295 

871 

397 

789 

784 

705 

383 

582 

788 

668 

584 

668 

584 
580 
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conduction (electrical) 538 

analogy with thermal conduction 306 

conduction (thermal) 302-11 

analogy with electrical conduction 306 

mechanisms 308 

conductivity 

electrical 537 

thermal 302 

conical pendulum 13 

conservation of charge 534 

conservation of linear momentum 27 

experimental investigation of 36 

conservation of mechanical energy 61 

constants (physical) 927 

constant-volume gas thermometer 236 

contact potential 844 

continuity, equation of 196 

continuous flow method 241 

continuous spectra 475 

control rods 829 

convection 315 

forced 246 

natural 246 

Coolidge tube dao 

cooling correction 238 

theory of 238 

corpuscular theory of light 430 

cosine rule (6) 922 

crossed fields 781 

coulomb, the 534 

Coulomb’s law 571 

experimental investigation of 586 

C/C 266 (504) 

creep 191 

critical angle 353 (432) 

critical pressure 213 

critical temperature 273 

crown glass 373 

crystal structures 154-7 

crystalline polymers 153 

crystalline solids 147 

crystallites 147 

Curie temperature 698 

curie, the 809 

current 534 

ı direction of 535 

measurement of 567, 634 

current amplification 852 

current balance 633, 634 

current density 537, 539 
current element 616 

current sensitivity of galvanometer 632 
current transfer ratio of transistor 849 

D/A conversion 874 

Dalton’s law of partial pressures 257 (282) 
damping 477 

artificial 477 
critical 657 

electromagnetic 657 

galvanometer 657 

natural 477 

Davisson and Germer 759 

DC amplifier 608 

DC motor 

de Broglie wavelength 

de Broglie’s equation 

dead-beat 

dead time 

decay constant 

degree Celsius 

degrees to radians 

demagnetization 

demagnetization curve 

density 

measurement of 

depletion layer 

depth of field 

derived units 

detergent 

deuterium 

deuteron 

deviation by a prism 

diamagnetism 

diamond 

structure 

diathermanous 

dichroism 

dielectric 

dielectric constant, see relative permittivity 

Diesel cycle 

diffraction grating 

diffraction 

at a circular aperture 

at a single slit 

by multiple slits 

of electrons 

of light 

of neutrons 

of sound waves 

of water waves 

of X-rays 

diffusion cloud chamber 

digital computer 

digital analogue conversion 

dimensional analysis 

dimensional homogeneity 

dimensions 

diode 

p-n junction 

thermionic 

dislocations 

edge 

disorderly flow 

dispersion 

displacement 

nodes and antinodes 

displacement-time graphs 

division of amplitude 

division of wavefront 

donor impurities 

doping 

Doppler broadening 
Doppler effect 

domains 

double refraction 

double-slit experiment 

double star 

drift velocity 

INDEX 

638—42 

759 

759 

657 

832 

809 

229 

920 

701 

702 

160 

170-1 

843 

403 

914 

176 

798 

798 

35A 

698, 702 

147 

837 

51 

468 

589, 592 

299 

434, 455-63 

464 
452 
461 
759 

450-63 
759 

(643) 
434 

(154) 759 

834 

(859) 
874 

917 

917 

916 

843 

789 

192 

498 

25 

440 

440 

839 

838 
(476) 512 

506-13 

703 

469 

437 

509 

538 



INDEX 

ductility 

dynamic frictional force 

dynamic pressure 

dynamo, see generator 

Earth 
‘mass of 

potential of 

ECE 

eddy current damping * 

eddy currents 

edge dislocations 

effective dose 

effective mass (of spring) 

effective value (of AC) 

Einstein’s mass-energy relation 

Einstein’s photoelectric equation 

elastic collisions 

elastic limit 

elastic potential energy 

elasticity 

elastomers 

electric field intensity 

at points 

due to a point charge 

of charged conductors 

_electric field strength 

electric potential 

difference 

energy 
electrical conduction 

analogy with thermal conduction 

electrochemical equivalent 

electrochemical series 

electrode 

electrolysis 

laws of 

electrolyte 

electromagnetic damping 

electromagnetic induction 

demonstrations of 

laws of 
electromagnetic moment 

electromagnetic relay 

electromagnetic spectrum 
electromagnetic radiation (waves) 

electromagnetic wave 

electromagnets 

electromotive force (see EMF) 

electron 

diffraction 

discovery of 
electric deflection of 

gun 
magnetic deflection of 
measurement of charge (e) of 

measurement of specific charge (e/m) of 

electronvolt 

electrophorus 

electroscope, see gold-leaf electroscope 

EMF 
measurement of 

induced 

thermoelectric 

181 

33 

202 

101 
573 
706 
657 
656 
192 
818 
94 

674 
822 
755 

.29.(770) 
181 

61 (95) (185) 
181 
152 
572 
585 
572 

577-80 
572 

535, 572, 575 
535, 575 
573, 575 

538 
306 
706 
706 
705 

705-7 
706 
705 
657 

645-73 
645 
646 
629 
642 
472 

472-3 
424 
701 

779-89, 797 
759 

784 

T19 

792 
780 

786 

783, 785 
752 

583 

546 

547, 563, 564 
645 

293 

EMF induced 

in a rectangular coil 

in a rotating coil 

in a straight conductor 

emission spectra 

X-ray 

emissivity 

emitter (of transistor) 

end-correction 

of air columns 

of metre bridge 

end-error 

endothermic reaction 

energy 

bands 

binding 

conservation of mechanical 

elastic potential 

free surface 

gravitational potential 

in DC circuits 

in stretched wire 

kinetic 

levels (atomic) 

potential 

rotational kinetic 

thermal 

enthalpy 

entropy 
changes of, in irreversible processes 

principle of increase of 

statistical significance of 

epoch 

equation of continuity 

equation of progressive wave 

equations of uniformly accelerated motion 

equations of rotational motion 

equilibrium 

conditions for 

neutral 

stable 

thermal 

thermodynamic 

types of 

unstable 

equipotential surface 

equivalent circuit 

E-ray 

escape velocity 

evaporation 
excess pressure in bubbles and drops 

excitation energy 

excitation potential 

measurement of 

excited state 

exit pupil 
exothermic reaction 

expansion of Universe 

expansivity 

linear 

of a gas at constant pressure 

exponential law of radioactive decay 

extended source 

extraordinary ray 

extrinsic semiconductors 

943 

651 

652 

649 

474 

774 

314 

846 

497 

558 

558 

284 

58 

840-3 

146, 

764, 

144, 

823 

61 
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eye 
defects of vision 

eye-ring 

far point 

farad, the 

Faraday 

Faraday constant, the 

Faraday’s 

disc 

ice-pail experiment 

laws of electrolysis 

laws of electromagnetic induction 

fatigue 

ferromagnetism 

domain theory of 

fibres 

field coil 

field strength 

electric 

gravitational 

filament lamp 

filter pump 

fine-beam tube 

first law of thermodynamics 

fission 

five-fourths power law 

fixed points 

Fleming’s left-hand rule 

Fleming’s right-hand rule 

flint glass 

flip-flop 

flotation 

principle of 

flow rate 

fluids 

transmission of pressure 

flux (magnetic) 

density, see magnetic flux density 

linkage 

FM 

jf-number 

focal length 

of lenses 

of mirrors 

focal plane 

of lenses 

focal point 

of converging lenses 

of diverging lenses 

of mirrors 

force 

adhesive 

between currents 

centripetal 

cohesive 

intermolecular 

—time graphs 

on a conductor 

on a moving charge 

forced convection 

forced vibrations 
forces 

polygon of 

triangle of 

403 

404-6 

398 

404 

590 

645 

707 

655 

582 

706 

646 

191 

698 

702 

153 

640, 654 

572 

107 

536 

198 

785 

263 

827 

246 

228 

623 

648 

373 

856 

169 

196 

160-80, 194-207 

168 

612 

646 

872 

403 

368-71 

380-4 

363 

361 

362 

380 

175 
626 
68 

175 
142 
32 

623 (625) 
624 (625) 

246 
477 

50 

49 

INDEX 
a 

forward bias 694 

Foucault 430 

Franck—Hertz type experiment 770 

Fraunhofer diffraction 451 

Fraunhofer lines 476 (509) 

free surface energy 146, 173 

frequency 
AC 674 

beat y 481, 482 

fundamental (of closed pipe) 495 

fundamental (of open pipe) 496 

fundamental (of string) 489 

measurement of 482, 794 

modulation 872 

of wave motion 423 

Fresnel diffraction 451 

friction : 33 

explanation of laws of 25 

laws of 34 

sliding 33 

static 33 

frictional force 

dynamic 33 

kinetic 33 

limiting 33 

sliding 33 

fringes (interference) 438 

fundamental frequency 

of closed pipe 495 
of open pipe 496 

of vibrating string 489 

fused quartz ’ 150 
fusion 828 

& 13, 35, 91, 94, 101, 105 
Galilean telescope 396 

gallium arsenide 870 

gallium arsenide phosphide 870 

gallium phosphide 870 
galvanometer 

ballistic 668 

damping 657 

moving-coil 631 

gamma-rays (472) 473, 805 

absorption of 807 

inverse square law of 808 
gas 273 

amplification 831 
constant (universal molar) 250 
ideal (perfect) 250-71 
laws 249 
permanent 274 
real i 271—6 

gauge pressure 164 
Geiger and Marsden 762 
Geiger—Miiller tube 831 
generator 

AC 653 
DC 654, 655 

geostationary orbit 104 

ghost image (ray) 354 
glasses 149 

stress-strain curve of 190 
gold-leaf electroscope 580-3 (589) 



INDEX 

grain boundaries 

graphite 

graphite-moderated reactor 

graphs 

grating (diffraction) 

compared with prism 

spacing 

spectra 

gravitation 

Newton’s law of universal 

gravitational à 
constant 

field lines 

field strength 

potential 

potential energy 

gravity 

147 

147 

829 

925 

455 

474 

455 

461 

97-112 

97 

98 

108 

107 

106 

60, 106 

acceleration due to, see acceleration due to gravity 

gray, the 
ground state (of atom) 

half-life 
measurement of 

Hall effect 
to measure flux density 

Hall probe 

Hall voltage 

Hallwachs 
hard magnetic materials 

harmonics 

heat capacity 

molar (of gases) 

heat current 

heat death of Universe 

heat engine 

irreversible 

thermal efficiency of 

heat pumps 

heating effect of a current 

heavy water 

Helmholtz coils 

Henry 

henry, the 

Hertz 

hexagonal close packing 

high tension transmission 

hole 

hollow conductor 

homopolar generator 

Hooke’s law 
molecular explanation of 

Hubble’s law 

Huygens’ construction 

hydraulic 

braking system 

jack 

press 

hydrogen line spectrum 

hydrometer 

hypermetropia 

hysteresis 

elastic 

loop 

loss 

818 

767 

811 
818, 820 

636 
637 
637 
636 
755 
700 

(489) (495-7) 498 
237 
265 
306 
296 
285 
295 
286 
296 
538 
829 
615 
645 
658 
755 
154 
667 
838 
579 
655 

(87) (92) (94) 181 (609) 
E182 

509 

427-33, 435 (450) 

167 

167 

167 

768 

170 

405 

189 

189, 699 

667, 701 
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ice point 228 

Iceland spar 469 

ice-pail experiment 582 

ideal gas equation 250 

ideal gases 250-71 

impedance 682 

matching 643 

impulse 31 

incompressible fluid 195 

indicator diagram 263 

indicator lamp 870 

indices 919 

induced charge 580 

induced EMF 645 

inductance 658 

analogy with mass 610 

induction 581 

charging by 580 

induction furnace 656 

inductive reactance 678 

inductor 659 

energy stored in 662 

in AC circuits 677, 678 

inertia 11 

moment of, see moment of inertia 

infrared (472) 473 

initial phase angle 86 

input resistance (of transistor) 849 

interference (of light) 436-49 

intermolecular 

force 142, 143 

potential energy 142, 143 

internal energy 264 

internal resistance 546 

measurement of 547, 567 

intersecting chords 923 

intrinsic semiconductors 837 

inverse square law 

for force between point charges Sai 

for gravitational force 98, 100 

for intensity of y-rays 808 

inverter 854 

ionic crystals 156 

ionization 765 

chamber 833 

energy 770 

potential r 770 

ion-pair . 803 

ions 705 

isobars 799 

isolated system 264 

isothermal process 267, 269 

isotones 799 

isotopes 797 

isotropic medium 427 

Jaeger’s method 178 

junction diode 843 (869) 

junction transistor, see transistor 

Kamerlingh Onnes 275 

Kaufman 804 

Kelvin temperature 229 

kelvin, the 228 

Kepler’s laws 97 
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kilogram, the 

kilogram force, the 

kilowatt hour, the 

kinetic energy 

molecular 

rotational 

kinetic 

frictional force 

theory 

theory of gases 

Kirchhoff’s rules 

klystron 

laminar flow 

laminated core (of transformer) 

Langmuir—Child’s law 

latent heat 

specific 

lateral (transverse) magnification 

law of universal gravitation 

laws of friction 

explanation of 

laws of reflection 

laws of vibration of stretched strings 

LDR 

least distance of distinct vision 

Leclanché dry cell 

lens formula 

lenses 

in contact 

Lenz’s law 

equivalence with Fleming’s right-hand rule 

illustration of 

light - 

determination of velocity of 

pipe 

light-dependent resistor 

light-emitting diode 

limit of proportionality 

limiting friction, coefficient of 

limiting frictional force 

line 

integral 

of flow 

of force 

spectra 

spectrum of hydrogen 

spectrum of sodium 

linear absorption coefficient 

for y-rays 

for X-rays 

linear air track 

linear expansivity 

experimental determination of 

linear momentum, conservation of 

linearly polarized waves 

liquefaction of gases 

liquid-in-glass thermometers 

Lissajous’ figures 

Lloyd’s mirror 

logarithms 

195 

666 

791 

146, 242 

243-6 

492 
(864) 869 (870) 

386 
547 

869 (875) 
. 310 

755 
365 

361-73 
366 
646 
648 
647 

408 
355 

(864) 869 (870) 
869 (875) 

181 
34 
33 

621 

194 

611 

474 

768 

474 

807 
777 
36 

144 
158 

27, 36 
465 
273 
230 

(503) 795 
433 (440) 441 

924 

logic gates 

long-chain molecules 

long sight 

longitudinal waves 

loudness 
loudspeaker 

L-R DC circuit 

Lyman series 

Magnadur 

magnesium fluoride 

magnetic domains 

magnetic field 

line 

of bar magnet 

of plane circular coil 

of solenoid 

of straight wire 

strength 

magnetic flux 

magnetic flux density 

measurement of 

of Helmholtz coils 

of plane circular coil 

of solenoid 

of straight wire 

magnetic induction 

magnetic materials 

magnetic moment 

magnetization curve 

magnetron 

magnification 

angular 

lateral (transverse) 

magnifying 
glass 

power 

majority carriers 

manometer 

maser 

mass 

analogy with inductance 

defect 

number 

of Earth 

spectrograph 

spectrometer 

mass-energy relation 

mathematical relationships 

matter waves 

maximum power theorem 

Maxwell 

Maxwellian distribution of molecular speeds 

mean square velocity of gas molecules 

Melde’s experiment 

meniscus 

mercury-in-glass thermometer 
metal crystals 

metals 

strengthening of 

method of mixtures 

metre bridge 

metre, the 

Michelson’s method for the speed of light 

INDEX 

854 

151 

405 

423, 465 

498 

633, 637, 670 

617, 619 

620, 622 

618, 621 

698, 703 



INDEX 

microscope 

compound 

simple 

microwaves 

milliammeter 

Millikan’s 

method for e 

photoelectric experiment 

millimetre of mercury, the 

minimum deviation 

minority carriers 

mirages 

mirror formula 

mirrors 

paraboloidal 

plane 

spherical 

mobility (in semiconductors) 

moderator 

modulating signal 

modulation 

modulus 

bulk 

rigidity 

shear 

Young’s 

molar 

gas constant 

heat capacity 

mass 

mole, the 

molecular forces 

molecular kinetic energy 

relationship with temperature 

molecular potential energy 

molecular speeds 
Maxwellian distribution of 

moment of inertia 

measurement of 

moments 

principle of 

momentum 

angular 
conservation of linear 

mono-molecular layer 

monostable multivibrator 

motor 

DC 
series-wound 

shunt-wound 

motion 

equations of uniformly accelerated 

Newton’s laws of 

simple harmonic 

moving-coil galvanometer 

moving-coil loudspeaker 

Multiplexing 

multiplier 

multivibrator 

astable 

bistable 
monostable 

musical notes and sound 

mutual inductance 

standard 

389 

386 

(472) 473 

543, 544 

786 

755 

161 

357 

839 

355 

381 

383 

375-9 

379-84 

838 

829 

182, 183 

19 

11 

85-96 

631 

643 

874 

544 

857, 865 

856 

858 

500-5 

663, 664 

671 

mutual induction 

myopia 

NAND gate 

National Grid 

natural convection 

near point 

necessary conditions 

negative feedback 

Nernst’s method (specific heat) 

Neumann’s equation 

neutral point 

neutral temperature 

neutron 

neutron-—proton ratio 

newton, the 

Newtonian 

liquid 

reflecting telescope 

Newton’s 

corpuscular theory 

experimental law of impact 

first law 

law of cooling 

law of universal gravitation 

law of viscosity 

laws of motion 

rings 

second law 

second law (rotational form) 

third law 

Nicol prism 

no parallax 

nodes 

in pipes 

in strings 

non-electrolyte 

non-inductive coil 

non-ohmic conducto 

NOR gate i 

normal adjustment of telescope 

NOT gate 

n-p-n transistor 

n-type semiconductor 

nuclear 

atom 

fission 

force 

fusion 

radius 

reactor 

stability 

nucleon 

number 

nucleus 

nuclide 

null-deflection 

N-Z curve 

objective lens (of telescope) 

octave 
Oersted 

ohm, the 

947 

663 

404 

856 
667 
246 

386, 404 
45 

860 (868) 
240 
646 

729 [F106] 
234 
797 
826 
12 

11 

798 

797-801 

799 

558 

826 

B95) 

501 

612 

535 
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ohmic 

conductors 

heating 

Ohm’s law 

oil-film experiment 

open-loop gain 

open pipes 

compared with closed pipes 

operational amplifier 

as a voltage amplifier 

as a voltage comparator 

as astable multivibrator 

as Wien bridge oscillator 

optical 

communication systems 

density 

fibres 

path length 

spectra 

OR gate 

O-ray 

orderly flow 

ordinary ray 

oscillating spring 

oscillations 

forced 

oscillator 

Wien bridge 

oscilloscope 

uses of 
Otto cycle 

output resistance (of transistor) 

overtones 

paraboloidal mirrors 

parallax 

parallelogram rule 

parallel-sided thin film 

paramagnetism 

partial pressure 

Dalton’s law of 

pascal, the 

Pascal’s principle 

Paschen series 

PCM 

peak value 

pendulum 

conical 

simple 

pendulums 

Barton’s 

perfect gas 

period 

of oscillation 

of rotation 

of wave 

Permalloy 

permanent 

gases 

magnets 

permeability of free space 

permittivity 

measurement of 

of air 

535 

538 

535 

158 

860 

495 

496 

859-69 

860 

863 

865 

867 

874 
352 

355, 874 
451 

474-6 
855 
469 
194 
469 
92 

477-80 

867 
792 
793 
297 
849 

(489) (495-7) 498 

383 
378 

4 
(440) 446-9 

698, 702 

257 

161 

167 

769 

872 

674 

274 
701 

(613) 627 
571, 592 

607 
571 

petrol engine cycle 

phase 

angle 

angle (initial) 

change on reflection 

difference 

phasor 

photodiode 

photoelectric effect 

photoemissive cell 

photographic emulsion 

photon 

physical constants 

pipes 

closed (stopped) 

open 
pressure variation in 

waves in 

pitch 

Pitot-static tube 

Planck’s constant 

measurement of 
plane mirrors 

plane-polarized waves 

plasmas 

plastic behaviour 

plasticity 

platinum resistance thermometers 

plum-pudding model 

p-n junction diode 

p-n-p transistor 

Poiseuille’s formula 

polar molecules 

polarization of a cell 

polarization of light 

angle of 

by reflection 

polarized molecules 

polarizer 

polarizing angle 
polaroid 

sunglasses 

pole (of mirror) 

polycrystalline solids 

polygon of forces 

polymerization 

polymers 

amorphous 

crystallinity in 

positive feedback 

positive logic 

positron 

decay 

potential 

divider 

due to a point charge 

electrical 

gravitational 

potential difference 

potential energy 

elastic 

electrical 

gravitational 

intermolecular 

potentiometer 

INDEX 

297 

684, 686, 687 
86 

(433) 441 
425, 795 

681 
870 (875) 

753-9 
758 
835 
754 
927 

494 

495 

497 

494-9 

501 

200 

755 
375-9 

465 
512 
181 
189 
235 
762 

843 (869) 
846 
203 
594 
548 

465-71 
469 
468 

153 
857, 867 

854 
815 

814 

561 (867) 
573 

535, 572 
106 

535, 575 
60 

61 (95) (185) 
573, 575 
60, 106 

142 
561-9 



INDEX 

power 

amplification 

factor 

in AC circuits 

in DC circuits 

of accommodation 

of lens 

station 

pressure 

coefficient of a gas 

dynamic 

excess in bubbles and drops 

law 

nodes and antinodes 

static 

total 

variation in pipes 

variation with depth 

Prévost’s theory of exchanges 

primary (of transformer) 

principal axis 

of lens 

of mirror 

principal focus 

of lens 

of mirror 

principal heat capacities 

principal maxima 

principle 
of conservation of linear momentum 

of flotation 

of moments 

of reversibility 

of superposition 

prism compared with grating 

progressive wave 

projectiles 

proton 
number 

pulse code modulation 

p-V curves of carbon dioxide 

pV-p curves 

Pyrex 

A 

Q-factor 
quadratic equations 

quality-factor 

quality of notes 

quality of X-rays 

quantum 
quantum number 

quartz crystal 

quasar 
quenching agent 

radar speed traps 

radial field (magnetic) 

radian 
radians to degrees 

radiation 

dose 

electromagnetic 

hazards 

thermal 

radio waves 

161-8 

261 

249, 260 

361, 362 

455, 463 

628, 631 

311-15 
(472) 473 

radioactive 

dating 

decay 

decay law 

equilibrium 

series 

sources 

radioactivity 

artificial 

uses of 

radius of curvature (of mirror) 

Rankine cycle 

rate of volume flow 

ratemeter 
ratio of principal heat capacities of a gas 

ray paths 

lenses 

mirrors 

rays and wavefronts 

reactance 

capacitative 

inductive 

real 

depth 

gases 

images 

is positive 

recovery time 

rectification 

full-wave 

half-wave 

rectifier 

meter 

red shift 

reed switch 

reflecting telescope 

reflection 

grating 

Huygens’ construction for 

laws of 

total internal 

refraction 
Huygens’ construction for 

laws of 

of water waves 

refractive index 

absolute 

measurement of 

relation with wavelength 

refrigerators 

relative 
aperture 

atomic mass 

biological effectiveness 

density 

density bottle 

molecular mass 

permeability 

permittivity 

remanence 

resistance 

analogy with viscosity 

measurement of 

temperature coefficient of 

thermometers 

949 

815 

802 

809 

814 

813 

815 

802-21 

814 

817 

380 

300 

203 

832 

266 

363 

380 
427 

680 

678 

356 

271-6 
362 

365, 382 

832 

694-7 
695 

695 

694 

691 

509 

606 

397 

455 

428 

375 

353 

350-8 

429 

350 

430 

350 

, 351 

355-7, 400 
399 

296 

403 

798 

818 

160; 170-1 

Leal 

252 

698 

592, 594 

699 

535 

610 

545, 556, 565 

539 

235 



950 

resistivity 

measurement of 

resistors 

in parallel 

in series 

resonance 

in R-L-C circuit 

tube 

resonant frequency (AC) 

rest mass 

resultant 

retentivity, see remanence 

reverse bias 

reversibility 

principle of 

reversible processes 

Richardson’s equation 

rigidity modulus 

Römer’s method for velocity of light 

Röntgen a 

root mean square speed of gas molecules 

root mean square value (AC) 

rotating vector representation (AC) 

rotation 

rotational equations of motion 

rotational form of Newton’s second law 

rotational kinetic energy 

rotor 

rubber 

properties of 

stress-strain curve of 

Rutherford 
Rutherford and Royds 

satellite orbits 

saturated vapour pressure 

Saturn’s rings 

scalar quantities 

scaler counter 

scattering 

scintillations 

search coil 

Searle’s bar 

second law of thermodynamics 

entropy version of 

second, the 

secondary 

of transformer 

source 

wavelets 

Seebeck effect 

selective absorption 

self-demagnetization 

self-inductance 

self-induction 

self-jacketing vaporizer 

semiconductors 

band theory of 

extrinsic 

intrinsic 

n-type 

p-type 
seven-segment display 

shear 

modulus 

530,503), 

536 

540 

540 

477-80 

76-84 

8Y 
79 
7, 

639, 654, 

189 

190 

762 

803 

104 

279 

509 

2 

832 

470 

763 

670 

309 

287 

295 

914 

665 

428 

428, 432-5 

233 

468 

702 

658 

658 

244 

837 

840-3 

838 

837 

839 

839 

870 

187 (203) 

? 

` 

strain 

stress 

shell structure of atom 

shift in wavelength due to Doppler effect 

short sight 

shunt 

SI units 

side frequencies z 

sidebands 

siemen, the 

sign convention 

silicon iron 

simple 

harmonic motion 

microscope 

pendulum 

sine rule 

single crystals 

sinusoidal 

AC 

wave motion 

sliding friction 

slip-rings 

smoothing 

capacitor 

Snell’s law 

soap bubbles 

excess pressure in 

interference colours in 

soap film (vertical) 

soda-lime glass 

sodium chloride structure 

sodium line spectrum 

soft magnetic materials 

solar spectrum 

solenoid 

solid angle 

solids 

transmission of force ` 

sonometer 

sound 

speed of, see speed of sound 

waves 

space charge 

specific 

charge 

critical volume 

heat capacity 

latent heat 

volume 

spectra 

absorption 

band 

continuous 

emission 

grating 

line 

optical 

X-ray 

spectral line broadening 
spectrometer 

spectrum 

electromagnetic 

solar 

visible 

696 

350 (430) 

177 

448-9 

449 

149 

156 

474 

700 

476 

612 

914 

168 

492 

500-5 

(643) 

791 

707 

253 
237, 239-42 

243-6 

160 

474, 475. 

475 

475 

474 

461 

474 

474-6 

774-7 

512 
399-402, 459-60 

472 

476 

358 



INDEX 

speed 

of bulk flow 

of light, see velocity of light 
of sound 

traps 

spherical aberration 

mirrors 

spinning ball 

spring 

analogy with capacitor 

constant 

oscillating 

stretched 

square-wave 

oscillator 

stagnation point 

standard 

atmospheric pressure 
cell 

mutual inductance 

temperature and pressure 

standing waves, see stationary waves 

starting resistance 

static pressure 

stationary states 

stationary waves 

in pipes 

in strings 

mathematical treatment of 

stator 

steady flow 

steam engine cycle 

steam point 

Stefan’s 

constant 

law 

steradian, the 

stiffness 

Stoke’s law 

stopped pipes 

stopping potential 

STP 

strain 

energy 
gauge 

viewer 

streamline 

flow 

strength 

strengthening of metals 

stress 
analysis 

stress-strain curve 

of copper 

of glass 

of rubber 

stringed instruments 

strings 

waves in 
strong interaction 

sublimation 

subsidiary maxima 
sufficient conditions 

superposition 
principle of 

654 
194 (203) 

300 
228 

314 

314 

914 

181 

205, 207, 789 
494 

756 

252 

181 

184 

559 

471 

195 

194 

181 

192 

181 

471 

182 

190 

190 

190 

491 

489-93 
797 

242 

454, 456, 462 
45 

424 

supersaturated vapours 

surface tension 

measurement of 

SVP 

measurement of 

switching circuit 

synchronous orbit 

telescope 

astronomical 

Galilean 

normál adjustment of 

objective lens of 

reflecting 

terrestrial 

temperature 

coefficient of resistance 

entropy diagrams 

gradient 

measurement of high 

neutral 

relation with molecular KE 

scales 

tensile stress 

terminal 

potential difference 

velocity 

terrestrial telescope 

tesla, the 

thermal 

capacity 

conduction 

conductivity 

efficiency of heat engine 

energy 

equilibrium 

radiation 

reactor 

resistance 

resistance coefficient 

thermionic ; 
diode 

emission 

thermistors 

current-voltage characteristic 

thermocouple 

meter 

thermodynamic 

equilibrium 

scale of temperature 

thermodynamics 

first law of 

second law of 

zeroth law of 

thermoelectric 

effect 

thermometer 

constant-volume gas 

liquid-in-glass 

resistance 

thermometric 

property 
substance 

thermometry 

thermopile 

951 

280 

171-9 

176, 178 

281 

853 

104 

592 

396 

392 

395 

397 

395 

228 

539, 558 

292 

303 

512 

234 

255 

228 

181 

546 

206, 786 

395 

623 

237 

302-11 

302, 309 

286 

142 

283 

311-15 

828 

306 

318 

789 
789 

235 (536) (864) 
554 
233 
691 

262 

229, 288 

283-301 

263 

287 

283 

233 

228 

236 

230 

235 

228 

228 

228-36 

315 



952 

thermoplastics 

thermosetting plastics 

thin films 

colours in 

parallel sided 

Thomson’s method for e/m 
thoriated tungsten 

three-halves power law 

threshold frequency 

Ticonal GX 

timbre 

time-constant 

C-R circuit 

L-R circuit 

tone 

torque 

work done by 

torque on a coil 

torsion constant 

Torricelli’s theorem 

total 

emissivity 

internal reflection 

pressure 

totally reflecting prisms 

tourmaline 

transducer 

electrical 

input 

output 
transformer 

cores 
transistor 

amplifier 

as a switch 

characteristics 

transmission grating 

transmission of electrical energy 

transverse (lateral) magnification 

transverse wave 

triangle of forces 

triple point 

tritium 

T-S diagrams 

tube of flow 

turbulent flow 

turning moment 

tweeter 

Tyndall effect 

U-tube manometer 

U-values 

UHF 

ultimate tensile strength 

ultraviolet 

unified atomic mass unit 

uniform 

acceleration 

field (magnetic) 

flow 

unit cell 

universal 

gravitational constant 

molar gas constant 

353, 431 

181 

(472) 473 

798 

Universe 

expansion of 

upthrust 

uranium dating 

valence band 

valve (thermionic diode) 

Van de Graaff generator 

van der Waals’ equation 

vaporization 

vapours 

saturated and unsaturated 

supersaturated 

variable capacitor 

vectors 

velocity 

angular 

drift 

escape 

of light (determinations of ) 

of sound, see speed of sound 

selector 

terminal 

-time graphs 

Venturi meter 

vertical soap films 

VHF 

vibrating 

reed switch 

strings 

vibration 

> forced 

laws of (for stretched strings) 

violet shift 

virial coefficients 

virtual image 

viscosity 

analogy with resistance 

coefficient of 

Newton’s law of 

visible radiation 

visual angle 

voltage 

amplification 

comparator 

regulator 

sensitivity 

voltameter 

voltmeter 

volume 

coefficient of a gas 
flux 

vulcanization 

water-proofing agents 

water waves 

watt, the 

wave 

mechanics 

—particle duality 

theory of light 

wavefronts 

wavelength 

of light 

relationship with refractive index 

shift due to Doppler effect 

\ 

INDEX 

509 

168 

815 

842 
789 

585 
276 

242 

2135 218-82 

278 

280 

606 

2-10 

3 

67 

538 

202, 204, 207 

544, 545 

196 

152 

176 
430, 434 

552 

765 

759 

430 

427 

423 
439 (443) 459 

359 

510 



INDEX 

waves 

electromagnetic 

in pipes 

in strings 

linearly polarized 

longitudinal 

plane-polarized 

stationary (standing) 

transverse 

water 

weak interaction 

weber, the 

weight 

weightlessness 

Weston cell 

wetting 

Wheatstone bridge 

whiskers 

Wiedmann—Franz law 

Wien bridge oscillator 

Wien network 

Wien’s displacement law 

Wilson cloud chamber 

woofer 

work ' 

done by expanding gas 

done by stretching a spring 

done by stretching a wire 

422-6 

424, 472-3 

494-9 

489-93 

465 

423 

465 

485-8 

423 

434 

799 

612 

13 

105 

563, 568 

175 

556-8 (865) 

193 

308 

867 

867 

313 

953 

done by torque 81 

function (photoelectric) 755 

function (thermionic) 789 

hardening 193 

X-ray 

absorption spectra i 

diffraction (154) (707) 

emission spectra 774 

X-rays (472) 473, 773-7 

yield point 181 

Young’s 

double-slit experiment 436-40 

fringes (secondary wavelet treatment) 432 

modulus 182, 183 

Zener 
breakdown 845 
diode 845 

zero of potential 573 

zeroth law of thermodynamics 301 
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